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Abstract— This paper addresses the compensation of aircraft
damages using the direct adaptive control approach. The
dynamical modeling of aircraft with damages is first introduced,
which demonstrates the complex dynamics when asymmetric
mass distribution occurs as the result of damages. An approxi-
mate model is proposed under certain flight conditions, and its
linearization is performed, which captures the key dynamic fea-
tures of the aircraft under asymmetric damages. Multivariable
model reference adaptive control (MRAC) scheme is demon-
strated for control of aircraft in both healthy and post-damage
situations, by adapting controller parameters autonomously
after the damages occur, without the knowledge of the damage
time instants, nor the damage structure and values. Relaxation
of design conditions is illustrated by expanding the controller
structure and re-designing the adaptive law, to further reduce
the need of the post-damage system knowledge.

Keywords: Multivariable MRAC, aircraft damage compen-

sation, flight control.

I. Introduction

Aviation safety under damaged conditions has attracted

increasing research attention recently. Such damages, which

are usually uncertain, may cause unknown changes to the

aircraft mass, aerodynamic features, and the position of the

center of gravity. Under asymmetric damages, the assump-

tion of mass symmetry about x-z plane in aircraft body frame

in standard aircraft modeling is no longer valid. Therefore,

new aircraft modeling and control techniques are needed.

The modeling and control of aircraft with asymmetrical

mass distribution is addressed in [1], in which the aircraft

dynamics with partial losses of left wing, vertical, and

horizontal stabilizers is investigated. A neural network based

adaptive control algorithm is introduced for the control of

aircraft in the presence of structure uncertainties of damages.

In [2], more detailed motion equations are introduced for

aircraft with asymmetric mass loss. Simulation results are

presented for the comparison between the developed motion

equations and standard equations. In [3], we introduce a non-

linear aircraft model with partial wing damage. The motion

equations are derived by assuming that the major aircraft

mass concentrates in the aircraft fuselage, and the center

of gravity shift is small and negligible. The linearization of

such an aircraft model is illustrated. In [4], the real time

identification of a damaged aircraft model is studied. A

two-step identification process is introduced, which consists

of an aircraft state estimation phase and an aerodynamic
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model identification step. With such a two-step process, the

nonlinear part of the model identification is isolated in the

first phase, and the aerodynamic parameter identification

procedure is simplified to a linear one. A hybrid adaptive

control method is given in [5], which is applied to aircraft

with damages. The control design is based on a neural

network parameter estimation blended with a direct adaptive

law. A stability and convergence analysis is presented for

this adaptive control methodology.

The uncertain damages can cause unknown variations

to system structure and parameters, which complicates the

control problem. Adaptive control is a suitable solution to

this problem, with the capacity of controller adaptation to

handle such system uncertainties. In this paper, we will show

how multivariable model reference adaptive control (MRAC)

can be applied to the control of aircraft with damages. Such

a control design is expected to control the aircraft under

both nominal and damage conditions without any detections

and control switches. We will first introduce an aircraft

model under asymmetric damages derived in [2]. We will

also show that under certain flight conditions the aircraft

dynamic model can be simplified, and a linearized aircraft

model will be derived based on the simplified nonlinear

model, which captures the main characteristics of the aircraft

dynamics under asymmetric damages. We will then present

a multivariable MRAC scheme and specify the conditions

needed for it to be applicable to systems whose parameters

may jump in values at a finite number of time instants.

Closed-loop stability and asymptotic output tracking are

ensured under both nominal and damage conditions without

any detections and control switches. The key to a desirable

adaptive design is to use as less as possible knowledge about

the unknown system to be controlled, so that the class of

systems admissible by the adaptive controller is as large as

possible, leading to the effective handling of aircraft system

damage conditions as adverse as possible.

The paper is organized as follows. In Section II, we present

both the nonlinear and linearized models of aircraft with

damages. In Section III, we develop the multivariable MRAC

scheme for control of aircraft with damages. The adaptive

control design is based on the decomposition of the system

high frequency gain matrix (to use less its knowledge) and

ensures the closed-loop stability and asymptotic output track-

ing under damage conditions (shown using a discontinuous

Lyapunov function). Expansion of the controller structure

and re-design of the adaptive law are discussed in Section

IV to relax certain design conditions, for handling wider

classes of adverse damage conditions of an aircraft system.

