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Preface

The sixth International Chemical Process Control
meeting (CPC VI) was held January 7–12, 2001 at the
Westward Look Resort in Tucson, Arizona. The unique-
ness of the CPC meeting series in the process control
community is illustrated by the following features: the
meetings are held at five year intervals, all talks are in-
vited and are organized in a single track so the entire
audience can attend each presentation, and most impor-
tantly, a significant fraction of the audience, usually more
than half, is comprised of leaders from the chemical pro-
cess industries.

The overall goal of the CPC conference series is to
evaluate the current progress in this field and identify
the new intellectual challenges and frontiers that may
have fundamental impact on future industrial practice.

At CPC VI, of the 135 registered attendees, about 65
were from the chemical process industries, and the rest
were from universities and federal agencies.

The program consisted of the following technical ses-
sions with session organizers in parenthesis.

• Opening Session (J. Brian Froisy)

• Modeling and Identification (Jay H. Lee)

• Life Sciences (Francis J. Doyle)

• Control Theory (Frank Allgower)

• Hybrid Systems (Manfred Morari)

• Controller Performance Monitoring and Mainte-
nance (Derrick J. Kozub)

• Chemical Reactors/Separators (Lorenz T. Biegler
and B. Wayne Bequette)

• Modeling and Control of Complex Products (Ba-
batunde A. Ogunnaike)

• Contributed Paper Poster Session (Kenneth R.
Muske)

• Closing Session (James B. Rawlings)

The meeting also included a Vendor and Software Dis-
play organized by S. Joe Qin.

A detailed meeting summary has been compiled in-
cluding graphical representation of detailed pre-session
and post-session evaluations. This summary is is avail-
able at the meeting website:
http://www.che.wisc.edu/cpc-6
Finally, we should attempt to draw conclusions from

the meeting. These are the editors’ opinions, but are
informed by the week long CPC VI meeting discussions.

The chemical process control community (indeed the
entire chemical engineering profession) is going through a
transition period, in which the industries served by the

chemical engineering profession are diversifying. Dur-
ing this period, it is essential that process control re-
searchers continue to identify new opportunities in which
applications of systems theory concepts provide signifi-
cant added value. These proceedings document that the
younger researchers in the community are already en-
gaged in vigorous efforts to build significant collabora-
tions to support these new application areas. Those ac-
tivities portend well for the future health of this research
community. Several people noted that discussions at pre-
vious CPCs were marked by more conflict than those at
CPC VI, and one explanation seems to be that we have
been extremely successful in bringing the best advanced
control concepts and methods into practice during this
short time period. We should not become victims of this
success, but must embrace both the controversial new
ideas, as well as the critical evaluation of these ideas, as
we create the concepts that will sparkle at future CPC
meetings.

Secondly, it seems timely to return to and embrace
the broad meaning of systems theory and the tools it
brings to chemical process modeling, dynamics and con-
trol. The significant distinction in systems engineering
is whether we address the online challenge—using data
and models for best real time operations decisions, or
whether we address the offline challenge—to synthesize
and design the new products and the new processes.
Other less vital distinctions and categories that have
grown up over the years do not serve us well in the cur-
rent climate, because they dilute rather than deepen our
focus.

Finally, as representatives of the chemical engineering
profession with some of the closest connections to ap-
plications and technology, this community has a unique
opportunity to play a leadership role in identifying the
significant new directions in areas such as: computing
tools, information processing, and measurement tech-
nologies, to name just three areas in which we are all
experts. Given the rapid pace of technological change,
the chemical engineering profession needs people who
can distinguish the fundamental changes that present
new opportunities from the blinding array of incremen-
tal and ephemeral changes. This community should em-
brace the challenge of providing that leadership. We
have the knowledge, the tools, the experience, the vision
and the people to play a key role.

James B. Rawlings, University of Wisconsin
Babatunde A. Ogunnaike, DuPont

John W. Eaton, University of Wisconsin
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Business Process Control: The Outer Loop

Lowell B. Koppel
Value Techniques, LLC

16 Hastings Road
Winchester, MA 01890

Abstract
Business process control (BPC) applies the principles of chemical process control (CPC) to enable an entire enterprise to
achieve peak performance. Viewed from the chemical process perspective, BPC is the outer loop that manages the CPC
targets with a specific objective of meeting and exceeding business targets. Viewed from the business process perspective,
CPC is one specific set of the many inner loops requiring strategic direction. Typically, CPC is the set of inner loops that
is extensively automated with valves, switches, sensors, and analyzers. CPC has sophisticated, usually computerized,
control algorithms. However, its ability to influence the enterprise is limited to what can be accomplished by moving
valves and switches.

Characteristics of BPC loops are: enterprise-wide scope; information systems as feedback sensors; and, knowledge
workers as control strategists and as actuators. The scope of influence on the enterprise is everything that can be affected
by humans, which scope is virtually unlimited. This paper will review the current state of BPC with some example
applications. A key theme is to note that the shift in scope from the valves and switches of the automated inner loops,
to the enterprise-wide business processes of the outer loops, increases the potential benefits by orders of magnitude. The
CPC professional community is the main repository of intellectual capital required to translate and extend the mature
CPC technology to the emerging BPC discipline.

Keywords
Business process control, Value metrics, Project planning, Project scheduling

Overview of Business Process Control

The premises of Business Process Control are:

• Most enterprises have untapped potential value
• Potential value and current value can be measured
• There is a gap between potential and current value
• Increasing stakeholder value to its full potential is

an enterprise goal
• The goal is reachable when knowledge workers can

observe both the current gap, and the reduction in
the gap that results from their activities

Business process control (BPC) is the management sci-
ence that employs measurements of the gap between cur-
rent and potential value to create new value.

Measurement is key to BPC. Value Metrics provide
measurements needed to create new value. We will give
several examples of Value Metrics.

Knowledge workers at all levels of the enterprise use
metrics to decide and to perform value-creating actions.
People manage the enterprise as controllers and actua-
tors in BPC loops.

The basic structure of BPC is identical to the proven
structure of a classical feedback loop. Metrics are the
feedback sensors. Knowledge workers and decision sup-
port tools are the controllers and actuators.

Value Metrics

Enterprises are increasingly deploying key performance
indicators (KPIs) as they recognize that measurement is
a prerequisite to improvement. A recent book on the
subject became a best seller (“Balanced Scorecard”).

 

Figure 1: Conventional KPI listing customer inquiries
and their resolution.

Value Metrics are a distinctive class of KPI. The dis-
tinct characteristics of Value Metrics are

• Direct economic measure

• Root-cause analysis

• Defined business process

We next present examples of metrics. The examples
will illustrate these distinct characteristics, and how they
significantly increase value creation, compared to the ca-
pabilities of conventional KPIs.

Direct Economic Measure

We first consider the importance of direct economic mea-
sure. The business process is Customer Service. Figure 1
shows a conventional KPI. It reports Customer Inquiries

1
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Figure 2: Pareto chart indicating the total lost value
due to inquiries on each product.

 

Figure 3: For the current week, Color quality is the
leading cause of value loss.

and their resolution. Each inquiry is valued in terms of
product weight, and directly converted to USD. How-
ever, this does not necessarily reflect the value of the
inquiry.

The Pareto chart in Figure 2 shows a metric that su-
persedes this KPI. The left ordinate is a metric, indicat-
ing the total lost value due to inquiries on each product.
The right ordinate is a conventional KPI, indicating only
the number of inquiries.

The metric reflects the value of each inquiry and its
resolution. It considers not only obvious factors such
as weight of product, magnitude of price reduction, and
extra shipping and handling costs. It also considers the
value of the particular customer’s annual revenue stream,
the goals and current status of market penetration in the
specific product line, and possibly other business-related
factors.

The difference between the blue bars representing
value, versus the red bars representing frequency, shows
one difference between a Value Metric and a conventional
KPI. A Customer Service manager using the conven-
tional KPI would be influenced by problems in Product
C, the squeaky wheel, rather than by the problems in
Product B. But, problems in Product B are contributing

 

Figure 4: The bulk of the problem occurs when Prod-
uct C is being made on Line 3.

 

Figure 5: Metric trend plot for Product C.

three to four times as much to the enterprise value gap
than are the more frequent problems in Product C.

Root Cause Analysis

Feedback measurements that lead to root cause detection
give knowledge workers important support toward their
control of the business process. Value Metrics provide
feedback with as much detail as is practical to under-
stand the cause of an observed value loss.

The next example relates to the business process of
Quality Management. The metric illustrated in Figure 3
feeds back that, for the current week, Color quality is
the leading cause of value loss.

BPC occurs when the knowledge worker determines
the cause, and corrects the problem. Choosing Color
for the first drill down produces the metric shown in
Figure 4. It shows that the bulk of the problem occurs
when Product C is being made on Line 3.

To further trace the cause we drill-down by choosing
Product C for the metric trend plot shown Figure 5.

This metric identifies the problem as a new one. Each
piece of additional information from the metric helps
move people to the ultimate goal—BPC to recapture the
lost value.

The drill down can go a step further, providing de-
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Figure 6: Variable cost components—planned vs. ac-
tual.

tailed feedback on each batch shown on the metric trend.
The most recent batch, shown by the arrow, is the likely
drill-down candidate.

The spider-web metric shown in Figure 6 displays the
results. This metric shows deviation of actual versus
planned for each variable cost component.

The root-cause feedback suggests that excess additives
may have caused the original color quality losses. Value
is being lost both through excess additive cost and possi-
bly through reduced revenues due to the impact on color
quality.

Defined Business Processes

The Value Metrics drill-down sequence discussed above
is an example of defined business processes. In other
words, for the specific example cited above, the defined
business process that becomes the best practice for the
knowledge worker is:

1. Identify site-wide lost sales due to quality

2. Identify on which production line and product the
largest losses were incurred for a specific quality
code

3. Identify specific batches within this line/product
combination that led to these losses

4. Identify feedstock components that could be associ-
ated with the quality issue

Other business processes defined for this metric
include specification of the decision and correc-
tion/actuation tasks, and their ownership, that will
follow each type of feedback signal received from the
metric.

Business process definition serves three key purposes:

• Business process definition is essential to forecasting
the actual value creation capabilities of a metric. In
other words, the defined business processes are the
basis for estimating the benefits of implementing a
metric.
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Figure 7: A metric for production management.

• Value Metrics with defined business processes are
better designed. The requirement to specify in ad-
vance exactly how people will use the information
leads to better information design.

• Value Metrics with pre-defined business processes
have longer useful lifecycles. Execution of the value-
creating decision tasks in the initially defined busi-
ness processes stimulates knowledge workers to de-
vise new business processes for the metric. The dis-
cipline of this best practice is rewarded by continual
creation of new value, steadily moving the enterprise
assets toward their full potential.

Current Applications

We next give three illustrations of current practice in
Business Process Control, and the role of metrics. The
illustrations progress from substantial automation con-
tent, with limited knowledge worker involvement, to zero
automation content, with full decision and actuation by
knowledge workers.

Production Management

The business process to be controlled in this simple ex-
ample is execution of an order to produce a specified
quantity of specified product for a specified customer on
a specified production line at a specified time.

A production order appears at the knowledge worker’s
station. The automated production management system
has filled in most, possibly all, of the information re-
quired to fulfill the order. The information is sometimes
referred to as the recipe, and includes target values to
be downloaded to the process controlling field devices.

The knowledge worker adjusts the information based
on his/her experience with value creation for this combi-
nation of product, customer, and line. He/she approves
the information and triggers its download for execution.

During execution, the knowledge worker monitors and
adjusts the recipe and targets based on feedback from
the field devices. In most cases, these are not Value Met-
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Figure 8: Products A and B are the source of value
loss on Line 3.

rics because they are in physical, rather than economic,
units.

A metric for Production Management is illustrated in
Figure 7, built on production data collected for each or-
der produced during the previous month.

The direct economic unit on the ordinate is the profit
efficiency of each order, defined as the fractional devia-
tion of actual profit from recipe profit. Profit efficiency is
sorted against the production lines, and color-coded by
the Team responsible for the production order. This met-
ric provides Production Management knowledge workers
with the information they need to add value by improv-
ing Lines, Teams, and business processes.

A drill down into the relatively poor performance of
Line 3 produces the metric shown in Figure 8.

This drill down focuses attention on Products A and
B as the source of value loss on Line 3.

The drill-down shown in Figure 9 looks at Products A
and B on Line 3. It shows that the Red Team is consis-
tently under performing the others on both quality and
rate. This last view is not strictly a Value Metric, be-
cause it shows physical rather than economic measures.

However, the previous metrics led the way to this
view, which provides Production Management knowl-
edge workers with feedback information for exercising
BPC and creating value.

Production Planning

Production planning is a BPC activity. A decision sup-
port tool such as a linear program can provide knowledge
workers with the feedback information required to set the
production plan.

The purpose of this example is to illustrate the ad-
vantage of using a true Value Metric as the feedback
measurement.

Production planning requires specification of mini-
mum and maximum inventory levels. Often these are set
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Figure 9: The Red Team is consistently under per-
forming the others on both quality and rate.

qualitatively, based on experience. The linear (or other)
programming tool requires a quantitative objective func-
tion to optimize the production plan. The challenge is
to choose inventory constraint levels on true economic
grounds.

In addition to the obvious requirements that storage
facilities be neither flooded nor drained, it is desirable
to have a business-driven basis for setting minimum and
maximum inventory constraints. These will be targets
such as less than an x% chance that any customer or-
ders will go unfilled, and less than a y% chance that any
supplier receipts must be delayed.

Here is one set of defined business processes and metric
to support Production Planning BPC.

• Customer orders and supplier receipts are specified
as distributions rather than as fixed numbers. Ex-
amples are expected values with standard devia-
tions; or, minimum, likely, and maximum values.

• The optimization is nested. The outer optimization
chooses a set of inventory constraints for the inner
optimization. The inner optimization optimizes a
criterion such as expected profit, or median profit,
for the given set of constraints.

• The outer optimization drives to maximum ex-
pected profit or similar business-driven criterion. It
does this by choosing inventory policy.

Note the absence of any artificial penalty functions on
inventory violations. All specifications are expressed in
actual business targets.

The metric shown in Figure 10 illustrates the feedback
for BPC. It is a plot of the expected profit as a function of
the inventory constraint on one particular item, with all
other inventory constraints held at their overall optimum
levels.
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Figure 10: Expected profit as a function of the inven-
tory constraint on one particular item, with all other
inventory constraints held at their overall optimum
levels.

 

Project ID Project Title
Required 

Precedents
Minimum Forecasted Maximum Minimum Forecasted Maximum Minimum Forecasted Maximum

1 Database 970 970 1,940 0 0 0 3 3 5
2 Production Management System 1,390 1,390 2,780 0 1,710 1,710 6 6 8 1
3 Dock Scheduling System Migration 1,000 1,000 1,400 500 1,000 1,000 3 3 4
4 Shipments and Receipts System Integration 220 220 440 0 2,780 2,780 3 3 5 2
5 Order Entry System Integration 100 100 200 0 7,320 7,320 3 3 5 2
6 Operations Scheduling System 8
7 Operations Scheduling System Integration 2,7
8 Production Planning System Integration 2
9 Lab System Integration 2

10 Environmental Monitoring and Reporting System
11 Energy and Utility Management System
12 Maintenance System Integration 2
13 Materials Procurement System Integration 2
14 Financial Systems Integration 2
15 Health and Safety Management System 14
16 HR Systems Migration to Corporate System
17 Document Management System
18 Technology Management System 17

Cost, thousands Benefits, thousands/yr Duration Quarters

Data not copied to protect client confidentiality

 

Figure 11: Sample of data on projects that were can-
didates for capital.

Project Scheduling and Capital Allocation

Allocation of capital to projects and planning their roll-
out is an ongoing business process. Projects are often
prioritized on the basis of their individual cost/benefit
attributes because these individual metrics are readily
available.

This example presents a metric that evaluates the total
slate of candidate projects to support BPC on allocation
and scheduling. The metric also has the quality of re-
flecting uncertainties in the expected costs, benefits, and
durations of the individual projects.

Figure 11 is a sample of data on projects that were
candidates for capital.

A program of 18 projects over 5 years was proposed
to create a site wide information system. Figure 11
shows costs, benefits, durations, and precedents for each
project. Some points to note:

• The site preferred conservative uncertainty ranges.

• Actual costs, benefits, and durations were assumed
to be equally likely to end up anywhere in between
the minimum and maximum levels shown. Other
less conservative distributions could have been cho-
sen so that actual outcomes were more likely to be

 

 

Project ID Project Title
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

1 Database

2 Production Management System

5 Order Entry System Integration

17 Document Management System

8 Production Planning System Integration

6 Operations Scheduling System

12 Maintenance System Integration

4 Shipments and Receipts System Integration

16 HR Systems Migration to Corporate System

11 Energy and Utility Management System

13 Materials Procurement System Integration

3 Dock Scheduling System Migration

7 Operations Scheduling System Integration

14 Financial Systems Integration

9 Lab System Integration

15 Health and Safety Management System

18 Technology Management System

10 Environmental Monitoring and Reporting System

Plan Quarter

 

Figure 12: Initial project plan (yellow) and optimized
project plan (blue) found by BPC using the feedback
from the metric.
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Figure 13: The metric that supported the BPC com-
paring the distributions of the original plan and the
plan that maximized the median value of the NPV.

near the forecasted value than near the range ex-
tremes.

