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Energy-Efficient Tracking Control of Pneumatic Cylinders
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Abstract— Pneumatic actuators have been widely used in
industry for over a hundred years. However, it is well-known
that pneumatic actuators have very poor energy efficiency.
Also, it is difficult to achieve accurate positioning due to the
inherent nonlinearity caused by air compressibility. This paper
presents recent work in developing an energy-efficient tracking
control strategy for pneumatic cylinders. The pneumatic
system is initially transformed into a linear system description
using the nonlinear input/output feedback linearization
method. Then energy efficient velocity profile is derived based
on optimal control theory. A servo/tracking controller is then
designed to drive the system to follow the derived new energy
efficiency velocity profile. The simulation study indicates that
energy consumption can be reduced by 3-5%.

Index Terms— optimal control, tracking control; pneumatic
actuators; nonlinear systems; feedback linearisation.

I. INTRODUCTION

N many traditional applications, linear pneumatic

actuators are chosen for motion control systems when

cheap, clean, simple and safe operating conditions are
available. In recent years, many reports can be found for
employing pneumatic actuators to accomplish more
sophisticated motion control tasks due to advances of
technology ([1-6]). However, pneumatic actuators have two
main drawbacks which have limited their use:
1) Inherent nonlinearities associated with compressibility
of air and complex friction distributions make accurate
position and velocity control extremely challenging. The
advanced nonlinear control theory seems to provide a
possible solution ([5][6]). But in practice, the structure of the
nonlinear controller is overly complicated for real-time
implementation.
2) In most cases, energy efficiency is around 20~30% and
sometimes lower than 20% ([7]). Although much effort has
been made ([8-12]), little significant progress has been made
in the energy efficiency improvement.

The paper aims to address the above issues, in particular,
for servo pneumatic actuator systems. The method proposed
in the paper is based on the nonlinear input/output feedback
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linearization and optimal control theory. An energy-efficient
velocity profile is then derived so the servo/tracking control
objective is to drive the cylinder piston to follow the energy
efficient profile. A design procedure is illustrated in Figure
1. The paper is organized to follow the procedure illustrated
in Figure 1in a step by step manner.

Pneumatic cylinder actuators

+ @ Input/Output Feedback Linearisation

Linearised system model
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Energy optimal control and state trajectories
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Energy efficient velocity profile

Due to open-loop control nature, the
optimal control developed is
abandoned. Only the optimal velocity
trajectory is taken to the next stage.

@ Develop a tracking/servo controller

Servo control to drive the cylinder piston
to follow the energy efficient profile

=

Energy efficiency analysis comparing with the
case using the traditional trapezoid profile

Simulation studies

Figure 1. Flow chart for the design and analysis procedure.

II. MATHEMATICAL MODEL OF PNEUMATIC CYLINDERS

An analysis of dynamics of a pneumatic system usually
requires individual mathematical descriptions of the three
component parts ([13]): (i) the valve, (ii) the actuator, and
(ii1) the load. The coordinate system is shown in Figure 2.

g&& Chamber A Chamber B&;’_’]

} Pneumatic Cylinder
L] & ] Load

0
L, - X
!

Figure 2. Co-ordinate system of a pneumatic cylinder

The following symbols are used to describe the underlying
mathematical model:

a,b  Subscripts for inlet and outlet chambers respectively
A Ram area (m?)

C, Discharge coefficient

A The generalized residual chamber volume
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K,  Viscous frictional coefficient
k Specific heat constant
/ Stroke length (m) and x e (-//2, 1/2)
m Mass flow rate (Kg/s)
M Payload (Kg)
P,  Down stream pressure ( N/m?)
P, Exhaust pressure (N/m”)
P, Supply pressure (N/m?)
P, Upstream pressure ( N/m”)
R Universal gas constant (JK/Kg )
T, Supply temperature (K)
Vv Volume (m?)
w Port width (m)
X Load position (m)
X,» Spool displacements of Valve A or Valve B (m)

k=14, T,=293K, R=287JK/Kg, P, =6x10°N/m’,
k
P, =1x10°N/m*, C,=0.8,C =(2/[k+1])-i =0.528, and

C =2 ([k+1/2)5 Tk —1]=3.864.

