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Tuning an adaptive controller using a robust control approach
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Abstract: This paper proposes a technique for tuning of a discrete adaptive controller that
is designed based on Lyapunov stability concepts. The tuning is based on the
minimization of a performance index that can be calculated from a generalized eigenvalue
problem (GEVP). The resulting controller, tuned with the proposed methodology,
provides better performance than an adaptive controller based on a Recursive Least
Squares Estimator (RLS) during sudden changes in model parameters. Copyright © 2005
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1. INTRODUCTION

Adaptive controllers have been proposed for systems
that cannot be accurately modelled using available
off-line data. This lack of model accuracy often
arises for time-varying systems and for systems for
which the model structure is not known a priori. For
example, the growth rate term in the mass balance
equations of bioreactors is often not accurately
known (Zhang and Guay, 2002). Therefore, an
adaptive estimator maybe used to estimate this term
and then a controller can be designed based on this
estimated term.

When the model structure of a process is unknown a
priori, a commonly used empirical model suitable for
adaptive control design, is given as follows (Sanner
and Slotine, 1992):

n n
Vis1 = 'Zo a; 1 & (Vi—i) + Zobj,kh(uk—j) )
i= j=

where y is the state, u is the input or manipulated
variable, g and 4 are pre-specified basis functions
that can be linear or nonlinear with respect to y and u
and a’s and b’s are a priori unknown parameters to
be estimated on-line from input-output data. When
linear basis functions are chosen, the model in
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equation (1) results in the common ARMA model
given as follows:

n n
Virl = Z G pVe—i+ 2 by pup_; )
=0 j=0

The fact that the models in (1) and (2) are linear with
respect to estimated parameters a’s and b’s facilitates
the design of estimators with proper convergence and
performance properties as explained later in the
manuscript. Different types of estimators have been
used to estimate parameters using the models given
by equations (1) and (2). The most common type is
the recursive least square estimator (RLS) that
minimizes the sum of square errors between the
measured and estimated values of y. The recursive
least squares estimator is defined by the following
two recursive equations:

P oXs
T
e+ Xpr Peo Xy

0, =0, + i =X 0] (3)
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Where,
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Oz[al,...,an,bl,...,bn] is the actual vector of

parameters assuming that equation (1) is an accurate
model of the actual process.

0, = [alyk,.,.,an,k,él,k,...,én,k] is the vector of estimated

parameters at time k
X:[yk,yk_l...yk_n,uk,uk_l,...,uk_m] is referred as to
the regression vector and is a function of past input-
output data.

c is the forgetting factor and it is used to assign a
larger weight to new data versus older data.

P is the estimation covariance matrix and it is an
indicator of the wuncertainty in the parameter
estimates.

The estimates obtained with the RLS estimator can
be used for control using for example a one-step-
ahead controller. When the parameter estimates are
assumed to be equal to the actual parameters, i.e. the
certainty equivalence principle is applied, the one
step-ahead controller is:

-0 - e 0
u, = VSPk+1 [’uk—2> =uAk—n’ V15> yk—n]0k+1 (5)

bl,k+1

On the other hand, if a more robust controller is
desired that accounts for wuncertainty in the
parameters, a controller referred to as cautious
(Wittenmark, 1995) can be used that takes into
account the uncertainty given by the elements of Py :

Uy = gcaul[ous(yspk+l9X’9k+17Pk) (6)

Under persistent excitation conditions and for ¢=0,
the parameter estimates converge to their actual
values whereas the matrix P converges to zero. This
is a desirable outcome for time invariant systems, i.e.
systems for which @=constant. However, this is
highly undesirable for time varying systems since,
according to equation (3), the parameter’s adaptation
stops when P=0. This undesirable scenario can be
partially addressed by selecting a nonzero forgetting
factor ¢. However, when c¢ is nonzero, may cause to
very large or infinite values of P in the absence of
excitation which may ultimately lead to poor control
if the controller given by equation (5) is used or
alternatively to controller turn-off if the cautious
controller in equation (6) is used. To address this
issue, resetting of P, based on specific algorithms
(Huzmezan et al, 2003)) or resetting at ad hoc
selected time intervals, has been proposed. In
summary, the tuning of an RLS estimator is
challenging for chemical systems where parameters
are expected to change in a gradual or step-like
fashion, due to for instance occasional changes in
operating conditions.

