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Abstract— In this paper we present both the modelling and
preliminary control results relative to a configuration of ducted-
fan MAV (Miniature Aerial Vehicle) which is characterized by
a mechanical and aerodynamical structure designed in order
to allow efficient forward flights at small values of the angle
of attack. Thanks to these modifications the system is able to
accomplish both stationary and fast forward flight by means
of a transition between two different operative configurations.
After deriving a nonlinear model capable to describe the system
dynamics in a general flight envelope, which include slow flights,
fast forward flights at low values of angle of attack and the
transition between the two previous conditions, we concentrate
on the fast forward flight presenting preliminary control results.

I. INTRODUCTION

Recent applications of both civil and military UAVs show

the effectiveness of VTOL configuration in succeeding in

a large variety of tasks, such as, besides others, surveil-

lance, image acquisition, enemy detection, etc. (see [1]).

Helicopters, ducted-fan and four rotor UAVs are examples of

vehicles adopted to cover these applications. A problem that

commonly affects these systems is the limitation in obtaining

reasonably fast forward flight without consuming a large

amount of the onboard energy. In fact all these VTOL con-

figurations have to compensate for the gravity force through

the main thrust generated by the rotor disc or the propeller

and present a forward motion characterized by high drag

coefficient value due to their particular shape. This problem

can be overcome by adopting configurations able to fly like

airplanes during the fast forward flight. These configurations

are able to use the aerodynamic lift forces generated by

proper aerodynamic surfaces in order to compensate for the

gravity, reducing the overall amount of energy necessary to

maintain the vehicle over the desired flight path. Inspired

by these considerations, we focus on the ducted-fan aerial

vehicle presented in [2] whose aerodynamical design has

been suitably modified to allow for fast forward flights with

small angles of attach. In particular the ducted-fan that we

are presenting is able to change its attitude at a certain speed

in order to use the duct itself and other fixed aerodynamic

surfaces as wings to let the system fly almost as efficiently as

a standard airplane. The change of configuration, which let
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the system to achieve really small values of angle of attack,

allow also to reduce significatively the overall drag force.

As a main contribution in this work we provide a nonlinear

dynamical model of the system which is able to describe

stationary flight, fast forward flight and the transitions

between the two flight conditions. This model, in future

work, will allow the design of control laws which stabilize

system dynamics in all flight conditions. The emphasis of

this preliminary work, with respect to recent contributions

focusing on control of ducted-fan miniature vehicles in case

of low speed or hovering flight (see for example [3]), is on

the analysis of the second scenario, in which the system is

flying at a certain reasonably high speed. For this particular

scenario we provide an analysis of a desired trim trajectory

and a simplified linear model useful for preliminary control

design by means of linear techniques. In order to stabilize

the vehicle over the desired trim trajectory, taking advantage

of the linear model previously derived, we design a linear

”frequency shaped” optimal control law.

The paper is structured as follow. Section II analyzes

the forces and torques acting on the system in case of a

general flight. Section III focuses the analysis to the case of

forward flight at low values of angle of attack, providing a

simplified nonlinear model for the system and a first order

linear approximation for control purpose. Section IV presents

the synthesis of a linear optimal controller and simulation

results to show the effectiveness of the proposed results.

Notation - We use the compact notation Ca, Sa, Ta

with a ∈ IR to denote respectively cos a, sina and tana.

For a vector ω = col(ω1, ω2, ω3), Skew(ω) denoted the

3 × 3 skew-symmetric matrix with the first, second and

third row respectively given by [0,−ω3, ω2], [ω3, 0,−ω1] and

[−ω2, ω1, 0], I denotes the 3 × 3 identity matrix.

II. ANALYSIS OF THE FORCES AND TORQUES

ACTING ON THE VEHICLE

The ducted-fan MAV that we are considering can be

thought as divided into three different subsystems (see [2]

and Figure 1). The first subsystem is represented by a

fixed pitch propeller connected to an electric motor. This

subsystem is in charge of generating the necessary thrust in

order to actuate the overall vehicle. The second subsystem

is composed by a set of active flaps necessary to achieve

full authority control of vehicle’s attitude. Finally the third

subsystem is composed by the fixed aerodynamic surfaces,
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in particular the duct itself, which is designed to protect the

environment from the propeller and to improve the efficiency

of thrust’s generation mechanism, and a set of fixed wings

which are collocated on the vehicle in order to augment the

overall lift force during high speed flight and to balance the

overall momentum like it happens in standard airplanes.

