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Robust /1., Control for a Class of Uncertain Neutral Time-Delay
Systems via Dynamic Output Feedback

Man Sun, Yingmin Jia, Junping Du and Shiying Yuan

Abstract—1In this paper, the robust H., control problem is
considered for uncertain neutral systems with discrete and
distributed time delays. By using new Lyapunov-Krasovskii
functionals, some sufficient conditions on H., robust perfor-
mance analysis are given in terms of linear matrix inequalities
(LMIs). Based on these conditions the dynamical output feed-
back controller are designed. Numerical examples are included
to illustrate the proposed method.

I. INTRODUCTION

Recently, the stability analysis and control problem for
neutral systems with time delay has received considerable
attention and has become one of the most interesting topics
in control theory [1]-[12]. In many practical systems, such
as distributed networks and chemical reactors, the models
of systems should be described by functional differential
equations of neutral type, which depend on the delays of state
and state derivative [1]-[5]. Ho, control method for neutral
is proposed in [6], [7], while positive real control method in
[8]. A guaranteed cost control problem for neutral systems
has been investigated in [9] by the linear matrix inequality
(LMI) method. A control method is developed with a single
input and some restrictions on the system matrices using
a differential-difference inequality and the transformation
technique [10]. The static and dynamic output feedback con-
trollers to stabilize neutral systems are respectively designed
in [11] and [12]. However, few results have been reported for
the dynamic output-feedback control problem for uncertain
neutral systems with time delay that motivates the present
paper.

In this paper, we consider the problem of robust H.,
control for a class of neutral time-delay systems with pa-
rameter uncertainties allowed to be time-varying but norm-
bounded. Our goal is to design a full order strictly proper
dynamic output-feedback controller such that the closed-loop
system is asymptotically stable and guarantees a prescribed
H, performance level for all admissible uncertainties. All
the conditions are given in terms of LMIs. Two numerical
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examples illustrate the effectiveness of our solutions as
compared to results obtained by other methods.

For simplification, we define T%,,(s) = C(s] — A)~'B +
D, which is the transfer function from w to z and use the
symbol Sym{-} to denote Sym{X} % X+ X7 the symbol
* to denote the symmetric part.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider the following system with discrete and dis-
tributed delays and parameter uncertainties:

@(t) = [A+ AA)]2(t) + [Aar + AAg (8)]a(t — 1)
HAg + AAp ()] [ x(s)ds + Aagi(t — 75)
—I—Blw(t)

z(t) = Cra(t) + D11w(t)
x(t) = ¢(t),Vt € [-T7,0]
ey
where x(t) € R" is the state, z(t) € R" is the controlled
output, w(t) € R is the disturbance of finite energy in the
space Ls[0,00), and A, Ad;,i = 1,2,3, By, C1, Dqy are
known constant matrices of appropriate dimensions. AA(t),

AAgi(t), AAgo(t) are unknown matrices representing time-

varying parameter uncertainties, the scalars 7, > 0,7 =

1,2, 3 are time delays and 7 is known, 7 = max (71, T2, 73),

©(t) is a real-valued continuous initial function on [—7,0].

In this paper, the parameter uncertainties are assumed to be

of the form

[ AA(t) AAg(t) Adg(t) ] @)
= DF{t)[ BEv Ea Ea |

where D, Fq, E41, E4o are known real constant matrices of
appropriate dimensions. F(-) : R — RF*! is an unknown
time-varying matrix function satisfying

FT(t)F(t) < IVt 3)

Assume that all the elements of F'(t) are Lebesgue mea-
surable. The uncertain matrices AA(t), AAq1(t), AAga(t)
are said to be admissible if both (2) and (3) hold.

Lemma 1: Let D,S | F be real matrices of appropriate
dimensions and F satisfying F7F < I. Then the following
statements hold:

For any scalar € > 0 and vectors z,y € R",

20T DFSy < e 12T DD Tz + ey’ ST Sy
III. MAIN RESULTS

A. Robust H., Performance Analysis

For simplification, we define the operator &
%([_T, OLR”) — R"l as @xt = a’j(t) — Ade(t _ 7_3).
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Throughout this paper, we assume that
I". All the eigenvalues of matrix Ags are inside the unit circle.