In Section V, we discuss some ongoing research tasks.
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II. Modeling of Aircraft with Damages

For control of damaged aircraft, the modeling of aircraft

under damages is of particular importance. In this section, we

will introduce a nonlinear model of aircraft with two wing-

mounted engines with asymmetric damages. Its linearization

will be performed under certain flight conditions.

A. Nonlinear Aircraft Model with Damages

A nonlinear aircraft model with asymmetric damages is

developed in [2], by analyzing the three-dimensional kinetics

of a rigid body. In this subsection, we present an introduction

to this nonlinear model.

Force equations. Force equations can be achieved by

applying Newton’s second law to the shifted center of gravity

of the aircraft after damages. They can be written as

u̇+ qw − rv − (q2 + r2)∆x+ (pq − ṙ)∆y

+(pr + q̇)∆z = X/m− g sin θ + (TL + TR)/m, (1)

v̇ + ur − pw + (pq + ṙ)∆x− (p2 + r2)∆y

+(qr − ṗ)∆z = Y/m+ g cos θ sinφ, (2)

ẇ + pv − uq + (pr − q̇)∆x + (ṗ+ qr)∆y

−(p2 + q2)∆z = Z/m+ g cos θ cosφ, (3)

where m is the mass of the aircraft, X , Y and Z are body-

axis aerodynamic forces, θ and φ are Euler pitch and roll

angle, u, v and w are the body-axis velocity components of

the origin of the body-axis frame, p, q and r are the body-

axis components of the angular velocity, [∆x,∆y,∆z]T are

the coordinates of the shifted center of gravity in the body

frame. The engine thrusts on two sides are denoted as TL and

TR, and they are assumed to be parallel to the body x-axis.

The mass m may have uncertain changes due to the damages,

and X , Y and Z may also have unknown additional changes.

Moment equations. To derive the moment equations for

the aircraft, we can consider the aircraft body as a collection

of mass particles that are rigidly connected.

In standard aircraft modeling, the mass of the aircraft

is assumed to be symmetric about x-z plane, so that the

cross-products of inertia Ixy and Iyz are zero [6]. However,

with asymmetric mass distribution due to damages, Ixy and

Iyz become nonzero. By analyzing the rotational motions

of the mass particles, one can obtain the following moment

equations for asymmetric aircraft:

Ixṗ+Ixyq̇+Ixzṙ−Ixypr−(Iz−Iy)qr+Iyz(q
2−r2)

+Ixzpq+m∆y(ẇ−qu+pv)+m∆z(−v̇−ru+pw)

= L+mg cos θ cosφ∆y −mg cos θ sinφ∆z, (4)

Ixy ṗ+Iy q̇+Iyzṙ+(Ix−Iz)pr+Ixyqr+Ixz(r
2−p2)

−Iyzpq+m∆x(qu−ẇ−pv)+m∆z(u̇−rv+qw)

= M −mg sin θ∆z −mg cos θ cosφ∆x

−∆z(TL + TR), (5)

Ixzṗ+Iyzq̇+Iz ṙ+(Iy−Ix)pq+Ixy(p
2−q2)−Ixzqr

+Iyzpr+m∆x(v̇−pw+ru)+m∆y(rv−u̇−qw)

=N+mg cos θ sinφ∆x +mg sin θ∆y + TL(l + ∆y)

−TR(l − ∆y), (6)

with Ii being the inertia moments and products in body

axes. The force and moment equations (1)–(3) and (4)–(6)

are much more complicated than their counterparts without

damages. From control design point of view, it is desirable

to develop simplified models under certain flight conditions,

which still capture the main dynamic features of the aircraft

in the presence of damages.

B. Model Simplification

In this study, we consider the following aircraft system and

flight conditions. First, we assume that the center of gravity

shift ∆r is small, since major aircraft mass concentrates in

the fuselage. A study in [1] shows that the magnitude of the

shift along y-axis, ∆y, is larger than ∆x and ∆z, and it is

still less than 2.5% of the wing span when 50% of the left

wing is lost. Second, we consider a transport aircraft flying

within the neighborhood of a rectilinear flight, so that the

angular velocities p, q, and r, as well as their rates, are in

the neighborhood of zero.

