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Abstract— Important nonlinear transmission attributes ex-
hibiting coupled dynamics and deteriorating performance of
harmonic drive systems include hysteresis and kinematic error.
This paper presents control algorithms developed to compen-
sate for hysteresis in the presence of kinematic error (KE) for
precision position tracking applications with known smooth
load on the output side. A model of hysteresis with a linear
flexibility part and nonlinear dissipative part represented by
a differential equation is used. The model is integrated with
kinematic error model to obtain a set of equations governing
system dynamics. First, a singularly perturbed model of the
drive is derived from this set of equations. The proposed
algorithm is then developed using integral manifold control
approach involving slow and fast control terms. A recent
result by authors on compensation of kinematic error alone is
employed for the same. Simulation results with the proposed
algorithms establish its effectiveness.

Keywords: Harmonic drives, hysteresis, singular pertur-
bations, integral manifold.

I. INTRODUCTION

Harmonic drives are special flexible gear transmission
systems developed during the mid-1950s [1] and modified
thereafter. The modified version is composed of components
identified in Fig. 1(a). The wave generator is a rigid steel
core having an elliptical shape with very small eccentricity.
It is surrounded by a flexible race ball bearing. The flexible
spline (or flexspline) is a thin-walled hollow cup made up of
alloy steel. External gear teeth are machined at the open end
of this cup while the closed end is connected to the output
shaft. The circular spline is a rigid internal gear having two
teeth more than those on the flexspline. Upon assembly,
the wave generator fits into the open end of the flexspline
cup and gives it an elliptical shape at that end. The circular
spline teeth then mesh with the flexspline teeth at the major
axis of the ellipse defined by the wave generator. A fully
assembled harmonic drive is shown in Fig. 1(b). In the most
common speed reduction configuration, the wave generator
serves as the input port, the flexspline acts as the output
port and the circular spline is held immobile. Details of
harmonic drive operation can be found in [2], [3].

Construction of harmonic drives with gear meshing at
two diametrically opposite ends improves the contact ra-
tio of gear teeth by at least twice that of conventional
transmissions. Because of this harmonic drives have higher
gear reduction, lower (almost zero) backlash and higher
torque-to-weight ratio than the conventional gear drive

along with compact design. Hence these drives are popular
in many precision positioning applications such as wafer
handling machines in semiconductor industry, lens grind-
ing machines, reconnaissance cameras, and military radars.
These applications pose a precision position tracking control
problem where the output is to follow a desired motion
trajectory.

Circular Spline

Wave Generator Flexspline

(a)
(b)

Fig. 1. Harmonic Drive Gear Components (a) and Assembly (b) [4]

Precision positioning performance of harmonic drive sys-
tems in these applications is deteriorated by their nonlinear
transmission attributes including kinematic error (KE), fric-
tion and hysteresis. Research with regard to characterization
of the transmission attributes can be found in [5], [6],
[7], [8], [2], [9], [10]. Out of these transmission attributes
kinematic error, hysteresis display nonlinear coupled nature
harmful for high speed precision positioning. The focus
of this paper is control of harmonic drive systems in
the presence of these nonlinearities. To the best of our
knowledge, the literature related to control of harmonic
drives [11], [12], [13], [9] have not so far dealt with
the control which considers these transmission attributes
with their fully coupled nonlinear dynamics. The previous
articles [11], [12], [13] mainly address compensation of
KE independent of other nonlinearities. However this paper
considers hysteresis (arising out of flexibility and friction)
dynamics coupled with KE effects. In particular, we develop
a position tracking control algorithm to compensate for
kinematic error in the presence of nonlinear hysteresis
effects. Comparison of simulation results with and with-
out the proposed controller demonstrate its effectiveness.
Experimental validation is currently underway.

This paper is organized as follows: Section II presents
model of harmonic drive considering nonlinear hysteresis



and kinematic error (KE) and time varying output load. This
model is used in Section III to derive a singularly perturbed
model of harmonic drive. Section IV presents development
of the proposed control algorithm to compensate for hys-
teresis in the presence of kinematic error. Section V presents
simulation results and Section VI concludes the paper.

II. MODELING HARMONIC DRIVE HYSTERESIS
AND KE

This section presents a model of harmonic drive consid-
ering dynamic effects of KE and hysteresis.