Theorem 1: Assume 79 > 0, v > 0 are given positive
scalars. Under I', the system (1) is robustly asymptotically
stable and satisfies [T, (s)||oc < < for all admissible
uncertainties, if there exist matrices P > 0, Q; > 0,
1 =1,2,3 and scalars €1 > 0, e2 > 0 (and let € = &1 + €3)
such that the LMI holds, as shown in (4) at the top of the
next page.
where

(1,1)=ATP+PA+ Q1 +75Q2+ Q3 + B Ey

Proof: Consider the following Lyapunov-Krasovskii func-
tional candidate of the form

V(t) = 22l POy + Vi(t) + Valt) 4+ Va(t) + Va(t)

where
Dy = x(t) — Agzx(t — 73)
Vi) = [, 2T (s)Qix(s)ds
Valt) = f,_, U%memﬂﬁmwww
( ) = fT2 dsj; JO0—t+ 5)xT(0)Qox(6)do
ft T3 (s)Qsz(s)ds

The time derivative of V (¢) along the trajectory of the system
(1) is given by

V(t) = 2927 P [(Adg + Adg(t) [} x(s)ds
+(A+ AA@M))z(t) + (Agr + AAg (8)x(t — 1)
+B1w(t)] + Va(t) + Va(t) + Va(t) + Va(t)

where
Vi(t) = 2T () Qua(t) — 2T (t — 1) Quz(t —71)  (6)
Va(t) =2, ( *HJﬁTU%ﬂ) .
i o] 0a 1, 0
Vs(t) = 332" (t)Qaox(t) ®)
— ft—m —t+72)zT(0)Qox:(0)do
‘}Zl(t) =27 ()Qsx(t) — 2T (t — 13)Qsz(t —73)  (9)
Now, by lemma 1, it can be shown that
2T (1)Qax(0) < 2T ()Qax(t) + 2 (0)Q22(0)
Therefore
< J —HwﬂTﬂ@ﬂ)
[ o] 1 o

+5ma’ (£)Qax(t)
This together with (6), (8) and (9) implies
m@+%@+%@+m@
(KQr+EQ2+Q9() el (t —71)Qx(t — 1)
0] 1 0]

—aT(t - 7'3)@33?(75 —73)
(10)

Noting (2) and using lemma 1, we have

2927 P[AA()z(t) + AAgy (H)z(t — 1)

+AAgp(t) f:_TQ x(s)ds

< er T (t)PDDT Px(t) + (e1 + e2)aT (t) MT Ma(t)
teytal(t — )AL PDDT PAgsa(t — 73)

(11)
It then follows from (5), (10) and (11) that
V(t) < al'(t)[E+ (e1 + o) MT M]a(t) (12)
where
T
alt) = [ a(t) wlt—m) [ a(s)ds w(t—m)
(1,1) PAs PAgp ATPAg
- _ * _Ql 0 AglpAdS
- * * —QQ AggpAdg
* * * (4,4)
(1,1) = ATP + PA+ Q, + 73Q2 + Q3+ 'PDDTP
(4,4) = —Q3 + 5 ' AL, PDDTPAy3

M=[E En Ep 0]

Now, from the LMI in (4), it is easy to see, by the schur
complement formula, (4) implies that =+ (g1 +e2) MTM <
0. Then we can have V' (t) < 0 for all a(t) # 0 when w(t) =
0. Note that I guarantees that the operator Zz; is stable.
Therefore, the system (1) is robustly asymptotically stable.