To simplify the aircraft model under the above conditions,

we will neglect the higher order terms involving the center

of gravity shift, angular velocities, and angular accelerations.

Such a principle leads to the following simplified force

equations and moment equations.

Simplified force equations:

u̇+ qw − rv=X/m− g sin θ + (TL + TR)/m (7)

v̇ + ur − pw=Y/m+ g cos θ sinφ (8)

ẇ + pv − uq=Z/m+ g cos θ cosφ. (9)

These force equations are similar to the force equations in

the standard aircraft model. The two engine thrusts appear

in the first equation because they are parallel to x-axis.

Simplified moment equations:

Ixṗ+Ixyq̇+Ixz ṙ−Ixypr−(Iz−Iy)qr+Iyz(q
2−r2)+Ixzpq

=L+mg cos θ cosφ∆y−mg cos θ sinφ∆z, (10)

Ixy ṗ+Iy q̇+Iyz ṙ+(Ix−Iz)pr+Ixz(r
2−p2)+Ixyqr−Iyzpq

=M−mgcosθ cosφ∆x−mgsin θ∆z−∆z(TL+TR),(11)

Ixz ṗ+Iyz q̇+Iz ṙ+(Iy−Ix)pq−Ixzqr+Ixy(p2−q2)+Iyzpr

=N+mg cos θ sinφ∆x+mg sin θ∆y+TL(l+∆y)

−TR(l−∆y). (12)

The moment equations characterize the key effects of asym-

metric aircraft mass distribution, i.e., the appearance of

nonzero products of inertia Ixy and Iyz , and gravity and

thrust moments due to the center of gravity shift.

C. Linearized Aircraft Model with Damages

In this subsection, we derive the linearized aircraft model

from the above simplified nonlinear model. The state and

control vectors for linearization are chosen as

x= [u w q θ v r p φ ψ ]
T

(13)

U = [ δe δtl
δtr

δa δr ]
T

(14)

where the notation “δ” has been dropped from δx and δU
for simplicity of presentation. Thus u, v, and w represent the
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velocity perturbations along body axes, p, q and r are the

angular velocity perturbations, θ, φ and ψ are the pitch, roll

and yaw angle perturbations, and δe, δa, δr are the deflection

perturbations of the elevator, aileron and rudder. δtl
and δtr

are the left and right throttle perturbations.

The equilibrium is chosen to be a rectilinear wing-

level flight condition, which can include straight horizontal,

ascending, or descending flight. Using small perturbation

linearization [7], [10], we can obtain the linearized aircraft

model with the following structure:

ẋ =

[

A
(1)
4×4 A

(2)
4×5

A
(3)
5×4 A

(4)
5×5

]

x+

[

B
(1)
4×3 B

(2)
4×2

B
(3)
5×3 B

(4)
5×2

]

U, (15)

where

A
(1)

=







∂f1

∂u

∂f1

∂w

∂f1

∂q
−g cos θo

∂f2

∂u

∂f2

∂w

∂f2

∂q
−g sin θo

∂f3

∂u

∂f3

∂w

∂f3

∂q

∂f3

∂θ

0 0 1 0







, (16)

A
(2)

=





0 0 0 0 0

0 0 0 0 0
∂f3

∂v

∂f3

∂r

∂f3

∂p

∂f3

∂φ
0

0 0 0 0 0



 , (17)

A
(3)

=









0 0 0 0
∂f6

∂u

∂f6

∂w

∂f6

∂q

∂f6

∂θ
∂f7

∂u

∂f7

∂w

∂f7

∂q

∂f7

∂θ
0 0 0 0

0 0 0 0









, (18)

A
(4)

=











∂f5

∂v

∂f5

∂r

∂f5

∂p
g cos θo 0

∂f6

∂v

∂f6

∂r

∂f6

∂p

∂f6

∂φ
0

∂f7

∂v

∂f7

∂r

∂f7

∂p

∂f7

∂φ
0

0 tan θo 1 0 0

0
1

cos θo
0 0 0











, (19)

B
(1)

=







∂f1

∂δe

∂f1

∂δtl

∂f1

∂δtr
∂f2

∂δe
0 0

∂f3

∂δe

∂f3

∂δtl

∂f3

∂δtr

0 0 0







, B
(2)

=





0 0

0 0
∂f3

∂δa

∂f3

∂δr

0 0



 , (20)

B
(3)

=









0 0 0
∂f6

∂δe

∂f6

∂δtl

∂f6

∂δtr
∂f7

∂δe

∂f7

∂δtl

∂f7

∂δtr

0 0 0

0 0 0









, B
(4)

=











∂f5

∂δa

∂f5

∂δr
∂f6

∂δa

∂f6

∂δr
∂f7

∂δa

∂f7

∂δr

0 0

0 0











. (21)

For the interest of conciseness, the explicit expressions of

the derivatives in A and B are not shown in the paper.