• Project 1, a database infrastructure project, was as-
signed no direct benefits at all. However, it is a pre-
requisite for Project 2, which in turn is a prerequisite
for seven other benefit-producing projects. This is a
realistic way to handle the benefits of infrastructure
projects.

• The numbers shown represent 1991 dollars.

Figure 12 shows in yellow the initial project plan, and
in blue the optimized project plan found by BPC using
the feedback from the metric.

BPC reinstated projects 7, 9, and 10, originally omit-
ted from the 5-yr plan. Projects 3 and 14 were removed
from the 5-yr plan by BPC.

The metric that supported the BPC is illustrated in
Figure 13. The direct economic unit is the 5-year Net
Present Value (NPV) of the project plan. The Value
Metric compares the distributions of the original plan,
and the plan that maximizes the median value of the
NPV. The best plan adds about 25% to the NPV.
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Figure 14: The outer and inner loops that form the
familiar cascade configuration.

Cascade Control

The outer and inner loops we have discussed form the
familiar cascade configuration shown in Figure 14.

Summary

Table 1 summarizes the diverse business processes con-
sidered here, and the Value Metrics that were used.

The unifying theme is BPC. To control each of these
business processes requires a feedback metric. Attempt-
ing to control without a metric loses value for the enter-
prise, just as does attempting CPC without valid feed-
back sensors.

Opportunity

The unifying theme of BPC is Value Metric feedback
supporting decision and control/actuation by knowledge
workers. The scope covers virtually all enterprise busi-
ness processes. The potential value creation for this
scope far exceeds that of the scope of traditional pro-
cess control.

An opportunity lies in translating the science of con-
trol from chemical processes to business processes. In the
near term, it should be possible to develop algorithms
that support knowledge workers use of the metrics feed-
back, by narrowing the possible control actions to those
most likely to succeed in value creation. In the long
term, once we get the metric feedback right, much more
is possible.

Intellectual capital to achieve these goals lies in the
community of researchers on CPC. A key goal of this pa-
per is to make a case for the much greater value creation
opportunity in BPC than in CPC. The scope of economic
influence of knowledge workers far exceeds that of valves
and switches.

Business Process Value Metric
Customer Service Value of each incident
Quality Management Value of lost sales
Production Management Order profit efficiency
Production Planning Expected plan profit
Capital Project Planning Expected NPV

Table 1: Summary of the diverse business processes
considered and the Value Metrics that were used.
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Prices, products, and markets are changing more
rapidly every year as information based management
replaces the experience based management. Arie P.
de Geus, in a short article called Strategy and Learn-
ing, observed that the average company survives only 40
years. This study was conducted long before the acceler-
ation caused by the Internet Age so I suspect the number
is lower now. He points out that no matter how well a
company is managed (e.g. Sears, Penny’s), epoch exter-
nal changes can occur without warning and influence the
business in sudden and unpredictable ways. The issue is
one of human psychology—“You can not see what your
mind has not experienced before, and you will not see
that which calls forth unpleasant emotions.” This espe-
cially applies to new Internet companies that have never
experienced the old world values of profits, investment,
competition, and growth from within. It also applies to
old manufacturing companies that have not experienced
new world values of e-Business, direct relations with cus-
tomers, mind share and globalization.

To survive, companies must create what de Geus called
“The Living Company.” He also studied companies that
had survived over 100 and up to 700 years looking for
the secrets of longevity. In his conclusions he noted that
“a more open company that involves everybody needed
for execution in the planning and decision making pro-
cess will be more successful in a world which it does not
control.” It is also clear that the strategy of managing
for quarterly profits is quite different than managing for
longevity. This changes the basic role of management
in an information-based world. In the past, its main
role was to allocate the available money generated from
profits between the long term good of the company and
the short-term demands of the shareholder. With the
new demanding shareholder, that role has changed to
taking the money left over after giving the shareholders
enough to maintain the stock price and using it carefully
to keep the company viable. With an Internet company
unable to generate profits, the task is more difficult as
management also needs to continuously borrow money

at usurious rates.
A company is actually its intellectual property, not

the mortar and bricks. Its future lies in its ability to cre-
ate a collaborative environment of its people. It seems
so simple—enable and motivate the people that work
for the company. They already know how raw materi-
als are acquired, the applicable environmental law, the
processes, local conditions, even the limitations of the
company and its people. Is it any surprise that they
might know more than outside consultants on how to
improve the company? If such an environment could be
generated, then the 100’s of smaller projects would net
out large changes and sustained improvement. This is a
dramatically different tact than betting the company on
a giant software package, whether ERP, CRM, SCM, e-
Business, or other “magic bullet.” These large, vertically
integrated packages do NOT increase the flexibility and
enable people, they clamp down on procedures in the
hope that in the automation of the business processes
lies the efficiency needed to survive. The fatal flaw, as
pointed out by de Geus is that it is not efficiency but
flexibility that is needed to survive.

An alternative approach could be called IDEA (In-
frastructure, Data Collection, Engineering, and Analysis
(see www.osisoft.com white paper—Just an IDEA). It
requires companies to have the methods, vision and faith
to put in a system that enables the existing staff. People
can then alter the direction of the company with many
small moves within and outside their domain. When I
wrote the article I had no idea that I would see IDEA
in action at a large, state run mining operation in South
America. They began this vision in 1997 and were well
on their way to success. For all industries, it is worth-
while to analyze their experience.

The company is Codelco and they visualized an In-
dustrial Desktop using Microsoft technology for integra-
tion. They combines Microsoft Office and OSI Software
PI System to provide a very easy to use, real time de-
velopment environment suitable for micro projects in
the harshest conditions imaginable. Located in Chile,

7
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Codelco has five operating Divisions (Chuquicamata,
Radomiro Tomic, El Salvador, Andina, El Teniente),
each a full mining/metallurgical complex—e.g. mining,
concentrators, smelting, refining, leaching, solvent ex-
traction, electrowinning, utilities, and maintenance. In
1997, the group of representatives from each division
went to management and made the case that building
this people-enabling environment was a strategic move
and should be installed without bids, project justifica-
tion or other methods associated with capital projects.
It would be like a PC or telephone, it was just needed—
an amazing move for a conservative manufacturer owned
by the government. It has been an outstanding success.

It is almost impossible to describe how unusual and
dramatically different this is from business as usual.
Mining facilities are very large and diverse; they have
different instrumentation, different systems, different
equipment, different infrastructure, different standards
and are actually in different industries (e.g. mining vs.
refining) at each site. These sites tend to be remote—
one is in an area called Moon Valley because it looks
like the surface of Moon, located in the Atacama Desert.
The unique feature of this implementation was that it
was not just a common environment, but also a common
DEVELOPMENT environment that encouraged mini
projects by the users with only minimal help from out-
side or systems people. This was unique in the world for
heavy manufacturers. They bet the future of the com-
pany on their employees, not an outside consultant work-
ing in London. The only question was would it work.

To say that they have won is an understatement. Re-
cently Microsoft unveiled Microsoft.NET—their new ini-
tiative. This is an environment, totally compatible with
the desktop environment above, that extends the devel-
opment environment to the Web. This is a remarkable
advancement in its own right. Whereas the first gener-
ation of browser users were content to look through in-
formation easily (i.e. browse), the next generation user
will want to perform actions with the same, universal,
and easy to use interface. Microsoft.NET is not only
the best, it is the ONLY development environment that
will allow people to build this next generation system
and incorporate their PC. Imagine that you are able to
purchase, set up the shipping, track the arrival, receive
the invoice, and pay the invoice for a raw material from
one integrated browser screen from any location. The
remarkable feature is that even though this vision was
not even embryonic in 1997, everything that Codelco has
done supports this new vision.

I had the privilege in May 2000 of attending one of our
Technology Seminars in Santiago and, even speaking no
Spanish I could see the creation of “The Living Com-
pany.” Codelco was to provide a user paper, but instead
they produced on quick order not one but several applica-
tions done by their own people. These applications drove
to the heart of the problems that exist in mining oper-
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Figure 1: Radomiro Tomic architecture.
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Figure 2: Teniente mine/concentrator plants archi-
tecture.

ations located in the high desert—saving water, saving
oxygen consumption, reducing environmental emissions,
better coordination of resources, saving energy, increas-
ing tonnage, reducing waste, improving quality. These
successes were in no small part a result of the low incre-
mental cost of projects, which were not burdened with
the cost of the infrastructure.

From a software perspective, the key was the openness
and extensibility of the Microsoft DNA strategy. Not
only did most of the people all ready know how to use
Excel, Access, and Word, the PI System client (Process-
Book) is based on Microsoft COM/ActiveX technology
and contains VBA from Microsoft. Codelco did not com-
plain that they do not have the manpower to improve the
operation. Although, like all other industries, they are
minimizing manpower, using these Microsoft tools are as
natural as writing a memo or building a spreadsheet.

This presentation was only part of the program—it is
clear that there are hundreds more of these mini projects
that will be envisioned and implemented by the peo-
ple of Codelco. The first step was to build an infras-
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• Primera etapa :“ Sistema Integrado de Control y Supervis ión Caletones” .
– Período : 1997 - 1998.

• Segunda etapa : Varios.
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• “ Modernización del Control de Procesos y Automatización UG Conce ntración” .
– Período : 1999 - 2000.

• “ Sistema de Información para el Control del Proceso MINCO - Fase Chancado” .
– Período : 1999 - 2000.

• “ Desarrollo de Aplicaciones en FFCC TTE-8 y Chancador Primario TTE-6” .
– Período : 2000.

• “ Sistema de Información Metalúrgica” .
– Período : 2000.

• “ Sistema de Información para el Control del Proceso MINCO - Fase Mina” .
– Período : 2000 - 2001.
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Figure 3: El Teniente projects.
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Figure 4: Same displays at El Teniente.

tructure. They have installed 15 PI Systems since 1997
and rolled Microsoft desktops everywhere. They are also
cross-pollinating the implementations between Divisions
because they have a common environment.

Figure 1 shows what the base infrastructure at
Radomiro Tomic Division and Figure 2 shows the old-
est systems at Teniente. They presented four separate
papers from the different sites and head office with more
than 10 separate applications—and a list of future ap-
plications.

In Figure 1 you can see the separation between the
Control and Divisional Network—the basic data collec-
tion is done with a redundant system connected to their
Modbus Plus network. There are workstations on the
Control Network and the Divisional Network, but the
servers that have the real time data (PI), Production
data (Oracle) and Web Server are on the Divisional Net-
work. In this way, there can be no interference to the
control system or its consoles.

Figure 2 is a similar drawing for the Teniente
Mine/Concentrator Plants—the first fully integrated
site. The integration means from the crusher at the
mine, transfer of ore from mine to crusher and concen-

trators, tailings management and concentrate filtering.
The same basic structure is used except that there is not
a separate Control Network. In some cases (e.g. Hon-
eywell TDC3000) this network is incorporated into the
control systems. A Modicon Modbus local control net-
work is used at the tailings plant, an Allen Bradley local
system is used at the filter plant. Of note here is that
this system has continued to expand, e.g. extending the
data collection to manual inputs, the railroad car trans-
portation system and the mines, but these changes are
incremental and do not require any modifications of the
existing systems. For example, if Codelco were to add
another DCS or an upgrade of an existing DCS, none of
the information infrastructure would have to be changed.

The integration of the railroad car system (FFCC
TTE-8) is simplifying the material handling into stock-
piles and smoothing the major disturbances in these very
large metallurgical complexes.

Figure 3 shows the projects at the El Teniente Divi-
sion. The initial system was installed in late 1997 at
the Smelter for $350K and through the end of 1999 they
did various projects that took advantage of the real time
data. The integration effort at the Teniente Smelter was
large. They have more than 10 PI-API nodes collect-
ing information and events from several areas (Drying,
Smelting, Converters, Acid Plants, Anode Plants). The
sum of all these projects was only $90K and this num-
ber included any additional software (e.g. ProcessBooks
or DataLink for additional people), hardware (comput-
ers, routers, networks, analyzers), engineering (design of
the project) and implementation. Clearly complex prob-
lems are being solved at such a low cost that there is
almost no limit to the return. In parallel, they are im-
plementing the MINCO System combined with PI for the
Mine, Crushing, Concentrators (Sag Grinding, Conven-
tional Grinding, Copper Flotation Plant, Retreatment
Plant, Reagent Plant, and Molybdenite Flotation Plant)
including the transportation system, tailings and con-
centrate filter plants.

In the next year, they have some larger projects that
will involve adding more of the site plus smaller projects
that are targeted at specific problems such as water con-
versation, air conservation, environmental monitoring,
production reporting, integration with training system
and others. These projects are all funded and managed
locally. Codelco personnel do most of the work, but they
also use local integrators (e.g. Contac Ingenieros) as
needed.

Figure 4 shows some of the displays built for these
projects. PI-ProcessBook from OSI Software was used
as the development environment on these displays. Since
this package contains VBA, any display can be upgraded
to include interactive input and actions such as creating
a hierarchy of displays or allow the user to “drill down.”
A key to the success of these projects is the ease of use
of the Microsoft desktop. Very little training was needed
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since displays are built just like sketches on PowerPoint
and macros can be built just like they are in Excel. It is
coincidental that just the week after this presentation the
US Government decided that this seamless integration
by Microsoft has hurt consumers and must stop—to say
that those users that are gaining competitive edge using
US software were confused is an understatement.

Figure 4 shows the performance monitoring screens for
the Teniente Converter. They have implemented their
process models using Datalink and ProcessBook. They
also show their preparation and fluidized bed drying of
the concentrate to optimize the smelting process. They
show all performance, quality control, and events for
coordinated decision-making. All personnel have real-
time information access at the plant floor, business office,
maintenance and metallurgical engineering. Some of the
unique features of the software is that all of these dis-
play are live—curves are updating, equipment changes
color on state, and alarms are seen throughout the site,
if desire, within seconds. Any of these displays can be
seen on the company Intranet using an ActiveX Viewer
called PI-ActiveView.

Figure 5 shows a schematic of the Secondary-Tertiary
Crushing plant and all conveyors at Teniente. This
overview gives an overall view of the performance of the
bins inventories, secondary and tertiary crushers, feed-
ers, conveyors and screens at any time. Special queries
can position the performance indicators at any shift, day,
and monthly aggregation of the information on request.
Spreadsheets can be used to compare the performance
indicators by ore type or shifts.

There is a large amount of information in this real time
graphic. However, by using the Microsoft VBA in Pro-
cessBook they have each object connected to the tags by
areas and units for the trend to get activated. They can
monitor the inventories of these large bins to stabilize the
level, thus minimizing segregation of the ore, which can
cause large disturbances in the crushers, screening and
conveying systems. The conveying systems are very large
and require special monitoring. Several simple applica-
tions have been developed like counting how many times
a crusher has hit a high oil pressure and motor amps,
similar for the conveyors and screen. These slow moving
variables are the cause of long-term degradation of the
equipment. They use the historical and event driven rou-
tines for real time asset management and implementing
condition based monitoring.

These systems are much different than existing instru-
mentation such as SCADA, DCS and PLC’s. These plant
systems can “see” and support projects that span multi-
ple areas and help make the enterprise much more flexi-
ble. The PI System is the bridge between the plants and
the enterprise business systems.

Figure 6 shows the real time production reporting us-
ing ProcessBook while Figure 7 shows reporting using
Excel and DataLink (the PI real time data Add-In). Fig-
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Figure 5: Secondary and tertiary crushing plant.
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Figure 6: Real time production reporting.

ure 6 shows the transfer of ore between the mine and the
concentrator. These reports have macro capability (e.g.
click on a number and see a trend or execute an analysis
program or export the data), but Excel has the same rich
set of features, familiar to all. In addition, most third
party software can use Excel as data input to run new
and legacy analysis programs. This shows the flexibility
of the integrated environment from Microsoft and all of
its partners like OSI Software. The full integration of all
tiers, common menu operations (e.g. to Send a display
as an object or to Save As is done the same everywhere)
overcomes the training issue—always a problem for re-
mote, industrial sites.

Figure 8 is a ProcessBook display from the Plant Sys-
tems Operations computer at Radomiro Tomic. One ad-
vantage of having a common infrastructure is that ev-
eryone is familiar with the systems both across Divisions
and sites. This had lead to a significant sharing of ap-
plications and knowledge that was never possible before
due to the difference in the systems. Codelco presented a
paper at the Latin American Mining Perpectives describ-
ing the strategic plan for automation and process man-
agement and work being done at Chuquicamata (Rojas
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Figure 7: Excel and DataLink manual data entry
tools.
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Figure 8: Sample display from plant operations sys-
tem at Radomiro Tomic.

and Valenzuela, 1998). Montoya (1998) described the
Radomiro Tomic hydrometallurgical complex. The in-
tegration of operational data and easy access are the
key for improved leaching, improved equipment avail-
ability, minimized organic losses in the solvent extraction
plants, and improved copper harvest cycle times at the
electrowinning plant. Codelco personnel have developed
many creative ways of transforming raw process data
into highly valuable actionable information for fast op-
erational decision-making. The real time operational in-
formation infrastructure is empowering operators, tech-
nologists, and managers to work in collaborative envi-
ronment of continuous improvement.

It is collaboration of the employees which is making a
change in paradigm on how we operate in these remote
plants.

They have not stopped yet, in the next few years they
will use their flexible infrastructure and the RLINK SAP
gateway to support the real time applications in SAP’s
R/3—the corporate standard.

