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Abstrad: The subjed of this paper is the task of designing the LMDS (Locd Multipoint
Distribution System) wireless broad-band data transmission system. The goparatus of op-
erational reseach and mathematicad programming by using statistical kernel estimators
and fuzzy logic is applied to find optimal locations of its base-stations. A procedure
which alows to oltain such locations on the base of potential customer distribution and
their expeded demand, also in the caes of uncertain and non-stationary data, is presented
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1. INTRODUCTION

The LMDS (Locd Multipaint Distribution System) is
applied by telecommunication operators for wireless
broad-band data transmission purposes. Such a sys
tem alows to conned the operator’s network node to
the buildings in which his customers are locaed,
without necesdty to construct an expensive cale
infrastructure. Thus, data ae transmitted between
base-stations distributed acossthe metropditan area
and those stations srve regular connedions with
subscriber stations located within the effedive cver-
age of transceivers belonging to base-stations. Sub-
scriber stations installed on buil ding roofs or facales
then transmit data to subscribers located within the
coverage aeathroughlocd, e.g. cable, networks.

An essential fador which often deddes about eco-
nomic justificaion of the LMDS system implemen-
tation is to determine base-station locaions © that
the highest profit can be atieved, within the avail-
able investment funds. Presently, there is no method-
ology to alow for a general solution of the problem
formulated in that way: in pradice, heuristic methods
are gplied, largely based on intuition, or other meth-
ods from related fields are alopted; see (Rappaport,
1996 Labo et al., 2001), also to find rich bibliogra-
phy. The task of LMDS base-station locaion plan-
ning is not essy due to the requirement to take into

acount a number of technicd conditions, as well as
eoonomic ones, also in the situation of data uncer-
tainty and non-stationarity.

Basic tedhnicd constrains include the average ra-
dius of base-gtation transceivers, as well their maxi-
mal bitrate, i.e. the largest total data quantity which
can be transmitted in a time unit. What is aso re-
quired for ensuring data transmission is the line of
sight between the base-station and the subscriber-
station antennas. For that reason, due to complex
land shaping, or such obstades as tall buildings on
the base-station coverage aea there may exist
shadow areas, on which it is not possble to transmit
between a base-station and the buildings locaed in
such areas. Thus, there is a limited number of sites
being well visible due to their elevation, which can
be seleded as potential locations for base-stations.

In addition to the aove-mentioned technicd con-
strains, another problem fadng planers is estimation
of the future demand. Such estimations are developed
on the basis of impredse and incomplete data con-
cerning potential service users located on a given
area Despite such uncertainty, estimations are indis-
pensable to define aspatia distribution of the pre-
dicted demand. This problem gets even more difficult
when planning is long-term, espedaly with non-
stationarity of data.



Consequently, the planning task requires a doice of
those posgble base-station locaions which ensure a
maximal profit from services, while the number of
stations is limited by the availability of funds. This
paper will present an algorithm of designing optimal
LMDS base-station locations. The method d statisti-
cd kernel estimators has been applied for the purpose
of describing the spatia distribution of demand for
data transmission services. Due to natural uncertainty
of demand values, aso fuzzy logic dements have
been wsed. In addition, the issie of existence of
shadow areas in the wverage aeas of base-stations
and the problem of their limited hitrates have been
taken into acount. It is also pasdble to apply that
method with a several -yea planning horizon.

This paper summarizes the material which will be
published in a full version as paper (Kulczycki &
Waglowski, 2004 soon. Complete software gplying
the dgorithm presented here will also be made avail-
able.

2. ESTIMATION OF THE DISTRIBUTION
OF SPATIAL DEMAND:
STATISTICAL KERNEL ESTIMATORS

Let the n-dimensiona random variable X, with a dis-
tribution having the density function f, be given. Its

kernel estimator f :RR" - [0,) is calculated on the

basis of the m-element simple random sample
X5 Xo, ...y Xy » @Cquired experimentally from the vari-
able X, and is defined in its basic form by the formula

f9=—5 ;KETE : @

where the function K:R" - [0,), which is Bore-

lian, radially symmetrical relative to zero, and has a
weak global maximum at this point, fulfilling the

condition J’]Rn K(x)dx =1, and is cdled the kernel,

whereas the positive efficient h is known as the
smoothing parameter. The form of the kernel K and
the value of the smocthing parameter h is sleded
most often on the basis of the aiterion of the mini-
mum mean square aror. It turns out that the form of
the function K has no essentia importance from the
statistica point of view, and for that reason, it is pos-
sible when seleding this function to take into account
primarily the properties of the estimator required in
the cae of a particular problem. Becaise of the con-
venience of analyticd cdculations, the 2-dimensional
Cauchy kernel is applied in this paper:

= Ty = 1 2
K=Kl @

In particular tasks, additional procedures are used for
improving the properties of kernel estimators. In the
methoddogy investigated here, the so-cdled modifi-
cdion of the smoothing parameter is srongly pre-

ferred. For details of the &ove methoddogy, see
(Kulczycki, 1998 Silverman, 1986 Wand & Jones,
199). Exemplary applications of kernel estimators
are presented in papers (Kulczycki, 200Q 2001,
2002, b).