With the co-ordinates illustrated in Figure 1, pneumatic
cylinder actuators can be modelled as follows (for detailed
analysis, see [13]):

x=x, (la
xz = [_K/‘xz _KsﬂvS(xz 7x33x4) + Aaxs - Abx4]/M (lb)
)Ef3 — _k[x3x2 _RTdeCOWaf(x?nI)m})e)ul /Aa] (IC)
(U124 x+A)
).64 — k[x4'x2 +R7—;CdC0be(x4:})s:})e)u2/Ab] (ld)
(1/2—x,+A)
where x, =X, x,=X, x3x=P, x,=F,, uy=X, and

u, = X, . The functions in Equations (1) are defined as:

1, P /P<p <C,
~ 1
= 2 [P 2

s C{pf -p* } ., C<p<L @

P ]N”(%)/ T , A :drive chamber
Jee,PPY=1 (3a)

x,f (x" )/ \/F, , A :driven chamber

3
and
~ P .

x,f(—)/{T,, A:driven chamber
SR R)={ (3b)

Pf (?“)/ \/Fa , A :drive chamber

The (1b)

represents the summing effects of static and dynamic friction
forces in the system, where
K, (x)S(x,x,,x,)

(Aax3 - Abx4)s
for x = 0 and |Aax3 - Abx4| <K (x)

term  —K x, — Ky S(x,,x;,x,)in  Equation

K. (x,)sign(x,),
forx#0 or|4,x,—4,x, > K,(x,)
in which K (x,)
frictions and K_(x;) represents the wvariable position

dependent load caused by friction effects ([14-16]). Model
validation can be found in [13].

represents position dependent static

1. INPUT-OUTPUT FEEDBACK LINEARISATION

The system described in (1) has single input and single
output form, with the following mathematical structure:

X=f(X)+gXu, y=h(x) “4)
where X €R" is the state vector, u R represents the
input, and y € R is the system output. Here, in (4), /' and
g are C” vector fields on R" and 4 is a C” function on

R. The system is called static state feedback input-output
linearisable by regular static state feedback and coordinate
transformation, if there exists an invertible feedback, i.e.

u=a(x)+ p(X)v ®)
with %@ # 0 and a coordinate change of
X
z=¢(x) (6)

Under the z-coordinates and the new input v, System (4)
becomes

z' =Az' +by
) 201 2 201 2
2 =[f(z.,2)+g (z,2°)v
y=c'z!
where A,b,and ¢ are constant matrices of proper

dimensions ([17]). For a single input and single output
system, if the system has a relative degree r <n, the first set

components of the local co-ordinate transformation can be
chosen as ([17] pp141-142):

$(x) = h(x)

¢2 (x)= th(i)

)
$.(x)=L,""h(x)

and it is always possible to find n-r more functions

[¢.(X) ¢.(%) ¢,(x)] such that the mapping
6. (x) ¢.,(x) #,(X) qualifies as a local coordinate

transformation in a neighbourhood of x° ([17]). Note that
[6.,(X) ¢.,(X) ®,(x)] can be arbitrarily chosen and
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the choice is highly dependent on individual systems. For a
multi-input system, ueR”
g(x)eR™™. In this case, the static state feedback has the

same form as shown in (5) with (x) e R", B(X) e R™" an

represents the inputs and

invertible matrix. As there is only one output, the local co-
ordinate transformation can be chosen in the same way as
the one used for the case of single input and single output
systems.

When applying the above theory to the case of pneumatic
actuator systems, for the convenience of analysis, the static
friction forces are ignored initially and will be brought in as
uncertainties in the later sections. The servo pneumatic
actuator is driven by two three-port proportional valves so,
comparing with the general formulation (4), the system
takes the following form:

xl
Fx) = (K, x,+4,x,— Ax,)/ M ’
—kxx, I{/2+x,+ A}
—kx,x, /{112 —x + A}
” -
0
g(x) = KRT,C,Cowf (x3,F,,F,)

A,(/2+x +A)

_ kRT.C,Cywf (x,,P.,P.)
A,(1/2—x, +A)

and y=h(x)=x,, where f and g are C” vector fields

on the set QcR* (there are some constraints on the system
variables and parameters in practice),

y=h(x)e(-1/2, 1/2)cR. For this system, L,L,“h(x)=0,
for all k<3 and L,L,"h(x)#0 for x=3 (Vx). So the

relative degree of the system is 3. Applying the general
formation of mapping functions in (7), the following co-
ordinates can be chosen for transformation from a nonlinear
to a linear system ([13]):