The decision in 1997 to use PI/Microsoft development

environment to enable the employees was a masterstroke
for Codelco.

It is with no little pride that I saw our highly complex
software running flawlessly in this environment and de-
livering benefits unheard of in the mining industry. My
only regret is that I do not see this more in other in-
dustrial sites. This is a very good example of how the
integration of the desktop software from Microsoft has
helped the manufacturing industry. By opening up their
technology (e.g. ActiveX, COM, VBA) they have made
it possible for smaller vendors to take advantage of the
ease of use and built in training one gets with the Mi-
crosoft desktop. The technology used at Codelco is far
more sophisticated than the most of the telco’s and In-
ternet companies that have been held back by their slow
adoption of the Microsoft technology.

Conclusions

Many other companies are transforming themselves us-
ing Microsoft technology and all of those will be prepared
for the next surge referred to earlier, Microsoft.NET. The
missing element has been the willingness of companies
to believe in their own people instead of the consultants.
Web Enabled E-Business is a hoax of the same order as
the Y2K hoax of last decade and Codelco is the proof.

Additional discussions about Arie de Geus methods
and strategies on how to build an intelligent organization
can be found in the book, Fifth Discipline Field Book by
Peter Senge and collaborators (Senge et al., 1994).
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Abstract
Optimization based control aims at maximizing the economical performance of a plant in a transient environment employ-
ing nonlinear models. Model quality is crucial for achieving good economical performance. The models have to represent
plant behavior with sufficient detail, but the computational complexity must be limited to facilitate real-time optimization
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reduction techniques from an optimization based control perspective. The use of different variants of process models in
a structured control system is particularly emphasized. Challenging research directions are identified.
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Introduction

Optimization based control refers to the class of control
techniques which predict the process behavior by means
of a dynamic plant model and optimize the economical
performance of a process while satisfying operational con-
straints. For continuous processes, predominantly op-
erated at steady-state, this concept is implemented in
industrial practice by a real-time optimization system
(Marlin and Hrymak, 1997), which by means of a steady-
state model, computes the setpoints for the model pre-
dictive controller (Henson, 1998; Morari and Lee, 1999;
Allgöwer et al., 1999; Rawlings, 2000; Mayne et al., 2000)
which itself provides setpoints for the base control sys-
tems. In industrial applications, model predictive con-
trollers (MPC) are almost exclusively based on a linear
plant model determined from experimental identification
using plant test data (Qin and Badgwell, 1996). Nonlin-
ear model predictive control has not yet gained signifi-
cant industrial interest (Qin and Badgwell, 2000) despite
the inherently nonlinear behavior of most process plants.
This is partly due to the state of technology which yet
neither provides mature tools to assist model develop-
ment nor sufficiently robust algorithms to reliably solve
the optimization problem on-line. However, even if these
shortcomings could be overcome, nonlinear control tech-
nology will only be applied if the significantly increased
effort in designing, implementing and maintaining such
controllers leads to a significant improvement of plant
economics as compared to state of the art linear control
technology.

If only stationary operational phases are considered,
the need for nonlinear optimizing control technology can
hardly be justified, since only few practical situations
such as non-minimum phase behavior or steady-state
multiplicity may call for a nonlinear controller. However,
chemical process systems are often operated in transient

∗marquardt@lfpt.rwth-aachen.de

phases, where all process variables are intentionally time-
varying. Transient operation is not only limited to pro-
cesses which are of an inherent dynamic nature such as
batch and periodically forced processes, but it finds in-
creasing attention also in continuous processes to imple-
ment feedstock switching or product grade transitions
(Helbig et al., 2000a), to realize cross-functional coor-
dination between units in a plant or a site (Lu, 2000)
or to exploit low frequency disturbances in the dynam-
ically changing environment of a plant in supply chain
conscious plant operation (Backx et al., 1998).

In transient plant operation, the operational envelope
of the plant naturally covers a large region of the state
space. The dynamics can therefore not adequately be
represented by a linear model. Hence, nonlinear mod-
els and nonlinear control techniques are indispensible to
achieve satisfactory performance. However, it is not only
the nonlinearity which distinguishes the control problem
in transient operation from its stationary counterpart.
In transient operation, the control task must be con-
sidered from a wider perspective. Instead of maintain-
ing a setpoint or tracking a trajectory given by a supe-
rior decision layer and rejecting disturbances, the con-
trol system has to achieve the best possible economical
performance within a constrained operational region de-
spite the dynamically changing environment of the plant
(Backx et al., 1998). Hence, the targets in stationary
phases (Rawlings, 2000) are replaced by an economi-
cal objective in transient phases (Helbig et al., 2000b)
which consequently results in an integration of optimiz-
ing control and on-line economical (dynamic) optimiza-
tion by means of receding horizon techniques (Backx
et al., 2000). We introduce the term operation support
system to emphasize the wider scope which goes beyond
mere setpoint control, trajectory tracking, and distur-
bance rejection.

These trends in process operations and control neces-
sitate models of sufficient rigor, which are suitable for

12
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implementation in an optimization based operation sup-
port system. Since these models must cover the whole
operational envelope of a plant, purely empirical process
models seem to be unfavorable due to the immense ef-
fort required for plant testing (Pearson and Ogunnaike,
1997). Consequently, models for optimization and con-
trol should capture the major physico-chemical effects in
a mechanistic manner at least to the extent accessible.
The more a-priori-knowledge can be built into a funda-
mental process model the less experimental effort will be
required to fit the model to plant data in order to obtain
good extrapolation capabilities in a large region of the
state space.

Modeling is considered one of the major bottlenecks of
nonlinear model predictive control (Henson, 1998; Lee,
2000) or, more generally, of optimization based process
operations and control in the sense of Backx et al. (1998)
and Helbig et al. (2000a). Lee (2000) discusses the re-
quirements, the current status and the needs of nonlin-
ear modeling and identification for control and opera-
tions with an emphasis on experimental identification.
This paper aims at complementing and partly detailing
Lee’s assessment by focusing on nonlinear model reduc-
tion for the implementation of optimization based oper-
ations support systems.

A comprehensive and sensible review of this subject
is a formidable task which can hardly be achieved given
the limited space available. Hence, the selection of the
material presented reflects at least to some extent the
interest and the ignorance of the author. The references
given should be taken as exemplary rather than as com-
prehensive. They have been chosen to point the inter-
ested reader to relevant approaches and results and to
provide a first guide to a more detailed literature study.

Modeling always has to be oriented towards a pro-
jected use in an application (Foss et al., 1998). Hence,
the next section introduces first a mathematical formu-
lation of the optimization based operation support prob-
lem, suggests some decomposition strategies and derives
general requirements the models have to fulfill. The ma-
jor phases of a systematic work process for the develop-
ment of (fundamental) process models are given in the
following section. The resulting models show a natural
structure which should be exploited in model applica-
tion. This structure can be related to hybrid modeling
which is discussed in the following section.

Fundamental models are typically of a high compu-
tational complexity which is difficult to handle by on-
line optimization algorithms (Henson, 1998). Therefore,
nonlinear model reduction techniques are of significant
relevance if large-scale applications have to be tackled.
Consequently, model reduction techniques are discussed
in great detail next. We consider both, model order re-
duction to reduce the number of equations, and model
simplification to reduce the complexity of the dynamic
process model. With the final section, we return to the

optimization based operation support system and discuss
which type of models are good candidates for implement-
ing the different modules in a potentially decomposed
system. We conclude with a summary of important open
research problems.

Optimization Based Operation Support

We introduce a general problem formulation for opti-
mization based operation support and discuss potential
decomposition strategies for implementing such a control
system in an industrial environment (see Backx et al.
(1998), Helbig et al. (2000b) and Backx et al. (2000) for
a more detailed discussion). Resulting requirements on
the models are summarized to guide fundamental mod-
eling and model order reduction and simplification.

Mathematical Problem Formulation

The goal of optimal process control and operations is the
minimization of some economic cost function Φi over a
certain time horizon ∆i = [t0,i, tf,i], both set by a deci-
sion maker on a higher level in the automation hierar-
chy (e.g. a planner or a scheduler), in face of unknown
parametric or unstructured model uncertainty and time-
varying exogenous inputs represented by the disturbance
vector di(t). The minimization is subject to the model
equations f(·) and to production and process constraints
mi(·) and gi(·) such as product quality and capacity
restrictions or equipment limitations. The constraints
mi(·), gi(·) can be either path, point or periodicity con-
straints. The final time tf,i of the operational phase ∆i

is determined by the operational objectives. It could,
for example, be the final batch time or the time after
which a grade change in a continuous process has been
completed. Feedback of available measurements ηi(t) of
the system outputs yi(t), inputs ui(t) and disturbances
di(t) is introduced to achieve satisfactory performance.
Typically, an estimation of the states xi(t) and the dis-
turbances di(t) is required to implement output feedback
with high performance. We drop the index i denoting a
specific operational phase subsequently to ease notation
in the sequel.

The overall output feedback problem can be separated
into a dynamic data and model reconciliation problem
and into an optimal control problem. At any time in-
stance tc ∈ ∆, the reconciliation problem

min
xr,0,dr

Φr(yr,η,xr,0,dr, tr, tc) (1)

subject to

0 = fr(ẋr,xr,ur,dr) ,
xr(tr) = xr,0 ,

yr = hr(xr,ur,dr) ,
ur = U[uc(·)] ,
0 ≥ gr(xr,ur,dr) ,
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t ∈ [tr, tc]

and the control problem

min
uc

Φc(xc,uc, tc, tf ) (2)

subject to

0 = f c(ẋc,xc,uc,dc) ,
xc(tc) = xr(tc) ,

yc = hc(xc,uc,dc) ,
dc = D[dr(·)] ,
0 ≥ gc(xc,uc,dc) ,
0 ≥mc(xc,uc,dc) ,

t ∈ [tc, tf ]

have to be solved in real-time on horizons [tr, tc] and
[tc, tf ], respectively. The indices r and c refer to quanti-
ties in the reconciliation and the control problem, re-
spectively. Purposely, we have assumed that neither
the models nor the production and process constraints
are the same in the reconciliation and control problems.
For the sake of simplicity, we have not explicitly intro-
duced the discrete nature of measurements η and con-
trols uc,ur. These vectors could, however, be thought of
being concatenations of the respective vectors at discrete
times tk in either [tr, tc] or [tc, tf ]. Further, though we do
not want to exclude hybrid continuous-discrete systems
(e.g. Barton et al., 1998; Bemporad and Morari, 1999),
we have not accounted for any discrete variables in the
problem formulation explicitly for the sake of a simpler
notation.

The problems (1) and (2) are coupled and cannot be
solved independently. The states xr(tc) and the distur-
bances dr(t) are estimated in the reconciliation problem
(1) and are passed to the control problem (2) to facilitate
state and disturbance prediction via the control model
and the predictor D. On the other hand, the control
variables uc(t) are passed from the control problem (2)
to the reconciliation problem (1) and are processed by U

to update the controls needed for state and disturbance
estimation.

From a control perspective, this problem is an output
feedback optimal control problem with general (instead
of least-squares) objectives reflecting process economics.
Since there are no operational targets in the sense of
setpoints or reference trajectories (characteristic for a
model predictive control problem, see Rawlings (2000))
the problem may also be interpreted from an operational
perspective. Hence, the problem can be considered a
generalization of state of the art (steady-state) real-time
optimization (Marlin and Hrymak, 1997) which aims at
establishing economically optimal transient plant oper-
ation (Backx et al., 1998, 2000). In any case, the so-
lution of this operation support problem would achieve

d(t)

uc(t)

�(t)

�,�

decision
maker

optimal
control

process
including

base control

g, m

dynamic
data recon–

ciliation

dr(t)

xr(tc)

optimizing feedback
control system

�c

�c

Figure 1: Direct (centralized) optimization approach.
δc refers to the feedback control sampling time.

an integration of advanced (predictive constrained) pro-
cess control and economical optimization in a transient
environment.

Decomposition Strategies

In principle, the problem (1), (2) can be solved simulta-
neously on the controller sampling frequency δc (see Fig-
ure 1). This centralized or direct approach is only com-
putationally tractable if small-scale processes (such as
single process units) are considered and/or strongly sim-
plified models are applicable. Obviously, highly efficient
solution algorithms and sophisticated model reduction
techniques are extremely important to push the frontier
of computational complexity (Biegler and Sentoni, 2000).
However, even if the problem could be solved easily for
large-scale processes, it is questionable whether such an
unstructured approach would be accepted by both, the
industrial plant operators and the control system ven-
dors. Problems could be associated with a lack of redun-
dancy, reliability and transparency as well as with a high
engineering complexity and maintenance effort.

Decomposition of the overall problem seems to be un-
avoidable in particular if large-scale plant or even site
wide control problems with cross-functional integration
(Lu, 2000) are considered (Backx et al., 1998). The
development of such decomposition strategies can be
built on the theory of multi-level hierarchical systems
(Mesarovic et al., 1970; Singh, 1977; Findeisen et al.,
1980; Morari et al., 1980; Jose and Ungar, 2000) which
has been worked out before the mid-eighties. Many of
the concepts have not widely been implemented at that
time due to a lack of computational power. Though this
bottleneck has been largely overcome today, the theory
has not yet found adequate attention in the process con-
trol community.

Two fundamentally different decomposition strategies
can be distinguished. Horizontal decomposition refers to
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Figure 2: Horizontal decomposition, decentralized
optimization approach. δc and δco refer to the feed-
back control and to the coordination sampling times.

a decentralization of the control problem typically (but
not necessarily, e.g. Lee et al. (2000)) oriented at the
functional constituents of a plant (e.g. the process units).
Coordination is required to guarantee that the optimal
value of the objective reached by a centralized optimiz-
ing control system (see Figure 1) can also be achieved by
decentralized dynamic optimization. Various coordina-
tion strategies for dynamic systems have been described,
for example, by Findeisen et al. (1980). Figure 2 shows
one possible structure, where the coordinator adjusts the
objective functions of the decentralized optimizing feed-
back controllers to achieve the ”true” optimum of the
centralized approach.

Vertical decomposition refers to a multi-level separa-
tion of the problem (1), (2) with respect to different
time-scales. Typically, base control, predictive reference
trajectory tracking control, and dynamic economic op-
timization could be applied with widely differing sam-
pling rates in the range of seconds, minutes, and hours
(see Findeisen et al. (1980) for example). According to
Helbig et al. (2000b), the feasibility of a multiple time-
scale decomposition does not only depend on the dy-
namic properties of the autonomous system but also on
the nature of the exogenous inputs and disturbances. If,
for example in a stationary situation, the disturbance
can be decomposed into at least two contributions,

d(t) = d0(t) + ∆d(t) , (3)

a slow trend d0(t) fully determined by slow frequency
contributions and an additional zero mean contribution
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Figure 3: Vertical, two time-scale decomposition of
optimization based operations support for transient
processes. δc refers to the sampling time of the track-
ing controller, Ψ refers to a process performance in-
dicator.

∆d(t) containing high frequencies, some sort of decom-
position should be feasible. Figure 3 shows a possible
structure of the optimization based operations support
system in this case. The upper level is responsible for the
design of a desired optimal trajectory xd(t),ud(t),yd(t)
whereas the lower level is tracking the trajectory set
by the upper level. Due to the time varying nature of
the disturbances d(t), feedback is not only necessary to
adjust the action of the tracking controller but also to
adjust the optimal trajectory design to compensate for
variations in d0(t) and ∆d(t), respectively. The control
action uc(t) is the sum of the desired control trajectory
ud(t) and the tracking controller output ∆u(t). Rec-
onciliation is based on the slow and fast contributions
η0(t) and ∆η(t) separated by a time-scale separation
module. Control and trajectory design are typically exe-
cuted on two distinct sampling intervals δc and kδc with
integer k > 1. The performance of the controller, coded
in some indicator Ψ, needs to be monitored and com-
municated to the trajectory design level to trigger an
update of the optimal trajectory in case the controller
is not able to achieve acceptable performance. Though
this decomposition scheme is largely related to so-called
composite control in the singular perturbation literature
Kokotovic et al. (1986), the achievable performance will
be determined by the way the time-scale separator is im-
plemented.

Model Requirements

Optimization based control requires appropriate models
to implement solutions to the reconciliation and control
problems.

The model in (2) must predict the cost function, out-
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puts and states over the time horizon [tc, tf ] with suffi-
cient accuracy. Any notable inaccuracy will inevitably
result in an economical loss because of a violation of the
constraints or a deviation from the true economic op-
timum. The requirements on the prediction quality of
disturbances on [tc, tf ] are high, since they influence the
cost function in (2). This is in contrast to model predic-
tive control, where even a crude disturbance prediction is
sufficient to eliminate offset in trajectory tracking. The
same (high) accuracy requirements hold in the whole op-
erational envelope covered during nominal plant opera-
tion.

The prediction accuracy on the control horizon [tc, tf ]
crucially depends on the quality of the state and distur-
bance estimates on the reconciliation horizon [tr, tc] as
determined from a solution of the reconciliation prob-
lem (1) employing the accessible measurements. Due
to unavoidable model uncertainty, the model needs to
be reconciled simultaneously. In the most simple case,
a number of carefully chosen model parameters has to
be updated periodically. Often, unknown time-varying
exogenous functions or plant upsets and operator inter-
action at discrete time instances complicate the recon-
ciliation problem.