Without considering kinematic error and hysteresis non-
linearities, a model of harmonic drive would be given by,

(

JmN2 + Jl

)

θ̈l +
(

BmN2 + Bl

)

θ̇l = τmN, (1)

where, θm = θlN and θl are the motor and load positions
respectively and τm is the torque applied to the motor. The
parameters are defined and listed in Table II. Experimentally

TABLE I

SYSTEM PARAMETERS USED FOR SIMULATION

Parameter Numerical Value

Inertia on Motor Side Jm 4.5 × 10
−4kgm2

Inertia on Load Side Jl 5.0 × 10
−2kgm2

Damping on Motor Side Bm 3.3 × 10
−3Nm − s

Damping on Load Side Bl 5.0 × 10
−4Nm − s

Gear Ratio N 50

Hysteresis model A 5.5583 × 10
3Nm − s

Hysteresis model α 3.6721 × 10
2rad−1

obtained waveform of KE is modeled using a general
periodic form represented by finite Fourier series as in [8]:

KE = θ̃p =
a0

2
+

k
∑

n=1

[ancos(nθm) + bnsin(nθm)] , (2)

where the Fourier coefficients (an, bn) are obtained using
experimental data. Considering only KE, the following
model of harmonic drive is obtained using Lagrange for-
mulation [13]:
(

Jm

Y 2
p

+ Jl

)

θ̈l +
Jmθ̃′′

Y 4
p

θ̇2
l +

(

Bm

Y 2
p

+ Bl

)

θ̇l =
τm

Yp

. (3)

where Yp = −
1
N +

dθ̃p

dθm
, ′ denotes ∂

∂θm
and other

parameters are listed in Table II. Hysteresis in harmonic
drive is sandwiched between the input and output dynamics.
Recently, harmonic drive hysteresis is modeled accurately
using nonlinear flexibility (f ) and energy-dissipating (q)
parts [10] as follows:

H(θ, q) = f(θ) + q, (4)

where f is spring force, θ is spring deflection, q is additional
hysteresis state. Nonlinear flexibility f can be given in terms
of polynomial in θ as

f(θ) = m1θ + m2θ
3 + m3θ

5, (5)

m1, m2, and m3 are constants. The dissipative part q of
hysteresis evolves as per the following differential equation:

dq

dt
+ α

∣

∣

∣

∣

dθ

dt

∣

∣

∣

∣

q − A
dθ

dt
= 0, (6)

where A and α are positive constants. The dissipative part
q is in a differential equation form amenable to control.
Fig. 2 shows the accurate representation of the multiple
experimental hysteresis curves with this model. To simplify
development of control algorithm, we use in this paper the
same hysteresis model with linear flexibility part instead of
the nonlinear one. The simplified hysteresis model h with
linear flexibility part is given by

H(θ, q) = Kθ + q, (7)

where θ is spring deflection. Though control development
is carried out using a simplified linear flexibility part of
hysteresis model, simulation results presented in this paper
show effectiveness of control using the full nonlinear model
presented in [10]. The hysteresis model is integrated (using
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Fig. 2. Experimental and simulated harmonic drive hysteresis curves [10]
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Fig. 3. Schematic representation of harmonic drive system with KE and
hysteresis

Newton’s method) with the rest of the harmonic drive
dynamics with kinematic error θ̃p, inertial load and a smooth
time varying load torque τl (see Fig. 3) as follows:

Jmθ̈m − K
(

θl −
θm

N
+ θ̃p

)

Yp + Bmθ̇m − qYp = τm,(8)

Jlθ̈l + K
(

θl −
θm

N
+ θ̃p

)

+ Blθ̇l + q + τl = 0, (9)

q̇ + α
∣

∣

∣
θ̇l −

θ̇m

N
+

˙̃
θp

∣

∣

∣
q − A

(

θ̇l −
θ̇m

N
+

˙̃
θp

)

= 0, (10)



where Yp = 1

N
− θ̃p is a new gear reduction ratio varying

with position θm because of the presence of KE. Notice
that the new deflection θ =

(

θl −
θm

N
+ θ̃p

)

of spring

contains the kinematic error term θ̃p. From results of [10],
[2], it follows that the system of equations (8)-(10) admits
a unique solution as long as the input is bounded. This
model will be used in the following sections to develop the
proposed control algorithms.

III. SINGULARLY PERTURBED MODEL

This section transforms the model of harmonic drive
developed above into a singularly perturbed form to be used
for subsequent control development. A general nonlinear
singularly perturbed system has a standard form [14] given
by

ẋ = f(t,x,y, ε), (11)

εẏ = g(t,x,y, ε), (12)

where x, f ∈ Rn; y, g ∈ Rm; t ∈ R; and ε is a small
parameter. Before transformation of equations (8)-(10) into
the above form, a control law τm = τm1 + Bmθ̇m is used.

