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Abstract - Emerging drivetrains open new possibilities in
vehicle stability control. In this paper, we consider a vehicle
powered by four independently driven wheel motors, one for
each wheel, with Steer-by-Wire. We explore the possibilities
of using steering and individual wheel acceleration on top of
braking to enhance stability and steerability. A 7-DOF model
is developed to capture the vehicle longitudinal, lateral and
yaw motion and the other four degrees of motion representing
the wheel dynamics. However, this 7-DOF model is rather
complicated for controller design due to the coupling of
the inputs, and because the tire forces are highly nonlinear
and coupled when the tires are at their limits. A control
oriented model is developed that decouples the inputs and
facilitates ease in control algorithm development. In addition,
the longitudinal and lateral forces are also decoupled based
on detailed analysis of the tire behavior at their limits.
Simulation results of both the 7-DOF model and the control
oriented model are compared to show that the control
oriented model is capable of capturing the vehicle behavior
at safety-critical cases.

Keyword - Vehicle Stability Control, Control oriented
modelling, HSRI tire model

I. INTRODUCTION

Vehicle Stability Control (VSC) systems have been
developed since the 1980’s. Their main purpose is to keep
the vehicle controllable by the driver when the vehicle is
at its physical limits, i.e., at the limits of adhesion between
the tires and the road. In such situations, the tire behavior
is extremely nonlinear and the linearized tire-wheel-brake
system is even unstable. As a result, the vehicle may
suddenly spin and the driver is caught by surprise. Usually
the average driver tends to steer more and worsens the
situation. The VSC system helps to stabilize the vehicle
and maintain its steerability by creating a correcting yaw
moment via controlling the slip of the individual wheels[1],
[2], [3]. Commertial VSC systems are available, such as
the Bosch Elctronic Stability Program (ESP) system.

However, current VSC systems are far from perfect:
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1)The nonlinearities present in current mechanical brakes
and combustion engines makes it difficult to achieve
precise control of the tire slip; 2)Current VSC systems
are not fault tolerant; if the slip control on one tire fails,
the VSC has to be shut off; 3) Since braking is the
primary means of control in VSC systems, the driver will
experience deceleration of the vehicle even with careful
braking torque distribution.

Emerging Electric Vehicles (EVs) provide new solutions
to these constraints. From a controls perspective, EVs
possess two advantages over traditional vehicles with
internal combustion engines. Firstly, electric motors can
be controlled much more precisely, over a much shorter
control period than internal combustion engines. Secondly,
for EVs with in-wheel motors, the individual torque of each
drive wheel can be controlled independently. Therefore,
in-wheel motors can directly generate a marked torque
difference, making advanced dynamic yaw-moment control
possible[4], [5], and [6]. However, current researches on
EVs target only at normal driving conditions by assuming
a small steering angle and using a linear tire model.

The challenges in VSC system design are mainly
two-folded. One is that under extreme driving conditions,
the tire forces are nonlinear and the longitudinal and lateral
tire forces are highly coupled. The other is that the inputs,
which are the steering angle and the four torques from the
wheel motors, are also coupled. In [8], a heuristic based
non-linear control algorithm was developed. To facilitate
ease in control design we employ a different approach
in this paper where instead of handling these difficulties
in the controller design, a control-oriented modeling
approach is proposed. In this approach, control strategies
are incorporated to decouple both the tire forces and the
inputs. The goal is to achieve the balance between model
fidelity and model simplicity.

The paper is organized as follows: a full model is
derived in Section II and then simplified into a 7-DOF
model with some general assumptions in Section III.
Section IV and V introduce the control-oriented modeling,
with details in the decoupling of the tire longitudinal and
lateral forces and the decoupling of the inputs. Simulation
results are shown in Section VI to prove the effectiveness
of the control-oriented modeling. Conclusions are given at
the end of the paper.
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II. THE FULL VEHICLE MODEL

In this section, we develop a complete model for the
front-steering, 4-wheel independently driven vehicle.