Fig. 1. The ducted-fan Micro Aerial Vehicle.

A mathematical model for the system could be de-

rived making use of Newton-Euler equations of motion

of a rigid body in the configuration space SE(3) =
IR3 × SO(3). By considering an inertial coordinate frame

Fi = {Oi,
−→
i i,

−→
j i,

−→
k i} and a coordinate frame Fb =

{Ob,
−→
i b,

−→
j b,

−→
k b} attached to the body, the model of the

MAV with respect to the inertial frame could be written as

follow

mp̈i = Ribf
b

Jω̇b = −Skew(ωb)Jωb + weGωb + τb (1)

where f b and τb represents respectively the vector of forces

and torques applied to the vehicle expressed in the body

frame, m the vehicle total mass, J = diag(Jx, Jy, Jz) the

diagonal inertia matrix, pi = col(xi, yi, zi) the position of

the center of mass expressed in the inertial frame, ωb the

angular velocity expressed in the body frame, Rib the rotation

matrix relating the two reference frames. G is the skew

symmetric matrix Skew(col(0, 0, Irot)) where Irot ∈ IR+

is the inertia of the propeller with respect to the spin axis.

Term weGω in (1) models the gyroscopic precession torque

effect of the rotating fan.

To avoid singularities in the description of system dynam-

ics both in stationary and in fast forward flight rotation matrix

Rib has been parameterized by means of unit quaternion

q = (q0, q) ∈ IR4, where q0 and q = (q1, q2, q3)
T denote

respectively the scalar and the vector part, satisfying the

constraint q2
0 + ‖q‖2 = 1. Accordingly Rib is given by

Rib =





1 − 2q2
2 − 2q2

3 2q1q2 − 2q0q3 2q1q3 + 2q0q2

2q1q2 + 2q0q3 1 − 2q2
1 − 2q2

3 2q2q3 − 2q0q1

2q1q3 − 2q0q2 2q2q3 + 2q0q1 1 − 2q2
1 − 2q2

2





and the cinematic equations are given by the following so-

called quaternion propagation equation

q̇ =
1

2
E(q)ω (2)

in which

E(q) =

(

−qT

q0I + Skew(q)

)

.

A. Aerodynamic Simplifications

To model forces and torques generation mechanisms sim-

ple aerodynamic arguments are used. For an airfoil profile

with area S moving into air with relative wind velocity V ,

the lift and the drag forces (see [4]) are given respectively

by

L =
1

2
ρV 2CL(α)S D =

1

2
ρV 2CR(α)S (3)

where ρ is air density and CL(α), CD(α) are respectively the

lift and drag coefficients which depend on the angle of attack

α with respect to relative wind. In case of airfoil profiles

characterized by small Reynolds numbers and assuming

reasonably small angles of attack, it is possible to consider

the following simplified expressions

CL(α) = cLα CD(α) = cDα2 (4)

where cL and cD are constant coefficients. As far as the

external disturbances are concerned we model wind velocity

ṗw in the inertial frame as

ṗi
w =





ẋi
w

ẏi
w

żi
w





The relative wind vector rw ∈ IR3 in the inertial frame is

then given by the following expression

ri
w = ṗi

w − ṗi (5)

where the second term indicates the relative wind induced

by the forward speed of the aircraft. For medium to high

translational speed we assume that the magnitude of ṗi
w is

negligible compared to the magnitude of ṗi.

The relative wind vector measured in the center of mass in

the body frame is given by rb
w = RT

ibr
i
w. As an approxima-

tion we assume that the above expressions continues to hold

for all points belonging to the rigid body (i.e. we neglect

any aerodynamic effects due to angular velocity of the rigid

body). To simplify the notation, in the computation of the

aerodynamic pressure, we denote with V the module of the

relative wind ‖rw‖ which is invariant in all reference frames.