In the problem investigated here, the kernel estimator
will be used for charaderizaion of the distribution of
gpatial demand for data transmission services in the
areaunder consideration. The variable X is therefore
2-dimensional, i.e. n=2, while its particular coordi-
nates represent longitude and latitude. The kernel
estimator with the modificaion of the smoothing
parameter redized by the introduction of the n-
stants s; >0 for i =12,....,m, will be gplied after

additional mapping of the wmefficient w; >0 for
i =1,2,...,m to every kernel; therefore,

f (x ZW'K _ E ®)

h 2 _ =1 SI
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Finally, having a data base cnsisting of m paotential
locdions of subscriber buildings, where eat of
them is charaderized by its geographicd paosition
X; :[xil,xiz]T and the wefficient w; representing
potential demand for data transmission services cor-
responding to locaion (i =1,2,...,m), one can obtain
from formula (3) the kernel estimator describing the
density of distribution of the spatial demand for data
transmission services on the whole aea under con-
sideration. This distribution is properly made @n-
tinuous owing to the properties of statisticd kernel
estimators. Moreover, due to averaging aspeds of
such estimators, it is possble to use asimplified data
base, including only the locations of main subscriber
buildings, and taking into acount in the rre-
sponding coefficients w; also smaller objeds from

their neighborhood That adion considerably simpli-
fies the most difficult and expensive phase of the
procedure of planning optimal locaions of LMDS
base-stations investigated in this paper.

3. BASE-STATION SYSTEM
PERFORMANCE INDEX

In pradice it is not difficult to identify a limited
number of sites for installing base-stations, including
eg. tal buildings and telecommunicaion towers.
Having defined in the previous sction the function

f which charaderizes the spatial distribution of

demand for data transmisson services, one can map
for particular locdions the values resulting from that
function’s integration, within the coverage aeas of
the respedive transcevers. In the cae of a base-
station system, the integral for the whole aea @v-
ered by the ranges of particular transceivers defines
the total demand being also a aiterion for the sys-
tem’s quality appraisal.



Let the set of k potential locations of base-stations at

stes xj =[xj3,Xj2]", with j=12,...k, be given.
The following rotations are introduced:
= If(x)dx ()
c
Ejl,jz ’’’’ in = f(X) dx , (5)

C,nC,n..nC,

where C; denotes the j-th circle with the center at
X; and the positive radius r; (representing maximal
range of the transceiver mapped to the j-th locaion),
and jq1,j2,in0{12,...,k} are different, while

2<n<k. Thetotal demand charaderizing the qual-
ity of the base-station system, is given by the formula

E= I f(x)dx= zE - thJz

c,0c,0..0c, = {1 d2}

> Eihis*

{iv 2 Jab

+(-DK Ei2,...) : (6)

The text given below presents an algorithm cdculat-
ing the values of formulas (4) and (5), which ex-
hausts the procedure dl owing to estimate the demand
for data transmission services within the fixed base-
station system, in acardancewith formula (6), which
charaderizes the system quality.

Due to the seledion of a kernel in the form (2), it is
possble to cdculate an anayticd formula for the
integral from the function of the single kernel K;

with the parameters h, s; and w;, on the drcle Cj,
with the radius r; and the distance d;; between the
centers of the drcle and the kernel (for i =12,....m

and j=12,...,k), expressd by
m 2 _ 4.2 _h2:2
E =t W.E i 24 hs +10
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For the purpose of the problem under consideration,
the &ove formula may take on the form

m H r]-z—dijz—hzsq-2 H

E] = WiD +10 .
= E{\/ri4+2[h2$2‘dijZ]'jZ+[h2$2+dijZ]2 .

()

The values cdculated on that basis will be subjeced
to comparison in the processof seach for an optimal
element, while multiplication of the performance
index by a positive mnstant does not affed results
obtained in such a problem.