Next, we shall establish the H,, performance of the
system (1) under the zero initial condition. To this end, we
introduce

t
50 = [ 17(6)2(5) 22u” (sJul)ds
0
Noting the zero initial condition, it can be shown that

t) = 127 (s)2(s) — 72w (s)w(s) + V(s)|ds — V (t)

< Jol27()2(s) = y*wT (s)w(s) + V(s)]ds
Note
2T (t)2(t)
(13)
= [2T(t)C] + w” (t)DT,][Cr2(t) + Di1w(t)]
Then we can get
T)a() Pl lo)uls) + V)
< ET(S)[IT + (g1 + e2) MT M]E(s)
where
(1,1) PAgy PAg ATPAg (1,5)
* —Q1 0 Agl.PAdg, 0
II = * * —QQ AggpAdS 0
* * * (4,4) AL PB;
* * * * (5,5)
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(1,1) PAg1 +eETEsy  PAga+eETEg
* —Q1+eEL Eq eEl Ego
* * _Q2 + €E52Ed2
* * *
* * *
* * *
* * *
* * *

(1,1) = ATP + PA+Q, +73Q2 + Q3+, 'PDDTP
+ctcy

(1,5) = PBy + C{ D13

(4,4) = —Q3 + e " AL, PDDT P Ays

(5,5) = —v2I + DT, Dy,

€= o
M=[M 0]

IT+ (g1 + e2)M™ M < 0 implies that .J(t) < 0. By Schur
complement Lemma, the inequality TT+ (g1 +&2)MT M < 0
can be equivalently changed to (4). This completes the proof.

B. H., Output-Feedback Synthesis

Consider the following system with discrete and dis-
tributed delays and parameter uncertainties:

o(t) = [A+ AA()]x(t) + [Aar + AAgy (t)]z(t — 1)
HAgp + AAp()] [, @(s)ds + Agsi(t — 75)
+Biw(t) + [Ba + ABa(t)]u(t)

Z(t) = Clﬂj(t) + Dllw(t) + Dlgu(t)

y(t) = Cox(t) + Darw(t), x(t) = @(t), vt € [-7,0] as)
where u(t) € RP is the control input and Bs, Ca, Do,
Dy are known constant matrices of appropriate dimensions.
ABsy(t) is unknown matrix representing time-varying param-
eter uncertainties with the form ABsy(t) = DF(t)E,, where
E5 is known real constant matrix of appropriate dimension.
ABy(t) is said to be admissible if both (2) and (3) hold. The
other signals are the same with the system (1).

Denote the output feedback controller by:

i(t) = Agi(t) + Bry(t), #(0) =i

ult) = Cii(t) (16)

where Z(t) € R™ is the controller state.
Then, we can have the closed-loop system:

z(t) = A()z(t) + Ady ()@ (t — 1) + Ads@(t — 73)
+Ady(t) [{ Z(s)ds + Byw(t)
Z(t) = élif(t) + Duw(t)

(17)
where
A(t) = A+ AA(t), Adi(t) = Ad; + AAd;(t),i = 1,2
(13)
- A BCx ] 5, [Auw 0] .
e },Adl_[ : O],z_m,g
(19)

ATPAy PB; cf  PD 0
A;;PAdg 0 0 0 0
AL PAgs 0 0 0 0
-Q3  ALPB1 0 0 ALPD

* 13%’1 DT 0 0 <0 @

* * —1 0 0

* * * —e1l 0

% * * * —eal

AA(t) _ AA(t) AB, (t)CK
0 0
D
= 0 ]F(t)[ E, ECgk ]
- AAg(t) 0 D
AAd;(t) = [ 0 ol=1o [F® [ Eg O]
1=1,2
(20)
_ B _
B = Ci=| C; DxC ,Di1=D
1 {BKD21 ] 1 [ 1 12U K ] 11 11
(21)
Define
_ D _
D=\ By =[ BE1 E)Ck |

Edi=[E4 0],i=1,2
We can get
AA(t) = DF(t)Ey,AAd;(t) = DF(t)Eg,i=1,2 (22)

Theorem 2: Assume ¢1, €9, 7 > (0 are given positive
scalars (let € = €1 + €2). Under I', there exists a dynam-
ical output feedback controller such that the closed-loop
uncertain system (17) is asymptotically stable and satisfies
IT%w(s)|lco < 7y for all the admissible uncertainties, if there
exist symmetric positive-definite matrices X > 0, Y > 0,
Q; > 0,17 =1,2,3, and matrices N, A, B, C’, such that