The equations of motion of the vehicle are expressed
in a frame fixed to the vehicle unsprung mass, Eu, which
results from rotating an inertial frame EIN by a yaw angle
ψ. The frame Eu is fixed at the roll and pitch center of the
vehicle given by F in Figure 1. A third frame Es fixed to
the vehicle sprung mass and is obtained by rotating Eu by
a pitch angle θ and then a roll angle φ. The relationship
between the various frames and the expression for the
position of the center of gravity and its derivatives in the
Eu frame are given by

Eu =





cosψ sinψ 0
−sinψ cosψ 0

0 0 1



EIN

Es =





1 0 0
0 cosφ sinφ
0 −sinφ cosφ









cosθ 0 −sinθ
0 1 0

sinθ 0 cosθ



Eu

rCG = rF + hCGe
s
3

ṙCG = ṙF + hCGė
s
3 =

[

vx vy vz

]





eu
1

eu
2

eu
3



 + hCGė
s
3

r̈CG =
[

v̇x − vyψ̇ v̇y + vxψ̇ v̇z

]





eu
1

eu
2

eu
3



 + hCGë
s
3

=





v̇x − vyψ̇ + hCG(θ̈ + 2ψ̇φ̇)

v̇y + vxψ̇ + hCG(−φ̈+ 2ψ̇θ̇)

v̇z + hCG(−(ψ̇)2 − (θ̇)2)





T 



eu
1

eu
2

eu
3





In the above derivation, we have assumed that the pitch
and roll motion is small so that sinθ ≈ θ, cosθ ≈ 1, sinφ ≈

φ, cosφ ≈ 1. Using these relationships, we then obtain the
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Fig. 2. Vehicle Model

translational equations of motion in the Eu frame,

4
∑

i=1

Fxi = m(v̇x − vyψ̇ + hCG(θ̈ + 2ψ̇φ̇)) (1)

4
∑

i=1

Fyi = m(v̇y + vxψ̇ + hCG(−φ̈+ 2ψ̇θ̇)) (2)

4
∑

i=1

Fzi −mg = m(v̇z + hCG(−(ψ̇)2 − (θ̇)2)) (3)

where m is the mass of the vehicle and the wheels,
vx, vy, vz are the components of the vehicle velocity at F
expressed in Eu and hCG is the distance between F and
CG, the center of gravity of the vehicle. The forces Fxi

and Fyi, i = 1, . . . , 4, are the tire forces in the vehicle
longitudinal and lateral directions (in Eu).

Similarly, the rotational equations of motion (in Es)
are given by,

M1 = b(Fz1 + Fz3 − Fz2 − Fz4)

= Ixφ̈+ (Iz − Ix − Iy)θ̇ψ̇ (4)

M2 = −l1(Fz1 + Fz2) + l2(Fz3 + Fz4)

= Iy θ̈ + (Ix + Iy − Iz)φ̇ψ̇ (5)

M3 = l1(Fy1 + Fy2) − l2(Fy3 + Fy4)

+b(Fx2 + Fx4 − Fx1 − Fx3)

= Izψ̈ + (Iy − Ix − Iz)φ̇θ̇ (6)

where Ix, Iy, and Iz are the moments of inertia about es
1
,

es
2
, and es

3
, respectively, and Mi is the moment about es

i ,
i = 1, . . . , 3.

The wheel dynamics are given by

Jwiω̇i = Ti − Fair , i = 1, . . . , 4, (7)

where ωi is the wheel rotational speed for the ith wheel;
Jwi is the moment of inertia of the ith wheel and its



corresponding drivetrain and motor; Ti is the motor torque,
and Fai is the tire longitudinal force, i.e., the tire force in
the tire plane along the longitudinal direction.

III. THE 7DOF VEHICLE MODEL

Our primary interest in VSC is to control the vehicle’s
lateral and yaw motion. In this section, we will make the
following general assumptions to simplify the full model:

• We ignore roll, pitch and bounce motion to obtain

4
∑

i=1

Fxi = m(v̇x − vyψ̇ + hCG(θ̈ + 2ψ̇φ̇))

4
∑

i=1

Fyi = m(v̇y + vxψ̇ + hCG(−φ̈+ 2ψ̇θ̇))

M3 = Izφ̈ = l1(Fy1 + Fy2) − l2(Fy3 + Fy4)

+b(Fx2 + Fx4 − Fx1 − Fx3)

With this assumption, vx and vy are also the
longitudinal and lateral velocities at vehicle CG.