X

X

2
®)
-K,x,+Ax,— Ax,]/ M

X

2

V4
V4
V4
V4

1
3
4 4

Applying the transformation (8), the pneumatic system is
then transformed into:

Z =z,
z, =1z,
5= K Kz + Ayzz, M+ Kz | M)
boMT 1124z, +A
+kRT‘CdC0Wu-i(Z’R’Pe) -~ Aykz,z, )
M(1/2+z, +A) YM(I/2-z,+A)

 kRT,C,Cyw, [ (z,,P,P) ;
M(/2-z,+A)

. kRT.C,Cyw, f(z,,P.,P.) ;
A,(1/2— 2z, +A)

2

__ kzz
1/2-z +A

z, 2

Let

v = M(/24+z, +A)
' kRT,C,Cyw,f(z,P..P,)

(10a)
k Azyz, M+ K,z /M) K,
(2,25 + 4,252, TR,Z ) Loy,
1124z, +A M
- Ab(l/2—fl+A) —kz,z, 7, (10b)
kRT,C,Cow, f (24, P, R) [ 1/2 =2, + A

and define v, =V, _A v, Substituting u, and u, back into
M

(9), we have

21222
Z, =2z, 0
2=, (n
i =V

So the system (11) is completely a linear system with two
independent inputs ¥, and V.

II. ENERGY OPTIMAL CONTROL

The linearised system model can be rewritten in a matrix
form as follows:

z=Az+BV (12)
where z=[z, z, z =zf, v=m nl ,
01 00 0 0
A= 0010 , and B= 00 . The aim of energy
00 00 1 0
00 00 0 1

efficient control is to derive a feedback control V(z), for
system (12) to minimise the following performance index:

T
J=az32(T)+J.VTth (13)
0

where az;(T) means to minimize the final stage

T
deceleration and jVTth represents the integration of the
0

control effort or the energy consumption. If the piston is
assumed to move from one end to the other of the cylinder,
the boundary conditions can be summarised as the piston
position z(0)=-1/2 , z(T)=1/2 or z(0)=1/2,

z,(T)=—-1/2 , which depends on the directions of the piston
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movement, the piston velocity z,(0)=0, z,(7)=0, the
initial air pressures in Chambers A and B are represented by
z,(0) = zg and z,(0)=z|

pressures z;(7) and z,(T)are unknown. To obtain the

respectively but the final

optimal control solution, the first step is to construct a
Hamiltonian function - H(z,V,t,4) with an associated

multiplier 2 € R* shown below ([18]):
HzV,t,A)=VV + A (Az + BY)
Then we have ([18]):
2= gy (15)
oA

(14

_i2
Oz

)
14

(16)

0 (17)

The solutions for the above equations are
A=y, Ay=—pt+
A =,u]t2/2—/12t+,u}, A =4,
and
Zy =~ 2+ p
z, = —(,u,t3 16—t /2 + it + ,uﬁ)/z
z,= —(ylt4/24—,u2t3/6+ w12+ pt+ ,u7)/2
A P S S SN B L S
T Hy 48/‘2 B H 4/16 2/‘7 Hy
14407 120 ~720/ 48

T_F%(T)a,uz: P _FZ3(T)’

-120/ 6 2

7o (D =200y =—[z0)=2(D):
=0, 1, =0, pg=—1/2.

The optimal control with respect to the linearised system
model is derived as

Vo=~ 14— ot 12+ p1;12)
Vy=-u12
The energy efficient optimal control for the pneumatic
actuator system is then obtained by substituting ¥, and
¥, into (9) which are:
 M(I/2+47z +A)
kRT .C,Cyw, f(2,P,P,)

(18)

where 4, =-

Hy =

u,

Ayz,z, + K/zz2 (19)
k(2223+4M )+K/23_ LIZ_LZI+&)
1124z, +A M 4 2 2
oo AU2-z 40 { —kz,z, W} 20)
" KRT.C,Cow, (2, PLP) 1/ 2=z 48 T

The optimal control in (19) and (20) can minimise J and in
turn minimize the energy used to move the piston from one
position to another. However, the energy optimal control is
an open-loop control in nature so it has very limited
potential to be used in practice. How can this optimal
control help improve pneumatic actuator energy efficiency?