Comparing the developed aircraft model with the standard

model in the literature [6], we can see that A(1), A(4), B(1),

and B(4) have similar forms with those in standard models.

However, all the derivatives in those matrices may be subject

to unknown changes due to the changes of aerodynamic

characteristics and aircraft mass caused by damages. Another

feature of this model is that the matrices A(2), A(3), B(2),

and B(3), which are zero in the nominal aircraft model, be-

come nonzero under damages. The existence of the nonzero

derivatives results from the asymmetric aircraft mass. Such

nonzero derivatives may change from zero to nonzero when

damages occur.

The existence of the coupling terms leads to an aircraft

model with coupled longitudinal and lateral dynamics. With

the changing and coupling derivatives, this model captures

the essential flight dynamics under damages. It is critical to

use such models for the design of adaptive control schemes

for accommodating asymmetric aircraft damages.

III. Multivariable MRAC Design and Analysis

In this section, we present a multivariable model reference

adaptive control design for aircraft with damages. Such a

design is expected to handle the uncertainties of the aircraft

system without and with damages, provided that certain

design conditions are satisfied.

A. Problem Formulation

Consider a linear system of the form

ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t) (22)

where A ∈ Rn×n, B ∈ Rn×m, and C ∈ Rm×n are unknown

parameter matrices, x(t) ∈ Rn, u(t) ∈ Rm and y(t) ∈ Rm

are the state, input and output vectors. To represent an aircraft

model, we let A and B be expressed as

A = A0 + ∆A (23)

B = B0 + ∆B (24)

where A0 and B0 are the nominal parameter matrices for

aircraft without damages, and ∆A and ∆B contain the

unknown coupling terms and derivative changes caused by

damages (they are zero when there are no damages).

The objective is to design a control vector signal u(t) such

that the plant output y(t) tracks a given reference output

ym(t) = Wm(s)[r](t) ∈ Rm (25)

for a stable m × m transfer matrix Wm(s) and a bounded

reference signal r(t) ∈ Rm, despite the uncertain damages.

For control design, we make the following assumptions:

(A0): the parameter matrices A, B and C are piece-

wise constant, with a finite number of unknown and

constant jumps (Ai, Bi, Ci), i = 1, 2, . . . , N .

For each value (Ai, Bi, Ci) of (A,B,C), we define the

transfer matrix Gi(s) = Ci(sI −Ai)
−1Bi and assume:

(A1): All zeros of Gi(s) are stable. (A2): An upper

bound ν̄ on the observability index of Gi(s) is

known. (A3): Gi(s) is strictly proper with full rank

and has a known modified interactor matrix ξm(s)
such that lims→∞ ξm(s)Gi(s) = Kpi, the high

frequency gain matrix of Gi(s), is finite and non-

singular. (A4): Wm(s) = ξ−1
m (s). (A5): All leading

principal minors of the matrix Kpi are nonzero and

their signs are known and the same for each i.

These are basic assumptions for multivariable MRAC.

For MRAC, the plants need to be minimum phase systems.

The need of the uniform ξm(s) of Gi(s) and signs of the

leading principal minors of Kpi is to show how a standard

multivariable MRAC scheme can be used to handle the

system piecewise-constant parameter variations which can

occur in aircraft systems with damages. It should be noted
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that the system parameters are allowed to jump, and such

jumps will not cause instability as shown in Section (III.C)

The cases with ξm(s) unknown or ξm(s) different for

different Gi(s), and with unknown or changed signs of

leading principal minors of Kpi can also be handled, and

will be addressed in Section IV.

B. Plant-Model Matching Controllers

For model reference adaptive control design, we need to

define a nominal model reference controller which achieves

the desired control objective when the system parameters A,

B and C are known. Parameters of such a controller, which

are unknown, are also utilized in deriving an error model

needed for adaptation of an adaptive controller.