• Next, we ignore aerodynamic forces and the rolling
resistance of the tires to obtain,

Fxi = Fai cos(δ) − Fsi sin(δ) , i = 1, 2

Fyi = Fai sin(δ) + Fsi cos(δ) , i = 1, 2

Fxi = Fai , i = 3, 4

Fy1 = Fsi , i = 3, 4

where Fai and Fsi are the tire longitudinal force and
tire lateral force for the ith wheel (i = 1, . . . , 4),
respectively.

• Finally, we assume that the steering angle is small, i.e.,
sinδ ≈ δ and cosδ ≈ 1, so that,

Fxi = Fai − Fsiδ , i = 1, 2

Fyi = Faiδ + Fsi , i = 1, 2

Fxi = Fai , i = 3, 4

Fy1 = Fsi , i = 3, 4

With these assumptions, we derive a 7DOF model:

v̇x = vyωz +
1

m
(

4
∑

i=1

Fai − δ(Fs1 + Fs2)) (8)

v̇y = −vxωz +
1

m
(

4
∑

i=1

Fsi + δ(Fa1 + Fa2)) (9)

ω̇z =
1

Iz
(l1(Fs1 + Fs2) − l2(Fs3 + Fs4) + bδ(Fs1 − Fs2)

+l1δ(Fa1 + Fa2) + b(Fa2 + Fa4 − Fa1 − Fa3))(10)

ω̇i =
1

Jwi

(Ti − Fair) , i = 1, . . . , 4 (11)

where ωz = ψ̇ is the yaw velocity, δ and Ti represent the
control inputs. δ is the front steering angle and Ti the
torques of the four independently driven in-wheel motors
i = 1, . . . , 4.

The 7-DOF model is rather complicated for controller
design because the tire forces Fai and Fsi are highly
nonlinear functions of the vehicle states and control inputs,
and are coupled to each other. To facilitate controller
design, a simpler model is preferred. In this paper, the
model is further simplified by carefully examining the
nonlinear function of the tire forces and incorporating
certain control strategies. The next two section describe
these in detail.

IV. DECOUPLING OF THE TIRE FORCES

Though there are various tire models to describe tire be-
havior, these models generally treat tire forces as functions
of tire longitudinal slip ratio λ and tire slip angle α which
is the angle between the wheel plane and the velocity at the
wheel center. Other factors that affect the tire forces, such
as the normal force and the tire/road friction coefficient,
are incorporated in the tire model as parameters. Hence,
we write the tire longitudinal and lateral force as follows
(for front steering vehicles only),

Fai = Fai(λi, αi) , i = 1, 2, 3, 4

Fsi = Fsi(λi, αi) , i = 1, 2, 3, 4

αi =

{

δ − βi i = 1, 2

−βi i = 3, 4

where δ is the front steering angle and βi is the vehicle
side slip angle of the ith wheel as shown in Figure 2. The
side slip angle is the angle between the velocity at the
wheel center and the vehicle’s longitudinal axis.

Both λi and βi can be calculated from vehicle states
or their estimates [9]. We assume that the velocity of each
wheel is the vehicle’s longitudinal velocity vx, so that,

λi =
ωir − vx

vx

, i = 1, . . . , 4

where r is the wheel effective radius. Further, assume that
βi is small, i.e. βi ≈ tanβi, and vx >> bωz, so that

β1 = β2 =
vy + l1ωz

vx

β3 = β4 =
vy − l2ωz

vx

However, this simplification does not help with the fact that
the tire forces are nonlinear, and that the lateral and longi-
tudinal forces are highly coupled when the tires approach
their physical limits. A good tire model that captures the
coupling of the tire longitudinal and lateral forces is the



Fig. 3. HSRI tire model friction circle

HSRI tire model [7],

µ = µpeak(1 −AsRω
√

λ2 + tan2α) (12)

H =

√

(

Cλλ

µFz(1 − λ)

)2

+

(

Cαtanα

µFz(1 − λ)

)2

(13)

Fa =

{

Cλ
λ

1−λ
H < 1

2

Cλ
λ

1−λ

(

1

H
− 1

4H2

)

H ≥ 1

2

(14)

Fs =

{

Cα
1

1−λ
tan(α) H < 1

2

Cα
1

1−λ
tan(α)

(

1

H
− 1

4H2

)

H ≥ 1

2

(15)

where Cλ and Cα are the longitudinal and cornering
stiffnessses, repectively, λ is the tire slip ratio, α the tire
slip angle, µpeak is the peak road friction, As is a friction
discount factor due to sliding in the patch, r is the tire
effective radius, and ω is the tire angular velocity. The
expressions for Fa and Fs are calculated for each tire.
Figure 3 shows representative tire curves from this model
for a single axle.

