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Abstract—Input shaping is combined with a proportional 
plus derivative controller to control a solder machine.  
Input shaping is applied to reduce the vibrations of three 
different modes of the system, including the mode from the 
controller.  The results are further improved by including 
the effect of coulomb friction when designing the shaper.  
Experimental results verify the benefits of the coulomb 
friction-compensating input shaper over normal input 
shaping, S-curves and constant velocity commands. 

 
1. INTRODUCTION 

Coulomb friction can be a major detriment to the 
performance of high accuracy machines.  The control of 
machines with coulomb friction is further complicated if the 
machine has flexible dynamics that lead to vibration and 
transient deflection.  Command generation schemes have been 
shown to eliminate many of the problems associated with 
flexible dynamics and controller oscillations.  Recently, 
command shaping has been applied to systems with coulomb 
friction.  Given the recent successes, command generation 
techniques for position control in the presence of coulomb 
friction are further investigated here.   

Command generation is the process of determining how and 
when machines are moved throughout their workspace. For 
example, Fig. 1 shows the response of a gantry crane to two 
different reference commands. In Fig. 1a, the operator presses 
the GO button only one time. The trolley moves four units and 
comes to rest, but the resulting payload oscillation is large.  In 
Fig. 1b, the operator presses the GO button twice. If the button 
is pressed and released with correct timing, then the trolley 
moves the desired distance and the payload has no oscillations 
after the move is completed.  

A command generator can create a command signal so that a 
machine can be moved any distance without residual vibration. 
Rather than depending on the skill of the operator to move 
without vibrations, the command generator takes any arbitrary 
command and modifies its shape so that it will not cause 
vibration. One such method, called input shaping, is shown in 
Fig. 2.  In this example, the original step command is 
convolved with a sequence of impulses, and the result of the 
convolution is the new shaped command that will move the 
system without residual vibration.   

The success of input shaping depends on the impulse 
sequence. For a linear system if the impulse amplitudes and 
time locations are chosen correctly, then any function can be 
used  as  the original command  and  the  shaped command will 
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Fig. 1 Crane response to two different commands 
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Fig 2 Command shaping process 

result in no vibration [1,2].  Command generation has had a 
significant impact in high-tech manufacturing [3,4] and crane 
control [5,6,7,8]. It has also shown promise in the control of 
flexible spacecraft [9,10,11,12,13]. 

The next section provides a brief review of input shaping.  It 
also discusses the work done in adapting input shaping to work 
in the presence of coulomb friction. Section three presents the 
methodology for generating a multimode shaper designed to 
compensate for coulomb friction in a system under PD control. 
Section four presents the experimental development of the 
shaper parameters.  Section five gives an experimental 
comparison between traditional shapers, coulomb friction-
compensating shapers, S-curves and constant velocity 



trajectory profiles.  Finally, section six provides a summary of 
the work and conclusions. 

2. INPUT SHAPING REVIEW 
As a first step in understanding how to generate commands 

that move systems without vibration, it is helpful to start with 
the simplest such command, an impulse.  Fig. 3 shows that the 
first impulse causes a flexible system to vibrate, but a second 
properly timed and sized impulse will cancel the vibration 
induced by the first impulse. If a reasonable estimate of the 
system's natural frequency, ωn, and damping ratio, ζ, is 
available, then the residual vibration that results from a 
sequence of impulses applied to a second order system can be 
described by [2]: 
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Ai and ti are the amplitudes and time locations of the impulses, 
n is the number of impulses in the impulse sequence, and: 

 21 ζωω −= nd . (3) 

If (1) is equal to zero, the impulse amplitudes and time 
locations will lead to zero residual vibration. Additional 
restrictions of 

 � = 1iA   and  niAi ,...,10 =>  (4) 

are placed on the impulses to keep the solution from 
converging to zero-valued or infinitely-valued impulses. 

Note that constraint (4b) can be relaxed and shapers with 
negative impulses will produce a faster rise time. [3, 14]  
However, to simplify the investigation, only positive impulses 
are used in this paper.  Without loss of generality, the time of 
the first impulse is set to t1=0. 

The simplest solution to the problem (n=2) yields the Zero-
Vibration (ZV) input shaper shown in Fig. 3 [2,14]: 
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where, 

  
21 ζζπ −−= eK  (6) 

and Td is the damped period of vibration. 
In general, to generate commands, the impulse sequence that 

causes no residual vibration is convolved with any desired 
command signal. The result is then used as the command to the 
system. This input shaping process was shown in Fig. 2 
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Fig. 3 Two impulses can cancel vibration 

2.1 Robustness to Modeling Errors 
The amplitudes and time locations of the impulses depend 

on the system parameters ωn and ζ.  If there are modeling 
errors in these values (and there always are), then the impulse 
sequence will not result in zero vibration. In fact, for the two-
impulse sequence discussed above, there can be large 
magnitudes of vibration for relatively small modelling errors. 
This lack of robustness was a major obstacle for the original 
formulation of this idea [14, 15]. 