An alternative estimator that avoids some of the
difficulties related to the RLS estimator is the
gradient estimator (Sanner and Slotine, 1992). This
type of estimator has been proposed for some
chemical engineering applications including adaptive
control of bioreactors (Perrier and Dochain, 1993).
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For this estimator the parameter update equation is as
follows:

0, =0, +K; X[ 1S, (7
Sp = f( Sk, Xp1,Kp) (®

Where, K is diagonal and is the adaptation gain
matrix S is the tracking error and is calculated, as
shown later in the manuscript, based on Lyapunov
stability concepts and, K is a tuning constant that
determines the rate of convergence of S.

The adaptation gain matrix may be constant or time
varying. In this study, K will be allowed to change
with time and it will be referred to as K to indicate
its value at time interval £.

The obvious advantage of the gradient estimator is
that it does not depend on an adapting covariance
matrix P that presents inherent difficulties as
discussed above. On the other hand, the algorithm
requires proper tuning of an adaptation gain matrix
that has great impact on the estimator performance.
Often, in the literature, researchers have selected the
gain matrix K ad-hoc or based on numerical
simulations provided that a suitable model is
available. However, there are no available techniques
to systematically select the elements of K.
Additionally, the tracking error equation also
introduces an additional tuning parameter Kp as
shown above. Therefore, a methodology is needed to
tune adaptive controllers that used the gradient
estimator given by equation (7).

The objective of the current study is to propose a
tuning methodology for this type of adaptive
controller with a gradient estimator.

A logical choice to select the tuning parameters K
and Kp is to solve, using the information up to
interval k-1, the following optimization problem:

. 1 N 2
min E{W 2 (k) - Vsetpoint (k) } ©)

Kp k=1

The expectation of the sum of squares instead of the
actual sum is used to account for model uncertainty
in the parameters during adaptation and unmeasured
disturbances. This problem is closely related to the
optimal dual adaptive control problem that search for
the optimal trade-off between sufficient excitation for
fast model parameter identification versus good
tracking properties. In the classical dual adaptive
control formulation the minimization is done with
respect to the future inputs whereas in equation (9)
the cost is minimized with respect to the tuning
parameters. However, the two problems are closely
related in the sense that the control actions are
directly dependent on the tuning parameters.

The problem given by (9) is difficult due to the
mathematical expectation that has to be computed for
all possible disturbances and in the presence of
model uncertainty. Thus, only numerical solutions
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have been reported for relatively simple problems
and under certain assumptions (Wittenmark, 1995).
In this paper an approximate solution to the problem
given by equation (9), based on robust control ideas,
is proposed. The idea is to represent the closed loop
system by a nominal model and model uncertainty.
Using this representation, it will be shown that the
problem in (9) can be formulated as an optimization
of a set of linear matrix inequalities (LMI’s). The
paper is organized as follows. Section 2 describes the
adaptive control algorithm and the stability and
convergence proofs. Section 3 presents the
formulation of the tuning problem as an optimization
using a set of LMI’s. Results and comparisons
between the proposed method and an adaptive
controller based on RLS estimation are presented in
Section 4. Section 5 provides a brief summary and
conclusions.

2. ADAPTIVE CONTROLLER ALGORITHM

The controller algorithm presented in this section is a
discrete version of an algorithm proposed by Sanner
(1992 ) for continuous systems.

2.1 Definitions
Given a DARMA (Discrete Autoregressive Moving
Average) model of a system that is n™ order with

respect to the state and m™ order with respect to the
input:

n—1 m—1
Vil = XAV + Zobjuk—j (10)
=

i=0

The vectors of the parameters a; and b; are defined as
follows:

A=lag - a) (11a)
B=[by - byl (11b)

The parameter estimate vectors are defined as
follows:

i (12a)

bm—l,k ]T

Let the values of past input and output data be given
by the following vectors:

Ak = [&O,k

B, = [130,,( (12b)

Vi-n+1 ]T (13a)
(13b)

Y, =l

U, =[uy Up ]

Then, using equations (11)-(13), the DARMA model
given by equation (10), can be reformulated in terms
of the input and output vectors as follows:

Vi =ATY, +BU, (14)
Also for the purpose of designing an implementable
controller, let
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boie | (15a)
(15b)