When the slip ratio λ and the slip angle α are small,
the coupling between Fa and Fs is weak, and can be
ignored. However, when either λ or α is relatively large,
the coupling can not be ignored. In this case, the HSRI
tire model can be written as:

Fa =
Cλλ

√

(Cλλ)2 + (Cαα)2
FR

Fs =
Cαα

√

(Cλλ)2 + (Cαα)2
FR

with FR the resultant tire force: FR =
√

F 2
a + F 2

s .

The main task of VSC as an active safety system is

to limit the vehicle side slip angle β in order to prevent
the vehicle from spinning. One of the strategies VSC
systems employ is to adjust the yaw moment on the car by
controlling the value of the slip ratio at each wheel [1], [2].
Consider the case a free rolling tire, i.e λ = 0, reaching
its limit in the lateral direction at some α = α0 so that
Fs(λ = 0, α0) = Fsmax. If a braking torque is forced upon
the wheel, a brake slip λ0 is generated and the lateral force
is reduced to Fs(λ0, α0) while the longitudinal force rises
from 0 to Fa(λ0, α0) (assuming that neither the normal
force FN nor the tire slip angle α0 changes). Note that
since the lateral force reaches its limit, the addition of
a small longitudinal slip does not appreciably affect the
magnitude of the lateral force so that the magnitude of the
resultant force does not appreciably change. However, the
magnitude of the longitudinal force changes signficantly,
which causes a change in the direction of the resultant
force. Figure 3 shows this phenomenon. When the tire
slip angle is relatively large and the slip ratio is small, the
curve can be approximated by a segment of a circle with
the fast changing direction parallel to the Fx(longitudinal
force) axis.

The influence of applying a small slip ratio λ is now
obvious: it induces the rotation of the resultant force on
the tire, thus changing the yaw moment on the car. The
controller needs to resolve by what amount the slip at
each tire needs to be changed by to generate the required
change in the yaw moment, and to mitigate the effects of
this change on the longitudinal and lateral motions. Thus,
a more straightforward relation between the tire forces and
the slip ratio would benefit the control design.

Note that at the tire friction limits, there are no significant
change in the magnitudes of FR(0, α0) and FR(λ, α0) so
that we assume that FR(λ, α0) = constant = FRmax is
the maximum lateral force for the rolling tires, to obtain

Fa =
Cλλ

√

(Cλλ)2 + (Cαα)2
FRmax (16)

Further, we assume that Cλλ << Cαα, so that

Fa ≈

(

Cλ

Cαα
FRmax

)

λ = K(α)λ. (17)

To verify that Cλλ << Cαα is in general true, lets
consider some typical data for tires: Cλ = 14, 000N
and Cα = 40, 000N/rad; the lateral force approach its
limits generally at α ≥ 6o ≈ 0.1rad. With full braking, an
average car experiences a deceleration of around 0.8−0.9g,
which is close to the tire longitudinal limits with λ ≈ 20%.
With full throttle, a low-class car experiences acceleration
of 0.3− 0.4g, and a high-class car 0.1− 0.2g. Hence, it is
reasonable to assume that λ ≤ 5% for yaw moment control
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Fig. 4. Comparison of tire longitudinal force based on HSRI model and
the approximation

so that

Cλλ = 14000× 0.05 = 700N

Cαα = 40000× 0.1 = 4000N,

=⇒ Cλλ <
1

5
Cαα

Figure 4 shows both the tire longitudinal force based on the
HSRI model and the longitudinal tire force based on (17).
We observe that when λ ≤ 5%, the longitudinal force is
approximately a linear function of λ, with the linear gain
dependent on the slip angle. Note that when the tire slip
angle is greater than 6o, the approximation is very close to
the HSRI result.

As the approximation (17) only occurs to the longitudinal
force, the lateral force can still be caculated based on the
HSRI model or other tire models. In safety-critical situa-
tions, since the longitudinal slip does not have significant
effect on the lateral force, the lateral force can also be
approximately as a function of the lateral slip angle only
and further simplify the calculation of tire forces.