An idea of energy efficient tracking control is now
proposed. Although the optimal control may not be available
to be used in practice, the energy optimal velocity trajectory
might be used as the servo pneumatic actuator’s velocity
profile. Then, the tasks for the next step will be to answer
the following questions: 1) is it possible to develop a robust
tracking control to follow the velocity derived using optimal
control theory? 2) can energy be saved if the traditional
trapezoid velocity profile is replaced by the optimal velocity
profile developed in the above section?

III. ENERGY OPTIMAL TRACKING CONTROL

To analyze whether the velocity trajectory derived in
Section IV can be used as the optimal energy velocity
profile, the analysis starts from obtaining the velocity curve
through simulation study. The simulation conditions
specified for the simulations are: a rodless cylinder with the
stroke length of 1000 mm and the bore size of 32 mm, the
supply air pressure is 6 bars and the exhaust pressure is 1 bar
(assuming temperature is at 293 K), payload mass is 1 Kg,
viscous frictional coefficient is 15 Ns/m, the initial piston
position is at -0.5 m, initial chamber pressures are 3.5 bars
for both chambers. The calculations of the new states z has
been transformed back to the original state space of x. The
first group of simulation results are shown in Figures 3, 4.
For terminal chamber pressure fixed at 3.5 bars, twenty
different initial pressures were studied, these ranging from
2.0 bars to 6.0 bars. It is found that even with different
initial chamber pressures the optimal trajectories of piston
position, piston velocity and acceleration actually remain the
same. The obtained analytic solutions of the energy efficient
optimal control problem can explain why the initial and
terminal chamber pressures do not affect the optimal
trajectories. From the equations (18), we have

z, =(300/T%)¢ = (601/T* )¢ + (301/ T )72

05
. /

05 et

e2y)

Piston position (m

1

05
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Time (s)

Figure 3. Trajectories with the terminal pressures of 2.5 bars
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Figure 4. Chamber pressure with terminal pressures of 2.5 bars
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Reference [18] reported that the servo pneumatic system
uses less compressed air when a “sine” wave shape piston
velocity profile was adopted comparing with the situation of
using traditional trapezoidal and parabolic shape velocity
profiles. The optimal and sine wave shape of profiles are
illustrated in Figure 5.

From Figure 5, the sinusoidal profile is very close to the
energy efficient optimal profile obtained above. As stated, it
is impossible to directly apply the optimal control derived
from the energy optimal control theory as it is an open-loop
control. The idea here is to use the energy efficient velocity
trajectory as the desired velocity profile for the servo
pneumatic actuator. That is, the energy optimal velocity
profile replaces the common trapezoidal profile. The next
step is to develop a tracking control to drive the piston of the
cylinder to fqllow the energy efficient profile.

osgf ,/' \\
0.8 ’/ \\
n7h

o6l Optimel z2ix2 velocity

tSalid line)

Piston velocity (m's)

f T Tsing” wave shape velacity )
ool % (dotted line)

o 0z U4 06 0F Z 14 1.6 18 Pl

1 1
Time (s)

Figure 5. Comparing with a sine wave profile

With the same state variable transformation specified in
(8), we choose the input/output feedback below:

1 | k(Z2,+K,Z; | M) | Ak +20)z,7,

U =—— — TtV
w(z) [/124z,+A 172+ A) -z
and set p(z)= 1_ kRTSCdCObe_(Z“’R"Pe) . Substituting
w(@)  A(/12-Z +A)
u, into (9), the following can be derived
_l = _2
z, =1z, (22)
z,=-K,z,/M+V
and
. Z,Z. z,+K,z, /M z
- kZ‘fz @, zZ, + CZZ N A (1 + 2A)Zi,
112-7Z,+A U124z +A  (1/2+A)Y -z

v =2z, . Subsystem (22) is linear with respect to z and V'

and the input/output map of the system (22) is linear as
well. The linearised subsystem (22) can be rewritten in a
matrix format as follows:

Z=AZ+B,V, (23)
z 0 1 0 0
where z=|z,|, A, =|0 0 1 ,and B, =(0|-
z, 00 -K,/M 1

For this tracking problem, suppose that the system output
z, is required to accurately follow the trajectory 6,(7). As