NP
B} :[bl,k

U =gy e
A filtered feedback error, to be justified by the
stability proof given in the following section, is given
as follows:

AT n 1 AT n I
A B U 125 1Kl —Apy Yy By Uy

S
k 1+Kp

(16)

For simplicity, an adaptive algorithm based on a one-
step-ahead controller will be used. A term
proportional to the filtered error, s, is added to tune
the closed loop response, as follows:

AT ~old! old ~oal
uk:(ysp_Ak Y, -By“ Uy +(1_KD)Sk)'bO,k

an

A

In the particular case that b,, is zero during

adaptation, the parameters are reset to the values in
the previous time interval. In the presence of
persistent excitation, it can be shown that the system
will eventually converge to the correct values.

The errors in the estimated parameters are defined in
the form of deviation variables as follows:

A=A, +A (18a)

B, =B, +B (18b)
The gradient descent method is used to formulate the
parameter update equations where the error used for
updating is the sum of the current and past value of
the filtered errors, (s e+ 55):

Ap=Ap + KoY (s +55) (19a)

B, =B, +KgU; (s +54) (19b)

K,,Kpgare matrices of adaptation gains, with

diagonal structure. Thus, the tuning parameters of the
controller are Kp and K= [K, Kg].

2.2 Stability

Assumptions: For simplicity, it is assumed for the
following proof that the system is time invariant or
its parameters change in a step-like fashion where the
time between changes is long enough such as the
parameters converge to a steady state value. Also, for
the first proof, the tuning parameters K, and K are
assumed to be constant with time. Later in this
section, the proof is expanded to account for tuning
parameters that change in time within a finite set of
values. For brevity, only a brief description of the
proof is presented.
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2.3 Stability with constant tuning parameters:

A Lyapunov function made by the combination of
the squares of the estimation errors and the filtered
error is defined as follows:

Vk :XkTKA_lKk +§kTKB_1§k +S]% (20)

Substituting equation (17) into equation (14) results
in the following:

T
T old old
Ve =AY+ BT U+

](21)

ro-l AT nold! v rold
by by (ysp_Ak Y, B U+ (1-Kp )y

When the
Zero, Ak =A,B, =Bands, =0. and then it can be

Lyapunov energy converges to

casily shown from equation (21) that: y,,, = y,,.

For Lyapunov stability it is required:
Vi Vi <0 (22)

Combining equations (18), (20) and (22) and after
collecting like terms and completing squares:

A A _1q _iq -1
Virl = Vi = (Ak+l _Ak)T(KA Apn+ Ky A 2K, A)
- - -1 -4 -

+ (Sk+1 + S )(S/m - Sk)
(22)

After evaluating expressions (19a) and (19b) at
interval k+1 and substituting the result into equation
(22), the following results:

Vi = Vi =—Kplsia +54 ) (23)

If Kp>0, Equation (23) guarantees that the Lyapunov
function is decreasing with time.

2.4 Stability with time varying tuning parameters

For the optimization problem given by equation (9) it
is advantageous to add additional degrees of freedom
to the problem by allowing the decision variables,
i.e. the tuning parameters Kp and K (K, and Kp) to
change with time whereas the stability proof in the
previous section assumed that this parameters are
constant in time. In this section the stability proof
will be extended to account for the situation that the
tuning parameters change with time. To the
knowledge of the authors it is not possible to prove
stability and to solve the optimization in equation (9)
for infinite possible values of the tuning parameters.
Therefore, it will be assumed that these parameters
can only acquire a finite number of values and then a
suboptimal solution of (9) will be sought using a
combination of these values. Accordingly, a set of
tuning parameter values will be defined as follows:
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® = {{Kp1 Ka1 Kp1}{Kps Kaz KgAK, Kan Kgn)f
(24)

For each element of the set ©, the system is
guaranteed to be stable and the parameters converge
as per the proof given in the previous subsection.
The key idea to ensure stability when different
elements of ® are considered along time, is to
calculate simultaneously on-line the evolution the

parameter estimates B , and 47 . and the error s, for all

elements of ® . However, only one specific control
action based on one of the elements is actually
implemented at any given time. In figure 1 the curves
labelled ‘1’ through °5° refer to the Lyapunov
function given by equation (20) corresponding to
parameters [KA,I,KB,I,KD,IJ through [KA’S,KB’S,KD,SJ

respectively when, for example, n=5 in definition

(24). Then when a new element of 53 considered,
ie. for a specific {K,; Kn; Kg;}, the parameter

estimates B, and 4, and the filtered error s, are reset

to the values corresponding to this element of the set.
This switch occurring at each time interval may
cause a local increase in Lyapunov energy. As an
example, refer to the jump in Lyapunov energy
between letters ‘A’ and ‘B’ in Fig 1. Each curve in
Figure 1 corresponds to the progression of the
Lyapunov function for a different element of @ .
Clearly, the Lyapunov function ultimately converges
to zero despite that temporary increases in this
function may occur.