B. Thrust Generation Subsystem

The modeling of the propeller subsystem can be done

accordingly to classical disc actuator theory or blade element

theory (see references [5], [6] and [7] for more details).

In order to simplify the thrust model, we approximate the

propeller thrust T and resistant torque Q assuming only

forward motion of the propeller for Mach number M << 1
obtaining

T (rb
wz

, we) = cT

(

1 − atan
(

rb
wz

, we

))

w2
e

Q(rb
wz

, we) = cQ

(

1 − atan
(

rb
wz

, lpwe

))

w2
e

(6)

in which cT , cQ are constant parameters which depends

on local air density and lp is a constant parameter which
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depends on the geometry of the propeller. Output velocity

of the air generated by the propeller, denoted by vinduced is

approximated by the following expression

vinduced = ci

√
T . (7)

with ci a positive constant. Observe that the output velocity

represents also one of the components of the relative wind

velocity in the computation of the forces generated by each

active flap. In particular if we concentrate the analysis to the

case of low speed flight, this component represent the overall

relative wind in order to actuate the system through the set

of active flaps.

C. Flaps Subsystem

Fig. 2. Flaps subsystems: anti-torque and lateral/longitudinal flaps.

To obtain full controllability of the attitude dynamics a

set of active flaps have been positioned below the propeller

in order to deviate the air flow. A first level of flaps

is responsible of controlling the yaw attitude dynamics,

counteracting the engine torque, whereas a second level is

in charge of controlling both the roll and pitch attitude

dynamics. We assume that effective wind velocity Ve normal

to the propeller disc is given by Ve = vinduced + rb
wz

. With

an eye at (3), (4) and at figure 2 it is possible to write the

expressions of the resultant forces along body frame axis as

FL · −→i b =
∑

i

F x
Li

= cLF · a · V 2
e

FL · −→j b =
∑

i

F y
Li

= cLF · b · V 2
e

FL · −→k b =
∑

i

F z
Li

= 0

(8)

FD · −→k b =
∑

j={x,y,z}

∑

i

F j
Di

= [kDF · (a2 + b2) + kDZ · c2] · V 2
e

in which cLF , kDF and kDZ are constant parameters, c
represent the angle of attack of the flaps positioned in the

first level and a, b the angles of attack of the flaps positioned

in the second level respectively along the lateral y axis and

along the longitudinal x axis. The effects of the forces on the

rigid body can be calculated considering F x
L and F y

L applied

at a distance d from the center of mass, as shown in figure

1, and the points of application of any two opposite flaps

belonging to the anti-torque subsystem at a distance dT . The

torque vector τflaps is then given by

τb
flaps = A(V 2

e )v (9)

with

v = col(a, b, c) (10)

and with

A(V 2
e ) = V 2

e





0 −c1 0
c1 0 0
0 0 −c2



 (11)

with c1 = CLF d and c2 = 2Cz
LF

dT , where the coefficient

Cz
LF

depends in the geometry of anti-torque flaps.

D. The Fixed Wings, the Duct and the Fuselage

In case of forward flight when the relative wind (5)

assumes significative values it is necessary to take into

account for the aerodynamic effects of all the aerodynamic

surfaces. According to [7] the angle of attach α(rb
w) and the

sideslip angle β(rb
w) which model the relative incidence of

the vehicle with respect to the relative wind are given by the

following expressions

α(rb
w) = tan−1

(

−rb
wx

rb
wz

)

β(rb
w) = sin−1

(

−rb
wy

V

) (12)

Consider now the so-called wind frame Fw =
{Ob,

−→
i w,

−→
j w,

−→
k w} which is, by definition, related to

the body frame by the following rotation matrix

Rwb =





Cα SαSβ SαCβ

0 Cβ −Sβ

−Sα CαSβ CαCβ



 . (13)

In this frame the aerodynamic forces of the wings, fw
wing,

of the duct, fw
duct, and of other non profiled surfaces as

the fuselage and the landing gear, fw
wing have the following

expression

fw
aero = fw

wing + fw
duct + fw

fus =





−Lwing − Lduct

−Sduct

Dwing + Dduct + Dfus





(14)

where Lwing and Dwing denote respectively the lift and drag

forces relative to the fixed wings (see also figure 1), Lduct,

Sduct and Dduct the lift, side and drag forces associated to

the duct airfoil and Dfus the drag associated to the fuselage

and other non profiled surfaces.