Since all the models are used as part of an optimiza-
tion algorithm, the gradients with respect to x0,r and
the parameterization of dr in (2) and the parameteri-
zation of ur in (1) must be of high accuracy, too, to
avoid unnecessary iterations or even convergence to the
wrong optimum (see Biegler et al. (1985) and Ganesh
and Biegler (1987) for a discussion in steady-state opti-
mization).

Accuracy requirements are much higher here as com-
pared to setpoint or trajectory tracking feedback con-
trol. Since any model uncertainty directly influences
plant economics, we cannot rely on feedback only to cope
with model uncertainty. From a plant economics point
of view, a quantification of the model error would be de-
sirable (Tatrai et al., 1994) though hardly achievable in
practice. Model validation against plant and cost data
is extremely important and needs to be an integral part
of the model development activity. We should keep in
mind that the predictive quality of the model has to be
assessed in a closed-loop rather than an open-loop mode.
For one, the gain and frequency characteristics of the
model usually differ in open- and closed-loop. Further,
plant measurements can be eventually used to update
the model as part of the reconciliation problem (1) to
compensate for deficiencies in the predictive capabilities
of the model.

Due to the high complexity of any large-scale indus-
trial plant, model reduction has always to be considered.
Inevitably, any reduction of the model complexity intro-
duces inaccuracies, which—if not significantly smaller in
magnitude than the mismatch between plant and original
model—will lead to a loss of economical performance and

may even give rise to instability. Despite this fact, a com-
promise between model complexity and predictive qual-
ity must always be achieved (Tatrai et al., 1994) since
low sampling frequency control action as a consequence
of the high complexity of a very accurate model would
also reduce the performance of the operation support
system.

Though controllability and observability are proper-
ties of the plant rather than the model, these structural
properties may get lost in case of simple plant models if
not properly accounted for. The same holds for the iden-
tifiability of model parameters which is not only a matter
of the available measurements but also of the detail built
into the model. Of course, these requirements are obvi-
ous but difficult to assess in the nonlinear case. There is
some evidence that fast time-scales should be eliminated
from the model to yield better robustness and more fa-
vorable stability properties (Christofides and Daoutidis,
1996; Kumar et al., 1998).

To facilitate numerical treatment, the models should
be of differential index one (Brenan et al., 1996; Mar-
tinson and Barton, 2000), proper boundary conditions
have to provided in case of distributed parameter models
(Martinson and Barton, 2000), and singular arcs (Bryson
and Ho, 1975; Kadam, 2000) should be avoided. Discon-
tinuities are still difficult (and will be at least expensive)
to handle numerically (Barton et al., 1998) and should
therefore be avoided if possible.

In summary, in order to implement the optimization
based control system (1), (2), sufficiently accurate mod-
els are required for the nominal intrinsic process dy-
namics, for the economical objectives (including product
quality), for the exogenous disturbances, and for sen-
sor and actuator characteristics if they are relevant for
process economics. Major sources of structured or un-
structured uncertainty should at least be identified as a
prerequisite for appropriate model updating. Different
tailored models are necessary for the control and recon-
ciliation subproblems even in a direct (centralized) ap-
proach (cf. Figure 1). If some decomposition of the oper-
ation support system is employed (cf. Figures 2 and 3),
model decomposition is an additional major concern.

Validation of the model quality has to be accomplished
under closed-loop conditions. A brute force approach
could rely on the formulation and solution of an opti-
mization problem which assesses feasibility, flexibility,
and controllability according to the classification given
by Abel et al. (1998). The problem formulation leads to
a large-scale bilevel dynamic optimization problem the
reliable solution of which is out of reach at this point for
most industrially relevant processes.

Systematic Model Development

The discussion of the last section clearly reveals the com-
plexity of the model requirements. It is therefore not
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surprising that modeling and the proper validation of
the resulting models is (and will be for a long time) the
major bottleneck in introducing model-based operation
support systems into industrial application.

Recently, Foss et al. (1998) undertook an industrial
field study to identify current industrial practice in pro-
cess modeling. They identified the same major steps
organized nearly the same way in a work process in all
the companies included in the study, if only a coarse task
granularity is considered. There seem to be no generally
practiced patterns on the subtask level. A first analy-
sis of the modeling work process on a detailed level has
been attempted recently (Marquardt, 1995; Lohmann
and Marquardt, 1996; Lohmann, 1998) in the context of
work process centered computer-aided modeling support
systems (Jarke and Marquardt, 1996; Bogusch et al.,
2001). The approach pursued in these studies is promis-
ing but does not yet address the requirements of opti-
mization based control sufficiently. More emphasis has to
be put on model transformations (including model order
reduction and simplification), model structure discrimi-
nation and parameter identification as well as closed-loop
model validation in the future.

We are far from a recommended work process which
would lead us to a reasonable set of models for a decom-
posed optimization based operations support system at
minimal cost. This section presents the major modeling
steps on a coarse granular task level to guide the devel-
opment of more elaborate modeling work processes (see
Foss et al., 1998, for details) and to put model reduction
and model application as discussed in the remainder of
the paper into perspective.

(a) Requirements analysis: A precise problem formula-
tion is necessary but often omitted in process mod-
eling since most of the requirements are still vague.
As in any design activity these requirements have
to evolve with the model during the modeling pro-
cess. Major issues are the purpose of modeling and
the intended application of the model, the quantities
to be computed from the model, their dependency
on time and non-time coordinates, the accuracy to
be attained, the available resources for model con-
struction and the available computational resources
for model interpretation.

(b) Abstraction of the process: The boundaries of the
process under consideration are specified by stat-
ing all external connections to the process’ environ-
ment first. Subsequently, the process is decomposed
hierarchically into more and more refined intercon-
nected model objects until a desired level of resolu-
tion is reached. The properties of the model objects
are described in detail. The information collected
comprises an informal descriptive representation of
the model. The extensive quantities to be balanced,
the assumptions on the physico-chemical phenom-

ena and the level of detail to be considered are for
example part of this description. Canonical model
objects and a recommended procedure have been
defined to guide this abstraction process (e.g. Mar-
quardt, 1995).

(c) Formulation of model equations: For every model
object, the descriptive model of step (b) is cast
into a set of model equations to precisely define
the model object’s dynamics. The informal descrip-
tive model is converted into a formal mathematical
model. First, the balance equations are determined
accounting for the desired spatial resolution. The
process quantities occurring in the balance equa-
tions are classified as states, parameters or state
functions. Parameters are fixed together with an
uncertainty interval. State functions are refined by
additional constitutive equations. Appropriate ini-
tial and boundary conditions are specified. Simulta-
neously, a consistency check of physical dimensions
and units, an analysis of the remaining degrees of
freedom or of the differential index can be carried
out (Bogusch et al., 2001).
The resulting process model comprises partial dif-
ferential equations to cope with spatially distributed
model objects, integro-differential-equations to rep-
resent particulate model objects by population bal-
ances, as well as differential-algebraic equations to
describe spatially averaged (well-mixed) model ob-
jects. Often, the models are in addition of a hybrid
discrete-continuous nature (Barton and Pantelides,
1994) to represent physical state events (such as a
phase change) or discrete control action (such as a
switching controller).

(d) Aggregation of model equations: The equations of
the whole process model are deduced by an aggre-
gation of those of every model object. This aggre-
gation process follows the hierarchical structure in-
troduced during the abstraction in step (b). Ad-
ditional constraints due to the aggregation may be
introduced. Again, the model is checked for its in-
dex as well as for a proper specification of degrees
of freedom and initial conditions. The resulting
model may be very large-scale and may comprise of
some hundred thousand equations if plant-wide or
even site-wide optimization is envisaged. The model
structure may be exploited later to accomplish hor-
izontal decomposition (cf. Figure 2).

(e) Model transformation: Usually, the model equations
are not solved as derived during the modeling pro-
cess. Instead, the model equations are reformulated
with different objectives. For example, reformula-
tion or even model reduction are performed to re-
duce the computational complexity or the index in
case of high index models.
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(f) Implementation and verification: The model is im-
plemented by means of a modeling and simula-
tion tool. Instead of a formal verification to check
whether the model satisfies the intent of the mod-
eler (expressed in the requirements formulated in
step (a)) the model is run, the simulation results
are checked for plausibility and the computational
resources are determined.

(g) Structure discrimination, parameter estimation,
and model validation: An appropriate model struc-
ture has to be chosen from a set of candidates and
unknown model parameters have to be determined
from experimental data. Optimization based
experimental design may be applied to reduce the
number of experiments required. Typically, the
model fitting process works bottom-up starting
with the model objects on the lowest level of the
aggregation hierarchy. Another data set is used
subsequently to validate the nominal model. Note,
that only open-loop experiments are possible at
this point.

(h) Documentation: A complete documentation of the
modeling process, the resulting process model, its
implementation, and its validation is provided to
facilitate the use of the model or of its parts in a
later application.

(i) Model application: The model is employed for the
intended application, i.e. for the implementation of
one of the functional modules in an optimization
based control system. An objective function, a dis-
turbance model and a set of constraints have to be
defined in addition. The application is validated
as a whole which, most importantly boils down to
a validation of the model in closed-loop. Not only
the modeling, but also the quality of the numeri-
cal solution and the measurement data have to be
accounted for at this stage.

There is a very close link and a large degree of in-
terdependency between steps (a) to (i). Consequently,
a large number of iterations cannot be avoided to meet
the complicated and widely varying requirements set out
at the beginning. Though, it would be extremely useful
to better manage the modeling process in order to come
up with a satisfactory solution the first time right, a
formalization of the modeling process as a prerequisite
for proper work process management seems to be com-
pletely out of reach today. This is largely due to a lack
of understanding of the modeling process as whole. Still,
nonlinear modeling for control is rather an art than an
engineering science (cf. also Aris, 1991).

The remainder of the paper will largely deal with steps
(c), (e) and (i) with an emphasis on a reduction of model
complexity as part of the model transformations in step
(e).

Hybrid Modeling

The formulation of model equations in step (c) of the
work process above is largely depending on the level of
process knowledge available. This knowledge can—at
least in part—be organized along the natural structure
displayed in model equation sets as derived during funda-
mental modeling (Marquardt, 1995). On the uppermost
level, there are the balances (e.g. a component mass bal-
ance) which are composed of generalized fluxes (e.g. a
reaction rate), which may be computed from constitu-
tive equations (e.g. the reaction rate expression). Re-
cursively, these constitutive equations contain variables
(e.g. a rate constant) which may result from other consti-
tutive equations (e.g. an Arrhenius law). The equation
system can be organized as bipartite graph with equa-
tions and variables representing the two types of nodes
(Bogusch and Marquardt, 1997).

For every process quantity occurring in an equation
we can decide whether it is treated as a constant or even
time-varying parameter (to be eventually estimated on-
line) or whether it will be refined by another equation. In
the latter case, these ”constitutive equations” may have
a mechanistic basis, or alternatively, they may be of a
physically motivated semi-empirical or even of a com-
pletely empirical nature. Obviously, the process quanti-
ties occurring in these equations can be treated the same
way on a next refinement level. In most cases, we are not
able or (for complexity reasons) not interested in incor-
porating truly mechanistic knowledge (on the molecular
level) to determine the constitutive equations. Instead,
we correlate unknown process quantities by means of a
(semi-)empirical equation.

Hence, all process models are by definition hybrid mod-
els, since they comprise fundamental as well as empiri-
cal model constituents. The fundamental model con-
stituents typically represent the balances of mass, en-
ergy and momentum and at least part of the constitu-
tive equations required to fix fluxes and thermodynamic
state functions as functions of state variables. Empirical
model constituents, on the other hand, are incorporated
in the overall process model to compensate for a lack of
understanding of the underlying physico-chemical mech-
anisms. These empirical model constituents are typi-
cally formed by some regression model such as a linear
multivariate or an artificial neural network model. The
parameters in the regression model are identified from
plant data. Therefore, hybrid modeling is also often re-
ferred to as combining a fundamental and a data-driven
(or experimental) approach.

Empirical Regression Models

Many different ways of combining empirical (or data-
driven) and fundamental modeling have been proposed
in recent years (see van Can et al., 1996; Agarwal, 1997),
for various alternatives). The most important structures
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Figure 4: Different structures of hybrid models. (a)
parallel structure, (b) serial structure, and (c) an ex-
ample of a mixed structure.

of combining a fundamental and an empirical model are
depicted in Figure 4.

In the parallel structure, independently introduced by
Su et al. (1992), Kramer and Thompson (1992), Thomp-
son and Kramer (1994), and Johansen and Foss (1992),
the model output is a weighted sum of an empirical and
a fundamental constituent (cf. Figure 4 (a)). Usually,
both of these models are dynamic. The empirical model
is often implemented as some type of neural network. It
acts as an error model and compensates for any unstruc-
tured uncertainty in the fundamental model.

In contrast to this ad-hoc approach to hybrid model-
ing, the serial structure (cf. Figure 4 (b)) is fully con-
sistent with a fundamental model structure. For lumped
parameter systems, we find in general on some level of
refinement the equation structure

ẋ = f(x,θ(·),p1,u) (4)

with parameters p1 and the unknown function θ(·). The
quantities θ represent physical quantities which are diffi-
cult to model mechanistically. Examples are a flux, a ki-
netic constant, or a product quality indicator. Typically,
f(·) includes the balances of mass and energy, which can
always be formulated easily. Obviously, instead of pos-

tulating some model structure

θ = θ(x,η,u,p2) (5)

which is based on some physical hypotheses as in funda-
mental modeling, any other purely mathematically mo-
tivated model structure can be chosen to implement the
constitutive equation. This function and the probably
unknown parameters p1 in the fundamental model have
to be estimated from the measured outputs η and the
known inputs u after appropriate parameterization by
θ(·) and p2. This approach to hybrid modeling has been
introduced first by Psichogios and Ungar (1992) who sug-
gested the use of a feedforward neural network as the
regression model. Identifiability is a serious concern, if
θ(·) not only depends on known inputs u and measured
outputs η as in most reported studies but also on states
x.

Any combination of the parallel and serial structures in
Figure 4 is conceivable. An example, reported by Simutis
et al. (1997), is shown in Figure 4 (c).

Hybrid models with serial structure have got a lot of
attention. They have found numerous applications in dif-
ferent areas such as in catalysis and multiphase reaction
engineering (e.g. Molga and Westerterp, 1997; Zander
et al., 1999; Molga and Cherbański, 1999), biotechnol-
ogy (e.g. Saxén and Saxén, 1996; van Can et al., 1998;
Shene et al., 1999; Thibault et al., 2000), polymerization
(e.g. Tsen et al., 1996), minerals processing (e.g. Reuter
et al., 1993; Gupta et al., 1999), drying (e.g. Zbiciński
et al., 1996) or in environmental processes (e.g. de Veaux
et al., 1999). In most cases reported so far, the hybrid
model has been determined off-line. Satisfactory predic-
tion quality can be obtained if sufficient data are avail-
able for training. Typically, the interpolation capabilities
are comparable to fully empirical models but the extrap-
olation capabilities are far superior (e.g. van Can et al.,
1998; de Veaux et al., 1999). A tutorial introduction to
hybrid modeling with emphasis on the serial structure
has been given by te Braake et al. (1998).

On-line updating of the neural network model in the
context of model-based control has also been suggested
in cases where a high predictive quality cannot be ob-
tained by off-line training due to a lack of sufficient data
or to a time-varying nature of the process. An exam-
ple has been recently reported by Costa et al. (1999)
who apply optimal control to a fed-batch fermentation.
These authors employ a functional link (neural) network
to model the reaction rates in a hybrid model with serial
structure and update the parameters on-line to improve
control performance.

Empirical Trend Models

Employing nonlinear regression with neural networks for
the determination of θ(·) is not the only one approach to
hybrid modeling of uncertain systems. For example, the
structure of the model (4), (5) has been explored before
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the introduction of hybrid neural network models in the
area of reaction calorimetry (see Schuler and Schmidt
(1992) for a review). In this context, the unknown func-
tion θ(·) refers to the heat of reaction which is inferred
from temperature measurements by some state estima-
tion technique. Instead of the static model (5) a dynamic
model

θ̇ = ϑ1(x,u,η,θ,π,p3) , (6)
π̇ = ϑ2(x,u,η,θ,π,p4) (7)

is chosen to complement a fundamental model in the se-
rial structure shown in Figure 4 (b). Here, the quantities
θ and π are interpreted as part of the (extended) state
vector rather than as a nonlinear state function. Often,
due to a lack of mechanistic knowledge, the dynamic
models for θ and π are chosen in a simple manner. In
many cases, constant or linear trends are sufficient to
obtain an estimate, which is completely satisfactory for
monitoring and control though the predictive capabilities
of the model are very limited in theses cases.

This approach is not restricted to reaction calorimetry.
For example, Helbig et al. (1998) report on an extension
of this idea to real-time optimization of a two-phase poly-
merisation reactor operated in semi-batch mode to max-
imize productivity despite lacking knowledge on the de-
tailed physico-chemical phenomena occurring. Empirical
models for the overall reaction rate and the interfacial
mass transfer rate have been included in a fundamental
model comprising mass and energy balances as well as
physical property models of the two-phase system. Sim-
ple models (6), (7), have been chosen which guarantee
observability and controllability even when control vari-
ables are constrained.