Next, following [15] we define spring force as a new fast
variable:

z = −K

(

θl −
θm

N
+ θ̃p

)

. (13)

Representing θm and its derivatives in terms of z and θl

gives

θm =
( z

K
+ θ̃p + θl

)

N, (14)

θ̇m =
1

Yp

(

ż

K
+ θ̇l

)

, (15)

θ̈m =
1

Yp

[

z̈

K
+ θ̈l +

θ̃′′

Y 2
p

(
ż

K
+ θ̇l)

2

]

. (16)

Substituting for θm, θ̇m, and θ̈m in (8) and (9) above and
introducing load position error variable x1 for trajectory
tracking problem, the following equations in the new vari-
ables are obtained:

ẋ1 = x2, (17)

ẋ2 =
1

Jl

(

−Blx2 + w1 − x3 − τl − Blθ̇
r
l − Jlθ̈

r
l

)

, (18)

ẋ3 = −αεx3

∣

∣

∣

∣

w2

K1

∣

∣

∣

∣

− Aε
w2

K1

(19)

εẇ1 = w2, (20)

εẇ2 =
K1Yp

Jm

{

Jm

YpJl

Bl(x2 + θ̇r
l ) −

(

Jm

YpJl

+ Yp

)

(w1 − x3) +
Jm

YpJl

τl −
Jmθ̃′′

Y 3
p

(

εw2

K1

+ x2 + θ̇r
l

)2

+τm1} (21)

where x1 = θl − θr
l , w1 = z = −K(θl−

θm

N +θ̃p), x3 = q

and ε2 =
K1

K , and θr
l is reference load trajectory to be

tracked. Thus f in (11) and g in (12) are given by the right
hand sides of (17)-(19) and (20)-(21) respectively. For this
singularly perturbed system, the following fact proves that
when ε = 0, the equation of motion for the rigid case is
obtained.

Fact 3.1: With reference to system dynamic equa-
tions (17)-(21), when ε → 0, the singularly perturbed
flexible system converges to the rigid system given by

(

Jm

Y 2
p

+ Jl

)

θ̈l +
Jmθ̃′′

Y 4
p

θ̇2
l + Blθ̇l + τl =

τm1

Yp

. (22)

proof As ε → 0, w2 = 0 and w1 can be solved from (21)
as

w1 =
1

(

Jm

YpJl
+ Yp

)

[

τm1 −
Jmθ̃′′

Y 3
p

(

x2 + θ̇r
l

)2

+

Jm

YpJl

Bl(x2 + θ̇r
l ) +

Jm

YpJl

τl

]

+ x3 (23)

Substituting for w1 in (18) and transforming variables x1, x2

to θl, θ̇l, we get

Jlθ̈l + Blθ̇l + τl =
JlYp

Jm+JlY 2
p

[

τm1 −
Jmθ̃′′

Y 3
p

θ̇2
l +

Jm

YpJl
(Blθ̇l + τl)

]

(24)

Further algebraic simplifications lead to

(

Jm

Y 2
p

+ Jl

)

θ̈l +
Jmθ̃′′

Y 4
p

θ̇2
l + Blθ̇l + τl =

τm1

Yp

.2 (25)

Notice that (25) is same as (3) if we expand τm1.

IV. CONTROL DEVELOPMENT

The following steps are followed in the development of
controller using integral manifold control approach:

1) A composite control law is proposed as τm1 = τf +
τs, where τf and τs are fast and slow control terms,
respectively. Fast control τf is chosen to make the
manifold attractive.

2) With the proposed choice of fast control, the existence
of integral manifold h is assured. The manifold needs
to satisfy manifold condition (see [14], [15]).

3) For development of the slow control τs, polynomial
series expansion of integral manifold h (h = h0 +
h1ε+h2ε

2 + ...) and slow control τs (τs = τ0 +τ1ε+
τ2ε

2 + ...) is used.
4) Using manifold condition, terms of similar power of ε

are matched to get series of equations for each power
of ε .

5) Control terms τ1, τ2, and so on are chosen such that
the infinite series gets truncated. Thus we get a exact
expression for control law and for h.