This robustness problem can be visualized by plotting a 
sensitivity curve that shows the amplitude of residual vibration 
as a function of the system frequency or damping ratio. One 
such sensitivity curve for the zero-vibration shaper is shown in 
Fig. 4 with the normalized frequency on the horizontal axis and 
the percent vibration on the vertical axis. Note that the 
vibration increases rapidly as the actual frequency deviates 
from the modelling frequency.  Singer and Seering [2] 
developed the first robust shaper in the late 1980's. They 
designed the shaper by requiring the derivative of the vibration, 
with respect to the frequency, to be equal to zero at the 
modelling frequency. Including this constraint has the effect of 
keeping the vibration near zero as the actual frequency starts to 
deviate from the modelling frequency. The resulting shaper is 
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Fig. 4 Sensitivity curves for various shapers 



The sensitivity curve for their zero vibration and derivative 
(ZVD) shaper is also shown in Fig. 4. Additional types of 
robust shapers have been developed that allow the robustness 
to be set to any desired level [16]. The sensitivity curve for one 
such very robust shaper is also shown in Fig. 4. 
 2.2 Input Shaping with Coulomb Friction 

The majority of work in input shaping has been done with 
linear systems.  In this case, the shaper design is independent 
of the motion.  Hekman et al. [17] showed that input shaping is 
effective in reducing vibration levels in position control under 
the effects of coulomb friction.  However, they noted that with 
coulomb friction, the shaper given by (5) does not result in 
zero residual vibration.  Further work by Hekman et al. [18] 
showed that the shaper could be modified to result in zero 
residual vibration for a PD controlled system.  Lawrence et al. 
[19] showed a simplified way to generate the command signal 
with the assumption that the sign of the friction force did not 
change direction during the motion.   

3. THEORETICAL SHAPER DEVELOPMENT 
The approach for shaper design of Lawrence et al. [19] for a 

second order system can be seen in Fig. 5.  In this approach, a 
shaper (denoted ZVS in the figure) is designed for the system as 
if coulomb friction was not present.  Since the input to the 
system is a step, the resulting output will be a staircase type 
command.  Then, an additional quantity (µkN/Kp) is added to 
all of the steps except the final one in the staircase.  The 
additional quantity compensates for the coulomb friction.  The 
shaper modification is denoted ZVC in the figure. This addition 
has the effect of linearizing the system, as long as the motion is 
only in one direction, causing friction to keep the same sign 
throughout the motion.  This is true if the zero from the 
derivative control is negligible.  Although their shaper 
addressed only a second order system, the linearizing effect of 
the additional quantity should still be effective for multiple 
mode shapers, as long as the movement is only in one 
direction, keeping sign of the friction constant.  With these 
assumptions, it is possible to use any shaper design with the 
linearizer element to produce a friction compensating shaper.  

4. EXPERIMENTAL SHAPER DESIGN 
The input shaping based control scheme was implemented 

on  a  solder cell machine.   Linear motors were used to control  
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Fig. 5 Forming the ZVC command from the ZVS Command [19] 

the position of the machine.  In designing the shaper, the 
largest challenge was the cogging of the linear motors.  This 
resulted in different responses for different starting and ending 
positions.   The magnet spacing was six centimeters; so several 
trials were done at even intervals along the magnet spacing to 
examine the robustness in the controller response. 

Previous research by Hekman et al. [18] and Lawrence et al. 
[19] have shown the effectiveness of PD control with input 
shaping in cases of coulomb friction.  A large proportional gain 
PD controller was implemented on the system to reduce the 
steady state error.  The derivative gain did not need to be large, 
as the input shaping would remove system oscillations. The 
initial controller command was a single step, which excited the 
natural frequency of the controller of approximately 20Hz, as 
seen in Fig. 6.  From previous experimentation it was observed 
that the natural frequency of the controller changed depending 
on starting location.  Because of this, a ZVD shaper was used 
to eliminate the vibrations in the region of the natural 
frequency of the controller.  Recall that the ZVD shaper has an 
increased robustness over a ZV shaper. 