Since the system parameters (A,B,C) may take any of

(Ai, Bi, Ci), i = 1, 2, . . . , N , there is a set of such nominal

controllers, and each of them has the structure

u∗(t)= Θ∗T
1 ω1(t)+Θ∗T

2 ω2(t)+Θ∗

20y(t)+Θ∗

3(t)r(t) (26)

where ω1(t) = F (s)[v](t), ω2 = F (s)[y](t), F (s) =
AF (s)
Λ(s) , AF (s) = [I, sI, . . . , sν̄−2I]T , Λ(s) is a monic stable

polynomial of degree ν̄ − 1, with the upper bound ν̄ on

the observability indices of Gi(s). The nominal parameters

Θ∗

1 = [Θ∗

11, . . . ,Θ
∗

1ν̄−1]
T , Θ∗

2 = [Θ∗

21, . . . ,Θ
∗

2ν̄−1]
T , Θ∗

20,

Θ∗

3, Θ∗

ij ∈ Rm×m, i = 1, 2, j = 1, . . . , ν̄ − 1, are for plant-

model matching, and are derived next.

We first introduce the following notation:

Gi(s)=Ci(sI−Ai)
−1Bi =Zi(s)P

−1
i (s) (27)

for some m ×m right coprime polynomial matrices Zi(s)
and Pi(s) with Pi(s) being column proper, i = 1, 2, . . . , N .

With the specification of Λ(s), ξm(s), Pi(s), Zi(s), there

exist Θ∗

1, Θ∗

2, Θ∗

20, Θ∗

3 = K−1
pi such that

Θ∗T
1 AF (s)Pi(s) + (Θ∗T

2 AF (s) + Λ(s)Θ∗

20)Zi(s)

= Λ(s)(Pi(s) − Θ∗

3ξm(s)Zi(s)). (28)

Since Λ(s) and Zi(s) are stable, we have the plant-model

transfer matrix matching equation

I−Θ∗T
1 F(s)−Θ∗T

2 F(s)Gi(s)−Θ∗

20Gi(s)=Θ∗

3W
−1
m (s)Gi(s) (29)

from which the plant-model matching parameters Θ∗

1, Θ∗

2,

and Θ∗

20 can be determined with Θ∗

3 = K−1
pi . For each

(Ai, Bi, Ci), i = 1, 2, . . . , N , we can determine a set of con-

stant parameters Θ∗

j , j = 1, 2, 20, 3. So for all the possible

values of (A,B,C), plant-model matching parameters are

piecewise constant, and the plant-model matching equation

is also a piecewise equation.

C. Adaptive Control Scheme

To design the adaptive control scheme, a high frequency

gain decomposition will be first introduced. As shown in [8]

and [9], such a decomposition based design relies less on the

a priori knowledge of the high frequency gain matrix. Then

we develop a model reference adaptive control design, and

establish the desired stability and tracking properties.

LDS decomposition of Kp [8], [9]. Let ∆i, i =
1, 2, . . . ,m, denote the leading principal minors of the high

frequency gain matrix Kp ∈ Rm×m and assume that ∆i 6= 0,

i = 1, 2, . . . ,m. The gain matrix Kp then has a nonunique

decomposition

Kp = LsDsS, (30)

where S ∈ Rm×m is a symmetric and positive definite

matrix, Ls is an m×m unit lower triangular matrix, and

Ds=diag{s∗1, s
∗

2, . . . , s
∗

M}

=diag{sign[∆1]γ1, sign

[

∆2

∆1

]

γ2, . . . , sign

[

∆m

∆m−1

]

γm} (31)

such that γi > 0, i = 1, . . . ,m, may be arbitrary. All Kpi

can have the same Ds based to Assumption (A5).

Adaptive controller. When plant parameters are uncer-

tain, the controller parameters Θ∗

1, Θ∗

2, Θ∗

20, Θ∗

3 are also

unknown. As the adaptive version of (26), we use the

controller

u(t)=ΘT
1 (t)ω1(t)+ΘT

2 (t)ω2(t)+Θ20(t)y(t)+Θ3(t)r(t) (32)

where Θ1(t), Θ2(t), Θ20(t), and Θ3(t) are estimates of Θ∗

1,

Θ∗

2, Θ∗

20, and Θ∗

3, and will be adaptively updated.