Wiener/Hammerstein Type Hybrid Models

Hybrid models of a completely different type may be
built as follows. In many cases, a fundamental steady-
state process model is available either from process de-
sign of from steady-state real-time optimization. Often,
the effort of converting the existing steady-state model
implemented in some process modeling environment to a
dynamic model to be employed for the support of tran-
sient process operations is quite high. Dynamic real-
time optimization may be accomplished at least approx-
imately by means of a hybrid model which combines the
nonlinear fundamental steady-state model with an em-
pirical linear dynamic model in a serial manner. The re-
sulting structure corresponds—in the most simple case
of a SISO system—to a Hammerstein or a Wiener model
depending on the sequence order of the linear dynamic
and the nonlinear static submodels.

Three hybrid models of this type—a Wiener, a Ham-
merstein and a feedback structure, have been treated
recently under the assumption of a known nonlinear
static map and unknown linear dynamics by Pearson and

Pottmann (2000). These authors report tailored identi-
fication algorithms which exploit the knowledge of the
nonlinear static map given by the fundamental model.
In their binary distillation case study, the nonlinear map
between reflux and top composition has been approxi-
mated by simple spline functions.

In a similar study, reported previously by Norquay
et al. (1999), a hybrid model of Wiener type has been
developed and employed in a model predictive control
strategy for dual composition control of an industrial
C2-splitter in an ethylene plant. First-order plus dead-
time linear transfer functions are used to implement an
empirical 2× 2 linear model followed by two static maps
which result from cubic spline approximation of a funda-
mental steady-state process model. The Wiener model
based controller has been successfully implemented on
an industrial plant in Australia.

Discussion

Hybrid trend as well as regression models (in particu-
lar with serial structure) are not only compensating for
lacking mechanistic knowledge. In most cases these mod-
els also result in a much lower complexity as compared
to representative detailed mechanistic models. Hybrid
modeling is therefore closely related to model reduction
which is discussed in more detail below. In many cases,
the validity of the model can only be guaranteed if on-
line dynamic model reconciliation by either parameter
estimation in case of regression models (e.g. Costa et al.
(1999)) or by combined state and disturbance estima-
tion in case of trend models (e.g. Helbig et al. (1998)) is
employed.

Though there is some evidence that the serial struc-
ture has more favorable extrapolation properties than
the parallel structure (van Can et al., 1996), methods
of systematically designing hybrid model structures—
either employing a static regression or a dynamic trend
model—and their ranking with respect to prediction and
extrapolation quality under open- and closed-loop con-
ditions are still lacking.

The Hammerstein/Wiener type nonlinear hybrid mod-
els are very promising in those cases where a fundamen-
tal steady-state real-time optimization model is already
available. The work of Norquay et al. (1999) and Pearson
and Pottmann (2000) are good starting points for further
investigation which should aim at an extension of the
concept to real-time dynamic optimization and control.
The engineering effort can be reduced tremendously if
the optimization model implementation can be directly
integrated with a dynamic linear model in a modular
fashion by a heterogeneous simulation and optimization
platform (e.g. von Wedel and Marquardt (2000)).
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Model Order Reduction

We have seen that model complexity can be reduced
significantly by introducing empirical components in a
model. Here, we will review order reduction techniques
for a given nonlinear lumped parameter models which
may be of whatever origin. We restrict the discussion to
models of type

ẋ = f(x,u) , x(t0) = x0 , y = h(x) , (8)

though more general differential-algebraic models should
be considered. However, there seems to be only the paper
of Löffler and Marquardt (1991), which treats this rele-
vant class. We attempt to unify—at least to the extent
possible—the great many variants of reported nonlinear
order reduction techniques. Such an exercise will hope-
fully uncover hidden relationships and foster new devel-
opments in the future. Order reduction is always possible
for large-scale models because the most significant con-
tribution to the dynamics originates in a subspace of the
complete state space. The key questions are what we
rate as a significant contribution and how we are going
to reveal it by systematic means ultimately under closed
loop conditions.

Projection Methods

Projection methods have been suggested in a great vari-
ety in the recent literature. A generic procedure can be
formulated as follows:

1. Transform the original state space into a state space
better revealing the important contributions to pro-
cess dynamics, i.e.

x− x∗ = T (z) , (9)

with a general diffeomorphism T and the trans-
formed state vector z ∈ Rn. The reference state x∗

is often a non-zero nominal operating point. Note
that T is a non-singular square matrix in the linear
case.

2. To achieve order reduction we decompose the trans-
formed space into two complementary subspaces
with state vectors z1 ∈ Rm and z2 ∈ Rn−m, re-
spectively. Hence,

T (z) = T (z1,z2) , (10)

or

Tz = T 1z1 + T 2z2 , T = [T 1,T 2] , (11)

in case of a linear transformation. We call z1 the
dominant states and refer to z2 as the non-dominant
states. Note, that the new states are linear combi-
nations of the original states in the linear case.

3. Finally, we have to deduce a nonlinear dynamic
model for the dominant states

ż1 = f1(z1,z2,u) (12)

and a hopefully simple algebraic model for the non-
dominant states

0 = f2(z1,z2,u) . (13)

4. Approximate states x̃ and outputs ỹ of the original
system can be easily computed from z1 and z2 using
Equation 9 with Equations 10 or 11. Equation 9 can
be viewed as an output equation of the model (12),
(13).

The variants of projection methods differ mainly in steps
1–3. The major techniques are introduced and put into
perspective next.

Model transformation
Scherpen (1993) suggested nonlinear balancing as a tool
for nonlinear model reduction. Her method general-
izes balancing of linear systems as introduced by Moore
(1981). The idea of balancing is the transformation of
a system into an equivalent form which allows the as-
sessment of the importance of the state variables with
respect to the energy in its input and output signals.
According to Scherpen (1993), we define the controlla-
bility and observability functions

Lc(x0) = min
u,x(0)=x0

1
2

∫ 0

−∞
u(t)Tu(t)dt ,

x(−∞) = 0 , u ∈ L2(−∞, 0) ,
(14)

Lo(x0) =
1
2

∫ ∞
0

y(t)Ty(t)dt ,

x(0) = x0 , u(t) ≡ 0 , 0 ≤ t <∞ ,

(15)

for linear and nonlinear systems. These functions denote
the amount of input energy required to reach the state
x0 and the amount of output energy generated by the
state x0, respectively. For a linear system (A,B,C),
these functions are quadratic forms

Lc =
1
2
xT

0M
−1
c x0 , Lo =

1
2
xT

0M
−1
o x0 (16)

of the controllability and observability Gramians

M c =
∫ ∞

0

eAtBBT eAT t dt , (17)

Mo =
∫ ∞

0

eAT tCTCeAt dt , (18)

which, for stable systems, can be computed from the
Lyapunov equations

AM c +M cA
T = −BBT , (19)

ATMo +MoA = −CTC . (20)
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A system is called internally balanced (Moore, 1981) if

Mo = M c = Σ = diag {σi} (21)

where σ1 ≥ σ2 · · · ≥ σn are the Hankel singu-
lar values. There always exists an orthogonal ma-
trix T (with T−1 = T T ) which transforms a (stable)
linear system (A,B,C)1 into its balanced equivalent
(T TAT ,T TB,CT ) with x = Tz,z = T Tx (Moore,
1981). More precisely, there are two transformation ap-
plied subsequently which employ the eigenvectors and
eigenvalues of both Gramians to arrive at diagonalized
controllability and observability Gramians of the trans-
formed system.

The generalization to stable nonlinear systems (8) re-
quires the determination of the nonlinear controllability
and observability functions Lc(x0) and Lo(x0), respec-
tively. Scherpen (1993) derives two nonlinear partial dif-
ferential equations, a Lyapunov and a Hamilton-Jacobi
type of equation, to determine these functions. Two non-
linear transformations can be derived from these solu-
tions. If they are applied to Lc(x0) and Lo(x0) again, n
singular value functions, the nonlinear analogs to the sin-
gular values in the linear case, can be identified. Hence,
these transformations can be used to balance a nonlin-
ear system. A similar technique based on a different
definition of the energy of the input and output signals
related to the nonlinear H∞ control problem as well as
extensions to nonlinear systems have been reported more
recently (Scherpen and van der Schaft, 1994; Scherpen,
1996). The drawback of these approaches is obvious: the
required analytical computations to determine Lc(x0)
and Lo(x0) are rarely feasible in practice and a fully con-
structive method for the determination of the nonlinear
transformation is not yet available. Hence, an approxi-
mation of the analytical balancing method of Scherpen
seems to be the only way forward.

Consequently, Newman and Krishnaprasad (1998) ex-
plored the possibility of determining Lc(x0) and Lo(x0)
by a Monte-Carlo technique for a two-dimensional prob-
lem.

An alternative approach to the computation of approx-
imate Gramians can be deduced from a remark given by
Moore (1981, p.21). He suggested to sample the impulse
response matrix at a finite number of times to empiri-
cally construct an approximate M c and Mo if solutions
to the Lyapunov equations (19), (20) do not exist or are
hard to compute.

Pallaske (1987) seems to be the first who made use
of this idea in the context of model order reduction for
nonlinear systems (without referring to Moore’s original
work). He introduced the covariance matrix

M =
∫

G

∫ ∞
0

(x(t)− x∗)(x(t)− x∗)T dt dG (22)

1See Skogestad and Postlethwaite (1996), pp. 464, for exten-
sions to unstable systems.

as the basis for the derivation of a linear transformation
employing an orthogonal matrix T . The symbol G de-
notes a set of representative trajectories resulting from a
variation of initial conditions and input signals. Hence,
the covariance matrix averages the behavior of the non-
linear system over a set of representative trajectories.

In order to compute the covariance matrix, the set
G must be parameterized. Pallaske (1987) did not use
impulse responses but suggested to keep the controls at
constant values matching to the nominal operating point
x∗ and to parameterize the initial conditions by

x0 = x∗ + Fr (23)

with F ∈ Rn×s and r ∈ Rs with s� n. Pallaske (1987)
did not give any recommendations on suitable choices of
F . Löffler and Marquardt (1991) suggested to select F
as the averaged steady-state gain matrix of the system in
some region including x∗. This suggestion results from
a choice of G as a set of step responses at x∗,u∗. Other
choices of trajectories G (or rather matrices F ) resulting
in different covariance matrices M are obviously possi-
ble, if they are representative for the system dynamics in
some region of the state space and for the intended use
of the reduced model.

For nonlinear systems, the covariance matrix can be
determined, in principle, by numerical quadrature of the
multi-dimensional integral in Equation 22 after a suitable
choice of F . Highly accurate adaptive parallel algorithms
are becoming available to solve this computationally de-
manding task even on heterogeneous workstation clus-
ters (Čiegis et al., 1997). However, the number of sim-
ulations required scales with 2n. These algorithms can
therefore only be used for small to moderate n. Instead,
Monte-Carlo techniques may be used to get a coarser
approximation for large-scale problems (Jadach, 2000).

In many cases M has to be computed from a lin-
ear approximation to get acceptable results (Löffler and
Marquardt, 1991). The covariance matrix can be eas-
ily determined from an algebraic Lyapunov equation for
any parameterization (23). To show this property, we
linearize (8) at the reference state x∗,u∗ and evaluate
the integral in (22) for the set of trajectories G resulting
from the linearized system after a variation of the initial
conditions (23) with ‖r‖ < ρ. The resulting covariance
matrix M l is then given by

M l =
∫ ∞

0

eAt S eAT t dt (24)

with the Jacobian A = ∂f
∂x |x∗,u∗ and

S = kFF T , k =
2π

s
2 ρ

s
2

s(s+ 2)Γ( s
2 )

. (25)

The integration can be replaced by the solution of a Lya-
punov equation. Löffler and Marquardt (1991) suggested
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to use F = −A−1B, the static gain at the reference point
x∗,u∗ to emphasize the input-state relation of the dy-
namics. An averaged gain in some neighborhood of the
reference point can be used instead, i.e. F = −A−1B,
to reflect some of the nonlinearity in the calculation of
M .

Motivated by the stiffness occurring in many large-
scale systems, Pallaske (1987) suggests to choose the
transformation such that the dynamics of the states can
be approximately captured in a lower dimensional sub-
space. This translates to a minimization of the variance
of the state in the directions of the coordinate axes of the
reduced space. The transformation T = [d1,d2, . . . ,dn],
with di being the normalized eigenvectors of the covari-
ance matrix M , results in such a choice (see below).

The close relation of Pallaske’s method to model re-
duction by balancing can be identified as follows. A
choice of F = F c = B = ∂f

∂u |x∗,u∗ and F = F o = CT =
(∂h

∂x |x∗,u∗)T and ρ determined from (25) with k = 1 re-
sults in the local controllability or observability Gramian
(17), (18) of the system (8) at x∗ emphasizing the input-
state or the state-output relation of the dynamics. These
matrices are used in linear balancing (Moore, 1981) to
construct the transformation T c,o. This transformation
aims at a removal of the weakly controllable and observ-
able subspaces. It is in contrast to Pallaske’s objective
which is a removal of the fast non-dominant states. Ob-
viously, a transformation determined from a lineariza-
tion of the nonlinear model does not exactly balance the
nonlinear system in the sense of Scherpen (1993) but
may qualify as a useful empirical approximation which
at least is consistent with the linear theory. In fact, Wis-
newski and Doyle III (1996a) successfully demonstrate
the applicability of a related approach. They compute
the transformation T from the left and right eigenvectors
of the Hankel matrix, i.e. the product of the observabil-
ity and controllability Gramians, of a linearization of the
nonlinear model at a stationary reference point.

Empirical balancing of nonlinear systems has been re-
cently introduced by Lall et al. (1999). They suggest em-
pirical controllability and observability Gramians, M c

and Mo, which are closely related to Equation 22. Im-
pulse responses of varying magnitude are chosen in the
set G to compute M c, whereas responses to different ini-
tial conditions are used in the set G to compute Mo. In
this case, Lall et al. (1999) use the covariances of the
outputs y = h(x) in Equation 22 instead of the states
x. These Gramians are used to empirically balance the
nonlinear system as in the linear case. This approach
has been adopted recently by Hahn and Edgar (Hahn
and Edgar, 1999, 2000).

A completely different approach of determining the
transformation matrix is reported in structural dynam-
ics (Slaats et al., 1995). As in modal reduction tech-
niques for linear systems (Litz, 1979; Bonvin and Mel-

lichamp, 1982), the transformation matrix T is formed
by the dominating modes of the second order model (the
eigenvectors associated with complex conjugate eigenval-
ues). However, these modes are taken as functions of the
displacement of a node in a mechanical structure to ac-
count for the nonlinearities. Analytical expressions are
derived to determine the modes for the model linearized
at the initial condition and for first and second order
sensitivities of the modes with respect to the nodal posi-
tions. The transformation matrix is then computed from
these quantities. The method carries over to first order
process systems models, but seems only appropriate for
less severe nonlinearities in the vicinity of an operating
point.

State space decomposition

According to step 2 of the general projection method, the
transformed space has to be decomposed next into two
subspaces capturing the dominant and the non-dominant
states, respectively.

Scherpen (1993) suggests to use the magnitude of the
singular value functions occuring in the transformed ob-
servability and controllability functions in some domain
of the state space as an indication for weakly controllable
and observable subspaces. Those states with large values
of the singular value functions are grouped into the vec-
tor of dominant states z1, and the remaining state vari-
ables form z2. The same strategy is employed by Lall
et al. (1999) and Hahn and Edgar (1999, 2000). They
analyse the singular values of the empirical Gramians
and delete those states with small singular values indi-
cating weak observability and controllablility as in the
linear case (Moore, 1981).

Pallaske (1987) poses an optimization problem to
bound the normalized L2-error between the approximate
and the original state vectors x̃ and x to a user-defined
tolerance ε0 by varying m, the dimension of z1. The
solution to this problem is

m = min k (26)

subject to

k∑
i=1

µi ≥ (1− ε20) trace {M}

with µ1 > µ2 · · · ≥ µn being the eigenvalues of M .
Hence, the firstm normalized eigenvectors di , i = 1, . . . n
of M span the subspace for the dominant transformed
states. Consequently, T 1 = [d1, . . . ,dm] and T 2 =
[dm+1, . . . ,dn] in Equation 11. The same approach has
been adopted by Löffler and Marquardt (1991).

In some cases, the choice of the dominant states may
be based solely on physical insight. This selection is
typically done without transformation in the original co-
ordinates.
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Formulation of the reduced model

There are different strategies of determining the reduced
model equations after the dominant states have been
identified. In complete analogy to the linear case, Scher-
pen (1993, 1996) suggests to simplify the balanced non-
linear model by truncation of the balanced state. The
non-dominant states z2 are equated to zero, accounting
for their negligible influence on the input-output behav-
ior of the system. Since the fully nonlinear balancing
method is not applicable in practice, we present this ap-
proach in more detail for a linear transformation (11)
resulting for example from empirical nonlinear balanc-
ing or from Pallaske’s method.

