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IF A RETARDED SYSTEM IS LINEARIZABLE AND STABILIZABLE,
THEN IT IS INPUT-TO-STATE STABILIZABLE

Pierdomenico Pepe *

Abstract A disturbance adding to the control law is
a typical situation in practice because of actuator er-
rors. In this paper, it is proved that a retarded nonlin-
ear system which is linearizable and stabilizable, is also
input-to-state stabilizable.

Keywords: Input-to-State Stabilizability, Retarded
Nonlinear Systems, Liapunov-Krasovskii Methodology.

INTRODUCTION

In 1989 Sontag showed in the paper [23] that nonlin-
ear systems which are (smooth) feedback stabilizable,
are also (smooth) input-to-state stabilizable with re-
spect to disturbances adding to the control input. As
well known, those disturbances are very frequent in
practice, because of actuator errors. Many contribu-
tions concerning the state feedback stabilization and the
input-output state feedback linearization of nonlinear
retarded systems can be found in the literature (see,
for instance, [3,6,8,12,14,15,17,18,26,30]). Liapunov-
Krasovskii methodologies for the input-to-state stabil-
ity of retarded nonlinear systems have been studied in
[10,19,28]. As far as the input-to-state stabilizability of
stabilizable retarded nonlinear systems is concerned, a
contribution is given in [27], where, besides the main
results dealing with the relationship between the input-
to-state stability and the exponential stability in the un-
forced case, the input-to-state stabilizability of retarded
nonlinear systems which are transformable by a state
feedback control law into a linear, delay-free, exponen-
tially stable system is considered, and the formula for
the input-to-state stabilizing state feedback control law
is provided. In this paper, on the basis of the converse
Liapunov-Krasovskii theorem for linear retarded sys-
tems (see [4] and References therein), it is proved that
a retarded nonlinear system which is linearizable and
stabilizable (i.e., there exists a state feedback control
law such that the closed loop system, with disturbance
equal to zero, is an asymptotically stable linear system
with suitable discrete as well as distributed time de-
lays), is also input-to-state stabilizable (as well known,
input-to-state stabilizability implies stabilizability).
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Notations

R denotes the set of real numbers, R* denotes the ex-
tended real line [—oo, +00], Rt denotes the set of non
negative reals [0, +00). The symbol | - | stands for the
Euclidean norm of a real vector, or the induced Eu-
clidean norm of a matrix. The essential supremum
norm of an essentially bounded function is indicated
with the symbol || - ||s. A function v : RT — R™,
m positive integer, is said to be essentially bounded if
€8S sup;~q |v(t)| < oo. For given times 0 < T} < T, we
indicate with viz, 1,) : RT — R™ the function given by
vy, 1) (t) = v(t) for all t € [Ty, T,) and = 0 elsewhere.
An input v is said to be locally essentially bounded if,
for any T > 0, vjo,) is essentially bounded. For a pos-
itive real A, C([—A,0]; R™) denotes the space of the
continuous functions mapping [—A, 0] into R"™, n posi-
tive integer. For positive integers m, n, I,, denotes the
identity matrix in R™*™, 0,, , denotes a matrix of ze-
ros in R™*™. A functional F' : C([—A,0]; R™) — R™*P,
m, n, p positive integers, is said to be completely contin-
uous if it is continuous and maps closed bounded sets of
C([—A,0]; R™) into bounded sets of R™*P. Let us here
recall that a function v : RT™ — R* is: positive definite
if it is continuous, zero at zero and v(s) > 0 for all s > 0;
of class G if it is continuous, zero at zero, and nonde-
creasing; of class /C if it is of class G and strictly increas-
ing; of class K if it is of class K and it is unbounded; of
class £ if it monotonically decreases to zero as its argu-
ment tends to +oo. A function 8: Rt x Rt — Rt is of
class KL if B(-,t) is of class K for each t > 0 and f(s, -)
is of class £ for each s > 0. With M, is indicated any
functional mapping C([—A, 0]; R") into RT such that,
for some Ko functions v,,7,, the following inequalities
hold

Ya(|9(0)]) £ Ma(¢) < Va(ll9lloc), Yo € C([*A,O];Rzl))

For example, the || - ||ar, norm, given by (see [2])
1
Il = (16O + [°5l6(r)Pdr)”, is a M, func-

tional. As usual, ISS stands for both input-to-state sta-
ble and input-to-state stability.