Error dynamics. From the plant-model transfer matrix

matching equation (29), for any u(t), we have

u(t)−Θ∗T
1 ω1(t)−Θ∗T

2 ω2(t)−Θ∗

20y(t)=Θ∗

3W
−1
m (s)[y](t), (33)

from which, together with the reference model (25) and

Assumption (A4), we obtain

Kp

(

u(t)−Θ∗T
1 ω1(t)−Θ∗T

2 ω2(t)−Θ∗

20y(t)−Θ∗

3r(t)
)

=ξm(s)[y − ym](t). (34)

With the LDS decomposition in (30), we express (34) as

DsS
(

u(t)−Θ∗T
1 ω1(t)−Θ∗T

2 ω2(t)−Θ∗

20y(t)−Θ∗

3r(t)
)

=L−1
s ξm(s)[y − ym](t). (35)

From (35) and the adaptive controller (32), we can have

ξm(s)[y−ym](t)+Θ∗

0ξm(s)[y−ym](t)=DsSΘ̃T(t)ω(t), (36)

where Ds is in (31), S = ST > 0 in (30), Θ̃(t) = Θ(t)−Θ∗

with Θ(t) being the estimate of Θ∗ = [Θ∗T
1 ,Θ∗T

2 ,Θ∗

20,Θ
∗

3]
T ,

ω(t) = [ωT
1 (t), ωT

2 (t), yT (t), rT (t)]T , and, with Ls in (30),

Θ∗

0 = L−1
s − I has a special form:

Θ∗

0 =



















0 0 0 · · · 0
θ∗21 0 0 · · · 0
θ∗31 θ∗32 0 · · · 0

...
...

...
...

...

θ∗m−1 1 · · · θ∗m−1 m−2 0 0
θ∗m 1 · · · θ∗m m−2 θ∗m m−1 0



















.(37)

Given this structure of Θ∗

0, we define the parameter vectors

θ∗2 = θ∗21 ∈ R,

θ∗3 = [θ∗31, θ
∗

32]
T ∈ R2,

...

θ∗m = [θ∗m 1, . . . , θ
∗

m m−1]
T ∈ Rm−1 (38)
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and let their estimates be θi(t), i = 2, 3, . . . ,m. Choose f(s)
as a stable and monic polynomial whose degree is equal to

the maximum degree of ξm(s), introduce the filter h(s) =
1

f(s) , define the filtered tracking error

ē(t) = ξm(s)h(s)[e](t) = [ē1(t), . . . , ēm(t)]T (39)

with e(t) = y(t) − ym(t), and denote

ηi(t) = [ē1(t), . . . , ēi−1(t)]
T ∈ Ri−1, i = 2, . . . ,m. (40)

Operating both sides of (36) by h(s)Im leads to

ē(t) + [0, θ∗T
2 η2(t), θ

∗T
3 η3(t), . . . , θ

∗T
m ηm(t)]T

= DsSh(s)[Θ̃
Tω](t). (41)

Based on this equation, we define the estimation error

ǫ(t) = ē(t) + [0, θT
2 (t)η2(t), θ

T
3 (t)η3(t), . . . , θ

T
m(t)ηm(t)]T

+Ψ(t)ξ(t), (42)

where Ψ(t) is the estimate of Ψ∗ = DsS, and

ξ(t) = ΘT (t)ζ(t) − h(s)[ΘTω](t), (43)

ζ(t) = h(s)[ω](t). (44)

It then follows from (41)– (44) that

ǫ(t) = [0, θ̃T
2 (t)η2(t), θ̃

T
3 (t)η3(t), . . . , θ̃

T
m(t)ηm(t)]T

+ DsSΘ̃(t)T ζ(t) + Ψ̃(t)ξ(t), (45)

where θ̃i(t) = θi(t) − θ∗i , and Ψ̃(t) = Ψ(t) − Ψ∗.