After transformation of (8) and subsequent decompo-
sition into two subsystems, we obtain

ż1 = T T
1 f(x∗ + T 1z1 + T 2z2,u) , (27)

ż2 = T T
2 f(x∗ + T 1z1 + T 2z2,u) , (28)

z1(0) = T T
1 (x0 − x∗) , (29)

z2(0) = T T
2 (x0 − x∗) (30)

Truncation of the transformed state yields

˙̃z1 = T T
1 f(x∗ + T 1z̃1,u) , (31)

z̃2 = 0 , (32)

a reduced model of order m < n. Alternatively, we may
assume

˙̃z2 = 0 = T T
2 f(x∗ + T 1z̃1 + T 2z̃2,u) (33)

to form the reduced model (27), (33). This concept, of-
ten referred to as residualization, is closely related to
singular perturbation discussed in more detail below. It
results in a differential-algebraic system of the same or-
der as the original model which is still difficult to solve
in general. However, this way the (small) contribution
of z2 to x̃ is captured at least to some extent. Combi-
nations of truncation and residualization have been sug-
gested in the linear case (Liu and Anderson, 1989) and
obviously carry over to the nonlinear case. Truncation
as well as residualization strategies have been suggested
and successfully applied to nonlinear systems by Pallaske
(1987), Löffler and Marquardt (1991) as well as by Hahn
and Edgar (1999, 2000).

Approximation of original states

An approximation of the original state x̃ is obtained from

x̃ = x∗ + T 1z̃1 + T 2z̃2 (34)

according to Equations 9 and 11. The second term van-
ishes identically in case of truncation. Steady-state accu-
racy cannot be guaranteed in the general nonlinear case.

Proper Orthogonal Decomposition

Proper orthogonal decomposition (POD), often also
called Karhunen-Loeve expansion or method of empiri-
cal eigenfunctions (Fukunaga, 1990; Holmes et al., 1996),
is somehow related to the projection methods discussed
above. This method has gained much attention in fluid
dynamics in the context of discovering coherent struc-
tures in turbulent flow patterns. Later, the method has
been worked out for the construction of low-order mod-
els for dynamic (usually distributed parameter) systems
with emphasis on fluid dynamical problems (Sirovich,
1987; Aubry et al., 1988; Holmes et al., 1996). POD
has found many applications in simulation and optimiza-
tion of reactive and fluid dynamical systems (e.g. Gra-
ham and Kevrekidis, 1996; Kunisch and Volkwein, 1999;
Afanasiev and Hinze, 1999) or chemical vapor deposi-
tion processes (e.g. Banerjee and Arkun, 1998; Baker and
Christofides, 1999). The method comes in a number of
variants. We will summarize one of them following the
presentation of Ravindran (1999) next.

Assume we have a representative trajectory of (8) for
a certain initial condition x0 and control u(t) defined on
a finite time interval [t0, t1]. The trajectory is uniformly
sampled for simplicity to form the ensemble S = {x(tk)−
x∗}p

k=1 = {∆x(tk)}p
k=1 containing p data sets of length

n which are often called snapshots. As before, x∗ is
the reference which can be either a steady-state or the
ensemble average of the snapshots. We are interested
in a unit vector d which is in some sense close to the
snapshots in S. We may request that d is as parallel as
possible to all the snapshots. This requirement leads to
the optimization problem

max
1
p

p∑
k=1

(∆x(tk)Td)2

dTd
. (35)

We assume d to be a linear combination of the data, i.e.

d =
p∑

k=1

wk∆x(tk) , (36)

and determine the weights wk to solve the optimization
problem (35). Solving this optimization problem is the
same as finding the eigenvectors of the correlation matrix
N with elements

Ni,j = ∆x(ti)T ∆x(tj) . (37)

Since this matrix is nonnegative Hermitian, it has a com-
plete set of orthogonal eigenvectors {w1, . . .wp} along
with a set of eigenvalues λ1 ≥ λ2 · · · ≥ λp. We can now
construct an orthogonal basis span{d1, . . . ,dp} by means
of (36) with

di =
1√
λi

p∑
k=1

wi,k ∆x(tk); , i = 1, . . . p (38)
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where wi,k denote the elements of the eigenvector wi.
It can be shown that any approximation of x(tk) in a
subspace spanned by the first p1 < p basis vectors di

maximizes the captured energy x(tk)Tx(tk) of the data
set. Due to this property, we may just use a reduced
basis span{d1, . . . ,dp1} with p1 � p to obtain sufficient
approximation quality. The value of p1 is determined
after some experimentation. The ratio

κ =
∑p1

k=1 λk∑p
k=1 λk

(39)

indicates the percentage of energy contained in the first
p1 basis vectors. Obviously this ratio should be close to
unity. Note, that we therefore do not have to match the
number of snapshots (or basis vectors) p to the dimension
n of the dynamic system. Often, we want to use p � n
for convenience, if very large-scale systems are consid-
ered, which, for example, may arise after discretization
of a distributed parameter system.

There are at least two common ways of determining
the basis vectors. Banerjee and Arkun (1998) employ
a singular value decomposition and construct the basis
from the left singular vectors of N . An alternative ap-
proach does not rely on the correlation matrix N but on
the n× p snapshot matrix

X = [∆x(t1),∆x(t2), . . .∆x(tp)] (40)

the columns of which are the snapshots ∆x(tk) at tk
(Aling et al., 1996; Shvartsman and Kevrekidis, 1998).
Again, the basis is formed by those p1 � p left singular
vectors of X which are associated with the largest sin-
gular values and hence capture most of the energy in the
data set.

The basis constructed from the correlation or snapshot
matrices gives rise to a representation of an approximate
solution x̃ to (8) by a linear combination of the basis
vectors. Hence,

x̃− x∗ =
p1∑

k=1

ak dk . (41)

If the expansion coefficients ak and the basis vectors dk

are collected in a vector a1 = [a1, a2, . . . ap1 ] ∈ Rp1 and
a matrix U1 = [d1,d2, . . .dp1 ] ∈ Rn×p1 we can rewrite
this equation as

x̃ = x∗ +U1a1 (42)

which has the same structure as Equation 34 in case of
truncating the non-dominant states. The reduced model
is

ȧ1 = UT
1 f(x∗ +U1a1,u) , (43)

a1(0) = UT
1 (x0 − x∗) , (44)

which has exactly the same appearance as the truncated
model (31) resulting from model reduction by projection.

As in the projection methods, truncation is not the
only possibility of developing a reduced model. Rather,
the full basis spanned by p < n vectors can be employed
by summing to p instead to p1 in the approximation (41).
This approach would result in a model structure com-
pletely analogous to the system (27), (33). Residualiza-
tion (e.g. setting ȧ2 to zero) or more sophisticated slav-
ing methods can be used to reduce the computational ef-
fort (e.g. Aling et al., 1997; Shvartsman and Kevrekidis,
1998; Baker and Christofides, 2000). A more detailed
discussion will be provided in the next section.

The major difference between POD and projection is
the lack of a convergence proof which would guarantee
the reduced model to match the original model in case
the number of basis functions p1 approaches the state di-
mension n. Further, there is no diffeomorphism between
the original state space and the space spanned by the
empirical eigenvectors d1, . . . ,dp in POD which is avail-
able in the projection methods discussed above. Oth-
erwise, both types of methods are very similar as they
heavily rely on data taken from a series of simulations
of the original model (8). However, the data is orga-
nized and used differently depending on the intention of
model reduction. Here, the basis is constructed from the
correlation or snapshot matrix N or X (cf. (37) and
(40)) whereas the covariance matrix M (cf. (22)) and
its specializations are used in the projection methods.

Slaving

Residualization in projection results in a set of
differential-algebraic equations (cf. Equations 27, 33).
A similar system is obtained in POD, if all basis vectors
are employed but only the first p1 are used to build the
dynamic subsystem. If the algebraic subsystem (cf. (33)
in projection method) cannot be solved explicitly, the
computational effort cannot be reduced and the model
reduction largely fails. Truncation could be employed
instead, but a significant loss in approximation accuracy
would result inevitably.

A reduction of the computational effort is possible, if
we could find an explicit relation between the algebraic
and the dynamic variables (z2 and z1 in projection or
a2 and a1 in POD methods). Hence, we are looking for
a function

z2 = σ(z1) (45)

in case of residualization in projection methods, or for
equivalent functions in case of residualization in POD.
This approach has also been called slaving in the re-
cent literature. Its roots are in nonlinear dynamics,
where the computation of approximate inertial manifolds
has some tradition (e.g. Foias and Témam, 1988; Foias
et al., 1988). Aling et al. (1997) as well as Shvartsman
and Kevrekidis (1998) use this idea in their case studies
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on nonlinear model reduction based on POD. Here, we
present the concept in the context of projection methods,
where it does not seem to have been applied yet.

The algebraic equation (33) forms the starting point
of defining the family of maps

z̃
(k+1)
2 = σk(z1, z̃

(k)
2 )

=: z̃(k)
2 − T T

2 f(x∗ + T 1z1 + T 2z̃
(k)
2 ,u) .

(46)

If the map is a contraction, Equation 33 can be solved
iteratively from the initial guess z̃(0)

2 = 0 which would
be used in truncation. The computational effort can be
reduced significantly, if only few iterations are carried out
to improve on the initial value. In case of two iterations
we find for example

z̃2 = σ2(z1,σ1) , σ1 = σ1(z1,0) . (47)

This approximation can now be used to eliminate z2 ≈
z̃2 in Equation 27 and to compute x̃ from Equation 34.
An accuracy similar to residualization can be achieved
by this method but only a model of the same order as in
truncation has to be solved.

Equation Residual Minimization Methods

Equation residual minimization methods have been ex-
tensively studied in the linear case (e.g. Eitelberg, 1982).
A nice generalization to the nonlinear case has been given
recently by Lohmann (1994, 1995). He defines a nonlin-
ear reduced model2 of (8) as

ż1 = V f(x∗ +Wz1,u) , (48)

to compute the approximate states

x̃ = x∗ +Wz1 . (49)

This reduced model has the same structure as that re-
sulting from a truncated projection method (cf. Equa-
tion 31) or a truncated POD method (cf. Equation 43).
The matrices V and W are, however, determined dif-
ferently. Their elements are the decision variables in
a parameter optimization problem which minimizes the
residuals of Equations 48, 49. First, W is determined
from minimizing the sum of weighted errors

p∑
k=1

q1,k ‖x(tk)− x∗ −Wz1(tk)‖2 (50)

using a number of representative trajectories sampled at
discrete times tk. A set of carefully chosen step responses
is chosen for this purpose. Next, given W , the sum of
weighted equation residuals

p∑
k=1

q2,k ‖ ˙̃z1(ti)− V f(x∗ +Wz̃1(ti),u(ti))‖2 (51)

2Lohmann introduces a refined parameterization of the reduced
model by splitting the right hand sides into linear and nonlinear
terms.

is minimized to fix the elements of V . In contrast to
other nonlinear model reduction techniques, steady-state
accuracy can be guaranteed by incorporating a steady-
state condition as an equality constraint in this residual
minimization problem.

The choice of the dominant states z1 can be done
on physical insight in the most simple case. However,
Lohmann (1994, 1995) also suggests a systematic alter-
native to the selection of dominant states which usu-
ally gives better approximation results. He introduces
a transformation of the state space which reveals the
dominant modes which is similar to both, the balancing
transformation of Moore (1981) and to the transforma-
tion of Pallaske (1987). The transformation is applied
first, the dominant states are identified, and the resid-
ual minimization technique is applied to the transformed
system.

A modified version of the Lohmann method has been
reported recently by Kordt (1999). It applies to systems
where only the dominant states of the original model
are entering the nonlinear terms of the system equations
whereas the non-dominant states are confined to the lin-
ear part. An even more special case has been treated ear-
lier by Hasenjäger (1991). He assumes that nonlinearities
occur only in the equations of the dominant states and
that these nonlinearities only depend on the dominant
states. In this case, it is suggested to first neglect the
nonlinear terms, reduce the linear part of the model by
any of the linear reduction techniques (e.g. Litz, 1979;
Moore, 1981; Eitelberg, 1982; Bonvin and Mellichamp,
1982; Glover, 1984; Samar et al., 1995; Muscato, 2000),
and then add the nonlinear terms to the reduced linear
model equations.

Perturbation Methods

In many cases, chemical processes are characterized by
phenomena on separate time scales. Multiple time scales
occur due to orders of magnitude differences in the den-
sities of contacting vapor (or gas) and liquid phases in
multi-phase processes, in the thermal capacitances of re-
actors, in the time constant of chemical reactions, or
in the transfer rates of material or energy across phase
boundaries. The models (8) describing such multiple
time scale systems usually incorporate process parame-
ters varying in a wide range. In the simplest case, where
there are only two time scales present, we may identify
a small parameter ε� 1 in (8) to result in

ẋ = f(x,u, ε) . (52)

Let us assume that this equation can be reformulated as

ẋs = gs(xs,xf ,u, ε) , (53)
εẋf = gf (xs,xf ,u, ε) . (54)

Here, xs ∈ Rns ,xf ∈ Rn−ns are denoting the so-called
slow and fast state variables, respectively. Obviously,
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this reformulation is identical to the partitioning of the
state vector x into xs and xf by some strategy. This sys-
tem representation is called the standard form of a sin-
gularly perturbed system (Kokotovic et al., 1986). This
model comprises two time scales t and τ = t−t0

ε of dif-
ferent magnitude and is therefore called a two-time-scale
model.

Basic singular perturbation approach
Since ε is a small parameter, the solution of (53), (54)
can be determined by means of perturbation methods in
the limit of ε→ 0. It is given as

xs = x̃s +O(ε) , xf = x̃f + µ+O(ε) (55)

with x̃s, x̃f computed from (53), (54) for ε = 0. The
notation O(ε) is used in the usual sense and refers to
small terms of order ε. The so-called boundary layer
correction µ can be computed from

dµ

dτ
= gf (x̃s, x̃f + µ,u, 0) . (56)

It quickly dies out in a short time interval at the begin-
ning of a transient. For an asymptotically stable system
(56), the boundary layer correction may be neglected
together with the O(ε) contributions to the solution.
These considerations result in the simplified differential-
algebraic model

˙̃xs = gs(x̃s, x̃f ,u, 0) , (57)
0 = gf (x̃s, x̃f ,u, 0) (58)

to determine approximations x̃ = [x̃T
s , x̃

T
f ]T of the state

x. This approximation is often called the quasi-steady-
state approximation (QSSA) of (8). Further simplifica-
tion is possible, if the nonlinear algebraic equations can
be solved analytically for x̃f , i.e.

x̃f = g−1
f (x̃s,u, 0) . (59)

This case can be interpreted as an exact slaving approach
(cf. Equation 45).

If this reduction method is applied to a process model
in practice, two issues have to be addressed. First, we
have to derive the standard singularly perturbed system
(53),(54). This boils down to the determination of ns and
to a proper association of the states xi, i = 1 . . . n, to the
vectors xs and xf . Second, since the QSSA does often
not lead to models of sufficient accuracy, corrections to
the QSSA solutions are of particular interest. A number
of suggestions found in the literature are discussed in the
following paragraphs.

Standard singularly perturbed systems and QSSA
Often, the QSSA is derived heuristically based on a thor-
ough understanding of the underlying physics. It is well
known, however, that such an approach does not always

work out well (e.g. Tatrai et al., 1994). More rigorous
techniques are therefore required. The number of slow
states ns is usually determined from an analysis of the
eigenvalues of the linearized system (8) along some repre-
sentative trajectories. Robertson and Cameron (1997b)
relate the separation ratio denoting the distance of two
separated clusters of eigenvalues to the model reduction
error. Their analysis gives quantitative recommenda-
tions for determining ns and the eigenvalues in the clus-
ter to be retained in a reduced model. The same authors
present a homotopy-continuation technique to identify
the eigenvalue-state association to determine the set of
states concatenated into xs and xf , respectively. Both
techniques are demonstrated on various non-trivial ex-
amples, where the fast or slow states could not be iden-
tified merely on the basis of physical insight (Robertson
and Cameron, 1997a,b; Tatrai et al., 1994).

Duchene and Rouchon (1996) demonstrate on a sim-
ple example from reaction kinetics that the QSSA is not
coordinate-free, because the method may not lead to use-
ful results in the original state space. These and other
authors suggest a simple linear transformation for special
reaction systems (e.g. van Breusegem and Bastin, 1991)
and for binary distillation columns (Levine and Rouchon,
1991) which lead to more favorable coordinates for a
QSSA. The linear transformation suggested by Pallaske
(1987) and introduced above could qualify for the general
case. By construction, the dominant states z1 represent
the dominant (and often slow) states in the transformed
state space, whereas z2 denote the non-dominant (often
fast) states z2. Residualization in projection methods or
POD discussed above is identical with a QSSA in trans-
formed coordinates.

In general, however, the change of coordinates is non-
linear. Existence of a nonlinear map transforming any
nonlinear system (8) into standard singularly perturbed
form (53),(54) has been investigated by Marino and
Kokotovic (1988). These authors give conditions, which
assure the two-time-scale property of (52). They also
provide general criteria, which guarantee the existence of
an ε-independent diffeormorphism to transform the two-
time-scale system (52) into the standard form (53),(54).
A procedure for constructing such a diffeomorphism is
given. It reveals a set of integrability conditions the
transformation has to suffice. A more refined analysis
has been developed more recently by Krishnan and Mc-
Clamroch (1994) which has been adopted and extended
by Kumar et al. (1998). These authors study systems
(8) which are affine in the control variables u and in in-
teger powers of a large parameter 1

ε . Krishnan and Mc-
Clamroch (1994) give properties sufficient for the system
to reveal two-time-scale characteristics and characterize
the slow and fast dynamics. They also generalize their
results to systems with more than one large parameter.
The analysis of Kumar et al. (1998) reveals two distinct
cases depending on the properties of the model nonlin-
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earities. Both, the transformation as well as the region
of the state-space in which the system shows two-time-
scale behavior, may either depend on ε or not. Again,
the nonlinear transformation has to satisfy the set of in-
tegrability conditions already identified by Marino and
Kokotovic (1988). The analytical determination of the
transformation may be restricted to special nonlinear
systems of low to moderate order. It is often difficult
to obtain.