PRELIMINARIES

In this section, for the reader’s convenience, some pre-
viously published results which are fundamental for the
understanding of the novel results which will be pro-
vided in next sections are briefly reported, with some
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slight modifications for the purposes of this paper. Let
us consider the following retarded nonlinear system

&(t) = flxe) + glze)v(t), t>0, a.e.
ZL‘(T) = 50(7)7 TE [7Aa O]a

where z(t) € R", v(t) € R™ is the input function,
measurable and locally essentially bounded, for ¢t > 0
a1 [-A,0] — R™ is the standard function (see Section
2.1, pp. 38 in [5]) given by x:(7) = z(t + 7), A is the
maximum involved delay, f is a locally Lipschitz, com-
pletely continuous functional mapping C([—A,0]; R™)
into R™, g is a locally Lipschitz, completely contin-
uous functional mapping C([—A,0]; R™) into R™*™,
& € C([—A,0]; R™). It is here supposed that f(0) =
thus ensuring that z(t) = 0 is the trivial solution for
the unforced system #(t) = f(x;) with zero initial con-
ditions. Multiple discrete non-commensurate as well as
distributed delays can appear in (2). In the following,
the continuity of a functional V' : C([—-A,0]; R") —
R* is intended with respect to the supremum norm.
Given a locally Lipschitz continuous functional V' :
C([-A,0]; R") — R™, the upper right-hand derivative
DTV of the functional V is given by (see [1], Definition
4.2.4, pp. 258)

)

DtV (¢,v) = lim sup —
h—0+t

= (Vo) - V(9), ()

where ¢y, € C([—A,0]; R") is given by

1 (0) { ¢(0 + h),
" ?(0) + (f(¢) +g(@)v)(@ + 1),  0€[=h,0]
(4)
Definition 1: ([23,19]) The system (2) is said to be
input-to-state stable (ISS) if there exist a KL function
B and a K function v such that, for any initial state
&o and any measurable, locally essentially bounded input
v, the solution exists for all t > 0 and furthermore it
satisfies

2(t)] < B (Iolloc: ) + 7 (lv0,6)lloo) (9)

Theorem 2: ([19]) If there exist a locally Lipschitz
functional V : C([-A,0]; R*) — RY, functions a1, as
of class Koo, and functions as, p of class K such that:
Hy) aa(l9(0)]) < V(¢) < aa(Mald)), V ¢ €
C([-A,0]; R™);
HQ) D+V(¢7’U) < *O[3(Ma(¢))7
V¢ e C([-A0;R"), veR™: Muy(¢) > p(|v]);
then, the system (2) is input-to-state stable with v =
afl o Q2 0p.

Remark 3: With respect to the published literature:
Theorem 2 makes use of the M, functional instead of the

€ [-A,—h),

I |la norm used in [19], thus weakening the hypotheses.
[ ]

Let us consider now the following retarded linear sys-
tem (see [2,4,5,13,16])
l'(f) = th,
(1) = &o(7),

where L : C([-A
which is defined as

T € [-A,0], (6)

,0; R") — R™ is a linear operator

-0
L6 = A06(0 +ZAZ¢ 0+ [ Aaa@om. 7

A; € R 5 = 0,1,...,p, p is a positive integer,
Ap1 is a n X n matrix of piecewise continuous func-
tions which are defined in [—A,0] and take values in
R, 0 <A < Ay < -+ <A, = A are arbitrary
(non-commensurate) time delays, &, € C([—A,0]; R™).
The following converse Liapunov-Krasovskii Theorem
(Proposition 7.4, pp. 240 in [4]) holds.

Theorem 4: If the system (6) is asymptotically stable,
then there exists a Liapunov-Krasovskii functional

0
V(6) = 67 (0)P6(0) + 267 (0) / QO)B(E)de+
)é(n)dnde,

/'OA¢T(5>S<§ d5+/ / 7€)
N (8)

where P = PT € R™ ™ and the matriz functions Q(€) €

R, S(6) = ST(6) € R™™, R(&n) = RT(1,€) €
R"X", such that, for all ¢ € C’([ A,0]; R™),

V(g) > s|6(0)? 9

and

DV () < —sle(0)?

are satisfied for some real s > 0. Furthermore, the
matriz functions Q(£),S(§) and R(§,n) are continuous
everywhere except at pointwise delays £&,n = A;,i =
1,2,...,p— 1.