Next, the analyticd cdculation of the integral value,
in the @ase of intersedioning of any number of cir-

cles, is pradicdly unexecutable. A pradicd ap-
proximate procedure will therefore be investigated
below. First, the cae of the kernel K; and two cir-

cles Cj and C; will be mnsidered. Owing to a

posshility of renumbering, it can be asumed, with-
out reducing generality, that rj <rj,- Let Dj j,

denote the distance between the centers of the drcles.
One of the foll owing relationships may occur:
(A) Dj,j, 2T, *rj, implying digunction of the

circles or edge cntad; then, E; ; =0;
(B) Dj,j, =1y,

C|rcle is their intersedion; then, Eh,iz = EjZ'

=, which means that the smaller

which value may be cdculated from formula (8);
(C) neither of the pervious cases occurs, the drcle
intersedion has the shape of a lens; the method
of cdculating the gproximate value of Ei.i, is

given below.
This method consists in repladng the lens with a dr-
cle, for which formula (8) can be gplied. By guar-
antedng equal fields of the drcle and the lens and
with proper location of the drcle’s center, the differ-
ence between the values of function (3) on the aeas
of the lens and of the drcle is not large, while the
error of integration (having the averaging reture) on
them is fairly insignificant. It is worth noticing that
the largest values of the eror occur when the lensis
considerably flattened, or when its field, together
with the value Ei.i, , isrelatively small.
Let Dy, j,

intersedion of the drcles le and Cjz ; acaording to

mean the distance between the paints of

the assumptions of case (C): '51'1,1'2 >0. The cdcu-

lation of the value '51'1,1'2 is not difficult based on

non-complex procedures of analyticd geometry. The
field of thelens Lii, in defined, in the case of aflat

lens,i.e.when r; >./r. >+D; ; 2, by formula
I2 h Jis ]2

however, in the cae of a mnvex lens, i.e. when

A l , by formula

11 i2 O EJ EDJl i2 +\/r_ 2 _Hlﬁilviz g §+
11 j2 T )2 2 0Op
ad O E

B, .

(10)

11 i2 11 2 1



Upon cdculation of the lens field Lii from for-

mulas (9) or (10), one can easily cdculate the radius
of the substitute drcle r s

L

_ | Ciuia
rjlyjz = - . (ll)

Its center is defined as follows. The straight line
crossng the centers of the drcles C; and Cj, is

also crossng ead of them at two different paints,
one on ead lens edge. Let the cetter between those
points be the center of the substitute drcle. Calcula
tion of its coordinates is not difficult using the ana-
Iyticd geometry methods. Once the eenter and the
radius of the substitute drcle ae known, it is possible
to cdculatethevalueof E; ; based onformula (8).

The @ove procedure may be eaily generalized in the
reaurrent manner in the caes of intersedion of any
number of circles. Upon circle ordering in acar-
dance with the increasing radius sze, it is necessary
to cdculate the substitute drcle parameters for the
lens obtained from the first pair, followed by subse-
guent iterations for the subgtitute drcle and subse-
guently considered ones, repedaing such iterations
until the list of circles is exhausted. The result is a
substitute drcle for the aeabeing intersedion part of
al the drcles under consideration. It is possble to
apply formula (8) to the resulting circle.

The @dove completes a basic cdculation agorithm
necessary to apply formula (6), alowing to charac-
terize the quality of the given base-station system.
This agorithm can be eay modified to take into ac-
count shadow areas and limited hitrates of base-
stations.

Thus, as it was mentioned in the introduction, within
the aeatheoreticdly covered by transcevers occurs
the shadow areain which transmission is impaossible
due to uneven land or obstades, e.g. tal buildings. In
pradice shadow area a&e often approxi-mated by
simple geometric figures, while those figures are
treaed as circles, or, generally, circle unions. With
this assumption, the dgorithm developed above d-
lows for easy cdculation of the integral from the
density function of the spatial distribution of the de-
mand for data transmission services on shadow aress,
in analogy to formula (6), followed by subtradion of
that value from the index cdculated previoudly.

The performance index of the particular base-station
system, defined formula (6), represents the caoabili ty
of meding the tota demand for teletransmisson
services provided within the system’s transcever
coverage. However, on espedally attradive dty ar-
ess, the mverage demand may not be met due to
limited transceiver bitrates. In the following, the pro-
cedure dlowing to acount for limited hitrates of
particular base-stations will be presented.