Adaptive laws. We choose the adaptive laws

θ̇i(t) = −
Γθiǫi(t)ηi(t)

m2(t)
, i = 2, 3, . . . ,m, (46)

Θ̇T (t) = −
Dsǫ(t)ζ

T (t)

m2(t)
, (47)

Ψ̇(t) = −
Γǫ(t)ξT (t)

m2(t)
, (48)

where ǫ(t) = [ǫ1(t), ǫ2(t), . . . , ǫm(t)]T ,

m2(t) = 1 + ζT (t)ζ(t) + ξT (t)ξ(t) +
m

∑

i=2

ηT
i (t)ηi(t), (49)

and Γθi = ΓT
θi > 0, i = 2, 3, . . . ,m, Γ = ΓT > 0.

Stability analysis. To demonstrate the stability of the

closed-loop system, we choose a piece-wise continuous Lya-

punov function. Based on Assumption (A0), there are N −1
finite jumps due to the damages, and totally N choices of

(Ai, Bi, Ci). Assuming that the asymmetric damage occurs

at time instant tj , j = 1, 2, . . . , N − 1, we choose the

following Lyapunov-like function

V =

m
∑

i=2

θ̃m
i Γ−1

θi θ̃i + tr[Ψ̃T Γ−1Ψ̃] + tr[Θ̃SΘ̃T ] (50)

for time intervals (tj−1, tj), j = 1, . . . , N , with t0 = 0 and

tN = ∞. Due to the changes of system parameters after the

damages (which are finite), and the finite jumps of nominal

parameters, there would be a finite jump of V for each jump

of system parameters (Ai, Bi, Ci), i.e.,

V (t+j ) − V (t−j ) <∞, j = 1, 2, . . . , N − 1. (51)

From the adaptive laws (46)– (48), we obtain the time-

derivative of V in each (tj−1, tj) as

V̇ = −
2

m2(t)
(

m
∑

i=2

θ̃T (t)ǫi(t)ηi(t) + tr[Ψ̃T ǫ(t)ξT (t)]

+tr[Θ̃(t)SDsǫ(t)ζ
T (t)]) = −

2ǫT (t)ǫ(t)

m2(t)
≤ 0. (52)

Recall that V is not continuous at instant tj , j =
1, 2, . . . , N−1 and has only finite jumps at those instants. For

each time interval (tj−1, tj), j = 1, . . . , N , we have V̇ ≤ 0,

which implies that V is bounded. With fact that V only has

finite jumps at finite time instants, we can conclude that V
is bounded for [0,∞). So we can conclude that θi(t) ∈ L∞,

Θ(t) ∈ L∞, and Ψ(t) ∈ L∞.

Integrating both sides of (52) for the time interval

(tj−1, tj), we have

∫ tj

tj−1

2ǫT (τ)ǫ(τ)

m2(τ)
dτ = V (t+j−1) − V (t−j ). (53)

For N intervals: [0, t1), (t1, t2), . . ., (tN−1,∞), the above

equation holds. Summing both side of (53) for j = 1, . . . , N ,

we have
∫

∞

0

2ǫT (τ)ǫ(τ)

m2(τ)
dτ

= V (0) − V (t−1 ) + V (t+1 ) − V (t−2 ) + V (t+2 )

− · · · − V (t−j ) + V (t+j ) − V (t−j+1) + V (t+j+1)

− · · · − V (t−N−1) + V (t+N−1) − V (∞)

= V (0) +

N−1
∑

j=1

[V (t+j ) − V (t−j )] − V (∞) (54)

From (51), the condition that V (t+j ) − V (t−j ) is finite, and

(54), we obtain
∫

∞

0

2ǫT (τ)ǫ(τ)

m2(τ)
dτ ≤ ∞, (55)

from which we can obtain
ǫ(t)
m(t) ∈ L2∩L∞. Similarly, we can

obtain θ̇i(t) ∈ L2 ∩ L∞, i = 2, 3, . . . ,m, Θ̇(t) ∈ L2 ∩ L∞,

and Ψ̇(t) ∈ L2 ∩L∞. Based on these desired properties, we

can establish the following results.

Theorem 1: The MRAC scheme consisting of

(32), (46), (47) and (48), ensures closed-loop sig-

nal boundedness and asymptotic output tracking

limt→∞(y(t) − ym(t)) = 0, for the system (22)

satisfying Assumptions (A0)–(A5).