(10)

MAIN RESULTS

Let us consider the following retarded nonlinear system,
corresponding to (2) when the input v is given as the
sum of the control input and of the disturbance:

(t) = f (1) +9($t)( (t) +d(t)),
() = &o(7), € [-A,0],

(11)

where u(t) € R™ is the control input, d(t) € R™

is the disturbance, measurable and locally essentially
bounded.

t>0, a.e.,
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Theorem 5: Let there exist a locally Lipschitz, com-
pletely continuous functional k : C([—A,0]; R™) — R™,
such that the functional L : C([-A,0]; R*) — R™, de-
fined as

Lo = f(0) + g(9)k(9) (12)
is linear (see (6),(7)), and the system
&(t) = Lay (13)

is asymptotically stable. Let the functional

.0
Vo.o.(6) =67 (0)P6(0) + 267 (0) /_A QO)B(E)de+
0
[ om@s©oerct

0 0
/ / o (€)R(E, ) d(n)dnd.
J_AJ_A

(14)
be the Liapunov-Krasovskii functional by which the
asymptotic stability of system (13) can be proved, as
in Theorem 4. Let D}V : C([-A,0]; R") — R be
the continuous derivative of the functional Vo 1 with re-
spect to the linear unforced system (13), according to (3)
(v=20). Let p: C([-A,0]; R™) — R™ be defined as

p(6) = (DFVo1(6) + aaslo(O)F — auslo( -8~
@2 — 01 0
-2 [ ot par )

- 0
<gT<¢>>P</><0> g7 (9) / Q(£)¢(£)d€> 7
- (15)

where s is the positive real in (9) (10) associated with
functional (14) and system (13), and q1,q2 are any pos-
itive reals satisfying 0 < q1 < g2 < 1.

Then the following feedback control law

u(t) = k(z:) + p(ar) (16)

is such that the closed loop system (11), (16), de-
scribed by the following nonlinear equations

@(t) = Las + g(we)p(we) + g(we)d(t), (17)

is input-to-state stable with respect to the disturbance
d(t).
Proof.

For any given ¢ € C([—A,0]; R™), h € [0, A], let us
define ¢} € C([-A,0}; R") and 6] € C([—A,0]; R"*™)

as follows

o $0+h),  HE[-A —h),
5,(0) = { #(0) + (0 +h)Lp, 0 € [—h,0], (18)
5‘1(9) = { O xcms 0 e [_A’ _h)’

R (04 h)g(d), 0 €[—h,0].

Let Vi : C([-A,0]; R*) — R be defined as Vi (¢) =
J° s a(7)s|é(r)|2dr, with g : [-A,0] — RT given by

q(t) = —Rn + A2 T € [-A,0] (19)

The following equality

VO =) g s1o(0) — auslo(—a) -

)
s [ o,
(20)

Now, let us prove that, for any M € R™, the follow-
ing equality holds

Vo(¢y + 65 M) — Vo(45)

li}rlrisolip h =
-0 T
267 (0) Pg(d)M + 2 ( /ﬂ Q(é)sb(é)dé) g(B)M
(21)

The following equality holds

Vo(¢h + 65 M) = Vo(¢h)

lim sup =l +la+i3+1s+1s,
h—0+ h
(22)
where
ll = lim
h—0+
(6(0) + hLo + hg(¢)M)" P ($(0) + hLo + hg(¢) M)
h
_ (6(0) + hLg)" P (4(0) + hLg)
" (23)
o= lim =2(6(0) + hL6 + hg(9)M)"
0
5 _QOGR(©) + 81(€)M)de (24)

2 (¢(0) + hLe)" [° . Q(€)e5 (€)de
h b
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13 = lim
h—0*t

| / (61O +81OM)T () (61(6) + 816 M) s~

24 (94()T S(9) (95(6)) de
h )

(25)

= hli% h / /

(¢5(&) + 65 (E)M)™ R(E,m) (S (n) + 67 (n) M) dnd§
1 ) )

R ./,A ,/,A S1.(€)" R(E, m) 7 (€)dndé

(26)
-0
= b o
(SR (€) + LM (Gh(8) + 61(O)M) dg—  (27)

7 a©s e 6re) de

As far as [1 is concerned, the following equalities hold

I = lim l2(<;s(o)+hL¢>)TPhg(¢>)z\4+
h—o0+ h (28)

Eh2MTgT(¢)Pg(¢)M =267 (0)Pg(¢)M

As far as [5 is concerned, the following equalities hold

Iy =

-0
lim %2@5(0) + hLg)T /_h Q&) (& + h)g(p) Mds+

h—0t

0

Lon g (6) / QUENGL(E) + 87(6)M)dE =
-A

h—0+

0
lim +2(6(0) + hLg)" / Q(€)eg(d)Mde+
J—h

0
+320(0)+ o) [ Q(ehglo)Mds+
—h

2hMTgT(9) [°, Q(E)(o
+ h

(&) + 67 (9) M)dE

(29)
Taking into account the continuity at 0 of the matrix
of functions Q(¢) and the uniform convergence of ¢§ +
69(¢)M to ¢, the following equalities hold

b= lim 207" (6 / QUE)(@(€) + 67(6) M) de) =

JUKE .