E. Momentum Drag

In presence of crosswind the vehicle must supply a force

to align the incoming air flow with the duct. According to

[5] and [6] this force can be written as

f b
md = cfdvinduced





rb
wx

rb
wy

0





The crosswind also cause a difference of pressure on the

propeller disc which cause a momentum approximated as

τb
md = cmd





−rb
wy

‖rb
wy

‖
rb
wx

‖rb
wx

‖
0
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III. ANALYSIS OF HIGH SPEED FLIGHT AT LOW

VALUES OF ANGLE OF ATTACK

The overall dynamical model of the system is a 12th
order system described by rigid body equations (1) and (2)

with a vector wrench given by all contributions described

in the previous section II. The dynamics of the system are

indeed driven by the three control inputs a, b, c and the

angular rotor velocity we. All the aerodynamic forces have

been introduced as external nonlinear forces which depend

on the particular flying envelope of the vehicle. This model is

sufficiently general to describe the vehicle in different flight

conditions including both the stationary and, in particular,

the fast forward flight. In order to deal with the last kind of

flight condition we consider a desired nominal trajectory for

the ducted-fan MAV which is given in the inertial frame as

a constant speed along the x axis

ṗi = col(V̄ , 0, 0) (15)

with V̄ representing a positive constant velocity compatible

with system dynamics. In order to synthesize a controller to

stabilize the system over this kind of trajectories we intro-

duce first some simplifications in the equations governing the

system dynamics. We assume first that the angle of attack

α is small enough so that the inflow is almost perpendicular

to the propeller disc plane neglecting the momentum drag

effects. For the same approximation the normal airflow

component for the computation of propeller thrust T and

torque Q is approximated as rb
wz

≈ V̄ . The effective wind

velocity Ve, the propeller thrust and the propeller torque have

been simplified as follow

Ve(we, V̄ )2 = kve(V̄ )we + V̄ T (we, V̄ ) = kT (V̄ )w2
e

Q(we, V̄ ) = kQ(V̄ )w2
e

(16)

in which

kT (V̄ ) = cT

(

1 − V̄

lpw̄e

)

kQ(V̄ ) = cQ

(

1 − V̄

lpw̄e

)

kve(V̄ ) = ci

√

kT (V̄ )

Since in fast forward flight the angle β is also small it is

possible to consider the approximations Cα ≈ 1, Sα ≈ α,

Cβ ≈ 1, Sβ ≈ β and according to the definitions in (6)

α = atan
−ẋb

żb
≈ −ẋb

żb
β = asin

−ẏb

‖ṗb‖ ≈ −ẏb

żb
.

This makes it possible to simplify the rotation matrix in (13)

as

Rbw =





1 0 −α
αβ 1 β
α −β 1



 . (17)

The aerodynamic forces in (14) can be rewritten according

to the approximations introduced in (4) as

fw
aero =





−L(α, ṗi)
−S(β, ṗi)

Dα(α, ṗi) + Dβ(β, ṗi) + Dfus(ṗ
i)





(18)

in which

L(α, ṗi) = clift(ṗ
T ṗ)α S(β, ṗi) = cLduct

(ṗT ṗ)β
Dα(α, ṗi) = cdrag(ṗ

T ṗ)α2 Dβ(β, ṗi) = cDduct
(ṗT ṗ)β2

Dfus(ṗ
i) = cfus(ṗ

T ṗ) .

with clift = cLduct
+ cLwing and cdrag = cDduct

+ cDwing . To

compute the resultant torque generated by the aerodynamic

forces we consider each force applied in its center of pressure

obtaining

τaero =





cτs

0
0



 (ṗT ṗ)β (19)

in which cτs = −cLduct
dd. Observe that as a design con-

straint no significant torque contribution due to the lift force

of the duct and of the main wing is taken into account since

we assume that the vehicle is designed to have balanced

pitching momentum for small angles of attack. Also torque

effects of the drag forces are considered of second order.