U = X > 0 and the LMI (23) holds, as shown at

Y
the top of the next page.
where
(L1) = [ Sym{AX + B,C} AT + A
| * Sym{Y A+ BCsy}
(1 2) _ [ Apn + EXE?Edl + ECYTEgEdl 0
’ i YAn + EETEdl 0
(1 3) _ [ Ago + EXE?EdQ + €OTEgEd2 0
’ L YAgp + €ETEd2 0
(14) = [ AT Ayy 0
T L ATYAd3 + CQTBTA(B 0
[ B, xcT + T,
(17 5) = » T
| YB; + BDyy Ci
i T AT T
ey=| X LR ]
L El

T
(2,2) = —Q1 + [ EEd(l)Edl 8 }

T
(3,3) = Q2+ [ gEdgEdQ 8 }
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(1,1) (1,2 (1,3) (1,4) (1,5)
T T
(2,2 [ EEd(l)E‘” 8 } AdlgAOB 8 0
* * (3,3) A52g‘4d3 8 0
£ . ~Qs :
* * * * 5,5
* * * * *
* * * * *
* * * * *
* * * * *
L * * * * *
[ ALY B, + AT.BDy; 0
4.5) — ds? D1 dasP 21
( ?5) i 0 0
2 T
_ | v I Dy
(5’5) - | * —I
[ —21 -Y
(757): % _N_NT:|+Q1
_ —21 -Y _
(8,8)27'22[ _N_NT}MQQQQ
=21 -Y
(9a 9) = |: * —-N — NT :| + Q3

Proof: Apply Theorem 1 to the closed-loop system (17),
then the system (17) is robustly asymptotically stable and
satisfies ||T%($)|lco < v for all admissible uncertainties, if
the operator Zx; is stable and there exist matrices P > 0,
Q; > 0,4 =1,2,3 and scalars ¢; > 0, e2 > 0 (and let
€ = €1 + €2) such that the equation (4) holds, where A,
B, C1, D1, Ag; are substituted with A, By, Cy, D11, Aa,
i=1,2,3.
Firstly, partition the matrix P and its inverse as:
Y N

e[ e[ 4]

where Y, X € R™ ™ are positive definite matrices, and
M and N are invertible matrices. Note that the equality
P~1P = gives that:

(24)

MNT =1 - XY (25)
Define
X I IY
Then, it follows that
PF, = F,, FI' PR, = FI' P, = { f {, ] >0 (27)

Next, post-multiply and pre-multiply the equation (4) by the
matrix diag{F{,I,---,I} and its transpose, respectively,
——

7
and then by the Schur complement formula, we can have

D 0 1
[ YD 0 } L L L4 (1,6)
0 0 0 0 0
0 0 0 0 0
0 AT.YD
{ o } 000 o @
0 0 0 0 0
{ el 0 } 0 0 0 0
* eal
* (7,7) 0 0 0
* * (8,8) 0 0
* * * 9,9) 0
* * * * —e~ I |

(1,1) = Sym{FT AT PF,}
(1,2) = FlTPf_Lﬂ + €F1TE'f1E_’d1
(1,3) = FFPAy + e FTET Ego
(2,2) = —Q1+eEL Eq

(3,3) = —Q2 + eELEap

Obviously, we can have

R QTR - Qi< —Ff —Fi=1,2,3 (29

Post-multiply and pre-multiply the inequality (28) by the

matrix diag{I,--- I, F}f Ff FI I} and its transpose, re-
———

8
spectively and utilize the inequality (29).
Use the equation (29) and denote

A=YAX + NBxCsX + YByCxMT + NAxMT

B=NBg,C =CgMT
(30)
Theorem 2 can be obtained immediately. This completes the
proof.

Remark 1: For given scalars ¢; > 0, e2 > 0, the
inequality (23) is an LMI. Therefore, we can utilise the feasp
solver of LMI control toolbox to solve the inequality (23).

