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Abstract 
 

 This paper presents a mixed-integer nonlinear programming (MINLP) model for the 
optimal design of mechanical counter-flow cooling towers, subjected to standard design 
constraints. The objective function consists of the minimization of the total annual cost, which 
includes the capital cost of the cooling tower (that depends on the filling material and the air 
flowrate) and the operating cost (that includes the costs for the water makeup and for the 
power consumed by the tower fan). Merkel’s method is used to set the dimensions of the 
tower, and empirical correlations are used to estimate mass transfer coefficients for the packed 
section of the tower. The design variables to be optimized are the water-to-air flow ratio, the 
water flow rate, the water inlet and outlet temperatures, the operating temperature approach, 
the type of packing, the type of draft, the volume of packing material, the total pressure drop 
due to the air flow rate, the fan power, and the water consumption. 

The MINLP model was solved with the GAMS software package using the DICOPT 
solver. The performance of the proposed model is shown with six examples. From the results 
of the examples, it can be observed that cooling towers with low temperature approaches are 
not suitable because driving forces become a limiting factor. On the other hand, dry-bulb 
temperature variations have a negligible effect on the tower size. From the set of design 
parameters analyzed, the temperature approach is shown to be a critical factor for the optimal 
design of cooling towers. 

 
Introduction 

 
 Closed-cycle cooling water systems are widely used to dissipate the low grade heat of 
chemical and petrochemical process industries, electric-power generating stations, 
refrigeration and air conditioning plants. In closed-cycle systems, water cools the hot process 
streams, then it is cooled by evaporation and direct contact with air in a wet-cooling tower and 
recycled to the cooling network. 
 The wet or evaporative cooling towers may be classified as natural draft and mechanical 
draft types. In both, warm water from the cooling network of a plant enters the top of the tower 
and always flows downward over an internal labyrinth-like packing, called fill, and air can flow 
upward (counter flow) or horizontally (cross flow). The fill distributes the water flow uniformly 
and provides a large air-water interface area for the simultaneous heat and mass transfer 
processes. As a result of the direct contact between the water and the air in the packing 
region, part of the water is vaporized and the water temperature is reduced while the air 
enthalpy is increased. The cooled water is then collected in a cold water basin below the fill 
from which it is returned to the cooling network. The blow-down water and the water lost 
through evaporation and drift are replaced with fresh make-up water. The moist air leaves the 
top of the tower. 



 In the mechanical draft cooling tower, air is circulated through the tower by means of 
electrically driven fans. On the other hand, the natural draft cooling tower uses the natural 
buoyancy of the warmed air to circulate it through the tower. Mechanical draft towers can be 
either induced draft (fan located at the top of the tower) or forced draft (fan located at the 
bottom of the tower). 
 In practice, large natural draft cooling towers are used in power plants for cooling the 
water supply to the condenser. Mechanical draft cooling towers are preferred for oil refineries 
and other process industries, as well as for central air-conditioning systems, due to they cover 
a much wider range of sizes, can be made more compact, give more uniform cooling and have 
lower water loss than natural draft towers. 
 Though the fundamentals of mechanical draft counter flow cooling towers are presented 
in a number of references, very few studies are available for the optimal economic design of 
this type of cooling towers. In this paper, an MINLP formulation is developed for optimizing 
mechanical draft counter flow cooling towers, which takes into consideration the above 
mentioned group of independent variables in conjunction with the constraints imposed on the 
problem. The objective is to minimize the total annualized cost of the tower. The Merkel’s 
method is used for estimating the size and performance of cooling towers. The design of 
cooling towers also requires the optimal selection of the type of packing and, in this work, the 
choice is limited to film, splash, and tickle type fills. The mass transfer and pressure drop 
characteristics of these types of packing are presented in the form of empirical correlations 
given by Kloppers and Kröger.1, 2 In addition, mechanical cooling towers can be either induced 
or forced. Disjunctive programming is used to formulate the discrete choices of type of packing 
and type of draft. In thermodynamic property modeling, the enthalpy of saturated air-water 
vapor mixture is expressed as an exponential function of the local bulk water temperature. For 
developing this correlation, the ASHRAE3 property table was used as the source of the 
enthalpy of saturated air data from 8ºC to 55ºC for standard atmospheric pressure. The fitted 
equation reproduces the data from ASHRAE3 with 0.047% of average absolute deviation. The 
optimization problem is solved with GAMS, using the solver DICOPT.4 