Fig. 7 shows the results of the implementation of the ZVD 
shaper.  With the majority of the oscillations at the controller 
frequency eliminated, one can now see from the response that 
there are other modes of vibration remaining after the shaped 
command is completed.  A Fourier transform was calculated 
for the system response for the time after the completion of the 
shaper (Fig 8).  The plot shows that the two predominate 
frequencies of vibration are at 11Hz and 76Hz.  The lower 
frequency corresponds to the structural oscillations of the 
motor supports.  This frequency was confirmed by measuring 
the structural vibrations of the machine with an accelerometer.   
The low frequency vibrations would affect the positioning 
accuracy of the system, as they move the reference frame of the 
linear encoders. 
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Fig. 6 Step response of the system 
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Fig. 7 System response with ZVD shaper 
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Fig. 8 Fourier transform plot of residual vibration for ZVD and multimode 

shapers. 

Because of the residual vibration at several different 
frequencies, additional ZV shapers were designed at these 
frequencies.  These shapers were convolved with the ZVD 
shaper to give the multimode shaper.  The drawback of shaping 
multiple frequencies is that the duration of the shaper 
increases, and consequently the rise time of the system.  ZV 
shapers were applied for modes at 11hz and 76hz.  Since the 
oscillations were slow to die out, a damping ratio of 0.01 was 
assumed for each of these modes.  Fig. 8 also shows the 
Fourier transform of the residual vibrations for the multimode 
shaper.  This shows that the shaping significantly reduced the 
magnitude of the vibration at the problematic frequencies. 

With this additional oscillation removed, the ZVD shaper 
could be fine tuned to produce little steady state error.  This 
was done through a trial and error approach, trying to minimize 

the velocity and offset at the end of the shaped command.  The 
trial and error approach is was necessary because there is not 
direct relationship between residual vibration and the natural 
frequency and damping ratio of the shaper. 

Following the design of the multimode shaper, a similar trial 
and error approach was used to complete the design of the 
friction-compensating shaper, as described in Fig. 5. Both 
shapers were designed using a step size of two millimeters, to 
minimize the affects of friction. 

5. EXPERIMENTAL SHAPER VERIFICATION 
Once the shapers were designed, it was desired to explore 

their effectiveness over a range of conditions.  This was done 
by commanding different move sizes and observing the 
machine response.  For a further basis for comparison, moves 
were also performed with a constant velocity command and 
with an S-curve.  All commands were designed to have the 
same duration.   

Fig. 9a through 9d show the resulting position versus time 
plots.  From the figures one can clearly see the benefits of input 
shaping (Figs. 9a,b) over the constant velocity motion (Fig. 
9d).  The constant velocity motion has significantly larger 
residual vibration than the other profiles.  Using an S-curve 
(Fig. 9c) (i.e. constant acceleration) the residual vibration 
levels were reduced, but they were still larger than with either 
type of input shaping. 

Based on Hekman et al. [18] the performance of the input 
shaping without coulomb friction compensation should degrade 
as the step size decreases.  The degradation is not as large with 
the multi-mode shaper because the shaper does not end at the 
peak of the controller response, unlike the ZV shaper they 
studied. To see if the decline in performance was observed for 
the multi-mode shaper, the position error at the end of the 
shaper was plotted versus step size.  (Fig. 10)  The average of 
the errors is also plotted, since there was a distribution due to 
the different starting locations.  From the plot of the averages, 
one can see the trend that the final position is getting lower as 
the step size gets smaller.  This trend is not as pronounced in 
the shaper with friction compensation.   

In addition to the visual comparison, the 95 percent 
confidence interval estimate on the difference in the means of 
the errors extends from 0.00304mm to 0.0300mm. It is 
therefore concluded that adding the friction compensation 
offset to the input shaper is effective in improving the response 
of the system over a larger range of step sizes.  These results 
may be able to be improved with better shaper parameters, as it 
was difficult to determine the exact value of coulomb friction 
and damping ratios of each of the mode shapes. 

6. CONCLUSION 
This paper discussed the application of a multimode input 

shaper on a solder cell machine.  The design of the shaper was 
discussed, and additional compensation was included to 
compensate for coulomb friction.  Experimental results showed 
that the multi mode input shaping produced better results than 
either  an  S-curve  profile  or constant velocity motion in  terms 
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Fig. 9a Shaped motion 
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Fig. 9b Shaped motion with Coulomb compensation 
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Fig. 9c S-Curve motion 
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Fig 9d Constant velocity response 
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Fig. 10 Residual error after shaper completion 

of residual vibrations.  Furthermore, the friction-compensating 
shaper was shown to be more robust than the non-friction-
compensating shaper in terms of move size. 

Some difficulty was experienced in the determination of the 
parameters of the system for the shaper design.  Therefore, 
future work could include better system identification methods.  
Also, future work could include friction compensated shaper 
design if the velocity changes sign. 
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