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Abstract— This paper studies the stabilization control syn-
thesis of switched symmetric systems. The main contribution
includes two parts. First, a necessary and sufficient condition
for existence of asymptotic stable output feedback controller of
symmetric switched linear systems under arbitrary switching
signal is established. It is also pointed that if the condition
holds, constant controller can be used as well. Next, a sufficient
condition for existence of output feedback controller for
quadratic stabilizability of switched symmetric systems is
established. If there are only two subsystems, this condition is
also necessary.

I. I NTRODUCTION

As for switched symmetric systems which appear quite
often in many engineering disciplines(e.g. electrical and
power networks, structural systems, viscoelastic materials
and chemical reaction), [5] first investigated the stability
andL2 gain analysis under arbitrary switching signals. It is
proved that when all the subsystems are stable, the switched
system is exponentially stable under arbitrary switching.
Motivated by these analysis work, we try to investigate
the stabilization problem via output feedback for switched
symmetric systems. Two problem are considered. One is the
output feedback controller synthesis for switched symmetric
systems under arbitrary switching signals, the other is the
output feedback controller synthesis for quadratic stabiliz-
ability of switched symmetric systems.

II. PRELIMINARY

Consider a switched linear system given by ẋ(t) = Ar(t)x(t) + Br(t)u(t)

y(t) = Cr(t)x(t)
(1)

where x(t) ∈ <n is the state vector,u(t) ∈ <p is
the vector of control inputs,y(t) ∈ <p is the vector
of measured outputs, the right continuous functionr(t) :
<+ → {1, 2, · · · , N} is the switching signal to be designed
or created by some unknown or nondeterministic function.
Moreover,r(t) = i implies that the subsystem(Ai, Bi, Ci)
is activated,i = 1, 2, · · · , N .

System (1) is called(state-space) symmetric, if for any
i = 1, · · · , N ,

Ai = AT
i , Ci = BT

i . (2)

G. Xie, Q. Fu and L. Wang are with the Center for Systems and Control,
the Department of Mechanics and Engineering Science, Peking University,
Beijing 100871, China. E-mail:xiegming@mech.pku.edu.cn.

This work is supported by National Natural Science Foundation of China
(No. 69925307 and No. 60274001), National Key Basic Research and
Development Program (No. 2002CB312200) and National Hi-Tech R&D
863 Project (No. 2002AA755002).

Moreover, if B1 = · · · = BN = 0, we get the autonomous
symmetric switched linear system

ẋ(t) = Ar(t)x(t) (3)

The notations to be used in this paper are as follows:
given a real matrixM , the orthogonal complementM⊥ is
defined as the (possibly non-unique) matrix with maximum
row rank that satisfiedM⊥M = 0 and M⊥M⊥T > 0.
Hence, M⊥ can be computed from the singular value
decomposition ofM as follows: M⊥ = TUT

2 where T
is an arbitrary nonsingular matrix andU2 is defined from
the singular value decomposition ofM

M = [U1, U2]
[

Σ1 0
0 0

] [
V T

1

V T
2

]
.

Given a real matrixM ∈ <n×p has full column rank(n ≥
p), the pseudo-inverseM+ ∈ <p×n is defined as

M+M = Ip

The standard notation> (<) is used to denote the positive
(negative) definite ordering of symmetric matrices.

Let N = 1, system (1)-(2) reduces to a common sym-
metric LIT system. K. Tan and K. M. Grigoriadis gave the
following basic lemma for the stabilization of symmetric
LTI systems [2].

Lemma 1: [2]Given a symmetric LTI system(A,B,C),
there exists a symmetric output feedback matrixG = GT

such that the closed-loop system is asymptotically stable,
i.e. the matrixA + BGC is Hurwitz stable, if and only if

B⊥AB⊥T < 0. (4)

If this condition is satisfied, all stabilizing symmetric output
feedback gainsG satisfy

G < B+[AB⊥T (B⊥AB⊥T )−1B⊥A−A]B+T . (5)

III. M AIN RESULTS

A. Stabilization Under Arbitrary Switching Signal

First, we discuss the stabilization problem under arbitrary
switching signal.

Definition 1: [5] The system (1) is said to be exponen-
tially stable if ||x(t)|| ≤ c e−αt||x0(t)|| with c > 0, α > 0
holds for anyt > 0 and any initial statex0.

Lemma 2: [5] For system (3), given any switching signal
r(t), it is exponentially stable if and only if each subsystem
of system (3) is asymptotically stable.