Remark 2: Given any solution of the LMI (23) in theorem
2, a corresponding controller of the form (16) will be
constructed as follows:
1.Using the two positive definite solutions X, Y and the
matrix N, computer the invertible matrix M satisfying (25).
2.Using (30) and the matrices M and N obtained above,
compute the controller data Ay, Bi and Ck.

IV. ILLUSTRATIVE EXAMPLES
Example 1: Consider the example studied in [12].
#(t) = Ax(t) + Amz(t — h) + Ags [, (s)ds
+Ag3i(t — h) + Bu(t)
y(t) = Cz(t)
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r(,1) (1,2 (1,3) FTATPA;; FIPBy FFCT FTPD 0 Fr I Fr' FTET 7
* (2,2) eET Es; AL PAg 0 0 0 0 0 0 0 0
* * (3,3) Al PAgs 0 0 0 0 0 0 0 0
* * * -Qs AT.PB, 0 0 AL.PD 0 0 0 0
* * * * —~27 Dfl 0 0 0 0 0 0
* * * * * -1 0 0 0 0 0 0
* * * * * * —e1 1 0 0 0 0 0 <0 (28
* * * * * * * —eol 0 0 0 0
* * * * * * * * fol 0 0 0
* * * * * * * * * —7'2_26)22_1 0 0
* * * * * * * * * * —Q3_1 0
L * * * * * * * * * * * —e~ 17 |
where Then we can obtain the matrix M satisfying (25)
. [ 2 1 } Ay = [ 0.3 0.1 } v [ 00824 0.0148
1 -1 0.1 05 | 0.0267 —0.0509
Ago = [ 81 8; ] JAgz = [ 0621 _()Oél } Finally, we can get the gain matrices of the stabilizing
: : e : dynamic output-feedback controller for the system (1):
2
B= { 1 } C=[1 0] Ao — | T13:2216 —6.0871
K= 75334 —7.1245
When taking no account of parameter uncertainties and
. . —0.1872
disturbance, system (1) reduces to the system studied in Bg = _0.1128
[12] with 71 = 79 = 73 = h. With the method presented in ’
[12] and in this paper, we can obtain the maximum delay Cg = [ 88.9903 98.3247 ]

0.99 and 3.54 respectively. And it is noted that the design
problem in [12] can not be solved via LMI techniques,
which are easy to be calculated. Therefore, the effectiveness
of our solutions is illustrated as compared to results obtained
by the method in [12].

Example 2: Consider the uncertain delay system (1), where

22 05 —0.1 06
A= [ —-02 -1.8 } Aa = [ 05 0.1 }
0.1 -0.3 0.1 0.3
Ad?[ 0 01 ]’Ad?’[ 0 0.1}
0.3 0 0.1
Bl_[0.8}’32_[0.3}’1)_[0.3]

Cl=[1 0],C2=[1 0],E;=[—-01 0.1 ]
En=[01 05],Ep=][03 —0.1 ]

D11 =0,D15=0.1,D51 =0.2, B, =0.2,72 =05

€1 =1,e0=0.8

In this example, the H,, performance level vy is specified
to be 1.2. We can solve the LMIs in theorem 2, and obtain
the solution as follows:

x| 00049 —0.0262] , [ 16455 —0.2931
| -0.0262 10462 ' T | —0.2931 1.8010
A [ 03613 13631 | 5 [ -3.1734
T | 01871 —2.1968 |'7 T | —1.4469
C=[-14329 -2.6207 |
N [ 16.0169  1.5459
T | 21557 16.4037

|

V. CONCLUSIONS

In this paper, we have considered the design problem of
robust H, dynamic output-feedback controller for a class of
neutral systems with discrete and distributed time delays and
time-varying norm-bounded parameter uncertainties. Robust
H, performance analysis conditions and output-feedback
solutions are given in terms of LMIs. Examples have been
provided to illustrate the effectiveness of the proposed ap-
proach.
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