The analysis (refer Appendix-A for details) gives the
following controller:

τm = Bmθ̇m + τf + τ0 + ετ1 + ε2τ2 + ε4τ4, (26)

τf = KDεK
(

θ̇l − Ypθ̇m

)

, (27)

τ1 = KD
˙̄h0, (28)

τ2 =
Jmθ̃′′

Y 3
p

2(x2 + θr
l )

K1

˙̄h0 +
¨̄h0

C1

, (29)

τ4 =
Jmθ̃′′

Y 3
p

¯̄h2
1

K2
1

, (30)

where,τ0, and h0 are given by (50 and (49), respectively.
KD, K1 are constants and C1 is given by 48. Simulation
results presented in the following section verify the effec-
tiveness of this controller.

V. SIMULATION RESULTS

We define the problem we are addressing in this paper
more precisely for simulation purposes as follows. The
output position (θl) (refer Fig. 3) is required to precisely
track a high speed trajectory θr

l (t) = 10 sin(4πt)+25t when
there is time varying torque load of τl = 30 sin(2π/3t) Nm
on the output shaft.

To establish the effectiveness of controller designed in
the previous section, we compare our results against a con-
troller designed using classically available technique. For
comparison if we employ a controller (based on (1)) using
output (θl) feedback, it is well known that such controllers
leads to unstable θl in the presence of flexibility which is
a part of our hysteresis model. Hence classically known
approach (see [16], page 1583 for details) of stabilization
in the presence of flexibility is used. The controller used
for comparison (without considering KE and hysteresis) is
thus given by,

τm = Bmθ̇m + 1

N

{

(Jl + JmN2)(θ̈r
l − Λė) + Bl(θ̇

r
l

−Λe) − kd(ė + Λe) + τl} + Kf (θ̇l −
θ̇m

N
) + τl

N
. (31)

Simulations are carried out with model equations (8)-(10)
and the controller given by
1. Equation (26)(See [2] for expanded derivative terms in
the control law)
2. Equation (31) for same gains.
Parameters presented in Table II, identified using experi-
mental data, are used in simulation. Results of simulations
carried out with and without hysteresis compensation (the
known output load is compensated in both the cases) are
displayed in Fig. 4-6. Fig. 4 shows the high speed tracking
trajectory (along with the load position) and the output load
trajectory used in the simulation. Fig. 5 presents the tracking
errors in the load and motor positions with and without
compensation. We observe clearly that the steady state load
position tracking error with hysteresis compensation goes to
zero while without compensation goes beyond the encoder
resolution. Fig. 6 compares results with full nonlinear model

and model used for control development. Compensation 1
(C-1) represents results with model (7) simplified for control
development and compensation 2 (C-2) represents results
with full nonlinear hysteresis model. We can hardly see
difference between results of cases C-1 and C-2 in Fig. 6
in the steady state. The noisy behavior of the error curves
in the transient part can be attributed to the numerical
implementation of the derivative of the hysteresis state.
Thus, the proposed controller achieves successful hysteresis
compensation while tracking the output load position. The
motor position error is displayed in Fig. 5 to demonstrate
that the controller achieves the desired tracking of load
position by ’dynamically absorbing’ the kinematic error
(whatever form it may have) on the motor side. A large
motor displacement (from zero) is caused by the controller
to compensate for the output load and hysteresis torque.
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VI. CONCLUSION

In this paper we presented new control algorithms for
compensation of sandwiched hysteresis (with linear flexi-
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bility part) in harmonic drives in the presence of kinematic
error and smooth output load for high precision tracking
applications. The controller is developed using an integral
manifold control approach for singularly perturbed sys-
tems. Recently developed accurate models of hysteresis and
kinematic error in harmonic drives are used. Simulations
carried out with the controller and this model verified
the effectiveness of the algorithm at compensating for
hysteresis and external load. Experimental validation of
the proposed algorithm is underway. The proposed control
algorithm is useful in high-speed applications to improve
the performance of systems using harmonic drives as well
as in similar other mechanical systems with sandwiched
hysteresis.
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APPENDIX-A

Fast Control

The fast control law τf is chosen as

τf = −KDw2,

= KDεK
(

θ̇l − Ypθ̇m

)

. (32)

With this definition of τf , conditions A1 and A3 of
Lemma 2.1 (existence and properties of integral manifold)
in [15] can be easily proved to be satisfied in two different
domains given by w2 > 0 and w2 < 0 in the vicinity of
h0. Since conditions A1 − A3 of the lemma are satisfied,
there exists ε1 ≤ ε0 such that ∀ε ∈ [0, ε1),∀x ∈ Bx and
∀w ∈ Bw, the 5-dimensional system (17)-(21) has a local
2-dimensional integral manifold Mε : w = h(t,x, ε) =

h0(t,x, 0) + H(t,x, ε), and h(t,x, ε) satisfies the manifold
condition:

ε
dh

dt
= g(t, x, h, ε). (33)

Note that because the existence conditions are satisfied
in two domains, the slow control development is carried
out in these two domains separately. However, as we will
see later, the control law remains the same in both of these
domains.