 
Cooling tower model 

 
 Figure 1 shows the general arrangement and variables employed for the representation 
of a counter flow cooling tower. 
 The temperature difference between the water outlet temperature and the wet-bulb 
temperature of the air entering the tower is called the tower approach. 

inout TWBTWApproach −=                                                      (1) 
 The temperature difference between the cooling tower water inlet and outlet 
temperatures is termed the range of the tower. 

outin TWTWRange −=                                                          (2) 
 The integrated form the Merkel’s equation is presented as: 
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Figure 1. A differential control volume of a counter flow cooling tower 

 
 The operating line, which results from an overall energy balance on the fluid streams 
entering and leaving the tower is given as follows, 

( ) ( )inoutaoutinwpw hahamTWTWmc −=−                                            (4) 
 

MINLP model formulation 
 

 Using the Merkel method, the optimal mechanical draft counter flow cooling tower 
problem is formulated as an MINLP optimization problem as follows. 
 Heat load 

( )outinwpw TWTWmcQ −=                                                       (5) 
 Required Merkel number 
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For each temperature increment, the local enthalpy difference (Δhi) is calculated from 
4,...,1i,hahsah iii =−=       Δ                                                    (7) 

and the algebraic equations for calculating the water temperature and air enthalpies 
corresponding to each Chebyshev point are given by 

( ) 4,...,1i,TWTWTCHTWTW outiniouti =−+=                                           (8) 
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( ) 4,...1i,TW*05439778.0exp7153617.15TW*86581791.038887667.6hsa iii =++−=           (10) 
 Packing performance: Transfer and loss coefficients. 
 The measured transfer coefficients are correlated in terms of the available Merkel 
number for a particular fill type as, 
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 The following disjunction is the one associated with the discrete choice of the type of 
packing. This is accomplished with the Boolean variable Yk, which can be true or false 
depending on whether type of packing k is selected or not. The disjunction is as follows: 

( ) ( ) ( )

1 2 3

1 2 3

splash fill trickle fill film fill

, 1,...,5 , 1,...,5 , 1,...,5j j j j j j

Y Y Y

c c j c c j c c j

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥

∨ ∨⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥

= = = = = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

 This disjunction is transformed using the convex hull reformulation as following: 
1 2 3 1y y y+ + =                                                             (12) 

1 2 3 , 1,...,5j j j jc c c c j= + + =                                                   (13) 

, 1,...,3. 1,...,5k k k
j jc a y k j= = =                                             (14) 

where yk is the set of binary variables that decides the type of packing. 
 The tower fill performance is described not only by the transfer coefficient, but also by 
the loss coefficient per meter depth of fill, Kfi, that is required to calculate the pressure drop 
through a fill. For the splash, trickle, and film type fills, the loss coefficient correlations can be 
expressed in the following form1 
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 The corresponding disjunction is given by, 
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 This disjunction using the convex hull reformulation is expressed as follows 
1 2 3, 1,...,6l l l ld d d d l= + + =                                                  (16) 
, 1,...,3. 1,...,6k k k

l ld b y k l= = =                                              (17) 
 Tower pressure drop 
 In mechanical draft cooling towers, the total pressure drop along the air path, ΔPt, is the 
sum of the static pressure drop and the velocity pressure.5 The static pressure drop includes 
the pressure drop through the fill, ΔPfi, and the sum of miscellaneous pressure losses, ΔPmisc, 
e.g., in drift eliminator, air inlet, water distribution piping, etc. 
 The pressure drop through the fill matrix is coupled to the loss coefficient by the 
following relation1 
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and 
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 The air-vapor flow at the fill inlet and outlet mavin and mavout are calculated as follows 
ainain mwmmav +=                                                          (21) 

aoutaout mwmmav +=                                                        (22) 