The methods of Marino and Kokotovic (1988), Krish-
nan and McClamroch (1994) as well as of Kumar et al.
(1998) require the identification of a large parameter.
The quality of the resulting reduced model will crucially
depend on this choice. While this parameter can often
be found based on physical insight, it would be advanta-
geous to have a transformation available which does not
require such a maybe arbitrary choice. Nonlinear balanc-
ing as introduced by Scherpen (1993, 1996) may qualify
as such a transformation at least in those cases where
the fast states coincide with the weakly observable and
controllable states. The computation of the transforma-
tion is, however, even more involved than that suggested
by Kumar et al. (1998). Empirical nonlinear balancing
(Lall et al., 1999; Hahn and Edgar, 2000) could be used
instead, sacrificing however the nonlinear transformation
in favor of a linear transformation similar to the approach
of Pallaske (1987). The relation between singular pertur-
bation and nonlinear balancing can only be conjectured
at this point. The generalization of the linear result of
Liu and Anderson (1989) to the nonlinear case is yet an
open problem.

Coordinate-free perturbation methods
The quasi steady-state approximation is widely em-
ployed in original coordinates (e.g. Robertson and
Cameron, 1997a,b) or in heuristically introduced trans-
formed coordinates (e.g. Levine and Rouchon, 1991; van
Breusegem and Bastin, 1991; Kumar et al., 1998). In
both cases the approximation quality may be limited
due to coordinates which are not appropriately reveal-
ing the time-scale separation of the fast and slow vari-
ables. Therefore, coordinate-free perturbation methods
are attractive which do not rely on coordinate transfor-
mation but still come up systematically with satisfactory
reduced models of type (57),(58).

There are various coordinate-free model reduction
methods which not only result in reasonable approxi-
mate models but which go beyond the accuracy of the
QSSA.

A first coordinate free method is for example reported
by Genyuan and Rabitz (1996). They improve on the
QSSA by expanding the fast variables in the regular per-
turbation series x̃f = x̃

(0)
f +εx̃(1)

f +ε2x̃(2)
f +. . . where the

functions x̃(k)
f only depend on x̃s. The equations deter-

mining these functions follow from a regular perturba-
tion method. The method is computationally attractive

in those cases, where the fast equations are linear in the
fast states.

A series of methods has been based on a geometrical
interpretation of the global nonlinear system dynamics.
In fact, they approximate the trajectories of the original
system by trajectories on an attractive invariant mani-
fold M. A manifold M is invariant with respect to the
vector field f in Equation 52 if f is tangent to M. It
is (locally) attractive, if any trajectory (starting close to
M) tends to M as t → ∞. Model reduction means re-
striction of the system dynamics to this manifold. The
key problem is to (at least approximately) obtain a set
of equations defining M.

Duchene and Rouchon (1996) present a solution to this
problem. Their reduced model can be written as

˙̃xs = C(x̃s,ν) gs(x̃s,ν) , (60)
0 = gs(x̃s,ν) , (61)

employing the auxiliary variables ν provided the decom-
position of the space into a fast and a slow subspace
can be determined beforehand (for example from physi-
cal considerations or with the method of Robertson and
Cameron (1997a,b). Duchene and Rouchon provide an
explicit formula for the symbolic computation of the ma-
trix C which comprises derivatives of the vector fields gs

and gf with respect to the slow and fast variables. An
explicit expression is also provided to determine approx-
imations to the fast states as a function of x̃s and ν if
they are of interest. As with all the perturbation tech-
niques, model reduction is most effective if the auxiliary
variables can be eliminated symbolically in the differen-
tial equations. Otherwise, slaving technique may be used
additionally.

Duchene and Rouchon (1996) state that their method
is completely equivalent to a method reported earlier by
Maas and Pope (1992) if the system truly admits two
time-scales. The method of Maas and Pope is also based
on the idea of computing the manifold M. However, in-
stead of deriving a system of equations for approximation
of the dynamics on M as Duchene and Rouchon (1996),
their algorithm only determines a series of points to ap-
proximate M itself. These data points have to satisfy a
set of nf constraints. Rhodes et al. (1999) have suggested
just recently to use this data and employ black-box iden-
tification to relate the fast states xf to the slow states
xs by some explicit nonlinear function

xf = σ(xs) . (62)

This way a reduced order model of dimension ns can be
obtained without the need of deriving a singularly per-
turbed system in standard form and regardless whether
the fast subsystem can be solved explicitly. Note that
this technique is completely equivalent to the idea of slav-
ing as employed in the context of POD (e.g. Aling et al.,
1997; Shvartsman and Kevrekidis, 1998). Instead of the
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Maas and Pope algorithm, the computational method
reported by Davis and Skodje (1999) could be used to
generate data points of an approximation to M which is
then used to build the correlation (62) as suggested by
Rhodes et al. (1999).

Obviously, this technique can be applied to any other
singular perturbation or projection method. The alge-
braic equation (58) of the QSSA or (61) can be sampled
for given values of xs. This data set can then be used to
determine an expression (62) which can be used to elim-
inate the fast states xf in (58) or the auxiliary variables
ν in (60).

It should be noted that all the methods discussed in
this section require the partitioning of the original state
vector x into fast and slow variables xf and xs. The
method reported by Robertson and Cameron (1997b)—
though cumbersome—seems to be most suitable for this
purpose.

Remarks on Distributed Parameter Systems

So far, distributed parameter systems have been repre-
sented by a model of type (8) employing either averag-
ing over a spatial domain as part of the modeling proce-
dure or by discretizing the spatial coordinates of a partial
differential equation (PDE) model. Hence, the infinite-
dimensional model has been first reduced to some poten-
tially high order model (8) which then may be subject
to model order reduction as reviewed above. Alterna-
tively, order reduction could directly be applied to the
infinite-dimensional PDE model to avoid often heuristic
finite-dimensional approximate modeling. There is a lot
of literature dealing with this problem which would jus-
tify a review in its own. Only a few references are given
here as a starting point for the interested reader.

The rigorous model reduction approaches for nonlin-
ear PDE models include Galerkin projection involving
empirical (e.g. Holmes et al., 1996) or modal eigenfunc-
tions (e.g. Armaou and Christofides, 2000) as well as
weighted residuals methods of various kinds (e.g. Villad-
sen and Michelsen, 1978; Cho and Joseph, 1983; Stewart
et al., 1985; Tali-Maamar et al., 1994). Better prediction
quality can usually be obtained if the truncated contri-
butions in the series expansion are captured by the ap-
proximate inertial manifold (e.g. Christofides and Daou-
tidis, 1997; Shvartsman and Kevrekidis, 1998; Armaou
and Christofides, 2000). These techniques are closely
related to projection and proper orthogonal decompo-
sition as discussed above. Singular perturbation tech-
niques have also been applied directly to PDE models.
For example, Dochain and Bouaziz (1994) propose a low
order model for the exit concentrations of a flow biore-
actor.

Extremely compact low order models can be derived
for those distributed parameter systems which show wave
propagation characteristics such as separation and reac-
tion processes (Marquardt, 1990). The major state vari-

ables comprise the spatial position of the wave front and
some properties of the shape of the wave. This con-
cept has been applied most notably to fixed-bed reac-
tors (e.g. Gilles and Epple, 1981; Epple, 1986; Doyle III
et al., 1996) as well as to binary or multi-component as
well as reactive distillation columns (e.g. Gilles et al.,
1980; Marquardt and Gilles, 1990; Hwang, 1991; Han
and Park, 1993; Balasubramhanya and Doyle III, 2000;
Kienle, 2000).

The results available indicate that reduction tech-
niques for PDE models should be seriously considered
at least in the sense of a first model reduction step in
particular in a plant-wide model reduction problem to
derive an approximate lumped parameter model of type
(8) for some of the process units.

Discussion

The review in this section shows a large variety of non-
linear model reduction techniques stemming from differ-
ent scientific areas. This is largely due to the lack of a
unifying theory which could be used to guide the model
reduction process. Truly nonlinear approaches with a
sound theoretical basis are those singular perturbation
techniques, which rely on some approximation of the at-
tractive invariant manifold of the dynamical system (e.g.
Duchene and Rouchon, 1996; Rhodes et al., 1999; Davis
and Skodje, 1999) and nonlinear balancing techniques
(Scherpen, 1993, 1996). As always in nonlinear theory,
the computations are tedious or even infeasible—in par-
ticular if large-scale problems have to be tackled. An in-
teresting alternative are those projection methods which
incorporate the nonlinearity of the system in the reduc-
tion procedure at least to some extent (e.g. Pallaske,
1987; Hahn and Edgar, 1999, 2000). Some theoretical
justification is available from their close relation to a
more general nonlinear theory. POD has gained signifi-
cant interest in recent years in particular for very large-
scale processes which often occur as a result of discretiz-
ing distributed parameter systems despite their lack of
theoretical foundation.

At this point, there is neither evidence whether any
of the nonlinear model reduction techniques could qual-
ify as a generic method which gives good results for any
process system, nor are there guidelines available which
of them to prefer for a particular class of process sys-
tems. A selection of results for type (8) models are pre-
sented in Table 1. The reductions presented are those
suggested by the authors to give satisfactory results. A
quantitative comparison is almost impossible and should
not be attempted. Obviously, significant order reduction
has only been achieved for those processes which have
a distributed nature (i.e. the distillation column, fixed
bed reactor, pulp digester and rapid thermal processing
cases in Table 1). In these cases, model reduction based
on nonlinear wave propagation can lead to even higher
levels of reduction. However, in all reported studies, the
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authors system original reduced
Löffler and Marquardt (1991) fixed-bed reactor 80 DAE 6 DAE
Tatrai et al. (1994) FCC unit 20 ODE 15 ODE
Lohmann (1994) vehicle suspension 10 ODE 7 ODE
Wisnewski and Doyle III (1996a) continuous pulp digester 210 ODE 17 ODE
Robertson and Cameron (1997b) evaporator 15 ODE, 30 AE 8 ODE, 34 AE
Robertson and Cameron (1997a) compressor 51 ODE, 70 AE 20 ODE, 91 AE
Kumar et al. (1998) CSTR 5 ODE 3 ODE
Aling et al. (1997) rapid thermal processing 5060 ODE 10 ODE
Hahn and Edgar (1999) distillation column 32 ODE 3 ODE
Kordt (1999) aircraft 29 ODE 10 ODE
Hahn and Edgar (2000) CSTR 6 ODE 4 ODE

Table 1: Selected results of nonlinear model reduction.

complexity of the reduced order model equations is sig-
nificantly higher than that of the original model. For
projection and POD methods, this is due to the linear
combination of all the right hand sides of the original
model in any equation of the reduced order model (cf.
Equations 27, 43). Despite this increase in complexity,
significant reductions in computational time have been
observed in dynamic simulation in most cases summa-
rized in Table 1. Plant wide models have not yet been
considered. Also, the computational complexity as well
as the model quality under closed loop conditions and in
particular in optimization based controllers has not yet
been studied in the context nonlinear model reduction.

More theoretical analysis with an emphasis on closed-
loop properties and a reduction of the computational
load in dynamic optimization as well as comparative
studies on realistic large-scale problems are required to
build up more experience which could guide the model
order reduction process in a concrete context. Order
reduction must be considered to be complemented by
model simplification which is introduced in the following
section.

Model Simplification

Model simplification is a special type of model reduc-
tion where the order of the model is preserved but the
complexity of the functional expressions in the model
equations is reduced. Since the computational effort is
to a large extent determined by the function evaluation
of the model equations, such methods are at least as im-
portant as model order reduction techniques. We will
briefly present promising approaches which are applica-
ble in general and two exemplary areas specific to chem-
ical process systems models.

Linearization

The classical approach to the simplification of nonlin-
ear models for control is a linearization at some nominal
operating point. In particular, in a model predictive con-

trol framework, the computational complexity can be re-
duced drastically and the reliability and robustness of the
optimization algorithms can be improved significantly,
since a (convex) quadratic program has to be solved on-
line instead of a (nonconvex) nonlinear program.

However, since the control system is required to op-
erate in a large operational envelope with satisfactory
performance, a linear model resulting from mere Jaco-
bian linearization of the fundamental model at a nom-
inal operating point will not suffice to adequately pre-
dict process dynamics. Instead, feedback linearization
(Isidori, 1989) of the nonlinear fundamental model can
be applied to produce a linear system with a set of state
dependent constraints (Nevistić and Morari, 1995; Kurtz
and Henson, 1997, 1998). An algorithm close to linear
model predictive control can then be applied to handle
the constraints. Though conceptually attractive, these
techniques are limited to feedback linearizable (small-
scale) processes (Morari and Lee, 1999). Therefore, they
are not expected to get significant attention for optimiza-
tion based control of industrial processes.

Instead of feedback linearization, Jacobian lineariza-
tion at different reference points along a transient tra-
jectory can be envisioned. Many variants of this model-
ing approach have been reported in the recent literature
(e.g. Garćıa, 1984; Gattu and Zafiriou, 1992; Lee and
Ricker, 1994) to limit the complexity of the optimization
in nonlinear model predictive control. Most of the re-
ported studies have been limited to low order models. If
large-scale systems are considered, linear model reduc-
tion (e.g. Litz, 1979; Moore, 1981; Eitelberg, 1982; Bon-
vin and Mellichamp, 1982; Glover, 1984; Samar et al.,
1995; Muscato, 2000) can be applied to reduce the com-
putational load in a predictive control strategy. Wis-
newski and Doyle III (1996b) and Doyle III and Wis-
newski (2000) use such a strategy. They keep the re-
duced nonlinear model constant to avoid the computa-
tional burden of on-line linear model reduction along the
trajectory.

An alternative to successive linearization along the tra-
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jectory are interpolated piecewise linear models which
are valid only locally in a certain region of the opera-
tional envelope. Different realizations of this idea have
been reported for example by Banerjee et al. (1997), Jo-
hansen and Foss (1997), Chikkula et al. (1998), Banerjee
and Arkun (1998), Lakshmanan and Arkun (1999), Foss
et al. (2000), or Dharaskar and Gupta (2000). Though
these authors largely aim at experimental identification
to develop the local linear models, they could also be
constructed by linearization of the fundamental model
at a number of reference points followed by subsequent
linear model reduction. The local models are then glued
together by some interpolation strategy to provide an ag-
gregated model valid in the whole operational envelope.
At a first glance, these approaches seem to be more favor-
able than successive linearization and subsequent on-line
model reduction, since model building can be done off-
line. This is, however, not completely true, since the pa-
rameters of the fundamental model have to be adjusted
on-line as part of the optimizing control system to reduce
plant-model mismatch. Therefore, a tailored approach is
required to adapt the piecewise linear model on-line to
plant data or to the updated fundamental model.

Nonlinear Approximation of Functional Expres-
sions

Often, the model equations contain quite complicated
nonlinear expressions which result from detailed fun-
damental modeling and/or from subsequent nonlinear
model reduction. In many cases, the right hand sides
of the differential-algebraic models are formed by some
nonlinear function, which comprises a number of addi-
tive, mostly nonlinear terms according to

φ(x,u) =
nt∑

j=1

αjφj(x,u) . (63)

Here, φ and φj are scalar functions, αj are constant
weights and x and u are vectors of given states and in-
puts which vary with time. Functions of this type arise,
for example, in reaction kinetic models, or inevitably in
reduced order models if derived by projection (cf. Equa-
tions 31, 43). In these cases, the right hand sides of
the model are always linear combinations of nonlinear
functions, which either comprise the right hand sides of
the original model in case of a reduced order model (cf.
Equation 31) or the reaction rates of elementary reac-
tions in a reaction kinetic model.

We are interested in systematic methods which replace
the probably complex functional expression of φ by a
simpler functional expression φ̃ which approximates φ
up to a user specified tolerance for a set of trajectories
denoted by G. Obviously, the problem can be generalized
by replacing the linear combination in (63) by a general
nonlinear expression, which would lead to the problem
of approximating a general function φ(x,u,α) by some

simpler function φ̃(x,u, α̃).
At a first glance, this seems to be a classical problem of

multi-variate nonlinear approximation, for which many
solution techniques should be readily available. How-
ever, the problem is quite complicated due to the prob-
ably large number of independent variables occurring as
arguments of φj and due to the fact that the approxi-
mation should cover a set of trajectories G. Further, we
have a combinatorial component in the problem because
there is no preferred candidate functional structure for
φ̃ a priori.

Desrochers and Al-Jaar (1985) have studied a closely
related problem in a discrete-time setting. Their prob-
lem formulation can be met, if the trajectories in G are
combined to one composite trajectory (by putting them
in a sequence in time). The composite trajectory is
then sampled on some time grid to result in a sequence
{xk,uk, φk}, k = 1 . . .K. Their approximation prob-
lem can be reformulated as the mixed-integer nonlinear
programming problem (MINLP)

min
y,α̃

K∑
k=1

e2k +wTy (64)

subject to

ek = φk − φ̃k

:= φk −
nt∑

j=1

yjα̃jφj(xk,uk) ,

0 <
nt∑

j=1

yj < nt , y ∈ {0, 1}nt .