Theorem 1:For system (1)-(2), given any switching sig-
nal r(t), there exist symmetric output feedbacksu = Giy,
i = 1, · · · , N such that the closed-loop system

ẋ(t) = (Ar(t) + Br(t)Gr(t)Cr(t))x(t) (6)

is exponentially stable if and only if

B⊥
i AiB

⊥T
i < 0,∀ i = 1, · · · , N. (7)

If this condition is satisfied, all stabilizing symmetric output
feedback gainsGi satisfyGi < Hi, where

Hi = B+
i [AiB

⊥T
i (B⊥

i AiB
⊥T
i )−1B⊥

i Ai −Ai]B+T
i (8)

Proof:
(Sufficiency) If the inequalities (7) hold, by Lemma 1, then
we can select symmetric output feedback control lawsu =
Giy such that the systemṡx(t) = (Ai + BiGiCi)x(t) are
asymptotically stable, respectively. Thus, by Lemma 2, the
closed-loop system is exponentially stable.
(Necessary) It is obvious.

Definition 2: Denote a matrixA = [aij ] ∈ <n×n, A is
said to be strictly diagonally dominant if

|aii| >
n∑

j=1
j 6=i

|aij |,∀ i = 1, · · · , n (9)

Lemma 3: [1] Let A = AT ∈ <n×n be strictly di-
agonally dominant, if all main diagonal entries ofA are
positive, then all the eigenvalues ofA are real and positive,
i.e. A > 0.

Corollary 1: For system (1)-(2), if the inequalities (7)
hold, we can found constant symmetric output feedback
u = Gy such that the closed-loop system

ẋ(t) = (Ar(t) + Br(t)GCr(t))x(t) (10)

is exponentially stable.
Proof: Since the inequalities (7) hold, we can getGi

for each subsystem andGi < Hi. DenoteHi = HT
i =

[hi
kl] ∈ <p×p. We can selectG = diag(g1, · · · , gp) such

that

gk < min
i=1,···,N

{ hi
kk −

p∑
l=1
l 6=k

|hi
kl| },∀ k = 1, · · · , p (11)

Then we havehi
kk−gk >

∑p
l=1
l 6=k

|hi
kl|,∀ k = 1, · · · , p. That

is, the real symmetric matrixHi −G is strictly diagonally
dominant and all its main diagonal entries are positive. By
Lemma 3, it follows thatHi −G > 0, i.e. G < Hi. Hence
the closed-loop system (10) is exponentially stable when we
select the constant output feedback control lawu = Gy.

Remark 1:Theorem 1 and Corollary 1 can be extended
to a class of switched symmetric systems with time-delay
described by equations of the form ẋ(t) = Ar(t)x(t) + Âr(t)x(t− τ) + Br(t)u(t)

x(t) = φ(t),∀ t ∈ [−τ, 0]
y(t) = Cr(t)x(t)

(12)

where τ is the time delay in the state,φ(t) is the initial
condition, Âi = δiIn(δi are known scalars), and all the
other notations are the same as in (1).

B. Construction of Stable Switching Signal

Now, we discuss the problem of construction of stable
switching signal for switched symmetric systems.

Definition 3: [4] The system (3) is said to be quadratic
stabilizable if and only if there exists a positive-definite
function V (x) = xT Px, a positive numberε and a
switching signalr(t) such that d

dtV (x) < εxT x for all
trajectories of the system (3).

Lemma 4: [4] For system (3), if there existαi > 0, i =
1, · · · , N ,

∑N
i=1 α1 = 1, such that the LTI systeṁx = Āx

is asymptotically stable, wherēA =
∑N

i=1 αiAi, then there
exists a switching signalr(t) = r(x(t)), only depended on
system state, such that the systemẋ(t) = Ar(x(t))x(t) is
quadratically stable. Moreover, ifN = 2, the condition is
also necessary.

Theorem 2:For system (1)-(2), if there existαi > 0,
i = 1, · · · , N ,

∑N
i=1 α1 = 1, such that the symmetric LTI

system(Ā, B̄, C̄) satisfied

B̄⊥ĀB̄⊥T < 0 (13)

where Ā =
∑N

i=1 αiAi, B̄ =
∑N

i=1 αiBi, and C̄ =∑N
i=1 αiCi, then there exist a symmetric matrixG and a

switching signalr(t) = r(x(t)), only depended on system
state, such that the closed-loop system

ẋ(t) = Ar(x(t)) + Br(x(t))GCr(x(t))x(t) (14)

is quadratically stable. Moreover, ifN = 2, the condition
is also necessary.

Proof: For system (Ā, B̄, C̄), the condition
B̄⊥ĀB̄⊥T < 0 hold, by Lemma 1, there exists a
symmetric output feedback matrixG = GT such that
the closed-loop systemẋ(t) = (Ā + B̄GC̄)x(t) is
asymptotically stable.Then by Lemma 3, there exists a
switching signalr(t) = r(x(t)), only depended on system
state, such that the system (14) is quadratically stable.
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