Slow Control

A slow controller is developed by solving for the man-
ifold condition (33) using power series expansions for τs

and h in terms of ε as mentioned in the development steps
above.

Let us expand control law τs in powers of ε as

τs = τ0 + ετ1 + ε2τ2 + ε3τ3 + · · · . (34)

Similar expansion for the manifold function h(t,x, ε) is
given by

h(t,x, ε) =

[

h̄
¯̄h

]

=

[

h̄0 + εh̄1 + ε2h̄2 + · · ·
¯̄h0 + ε¯̄h1 + ε2¯̄h2 + · · ·

]

. (35)

Substituting these expressions in the manifold condition
(33) and separating terms with similar powers of ε, the
following sequences of equations are obtained:

ε0 : 0 = ¯̄h0, (36)

ε1 : ˙̄h0 = ¯̄h1, (37)

ε2 : ˙̄h1 = ¯̄h2, (38)

ε3 : ˙̄h2 = ¯̄h3, (39)
...

and the second set is obtained as

ε0 : 0 = C1

{

−B1(x2 + θ̇r
l ) −

Jmθ̃′′

Y 3
p

(x2 + θ̇r
l )

2

−J1h̄0 + x3 +
Jm

YpJl

τl + τ0

}

, (40)

ε1 : 0 = C1

{

−KD
¯̄h1 − J1h̄1 + τ1

}

, (41)

ε2 :
˙̄̄
h1 = C1

{

−
Jmθ̃′′

Y 3
p

2(x2 + θ̇r
l )

K1

¯̄h1 − KD
¯̄h2

−J1h̄2 + τ2

}

, (42)

ε3 :
˙̄̄
h2 = C1

{

−
Jmθ̃′′

Y 3
p

2(x2 + θ̇r
l )

K1

¯̄h2 − KD
¯̄h3

−J1h̄3 + τ2

}

, (43)

ε4 :
˙̄̄
h3 = C1

{

−
Jmθ̃′′

Y 3
p

(

¯̄h2
1

K2
1

+
2(x2 + θ̇r

l )

K1

¯̄h3

)

−J1h̄4 + τ4

}

, (44)

ε5 :
˙̄̄
h4 = C1

{

−
Jmθ̃′′

Y 3
p

(

2¯̄h1
¯̄h2

K2
1

+
2(x2 + θ̇r

l )

K1

¯̄h4

)

−J1h̄5 + τ5

}

, (45)



ε6 :
˙̄̄
h5 = C1

{

−
Jmθ̃′′

Y 3
p

(

¯̄h2
2 + 2¯̄h1

¯̄h3

K2
1

−
2(x2 + θ̇r

l )

K1

¯̄h5

)

−J1h̄6 + τ6

}

, (46)

ε7 :
˙̄̄
h6 = C1

{

−
Jmθ̃′′

Y 3
p

(

¯̄h2
3 + 2¯̄h1

¯̄h4

K2
1

−
2(x2 + θ̇r

l )

K1

¯̄h6

)

−J1h̄7 + τ7

}

, (47)
...

where the terms C1, B1, and J1 are defined as follows:

C1 =
K1Yp

Jm

,

B1 = −
Jm

YpJl

Bl,

J1 =

(

Jm

YpJl

+ Yp

)

. (48)

The term h̄0 is given from (40) by

h̄0 =
1

J1

{

JmBl

YpJl

(x2 + θ̇r
l ) +

Jm

YpJl

τl−

Jmθ̃′′

Y 3
p

(x2 + θ̇r
l )

2 + τ0

}

+ x3, (49)

and the new τ0 is chosen based on control strategy in [13],
[12] as

τ0 = Yp

{

D(θ̈r
l − Λė) +

(

Jmθ̃′′

Y 4
p

θ̇l + Bl

)

(θ̇r
l − Λe)

−kd(ė + Λe) + τl} . (50)

Notice that h̄0 contains additional terms due to hysteresis
(x3 = q) and load τl, and τ0 contains an additional load
compensation term τl. Slow control law terms τ1, τ2, τ3

and τ4 are chosen such that the series in ε for τs and h is
truncated. All higher order terms τ5, τ6, τ7 ... are chosen to
be zero, to make the corresponding higher order h terms to
be zero.
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