Let b; >0 with j=12..k , mean maxima bi-
trates of particular transcevers belonging to a sub-

system of k" base-stations with connedted coverage
area The set, being the union of the aeas within the
base-stations' coverage, is divided by the drcles con-
stituting coverage edges of particular transcevers
into a number of subsets with nonempty interior (the

maximal possble number is 2k -1). Those sets,
denoted further as Z;, will be numbered with the
index i=12,...,I. Using the dgorithm presented
previoudly, the gproximate value of the integral

L, f(x) dx, for eah i =12,...,1 , can be cdculated.

Let now the matrix A with dimension k™ x| and
nonnegative dements, be given. Particular rows of
the matrix are cnneded with subsequent base-
stations of the system under consideration, while
columns are wnneded with particular subsets Z; . If
the i-th subset is outside of the range of the j-th sta-
tion, one should assume that a;; = 0. The following

performance index will be considered, and the ded-
sion variables will be dl the dements of the matrix A
whose value was not assumed above & zero (the re-

spective set will be denoted below as {a}yi} ):

max aij (12
0 ]
{a;,;} j:]_’zzy_._,k*
1=12,...|

with the boundaries

aj;j 20 for j=12..k and i=12..1 (13
I *
Zaj’i SbJ for j:LZ,...,k (14)
£
K )
Zaj,isj'f(x)dx for i=12..,1 . (15
j=1 o

That is a typicd linea optimizéion task. By arrang-
ing the dements of the set {a?,i} in avedor, it may

be transformed to a canonicd form and solved by the
generaly available simplex method. Each of the de-
ments a;;, obtained in acwrdance with the eove

procedure, indicaes which portion of the demand
from the aea Z; should be served by the station j in

order to med the largest possble demand for tele-
communicdion services for the given base-station
system, taking into acount limited bitrates of the
respedive transcevers.

4. SELECTION OF THE OPTIMAL
BASE-STATION SYSTEM

Once the base-station system performance index has
been worked out in ac@rdance with previous sdion,



one may start resolving the basic task of the present
paper, i.e. the selection of the optimal base-station
system. For that purpose, the methods origin from
operational research will be applied.

The utilization of radio frequencies made available to
the telecommunication operator requires application
of devices, with essentially different functiona pa-
rameters. In the model presented here, a possibility of
selection, in each potential location, of one possible
version of transceivers, from among p options, while
pUON, is assumed. Particular versions are repre-

sented with the following positive parameters: r; —a
coverage radius, b —amaximal bitrate, and c; —the
cost of equipment and its installation, where
i =12,...,p. The cae when no equipment isinstalled
a alocationisrefleded by i =0 and ¢y =0.

Let the k-dimensional dedsion vedor

[91,92,-0k]" (16)

be given. Particular coordinates represent potential
base-station locations, and asume the vaues
g 0{01,...,p} for j=12,..k.To bemore predse:

if the j-th coordinate is O, i.e. gj =0, it means that

the transcaver installation at the j-th locdion is not
planed; however, if that coordinate takes on the value
i from the range 1,2,...p, it means that the i-th ver-
sion of such devices is installed at the j-th locaion.
The optimization task consists here in seaching for
the maximum of the expresson

max E((g1,92,0k]") . 17

91,9258k

with the boundary
k -
Z Cg, <C , (18)
1=

where the positive number C means the maxima

amount of avail able funds, and E([gl,gz,...,gk]T)
denotes the value of function (6) for a system of
transceivers distributed in acordance with the value

of the dedsion vedor [gq, g2,...,gk]T .

Let the k-level dedsion tree be given: particular
levels represent subsequent potential base-station
locaions. Dedsion tree nodes are assgned subse

quently one of possible values g; 0{0]1,...,p} for
] =12,....k; if the j-th level is asdgned the value
g , the node represents the case in which the g -th
version of a transceiver is installed at the j-th loca-
tion. That also implies assgning to that node the cost
ng of a given version of a transcever, which is
necessary to verify boundary (18). The solution of
the problem under consideration consists in the

determination of a path from the first level node to
the k-th level node, described by the vedor

[gl,gz,...,gk]T, for which the function E reades
the maximum, and baundary (18) is fulfilled. To
solve so formulated a task, a dassicd method o di-
vision and baundaries has been appli ed.