 As pointed out by Mills6, the miscellaneous pressure losses in components such drift 
eliminator, air inlet, water distribution piping, column supports, etc., are calculated by using a 
velocity head equation: 
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Some information on typical values for Kmcl is given by Li and Priddy5 and Mills6. 
 Total miscellaneous pressure losses can be represented by 
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 Another source of the total pressure drop in cooling towers is the velocity pressure, 
ΔPvp, which is calculated as follows 

( )( )miscfivp PP32P ΔΔΔ +=                                                    (24) 
 By summing equations (22), (23), and (24), one can express the total pressure drop of 
the air stream for counter flow cooling towers as 

( )miscfit PP667.1P ΔΔΔ +=                                                    (25) 
 Power consumption 
 The required power for a cooling tower fan can be determined by multiplying the total 
pressure drop with the air volume flow rate at the fan location. Hence, the power consumption 
is in terms of the air volume flow rate at the packing inlet for forced draft towers or at the 
packing outlet for induced draft towers. Consequently, the location of the air fan has effect on 
the power requirement. According to this feature, the following disjunction is required for the 
discrete decision associated with the optimal selection of draft type: 
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This disjunction can be described by the following set of equations: 
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 Water Consumption 
 Makeup water (mmw) is constantly added to the cooling tower basin to compensate for 
the loss of water to evaporation, drift, and blowdown. 
 From the conservation of mass, the rate of water evaporated (mwev) into the air stream is 
related to the dry air flow rate and the air-inlet and outlet water vapor contents as follows 

( )inoutawev wwmm −=                                                        (31) 



 Since the evaporation water is essentially free of dissolved solids and impurities, all 
those introduced in the makeup water must be equal to that in blowdown and drift losses. 
Thus, the amount of blowdown can be expressed as 
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 In a well designed tower the drift loss is no more than 0.2 percent of the total water 
circulating flow7 

wwd m002.0m =                                                             (33) 
 The makeup water must equal the sum of the water losses to maintain a steady 
circulating water flow, that is, mmw = mmev + mbw + mwd, 
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 Physical properties 
 For total pressure of 1 atm, the enthalpy of the air entering the tower, hain, is equal to 
the enthalpy of saturated air at a temperature equal to the inlet air wet-bulb temperature, 
TWBin (Singham, 1983). Thus, hain can be calculated as follows 

( )ininin TWB*05439778.0exp7153617.15TWB*86581791.038887667.6ha ++−=       (35) 
 The mass fraction humidity of the air stream at tower inlet, win, is a function of the inlet 
air dry- and wet-bulb temperatures and is given by8 
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Eq. (4) can be rearranged to give 
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The outlet air temperature can be represented by the following functional relationship 
( )out1out hsafTA =                                                           (38) 

 The mass fraction humidity of the saturated air stream at tower outlet is given by 
(Kröger, 2004) 
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 The vapor pressure of water corresponding to a specified temperature is calculated from 
the correlation given by Hyland and Wexler9, 
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 The density of air-water vapor mixtures can be calculated from the ideal gas law as 
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 Feasibility constraints 
 In this section, inequality constraints are written to define the feasible region of the 
optimization problem as well as feasible operation of the optimal cooling tower as follows, 

8.2TWBTW inout ≥−                                                         (42) 

minout TTMPOTW Δ−≤                                                       (43) 
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 Objective function 
 The objective function involves the minimization of the total annualized cost, TAC, which 
is the sum of the annualized capital cost of the cooling tower and annual operating costs Cop: 

opCT,capf CCKTACimizemin +=                                               (53) 
 The annual operating costs are determined by the makeup water consumed and the fan 
power required for a given application: 

PcHmcHC eYmwwYop +=                                                     (54) 
 The formula for the installed capital cost of cooling towers, given below, is from Kintner-
Meyer and Emery10: 

aCTMAfifrCTVCTFCT,cap mCLACCC ++=                                           (55) 
 The cost coefficient CCTV depends on the type of packing and is represented by the 
following disjunction: 
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 This disjunction can be described by the following equations: 
1 2 3

, , , ,CT V CT V CT V CT VC C C C= + +                                                   (56) 
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Numerical examples 