The overall nonlinear external wrench vector that governs

the dynamics in case of high speed flight is given as follow

f b =





cLF a(kvewe + V̄ )2

cLF b(kvewe + V̄ )2

−kT w2
e



+ Rbwfw
aero+

+ Rbi





0
0

mg





τb = (kvewe + V̄ )2





0 −c1 0
c1 0 0
0 0 −c2









a
b
c



+

+





0
0

kQ



w2
e + τaero .

(20)

A. Linear Approximation of Forward Flight Dynamics

In order to simplify the synthesis of a controller for

the forward flight, we consider in this section a linear

approximation of the dynamics of the systems. The forward

motion trajectory (15) is characterized by the following unit

quaternion

q̄ =











q̄0 = C−(π/2−ᾱ)
2

0
q̄2 = S−(π/2−ᾱ)

2

0











. (21)

With an eye at (20) the four control inputs necessary to

maintain the system’s dynamics over the desired trajectory

are
ā = b̄ = 0

c̄ =
kQw̄2

e

c2(kvew̄e + V̄ )2

w̄2
e =

CdragV̄
2ᾱ2 + cfusV̄

2

kT

(22)

and the angle of attack ᾱ is given by the unique real and

positive solution of the equation

Cdragᾱ
3 + (clift + cfus)ᾱ =

mg

V̄ 2
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Finally the sideslip angle β = 0. Neglecting higher

order terms, the linear model of the ducted-fan MAV

for fast forward flight is given by the following linear

system with state (omitting the superscript i) x =
col(δx, δẋ, δy, δẏ, δz, δż, δq0, δq1δq̇2, δq3, δωx, δωy, δωz)
and inputs u = col(δa, δb, δc, δwe)

mδẍ = cliftV̄
2ᾱ (4q̄2δq2 − 2q̄0ᾱδq2 − 2q̄2ᾱδq0)+

+ cLF ᾱ(kvew̄e + V̄ )2δa+
− 2V̄

(

2cdragᾱ
2 + cfus

)

δẋ+
+ 2kT w̄eδwe + V̄ 2ᾱ (clift − 2cdrag) δα

mδÿ = −2cliftV̄
2ᾱ (q̄2 − q̄0ᾱ) δq1+

− 2cliftV̄
2ᾱ (q̄0 + q̄2ᾱ) δq3+

+ cLF (kvew̄e + V̄ )2δb − cLduct
V̄ 2δβ

mδz̈ = cliftV̄
2ᾱ [2q̄2δq0 + (2q̄0 + 4q̄2ᾱ) δq2] +

+ cLF (kvew̄e + V̄ )2δa − 2cliftV̄ ᾱδẋ+
− cliftV̄

2δα
Jxδẇx = −Irw̄eδwy − c1(kvew̄e + V̄ )2δb + cτs V̄

2δβ
Jyδẇy = Irw̄eδwx + c1(kvew̄e + V̄ )2δa

Jzδẇz = −c2(kve w̄e + V̄ )2δc +
2kQV̄ w̄e

kvew̄e + V̄
δwe

(23)

where

δα =
1 + ᾱ2

V̄
δż + 2q̄2ᾱδq0 − (4q̄2 − 2q̄0ᾱ)δq2

δβ =
1

V̄
δẏ + 2q̄2δq1 − 2q̄0δq3

and with








δq̇0

δq̇1

δq̇2

δq̇3









=
1

2









0 −q̄2 0
q̄0 0 q̄2

0 q̄0 0
−q̄2 0 q̄0













δwx

δwy

δwz



 .