V. CONTROL-ORIENTED MODELING

In Section IV, the tire longitudinal force is linearized and
decoupled from the tire lateral force by reasonably limiting
the controlled longitudinal slip ratio λ to be smaller than
5%. However, note that in the 7-DOF complex model, the
steering angle δ is coupled with the longitudinal forces,
which is affected by the torque input Ti. In other words, the
inputs are coupled. To make control system design easier,
it is desirable to decouple the inputs. We can achieve this
by incorporating some control strategies in the modeling.

The two most common conditions where the tire
approaches its limit are oversteering and understeering.
In the case of oversteering, the rear tires of the vehicle
reach their lateral force limit while the front tires are close
to but do not reach their limit. Hence, we add front tire

braking/traction to affect the yaw moment, i.e. brake the
outer front tire while employing traction control on the
inner front tire. It is reasonable to constrain the braking
and traction force to be the same, i.e., Fa1 = −Fa2, in
order to maintain the speed so that

Fa1 + Fa2 = 0 =⇒ δ(Fa1 + Fa2) = 0

Similarly, in the case of understeering, the front tires reach
the lateral force limit first. Hence braking and traction
control are applied on the rear tires only so that

Fa1 = Fa2 = 0 =⇒ δ((Fa1 + Fa2) = 0

Under both general and extreme driving conditions, the
bicycle model can still be used by employing equivalent
lateral forces for the front and rear lateral forces: 2Ff =
(Fs1 + Fs2), and 2Fr = (Fs3 + Fs4). Assume the longi-
tudinal velocity is a known parameter, which can be either
measured or estimated, and apply δ(Fa1 +Fa2) = 0, so that
vehicle model can be reduced to

v̇y = −vxωz +
2

m
(Ff + Fr) (18)

ω̇z =
1

Jz

(2l1Ff − 2l2Fr + b(Fa2 + Fa4 − Fa1 − Fa3))

(19)

Together with the wheel dynamics (7), and the linearized
tire longitudinal force function (17), these equations provide
a simpler model for the control design. Furthermore, since
the wheel dynamics are much faster than the vehicle dynam-
ics, we ignore the wheel dynamics and simply determine the
control input Ti based on Ti = Fair = (K(α)r)λi.

VI. SIMULATION RESULTS

We compare using numerical simulations the 7DOF
model with the HSRI tire model and the control-oriented
model. The simulations are conducted for our 1/5 scaled
vehicle developed at Bosch [8]. In the future, we plan to
compare the numerical results with experimental results of
our prototype vehicle. Fig. 5 and 6 compare the simulation
results of the 7-DOF model and the control oriented model.
The vehicle is undergoing an extreme maneuver with a large
steering angle, δ = 10o (positive indicates a left turn), and
a speed of 5m/s which when scaled for a regular vehicle
corresponds to 25m/s. During the time when the vehicle is
oversteering i.e when the magnitude of the steering angle is
10o, as per our control oriented modeling strategy discussed
in Section V, a braking torque of -0.2Nm is applied at
the outer front wheel, and a traction torque of 0.2Nm at
the inner front wheel. These torque values are chosen to
ensure yaw rate stability as seen in Fig. 5. Fig. 6 shows
the lateral forces and side slip angles of both models (two
solid lines in each subfigure correspond to the outer and
inner front/rear tire forces based on the 7DOF model, one
dashed line corresponds to the front/rear tire force based
on the control-oriented model). We can observe from the
figures that the two models match excellently.
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Fig. 5. Simulation results of the 7DOF model and the simplified model
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VII. CONCLUSIONS

This paper discusses Vehicle Stability Control for a
vehicle with steer-by-wire and independently driven in-
wheel motors. Its advantages over traditional VSC include
more choice of inputs (including steering) and faster control
with motors. A 7-DOF model was derived. However, the
coupling of the inputs, and the nonlinearity and coupling of
the tire forces makes it difficult to design VSC algorithms.
A control-oriented modeling approach was taken and results
in a model that is amenable for control and is capable
of capturing the vehicle bahaviour. Control strategies were
incorporated to decouple the longitudinal and lateral tire
forces, and the steering and motor torques inputs. The
proposed approach was validated by simulation results of
both the 7-DOF model and the control oriented model.
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