Lyapunov Value

<

Fig 1: Lyapunov function as a function of time ( each

line correspond to a different element of the set O
defined by equation (24))

3. AN APPROXIMATE SOLUTION FOR THE
PROBLEM STATED IN EQUATION (9).

As mentioned above, the optimization problem given
by equation (9) is very difficult since it has to be
solved for all possible disturbances and model
uncertainty.  Therefore, in this section, an
approximated solution to this problem based on a
robust control approach is proposed. In order to
apply this approach, a nonlinear state space model is
formulated, based on definitions (10)-(19) presented
above, as follows:
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Vik+l :li()/kwdi,kw;kﬂ&ksﬁksﬁksskvk)

Sije+l :fi(yksysp,ksdi,ksXk’Ak’ﬁk’ék’Sk’KA’KBsKD’k)

Ak :gi()’krYsp,kadi,k’Kk5Ak’§k9]§k5serAaKB,KDak)
B :hi()’kvysp,kvdi,kv;‘kaAkaﬁkrﬁkrskaKAwKBvKDak)

-1 -1
Yspherl = Td " Vpk + (1_Td )yref,k
(25)

Where the disturbance d;; is an output bounded
disturbance and zj, in the last equation in (25) is the

desired closed loop time constant. For example, for a
first order system, the first equation in (25) is:

Visl =@ Y +b-ug +dy (26)

dy € [-6p.5p] (27)

The other state equations in (25) are derived from
equations (10)-(19) and are omitted here for brevity.

The deviations in the model parameters X,»,k and

B, defined by equation (19), are not known

because the actual values of these parameters are not
known a priori. On the other hand, bound on these
parameters can be obtained on-line by calculating
confidence intervals of these parameters based on
regression of current and past input output data.
Then, based on definition (18) the deviations in
parameters with respect to their nominal values

A and Bjare assumed to be bounded by the
identified confidence intervals as follows:

Ay €[-Ay,0A, ], B, c[-8B.,8B, |  (28)

Equations (27) and (28) define an uncertainty set :
— {-5A,.5A, 11 0By.6By [-5p.0p]] (29)

Liu (1968) has shown that bounds on the stability
and performance properties of a nonlinear system
can be found from the properties of an equivalent
linear time varying system that is given as follows:

Mt | _ E.(6;) Fn

e G H Vi

1o is known

'lk:[J’k Sk Ak ﬁk ysp,k]
Vk:[ymf,k] € = Vspk — Vk (32)
:[o 000 1—1;1Y

G=[1 0 0 0 —1]

H=[0]

Where the matrixE;
combinations of matrices E;; obtained from the

is given by the linear

Jacobian of the nonlinear system given by equations
(25) calculated at each one of the possible
combinations of the uncertainty set vertices defined
by equation (29) as follows:
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F“j;j:: } £ (6] (33)

Since the derivatives in (33) can be shown to be
linear with respect to the uncertainty elements
described in (29), then:

[Ek]= iai,k[Ei(éi)l (34)

L
zaip=1La>0
i=1

For example, for a first order system, there are 8
possible combinations of the uncertainty bounds
according to (34a) and (35) and correspondingly 8
possible matrices E; are calculated at each time
interval k.

Defining the ratio between the feedback errors to the
input setpoint changes y,./ 4 :

y>% (35)

I+,

Then, a bound on y for all the models defined by
equation (32) can be found from a General
Eigenvalue Problem (GEVP) defined as follows:

® =min y
P
S.t.