 
 The software DICOPT included in the GAMS4 optimization package was used to solve 
the proposed MINLP model given by Eqs. (5) to (57). In Table 1, the design specifications and 
process constraints for six examples serving as test problems are presented. Example 1 is the 
base case. In the other examples, only one input variable or design constraint varies while the 
other input variables or design constraints maintain at the base values. For all examples, the 
cooling tower is required to remove 3400 kW at an ambient air pressure of 101 325 Pa. The 
cpw for the water is taken as 4.187 kJ/kgºC, the HY parameter is assumed as 2.934x107 s/year, 



and the annualizing factor for the capital cost as 0.2983/year. The values of cw, ce, CCTF, 
CCTMA, ηf and ncycles, are taken as US$5.283x10-4/kg, US$0.085/kWh, US$31,185, 
US$1,097.5/(kg of dry air/s), 0.75 and 4, respectively. 
 

Table 1. Design specifications and process Constraints for the examples 
 Examples 

1 2 3 4 5 6 
Q (kW) 3400 3400 3400 3400 3400 3400 
TAin (ºC) 22 17 22 22 22 22 
TWBin (ºC) 12 12 7 12 12 12 
TMPI (ºC) 65 65 65 55 65 65 
TMPO (ºC) 30 30 30 30 25 30 
ΔTmin (ºC) 10 10 10 10 10 5 

 
 The results of the total annualized cost minimization for the six examples are presented 
in Table 2. For each example, the selected type of filling material is the film packing that offers 
the best combination of heat transfer and pressure losses, enabling the lowest total annualized 
cost. Also, the selected type of draft is the forced draft in all examples. The water and air 
loadings of all examples are in the ranges given by constraints (49) and (50), respectively. It 
should be noted that the total annualized cost is dominated by the operating costs for all 
examples. In general, the cost of makeup water is greater than the cost of electric power 
required for the fan performance. 
 The effect of variation of the inlet air dry-bulb temperature, TAin, on the total annualized 
cost can be established from the Examples 1 and 2. As TAin is decreased from 22 to 17ºC, the 
optimum total annualized cost shifts from US$66,065.14/yr to US$64,604.64/yr. It causes a 
2.21% decrease in the total annualized cost. Thus, the total annualized cost is fairly insensitive 
to the inlet air dry-bulb temperature for the range of conditions tried, and decreases slightly 
with TAin. 
 However, as shown in Table 2, decreasing the tower approach has a pronounced effect 
on the optimum value of total annualized cost. By taking the optimum solution of Example 1 as 
reference, we see that, when the optimal tower approach is decreased from 8 to 3 (Example 
5), the total annualized cost is increased by 77.52%. In general, as the approach is reduced, 
tower size increases exponentially if other conditions remain unchanged, and it follows that 
total annualized cost of the tower also increases exponentially. This is because the driving 
forces become more limiting as the tower approach decreases and so a larger Me or tower 
size is required for rejecting the same heat load. In contrast to this behavior, Examples 3 and 6 
show that as the tower approach increases the total annualized cost decreases significantly. 
Thus, it is clear that the tower approach is an important optimization variable. 
 Examples 3 and 6 show that optimal tower approach increases when TWBin and ΔTmin 
decrease. On the other hand, Example 5 shows that, as TMPO decreases, the optimal tower 
approach also decreases. Since TWBin is site-specific and TMPO is limited by the temperature 
conditions of the process, these variables are taken as input parameters. Thus, only the value 
of ΔTmin could be determined by optimization. This decision variable could be minimized to 
maximize the tower approach and, therefore, minimize the size of the cooling tower. However, 
this is offset by increases in the size of the coolers in the cooling network due to lower log-
mean temperature differences. Thus, this optimization problem must take into account the 
interaction between tower performance and cooling network performance to select the 
optimum value of ΔTmin in the context of the entire system. 



 The effect of the cooling range on the cooling tower cost is illustrated in Examples 3 and 
6 for a constant tower approach and inlet water temperature. It was found that a reduced 
cooling range results in a higher water outlet temperature, with the corresponding increase in 
driving forces for cooling. Thus, as the cooling range is decreased, the tower size (or Merkel 
number) and tower cost become smaller. 
 