As far as [3 is concerned, the following equalities hold

> g(o)M

I3 = lim —
3 hE&h

2 [ (0(0) + (6 + WIO)T S(O(6 + Wg() Mde+

1[0
h -/7h(£ +h)?MTg" (9)S(€)g(¢)Mde =

o 2 2, (6(0) + ELp)TS(€)g(¢) MEde

h—0t h

0
+2 [ (60)+ €20 S(€)g(0) Mac+

0 (31)
2 [ (Lo s@ato)reds

-0

21 [ (L0)TS(Oa(0) M+

12, E2MT g (¢)S(€)g(p)Mde
5 +

-0
/,h 26M7 g™ (9)S(€)g(9) MdE+

-0
h [ MTGT0)S(0(0) M

The terms which are not divided by h go to zero, since
the interval of integration goes to zero (recall that S(&)
is continuous in (—Aq, 0], see Theorem 4). The terms

2] 0) + ELP)TS(€)g(9) MEAE
. n 3
J°, €M7 ($)S(€)g() Mde

h

go to zero since the functions inside the integrals are zero
at zero. Therefore, I3 = 0. As far as l4 is concerned, the
following equality holds

0
= E%ﬂz( / RO [ R e Mdnds+
RGNS / I, m)of (n)dnds

of [ e

) (6 M )dnd§>
(33)
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Let R = SUp(¢.me(—a.o2 [1(§;m)|. Then, from the
inequalities

[ or@” [ resonanme <
R Rlg(o)]1M] [ OA 68 (6)lde,
[ e |

J—h J—

.0
RGO dnds]| <

-0
W RIg(@)|M] [ 1o mldn.

-0 0
’/—h '/—h (5Z(§)M)T R(&n) (§Z(U)M) dnde| <
W' Rlg(9)]|M?,

taking into account that ¢} converges uniformly to ¢ as
h goes to zero, it follows that [, = 0. As far as 5 is
concerned, by the same reasoning used for I3 it follows
that l5 =0.

Therefore, since the term Iy + I + I3 + 4 + 5 in the
right hand side of (22) is equal to the right-hand side of
(21), the equality (21) is proved. Let

T

g(¢)>

(35)
From (20) it follows that the functional p(¢) in (15) is
equal to

r(6) = <2¢T<0>Pg<¢>> 2 ( / OA Q(§)¢(§)d€>

1

~DIVo(@)r(9), (36)

with

DJVO(d’) = lim sup w

meu o (37)

Now, in order to prove the input-to-state stability of
the closed loop system (17), let us apply Theorem 2, by
using the Liapunov-Krasovskii functional Vy and the My
norm as a M, functional. Let DT Vs(¢) be the derivative
of the functional V with respect to the system (17),
according to (3). Taking into account (21), (35), (36),
the following equalities hold

D Vo (6,d) = limsup 100 0 @(9) + ) = Vo(9) _

h—0+ h
im Yo(0h + 8 (p(9) + ) = Vo(d7)
h—0t h

Vo(¢y) — Vo(9)

lim ———"= =
h—0t h

DFVo () + 17 (6)(p(6) +d) =
DIVO(6) + 7 (6)5 D Vo(d)r(9) + 17 (9)d

For |d| < pll¢ll|a,, p positive real, taking into account
(20), the following inequalities hold

D*Via(,d) < ~sld(0)1 + 2sl6(0) 2 — qasl(~A)—
_ 0
_& X qls[A | ()| dr+
(=516 (O) + a2sld(O) — grslo(~A)
B 0
B [ o ) Ino)+

[Nl

P P
Lir@) 161, + Zll0l13, <

—s (1@ £) 6O~

. (%A%s - g) /;OA o) Par—
(- 2o

B <Q2;CI1S _ g) ‘/_OA |¢(7)|2d7> r(¢)I”
(39)

Therefore, by choosing p sufficiently small, taking
into account that 0 < g1 < g2 < 1, the following in-
equality holds for a suitable positive real k

D*Vy(9) < ko3,

and, by Theorem (2), the input-to-state stability of the
closed loop system (17) is proved. O

(40)

CONCLUSIONS

In this paper, it is proved that a retarded nonlinear sys-
tem which is linearizable and stabilizable, is also input-
to-state stabilizable with respect to disturbances adding
to the control law. The converse Liapunov-Krasovskii
theorem for linear retarded functional differential equa-
tions is used to find the input-to-state stabilizing feed-
back. An example taken from the past literature is in-
vestigated in details, showing the effectiveness and the
applicability of the methodology here proposed.
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