E.(3,)"P ml)PEk()PF G’
F'PE,(3,) F'PF-y%1 H' |<0(36)
G H -1

This GEVP can be solved by using the LMI toolbox
of Matlab. Then, an approximated solution to the
problem given by equation (9) can be obtained from:

min® (37)
e

Where, @ is calculated from (36) and © is a finite
combination of tuning parameters defined by (24)
and A is the uncertainty set defined by equation (29).
The minimization in equation (37) is done using the
function fmin in Matlab.

After initializing the values A, and B, and control

action vector Uz/“' , the tuning procedure includes the

following steps at each time interval &:

1. Calculate the uncertainty bounds in the uncertainty
set A using available data up to the current time..

2. Update the parameter values according to
equations (25) for each one of the tuning parameters
combinations in the set ® defined by equation (24).

3. Find the best tuning parameter combination in the
set ® by solving the optimization problem stated in
equation (37).

4. Implement into the process the control action that
corresponds to the best set of tuning parameters
found in step 3 (It should be noticed that
simultaneous calculations for all the combinations in
the set ® are carried on at each interval k& but only
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one control action corresponding to the best
combination is actually implemented.
5.Gotostep 1.

4. EXAMPLE

To illustrate the tuning method, a first order system
was investigated as described by equations (38). First
order filtered white noise disturbance d and square
wave input y,,  are considered and step changes in

the parameters are assumed to occur at k=100 and
150 respectively as described in (38). The tuning
parameters in the set ® defined by (32) are limited to
all the combinations of the values [0.4, 1.6, 3]. For
example:

©={K,,Kz,Kp}={{1.60473}{1.6,1.63},{3,3,0.4}....etc}
Xpa1 = apXy + by
Vi = Xk + 1
where
k e {1,200}
1.05 k <100
W= {0.95 100 < k <200
0.5 k <150
k- {0.6 150 < k < 200
e = (L= B, + iy, B =0.75,d € N(0,0.005)
Vspirt = A=) Ysp & + Wper 0 = 0.65,
Yref J : Squarewave (amplitude = 0.5, period = 20)
(38)

Figure 2 shows the evolution of the tuning
parameters as a function of time following the
solution of the optimization given by (38) at each
time interval in the neighbourhood of the parameter
step change. This figure shows that the tuning
parameters have to change frequently in time both
due to the change in parameters and the oscillating
setpoint. Table 1 shows the normalized sum of
square errors along the simulation. For comparison,
the sum of squared errors obtained from a simulation
for an arbitrarily tuned adaptive controller with fixed
in time tuning parameters (Ka=1,Kb=1 and Kd=1) is
shown in Table 1. The sum of errors is significantly
larger for the arbitrary tuning as compared to the
LMI method illustrating the need for proper tuning.
Finally an adaptive controller based on an RLS
estimator is simulated. The resulting normalized
error, significantly larger than the error obtained with
the LMI based method, is tabulated in Table 1. As
expected the RLS based controller does not perform
as well as the LMI controller especially after the step
change in the parameters. The reason is that before
this step change occurs, at k=100, the covariance
matrix P converges almost to zero and consequently
the RLS estimator responds very slowly to the
sudden change in the model parameters as compared
to the proposed estimator tuned according to
equation (38). This is clearly shown in Figure 3
where the adaptation of parameter a is shown for
both the proposed tuning method and for the RLS
based method.
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CONCLUSIONS

A method is proposed to tune an adaptive controller
based on a gradient estimator. The method uses a
robust control approach to minimize a cost function
in the presence of model uncertainty and
disturbances. The controller based on the proposed
tuning method is shown to be superior to a controller
based on an RLS estimator during step changes in
parameters.

LMI Track Selection

— Ka ||

Kb
—— Kd

0 . \ . \ . \ , .
70 75 80 85 90 95 100 105 110 115 120
Time Interval

Fig. 2: tuning parameters as a function of time
resulting from the proposed optimization (eq. (37))

Tuning Ka=1,Kb=1 | Proposed | RLS
KD=1 method
Vo~ y"/ Vi 0.0084 0.0074 | 0.0109

Table 1: Comparison of the normalized sum of
squared errors.

w

— True Value of A
CU1.2 — — LMI Estimate
= i . RLS Estimate
SO i
~ Lo 8 NG _
2 / [ N
R VU e ]
o Iy
091
08 L L
0 50 Time IntervalTime! erval 150

Fig. 3: adaptation of parameter a for the proposed
estimator (eq.(37)) and for RLS.
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