Table 2. Optimization Results for the Examples 
 Examples 

1 2 3 4 5 6 
mw (kg/s) 25.720 25.794 25.700 30.973 22.127 30.749 
ma (kg/s) 31.014 31.443 28.199 36.950 32.428 27.205 
mw/ma 0.829 0.820 0.911 0.838 0.682 1.130 
mmw (kg/s) 1.541 1.456 1.564 1.547 1.542 1.540 
mwev (kg/s) 1.156 1.092 1.173 1.160 1.157 1.155 
mbw (kg/s) 0.334 0.312 0.340 0.325 0.341 0.323 
mwd (kg/s) 0.051 0.052 0.051 0.062 0.044 0.061 
TWin (ºC) 50 50 50 45 50 50 
TWout (ºC) 20 20 20 20 15 25 
TAout (ºC) 37.077 36.871 36.998 34.511 36.411 39.083 
Range (ºC) 30 30 30 25 35 25 
Approach (ºC) 8 8 13 8 3 13 
Lfi (m) 2.294 2.239 1.858 2.154 6.299 1.480 
Afr (m2) 8.869 8.894 8.862 10.680 7.630 9.296 
Kfi 21.946 21.950 21.926 21.942 22.066 22.639 
ΔPfi (Pa) 280.331 277.727 186.621 254.540 1139.529 131.908 
ΔPmisc (Pa) 36.189 36.740 29.782 35.011 53.288 25.596 
ΔPt (Pa) 527.640 524.216 360.744 482.683 1988.425 262.560 
P (hp) 24.637 24.474 15.205 26.852 97.077 10.754 
Type of packing Film Film Film Film Film Film 
Type of draft Forced Forced Forced Forced Forced Forced 
Me 3.083 3.055 2.466 2.923 7.335 1.858 
Cmw 23885.109 22566.366 24239.785 23983.449 23901.657 23865.877 
Cpower 12737.595 12653.677 7861.037 13882.754 50190.495 5559.875 
Cop 36622.703 35220.043 32100.822 37866.203 74092.153 29425.752 
KCcap,CT 29442.436 29384.597 26615.995 32667.705 43186.526 25030.274 
TAC 66065.139 64604.640 58716.817 70533.909 117278.68 54456.026 

 
 In addition, Examples 2 and 4 (or 1 and 4) show the effect of cooling range for fixed 
tower approach and fixed water outlet temperature. In this case, we see that as cooling range 
increases, the inlet water temperature also increases. This results in decreased water and air 
mass flow rate, which gives smaller operating costs and capital cost. 
 It should be noted that the best optimal solution (Example 6) has a range and an 
approach temperature of 25ºC and 13ºC, respectively. This result is in agreement with above 
discussion. The associated operating and capital costs are US$29,425.752/yr and 
US$25,030.274/yr. This constitutes a cost reduction of 14.98% for the capital cost and 19.65% 
for the operating cost when compared to the base case. 
 

Conclusions 
 

 This paper presents an MINLP formulation for the optimal design of mechanical counter 
flow cooling towers. The Merkel method is used for sizing cooling towers due to it is usually 
adopted in the practice to design these industrial units.2 This method relates quantities 



associated with the specified cooling requirement to quantities associated with the heat 
transfer performance of a given packing.11 The required Merkel number is calculated using the 
Chebyshev integration technique. The film, splash, and trickle type fills are the three different 
types of packing arrangements considered in this paper. Thus, the MINLP model has different 
empirical correlations for calculating the available Merkel number and packing pressure drop of 
air depending on the type of packing. Also, the model considers that mechanical cooling 
towers could be induced or forced. These design decisions are represented by disjunctive 
programming models. 
 For a given heat load of the tower and inlet air conditions, the solution yields the optimal 
geometric dimensions of fill height, and cross sectional area of the tower and the optimal 
operating parameters of water mass flow rate, air mass flow rate, water consumption, power 
consumption, water outlet temperature, and water inlet temperature, as well as the optimal 
type of packing and type of draft. As shown in the examples, cooling towers with low 
approaches are more expensive since driving forces become more limiting. The reverse is also 
true. On the other hand, dry-bulb temperature variations have negligible effect on tower size. 
The conclusion is that approach is critical for the optimal design of cooling towers. 
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