(A,,B,) is a controllable pair, 6,(¢) can be normally
generated by the same structured linear system as (21). Let
0=[0, 0, 0,]",then

61 To1 o Tal [o

1

0,|=10 0 1 0, |+| 0 |o(7) (24)
6,1 |0 0 —-K,/M|6,] |1
From (18), we have
o )
) T T T
: 307 60! 301
9.2 = 4(F]t3—3(th2+2(th (25)
0.
’ 12(3T—()51]t2—6(6T—(11jt +2[3T—03]]

where (?) is an external input which will be designed to

generate the desired trajectory 6,(¢) , which is:

K K K
a)(t)=6—031 %—H“—i LSRN EIN R
T°|\T" M T\ M T M T

Together with (12), the tracking problem is converted into
an asymptotic stability problem. Let e(?) = 6(¢) — z(¢), so
¢=0-Z=A,(0-2)+B,(V —w)=A,e+B,(V — )
A feedback controller can be developed to drive the error
state e(¢) to zero. The controller can have the structure
V=-Ke+w,

where K=[K, K, K.,]. The closed-loop system is then
written as ¢ = (A, —B K)e . If the feedback control can be
designed to guarantee that (A, —B,K) e C™, the tracking
error e(#) will eventually approach to zero within a finite

time period. Substituting the tracking control 7 back to the
original system control #, the following is obtained:

W _ k(z,z, + Kz, | M) N Ak(I+2A)z,z,
w(@Z)(1/2+Z,+A) w@[(/2+A) -Z]
+ [Kl(al _El) +K2(€2 _Ez) +K3(€3 - 23) + CU]/I,{/(E)
By transforming z back to the original system variables x,
the final feedback control #,(x) is obtained.

U,

Next we determine whether the compressed air used can
be reduced adopting the new velocity profile. A simulation
study has been conducted to implement the tracking control
strategy with the energy optimal velocity profile. The
integration of the compressed air mass flow timing the
pressure is calculated through the simulation which
represents the energy consumption level. To analyse energy
efficiency, a compressed air consumption index (CACI) is
defined by

1z
CACI= J- "air mass flow x pressuredt , (26)
fo

where the inlet port air mass flow and air pressure are used.
The more air that is used, and the higher pressure at which it
is delivered, the more energy is consumed. So we hope the
CACI can be reduced with the strategy proposed in this
paper. Applying orifice theory, the mass flow rate can be
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calculated by ([11][12][14]): m,, = CdCowaf(xpPY,Pe)u at
the inlet port. So CACI can be calculated by

t A
CACI= J' " x,(0C,Cow, f(x, P, P udlt @27)
fo

The simulation study has been carried out using the same
control strategy with two different profiles. The simulation
results are shown in Figures 6, 7. The results show that the
velocity tracking accuracy is highly satisfactory in both
cases. Figure 8 is comparesCACI for the energy efficient
and traditional trapezoid velocity profiles. When zooming
into the final index values, it can be found that the CACI for
trapezoid profile is 2020.8 and for energy efficient profile is
1943.6. Fractional reduction is around 5% reduction in
energy used when the energy-efficient profile is adopted.
The simulation study was extended to many other cases
including the cases with different stroke lengths, bore sizes,
initial chamber pressures etc. All cases show a similar 3-5%
energy saving from the new energy efficient velocity profile
consistently.
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Figure 6. Velocity using energy efficient velocity profile
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Figure 7. Velocity using trapeziod velocity profile
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Figure 8. CACI curves for both velocity profiles

IV. CONCLUSION AND DISCUSSION

An energy-efficient pneumatic servo/tracking control
strategy is reported in this paper. The two main advantages
of the method are: 1) improvement in energy efficiency; 2)
satisfactory tracking accuracy. While 3-5% may look like a
very small saving, the net result can be highly significant as
pneumatic actuators are widely used in industry; the
cumulative benefit available should not be ignored.
Importantly, adopting this method only requires the velocity
profile to be changed, so it is easy to modify the software
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without any hardware investment. This will be very cost
effective in practice. The formula to form the velocity
profile is a function of the stroke length and the time interval
for completing the piston movement. Therefore, it is easy to
derive the velocity profile for different operation conditions.
The experimental test is on going in the authors’ research
laboratory.
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