Animportant element affeding the rate of cdculation
is effedive “closing’” those nodes from which a
better path then previously found cannot be gener-
ated. Let the numbering of particular transcever ver-
sions be such that ¢y <c¢; <...<cp, while the num-

bering of tree levels such that IC(Xl f(x) dx =

’ rmax)

IC(Xz,rmaX)f(X)dXZ ...2IC(Xk fdx, ie ac

cording to the demand level met by a given locaion,
for the transceiver version with the largest range
r'max- |T the node under consideration is locaed in

layer jO{12,....k=1}, it will not be difficult to cd-

culate the number JOIN stating how many chegest
transcevers may be installed within available funds:

_
S-Sy
J=int—= | (18)
O ¢ L

i F

where int(a) denotes the integer part of the number
alRR. Let a fragment of the path above level j de-

scribe the partial dedsion vector [gl,gz,...,gj]T. If

the value E, charaderizing acording to formula (6)
the base-station quality for the dedsion vedor

' rmax)

0..0" , (19

l
max

(91, 92:-9j,9r  »0r
—

J factors

where g,  representing the version of transceivers

with the largest coverage, is gnaller then or equal to
the maximum of previously cadculated value E, then
such a node should be dosed becaise dedsion vec-

tors of the form of [g1,92,....9j, an;dT may not
produce abetter path then the one found.

5. LONG-TERM PLANNING HORIZON

The task previously considered was gationary in ne-
ture. However, one can exped increased transmission
to current customers and inclusion of new customers
with time. Also, a gradua increease of funds can be
expeded owing to current income and growing op-
erator’s creditworthiness In addition, the parameters
of transcevers are dso changed. After signing new
agreements and expanding wban infrastructure, new
base-station locaions will bemme available. The
methoddogy presented in this paper alows to ac-
counting easily for the time fador and, in particular,



all the above-mentioned task aspects.

If the project is considered within TOIN\{0,3} time

sections (in practice such periods most often refer to
particular years, with T=2 or T =3), decision
vector (15) should be generalized to

[O1t=1, 92t=1,- Ok t=1 O1t=2, 92,t=2--+ Dk ;t=2
o gl,t:Trgz,t:Tv--agkl,t:T]T (21)

and boundary (18) assumes a form of T independent
conditions

ki ~
Z ng,t < Ct for t :].,2,...,T , (22)
=1

where the parameter t=1,2,...,T characterizes par-
ticular time sections, and al the quantities using in
optimization task are correspondingly indexed by t,
characterizing conditions possibly different for par-
ticular time sections.

6. FUZZY NATURE OF DEMAND

The coefficients w; for i=12,...,m introduced in

formula (3) represent the demand for teletransmission
services assigned to particular subscriber-station lo-
cations. Their value is estimated in practice by an
expert opinion expressed verbaly, often based on
intuitional premises. Consequently, the description of
the predicted demand for teletransmission services by
a subscriber station will require fuzzy logic elements.
What should also be taken into account is a specific
nature of the task under consideration: a lot of fuzzy
numbers (equal to the number of subscriber stations
m) necessary to identify and to use in subsequent
anaysis. In that situation, especially suitable are the
fuzzy numbers of the type L-R (Kacprzyk, 1986).

Thus, for each of mlocations of subscriber buildings,
the coefficient w; representing a potential demand
for data teletransmission services, introduced in for-
mula (3), can be generalized to the three-parameter
fuzzy number L-R suitable for identification and cal-
culations 94 = (W, a;,B;), where w; —a; 20 for
every i =12,...,m. In aspecial case, 94 =(w;,0,0)
may represent the real (nonfuzzy) number w; . In this
situation, the performance index of the base-station
system under consideration (6) has a form of linear
combination of three-parameter fuzzy numbers 971,
and, therefore, it aso becomes a three-parameter
fuzzy number &. To alow for comparison of quali-
ties of particular base-station systems, the methodol-
ogy of preference theory (Fodor & Roubens, 1994)
will be applied. The preference function P of the
fuzzy number &, with the bounded support of the
membership function, will be adopted in the form
resulting from the decision-making practice

max supp i,
[ a9

P((v)) =9 MINSUPpP u
max Supp 4

| ue(x)dx
minsupp

+ -8 minsupp s

(23)

where d0[0] , u, means the membership function
of the fuzzy number &, while suppu, denotes its

suppat. The value of the membership function is
therefore alinea combination with weights & and
1-0 of the average value of the fuzzy number and
the minimum value of its suppart. The average num-
ber corresponds to the Bayes dedsion rule and ex-
preses a “redistic” operation, while the minimum
value of the membership function suppat results
from the minimax rule and represents the
“pessimigtic” point of view. The parameter & deter-
mines therefore the wmpany’s strategy in the range
from redistic one (assuming average of the predicted
demand) for &=1, to pessmistic one (assuming the
lowest level of the predicted demand) for 6=0.
When clea preferences are missing, the vaue
0=0,5 can be proposed.
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