IV. DESIGN OF THE CONTROL LAW

In order to stabilize the system over the desired trajectory,

taking advantage of the linear approximated model previ-

ously derived, we consider a linear optimal controller with

integral action on the lateral and vertical position in order

to obtain asymptotic robustness to constant external distur-

bances such as small constant wind disturbances (readers are

referred to [8] and [9] for more details about the following

linear control techniques). To this purpose we chose to

minimize the following integral cost function

J =
1

4π

∫ +∞

−∞

X̂(jw)T Q̂(jw)X̂(jw)dw

in which X̂(jw) =
[

X(jw) U(jw)
]

and

Q̂(jw) =

[

Q(jw) 0
0 R(jw)

]

where X(jw) and U(jw) denotes Fourier transforms of

respectively x(t) and u(t), R(jw) is chosen as the following

diagonal real matrix

R(jw) = diag

{

1

J2
y

,
1

J2
x

,
1

J2
z

,
1

m2

}

TABLE I

PARAMETERS OF THE DUCTED-FAN MAV

m = 1.286 kg , J = diag(1.8, 1.7, 0.8) 10−2 kg · m
d, dd, dT , dw1, dw2 , lp = 0.19, 0.10, 0.16,−0.05,−0.16, 0.1 m

cLF
, cz

LF
, cLduct

= 0.0486, 0.028, 0.2 Kg · m/rad

cL1
wing

, cL2
wing

= 0.18, 0.068 Kg · m/rad

cDwing
, cfus, cDduct

= 0.15, 0.004, 0.20 N/(mrad2)

cT = 1.02 · 10−5 N/rad2 , ci = 2.60 m/(s · sqrtN)
cfd = 0.02 N · s/m

V̄ = 15 m/s , w̄e = 445 rad/s
ᾱ = 0.12 rad, , ā = b̄ = β̄ = 0 rad , c̄ = 0.0062 rad

az , bz , cz = 0.0244,−0.0023, 5.7220 · 10−5

whereas the matrix Q(jw) is chosen as

Q(jw) = diag {qi} , i ∈ {1, 12}
with qi = 1/ω2 for i = 3, 5 (corresponding the the y and z
state variable) and qi = 1 otherwise. To avoid eigenvalues

closed to the imaginary axis we impose also a stability

margin γ = 0.3 in order to have

lim
t7→∞

‖x(t)‖
e−γt

< +∞ .

In order to test the controller we consider the following tra-

jectory which corresponds to a forward ascending trajectory

with
x⋆(t) = V̄ t
y⋆(t) = 0
z⋆(t) = az · t3 + bz · t4 + cz · t5 .

(24)

with initial conditions y(0) = −0.6 m, z(0) = 0.2 m and

ẋ(0) = 14.5 m/s. A constant wind disturbance wi
wind =

(0,−0.3, 0) m/s is considered from time t = 20. Despite the

presence of this disturbance, which effect is visible in the y
inertial coordinate in figures 3 and 4, the closed-loop system

is able to achieve small asymptotic error and in particular

the y and z positions, converge to the desired one thanks

to the integral action embedded in the control law. Figure

4 shows the velocity trajectory of the system. Even in this

case observe that after a transient the ducted-fan recovers

the default trajectory (15). Figures 5 and 6 show respectively

the flight path angles (see [7]), the angle of attack and the

sideslip angle. Observe that during the transient both bank

and the sideslip angles are used in order to displace the

vehicle. This happens because with the particular annular

fuselage of the MAV the side force is relevant and can be

used to govern the lateral dynamics. Observe also that the

angle of attack α acts as a virtual control input for the vertical

dynamics in order to increase the lift during the first part

of the transient to let the system reach the desired altitude.

Finally the four control inputs are shown in figure 7.

V. CONCLUSIONS

In this paper we presented the modelling of a particular

configuration of ducted-fan MAV in case of a general flight

envelope that include in particular high speed flight at low

values of angles of attack. By means of a linear approxi-

mation of system dynamics we also design a linear optimal
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Fig. 3. Position xi, yi and zi (solid lines) with respect to the reference
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Fig. 4. Velocity xi, yi and zi (solid lines) with respect to the reference
trajectories (dash-dotted lines).
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Fig. 5. The vertical flight path angle γ, the horizontal flight path angle ξ
and the bank angle µ.

controller to stabilize the system over a particular high speed

trajectory despite the presence of small disturbances. Future
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Fig. 6. The angle of attack α and the sideslip angle β.
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Fig. 7. The four control inputs a, b, c and we.

works on this topic will be focused, besides others, on the

problem of controlling in a robust way the transition of

the aircraft between the hovering and fast forward flight

configuration and on experimental validation of the proposed

architecture.
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