The proof of this theorem can be obtained in a way similar

to that in [8], based on the fact that there is a well-defined

feedback structure for the closed-loop system which has

a small loop gain, leading to closed-loop stability. Such

a structure is developed from the feedback controller with
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bounded parameters and the plant with stable zeros. The

smallness of its loop gain is ensured by the L2 properties of

the adaptive laws. The asymptotic tracking property follows

from the complete parametrization of the error equation (42),

the L2 properties, and the signal boundedness of the closed-

loop system. The piecewise continuous Lyapunov function

technique provides a powerful tool to the stability analysis

of MRAC for aircraft with multiple finite damages.

IV. Relaxation of Design Conditions

We now address the issue of relaxing or ensuring of

the design conditions in Assumption (A2): the observability

index upper bound ν̄ is known for Gi(s); (A3): ξm(s) is

known and fixed for all Gi(s); (A4): Wm(s) = ξ−1
m (s); and

(A5): All leading principal minors of the matrix Kpi are

nonzero and their signs are known and the same for each i.

Relaxation of Assumption (A2). For the set of parameter

matrices (Ai, Bi, Ci), i = 1, 2, . . . , N , we may obtain the

upper bound on their observability indices for MRAC design.

For aircraft control, an upper bound on observability index

for both healthy and post-damage systems can be used for

the adaptive controller structure.

Relaxation of Assumptions (A3) and (A4). In the pro-

posed MRAC scheme, the interactor matrix ξm(s), which

characterizes the infinity zero structure of a multivariable

system, is required to remain the same when the damages

occur. If this condition is not satisfied, an expanded MRAC

scheme can be used. In [11], a MRAC scheme is introduced

with a new parametrization of the controller

u(t) = ΘT
1 ω1(t) + ΘT

2 ω2(t) + Θ20y(t) + Θ3ω3(t) (56)

where ω1(t) = F (s)[v](t), ω2 = F (s)[y](t), ω3(t) =

BF (s)[ym(t)], F (s) = AF (s)
Λ(s) , AF (s) = [I, sI, . . . , sν̄−2I]T ,

BF (s) = [I, sI, . . . , sd̄I]T , with d̄ being the upper bound

on d (the maximum of the degrees of ξmi(s) for each

Gi(s)), Θ1, Θ2, Θ20, and Θ3 are controller parameters with

proper dimensions, and Λ(s) is a monic stable polynomial

of degree ν̄−1, with the upper bound ν̄ on the observability

indices of Gi(s). The signal ym(t) is generated from a

new reference system which does not use the knowledge of

ξmi(s) for each Gi(s) [11]. This approach does not require

the exact information of ξmi(s), and only the upper bound

on the maximum degree of its elements is incorporated in the

control design. The MRAC scheme ensures that all signals in

the adaptive system are uniformly bounded and the tracking

error goes to zero asymptotically. Thus, the design condition

in Assumption (A3) can be relaxed.

Relaxation of Assumption (A5). As seen in (31) and

(47), the knowledge of the signs of the leading principal

minors of Kpi is used in the adaptive laws. To relax such

knowledge, the adaptive laws can be modified by using the

well-known Nussbaum gains in the place of those signs. A

complete design of such a multivariable MRAC scheme is

illustrated in [12].

V. Conclusions

In this paper we demonstrated how to design a mul-

tivariable model reference adaptive controller for aircraft

with damages. We presented a systematic design procedure

which consists of three technical parts: model specification

of aircraft dynamics in the presence of damages, control

law development for systems subject to parameter jumps

caused by damages, and performance analysis for the closed-

loop control system. An approximate aircraft model has

been introduced as a simplification of the generic motion

equations, which captures the main characteristics of the

aircraft dynamics under asymmetric damages, resulted from

the loss of mass symmetry. An effective analysis method for

piecewise linear systems under MRAC, using a piecewise

Lyapunov function, is used to show that desired stability and

tracking properties are ensured, despite the jumping system

parameter variations. Application of this result to aircraft

control in the presence of damages is illustrated. Redesigns

of control schemes for relaxation of some key design con-

ditions have been proposed and discussed. This work shows

that multivariable MRAC designs are potentially useful and

effective for control of aircraft systems with damages and

uncertainties. Our current research in this direction is focused

on two aspects: a detailed simulation study of MRAC of

aircraft systems with damages, and a thorough theoretical

study of adaptive control redesign for handling larger classes

of parameter and damage uncertainties.
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