This problem can be solved (after an appropriate refor-
mulation to replace the disjunctions by a more favorable
constraint set) by any MINLP method (at high compu-
tational expense). However, an elegant tailored solution
technique has been reported by Desrochers and Al-Jaar
(1985). Their method completely decouples the combi-
natorial part of the problem from the parameter identi-
fication problem. They first identify the most promising
combination of functions φj in the simplified model on
the basis of the residual error and then solve a single pa-
rameter estimation problem for the most favorable model
structure. The penalty term in the objective can be cho-
sen to account for those terms (and variables) which are
preferably eliminated to directly influence the sparsity
pattern of a model equation. It should be noted that—
at least in some cases—some variables (and hence equa-
tions) may be eliminated simultaneously, if they only
occur in the discarded functions φj .

A related technique to model simplification, specifi-
cally tailored to rapid thermal processing, a microelec-
tronics manufacturing process, has been reported by Al-
ing et al. (1997). Their objective is to further simplify
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a nonlinear model stemming from proper orthogonal de-
composition.

Obviously, there is no need to rely on expressions φj

which are already present in φ to form the approximation
φ̃. Rather, any functional structure could be postulated
for φ̃. For example, Duchene and Rouchon (1996) sug-
gest to consider multivariate interpolation and approxi-
mation techniques. However, such an approach seems to
be impractical if the number of arguments of φ is large.

A more promising approach could be built on methods
developed for nonlinear empirical modeling. For exam-
ple McKay et al. (1997) and Marenbach et al. (1997)
present a method for the identification of the structure
and the parameters of nonlinear models for steady-state
and dynamic processes, respectively. In their approach,
process models are postulated to consist of a given set
of elementary functional building blocks φi(x,u, α̃). In
contrast to Equation 63, these functions depend nonlin-
early on unknown parameters α̃. They are combined in a
nonlinear fashion to form the approximation φ̃. Genetic
programming is applied to select the best combination
and to determine appropriate parameters to get the best
fit of measurements. Obviously, this formulation gen-
eralizes problem (64) at the expense of a significantly
higher computational complexity.

The principle advantage of this kind of methods lies
in the ability to use knowledge on favorable functional
forms available from fundamental modeling in defining a
set of candidate building blocks. Alternatively, one could
employ truly black-box nonlinear identification methods
such as neural networks. For example, Shvartsman et al.
(2000) report on simplification of a reduced order model
of a distributed reaction system derived by proper or-
thogonal decomposition.

Simplification of Chemical Kinetics Models

Large-scale chemical kinetics models arise in many appli-
cations. Model complexity stems from the large number
of reactions and components. For the simplification of
reaction mechanisms we assume a reaction network with
nr reactions and ns species. The complexity of the reac-
tion kinetics model can be reduced by eliminating both,
reactions and species from the reaction network. Elimi-
nation of reactions corresponds to model simplification,
whereas elimination of species is a special case of order
reduction. Here, we focus therefore on the first problem.

Sensitivity analysis is the most classical approach to
assess the importance of individual reactions on the evo-
lution of the concentration of all species (e.g. Seigneur
et al., 1982; Brown et al., 1997, and the references cited
therein). These methods determine the effect of a pertur-
bation in a kinetic rate constant on the concentrations at
some point in time or on average during the course of the
reaction. Those reactions with rate constants resulting
in a large sensitivity of the concentrations are considered
important and should be retained in the reaction kinetics

model, whereas those reactions leading to small sensitiv-
ity can be eliminated without sacrificing prediction accu-
racy. Sensitivity methods have been successfully applied
to a variety of large-scale reaction mechanisms. How-
ever, sensitivity analysis may lead to wrong results as
illustrated by means of a simple example by Petzold and
Zhu (1999). Therefore, optimization based techniques
have been suggested more recently by Edwards et al.
(1998), Petzold and Zhu (1999), Edwards and Edgar
(2000), Edwards et al. (2000), and Androulakis (2000)
for a reduction of the number of reactions in a network.
The problem formulations presented by these authors
are variants of the MINLP in the previous section and
aim at facilitating the numerical solution for large-scale
problems. However, the parameters αi in (64) are the
stoichiometric coefficients of the reaction model and are
(usually) not considered as degrees of freedom in model
simplification.

Simplification of Physical Property Models

A classical example of reducing the computational com-
plexity of a process model is related to the simplifica-
tion of physical property models. The development of
local thermodynamic models dates back into the seven-
ties. This research has been initiated by the observation
of the large fraction of computational time spent with
physical property calculations in steady-state flowsheet-
ing (Grens, 1983). The calculation of K-values in phase
equilibrium models

yi = Ki(x,y, p, T )xi , i = 1 . . . nc , (65)

for ideal as well as strongly nonideal mixture has got
particular attention due the high complexity of the mod-
els. Here, x,y, p and T are the liquid and vapor con-
centrations as well as pressure and temperature under
equilibrium conditions. A local model is intended to ap-
proximate the K-values as well as their derivatives with
a functional expression of strongly reduced complexity.
The structure of the local models is derived on physi-
cal arguments. For example, Leesley and Heyen (1977)
neglect concentration dependencies and suggest a modi-
fication of Raoult’s law, whereas Chimowitz and cowork-
ers (Chimowitz et al., 1983; Chimowitz and Lee, 1985),
Hager (1992) and Ledent and Heyen (1994) consider con-
centration dependencies by modified Porter or Margules
models. Hager’s equation, for example, is

ln(Kip) = Ai,1 +
Ai,2

T
+ (Bi,1 +

Bi,2

T
)(1− xi)2

+Bi,3(1− xi)2(1 + 2xi) . (66)

The local models are only valid in a limited region of the
operating envelope. Hence, at least some of the model
parameters (Bi,1, Bi,2, Bi,3 in the example given) must
be updated along a trajectory in order to retain sufficient
approximation accuracy. The parameter update can be
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triggered by the simulation or optimization algorithm
or by an estimate of the error between the approximate
local and the original models. Model parameters are ob-
tained from some least-squares fit of data obtained from
the original model. Various variants of updating schemes
have been reported by Leesley and Heyen (1977), Mac-
chietto et al. (1986), Hillestad et al. (1989) and by Storen
and Hertzberg (1997). Obviously, parameter updates re-
sult in model discontinuities. If not properly handled,
these discontinuities will make simulation and optimiza-
tion algorithms fail or converge to wrong solutions (Bar-
ton et al., 1998). Hence, explicit discontinuity handling
or discontinuity smoothing is a necessity with these mod-
els. For the latter approach, interpolation strategies em-
ployed in linear multiple models (e.g. Foss et al., 2000;
Johansen and Foss, 1997)) could be adopted here.

Significant savings in computational time have been
reported for steady-state simulation and optimization
(Chimowitz et al., 1984; Perregaard, 1993), dynamic
simulation (Macchietto et al., 1986; Hager, 1992; Per-
regaard, 1993; Ledent and Heyen, 1994) and dynamic
optimization (Storen and Hertzberg, 1997) if local ther-
modynamic models are applied.

Discussion

Nonlinear model simplification has not yet got significant
attention in the systems and control literature. It is par-
ticularly suited to simplify reduced order models arising
from projection methods with the objective to regain at
least to some extent sparsity in the reduced model Jaco-
bian. There has been significant activity in the context
of chemical kinetics and physical property models. The
variety of techniques tailored to these special problems
deserve careful analysis in order to assess the potential
of applying the specific concept after generalization to
other model simplification problems.

For example, sensitivity analysis as worked out in
chemical kinetics, is applicable in principle to the simpli-
fication of any parametric model (cf. the derivation by
Seigneur et al., 1982) but—to the author’s knowledge—
it has not been explored for general model simplifica-
tion problems. This is also true for optimization based
methods given the close correspondence between reac-
tion model and general model simplification.

On the other hand, the success of local physical prop-
erty models suggests to consider similar strategies in a
more general setting. The simplified model should be
based on a fundamental principle rather than on some
arbitrary empirical ansatz. In many cases, the simple
models are only of sufficient accuracy in a limited region
of the operating envelope. Then, adaptive updating of
the parameters of a simple model structure using data
from a rigorous model can be considered as an interest-
ing alternative to globally valid simplified models. Ob-
viously, a compromise needs to be established between
model complexity and range of model validity. For exam-

ple, a globally valid but complex neural network model
(e.g. Kan and Lee (1996) for a liquid-liquid equilibrium
model or Molga and Cherbański (1999) for a liquid-liquid
reaction model) can be used instead of a simpler (local)
model with a limited region of validity which requires
parameter updating along the trajectory.

There is an obvious relation between model simplifi-
cation and hybrid models as discussed above. Hybrid
models are motivated by a lack of knowledge on the
mechanistic details of some physico-chemical phenom-
ena. A nonlinear regression model such as a neural net-
work is used instead of a fundamental model to pre-
dict some process quantity (such as a reaction rate, a
mass transfer rate or phase equilibrium concentrations).
Model simplification on the other hand aims at reducing
the complexity of a given fundamental model. Hence,
hybrid modeling in the sense of Psichogios and Ungar
(1992) can be readily applied to model simplification.
The (typically algebraic) mechanistic model, which—for
example—determines a flux (e.g. a reaction rate, see
Molga and Cherbański, 1999), or a separation product
flow rate, (see Safavi et al., 1999), a kinetic coefficient
(e.g. a flotation rate constant, see Gupta et al., 1999),
some state function (e.g. a holdup in a two-phase sys-
tem, see Gupta et al., 1999) is replaced by some nonlin-
ear regression model (such as a neural network). This
regression model is typically explicit in the quantity of
interest and hence can be evaluated extremely efficiently.
Note, that these models can be designed for a large or
a small region of validity. In the latter case, parameter
updating (using the rigorous model to produce the data
required) is required along the trajectory.

Model Application

We assume that a detailed dynamic model is available
for example from the process design activities. This
model can be simplified or reduced by physical insight,
by one of the techniques discussed above, or by a com-
bination thereof to meet the requirement of the vari-
ous model-based tasks in integrated dynamic optimiza-
tion and control system following a direct or some de-
composition approach. This section summarizes some
thoughts about the type of reduced and/or simplified
models which might be used most appropriately in a cer-
tain context.

Direct Approach

We can make use of any model and apply an optimizing
predictive control and a suitable reconciliation scheme
to realize dynamic real-time optimization by the direct
approach. Instead of following a reference trajectory set
by some upper decision layer in the control hierarchy, an
economical objective is maximized on-line on the reced-
ing control horizon to compute the control moves. The
computational complexity of the reconciliation and con-
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trol problems must, however, be quite low, since both
tasks have to be executed roughly with the sampling fre-
quency of the available measurements. Hence, any of
the model order reduction and simplification techniques
or combinations thereof should be employed to come up
with a model of manageable computational complexity
under real-time conditions.

Since there exists a huge number of possibilities for re-
ducing a given detailed model of a realistic industrial pro-
cess, constructive guidelines for designing such models
for both, the reconciliation and the control task, would
be extremely helpful. Such guidelines do not seem to
be available yet. However, hybrid regression or trend
models as well as local linearization along a trajectory
or in different areas of the operating envelope seem to
be attractive candidates provided the prediction horizon
is chosen to reflect the prediction quality of the model.
The benefit of model order reduction cannot yet be as-
sessed due to a lack of practical experience with chal-
lenging plant-wide optimization based control problems.
For large-scale systems, a structured approach to order
reduction exploiting the natural spatial decomposition
of a plant together with an appropriate model simplifi-
cation procedure as outlined above seems to be crucial
for a successful application. Such a structured approach
could also be combined with the horizontal decomposi-
tion approach introduced before.

Vertical Decomposition Approach

In contrast to the direct approach, two different mod-
els of the same process are required to implement both,
the dynamic optimizer (DO) and the model predictive
controller (MPC) together with their respective estima-
tors on both levels (cf. Figure 3). Ideally, these models
should be derived from a detailed master model to guar-
antee consistency. The requirements on the models are
different in both cases:

(a) Computational constraints: DO is executed with a
much lower frequency (say in the order of once ev-
ery one or two hours) whereas MPC is executed with
a higher frequency (say in the order of once every
couple of minutes). Hence, a higher computational
complexity can be tolerated for DO as compared
to MPC. Obviously, higher frequencies would facil-
itate better performance in case a sufficiently valid
model would be available. Therefore, the complex-
ity of the model should be minimal in both cases,
though larger for DO than for MPC, provided the
requirements on prediction accuracy are still satis-
fied.

(b) Prediction accuracy: DO should be able to predict
economical performance as well as state and out-
put trajectories with sufficient accuracy over the full
operating region. Hence, a fairly detailed model in-
corporating the major process nonlinearities is re-

quired. In contrast, the model implemented in
the MPC must predict the setpoint deviation, the
outputs and possibly the potentially constrained
states in the vicinity of the reference trajectory only.
Therefore, a simpler model with a much smaller re-
gion of validity can be chosen in this case. Even
a linear model, updated along the trajectory, may
qualify in this case.

(c) Frequency range: Due to the different execution fre-
quencies and the different tasks of both levels, the
models have to cover the low and high frequency be-
haviors of the plant for DO and MPC, respectively.
Hence, a model with an appropriate prediction qual-
ity on a fast time-scale is required for MPC whereas
a model a slow time-scale is needed for DO.

Model order reduction by projection, by equation
residual minimization or by proper orthogonal decom-
position in conjunction with model simplification can be
employed for implementation of DO as well as of MPC.
Different degrees of reduction should be employed for DO
and MPC, however, to account for the specific require-
ments on prediction errors and computational complex-
ity. A mildly reduced model can be used for DO, whereas
a strongly reduced model must be used for MPC to
meet the computational complexity constraints. While
requirements (a) and (b) could be met by this choice,
requirement (c) is definitely in conflict. Though not ex-
plicitly incorporated in the model reduction techniques,
a mildly reduced model will cover faster time-scales while
a strongly reduced model will cover slow time-scales
only. This conclusion is based on an interpretation of
the strategy employed during model reduction. For ex-
ample, the integral average of the projection error in
Pallaske’s method is reduced by a quantifiable amount,
if the dimension of the reduced model is increased (Pal-
laske, 1987; Löffler and Marquardt, 1991). The larger
the dimension of the reduced model, the shorter are the
time-scales incorporated.

Provided the model used for DO is updated regularly
and thus provides updated reference trajectories to the
MPC which reflect process economics and comply with
constraints the requirements on the model used in the
MPC are quite relaxed. In particular, a linearization of
some kind (along the reference trajectory for example)
together with linear model reduction could be fully suf-
ficient to achieve adequate overall performance. A rel-
atively simple approach for the implementation of DO
are the Wiener/Hammerstein hybrid models which build
on an available steady-state fundamental (optimization)
model. A key issue is in all cases the integration of the
model update during reconciliation on the DO and MPC
levels.

Some time-scale separation can be achieved by a
proper choice of the models used on the DO and MPC
levels. However, there is no theoretical basis for keeping
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the models on both levels consistent to each other. This
problem is well-known even in state of the art (steady-
state) real-time optimization and control where serious
performance deterioration has been observed in some
cases. If time-scale separation is envisioned, singular
perturbation methods might be more favorable. They
explicitly address this issue by construction to yield two
(or even multiple) dynamic models valid on certain time-
scales. Though it may be doubted whether exact nonlin-
ear techniques (Marino and Kokotovic, 1988; Krishnan
and McClamroch, 1994; Kumar et al., 1998) are widely
applicable to construct a singularly perturbed system in
standard form, the approximate projection methods of
Pallaske (1987) or Lall et al. (1999) employing linear
transformations should be applicable to separate even
large-scale model into a fast (non-dominant) and a slow
(dominant) submodel. If the fast and slow subsystems
are envisioned to be used for implementation of DO and
MPC on a slow and a fast time-scale, the coupling be-
tween both subsystems may lead to serious interaction
which could deteriorate control system performance or
even stability.

There are cases (e.g. Stiharu-Alexe and O’Shea, 1995;
Kumar and Daoutidis, 2000) where not only the state
but also the control and output variables are partitioned
in the slow and fast subsystems by singular perturbation.
In those cases, a completely partitioned DO and MPC
level can be implemented (Stiharu-Alexe and O’Shea,
1995), where the control variables of the fast and the slow
subsystems are manipulated by MPC and DO completely
independently employing the fast and slow output with
high and low sampling rates respectively. A consistent
time-scale separation can be achieved in this case.

It is still a largely open question, when and how singu-
lar perturbation techniques can be applied to partition
a model into a fast and a slow submodel to be used in a
consistent manner on the DO and MPC levels in time-
scale decomposition.

Alternatively, one may employ multi-resolution meth-
ods (Binder et al., 1998) to develop models on different
time-scales which could be used in DO and MPC, respec-
tively. The basic idea is briefly discussed next using a
scalar system (8) for the sake of a simpler notation. The
continuous model is projected onto a sparse multi-scale
subspace by a Wavelet-Galerkin method. The state and
control vectors x and u are expanded in a series accord-
ing to

x = dT ψ(t) = dT
s ψs(t) + dT

f ψf (t) , (67)

u = eT ψ(t) = eT
s ψs(t) + eT

f ψf (t) , (68)

where ψ denotes the vector of multi-scale basis func-
tions and the vectors d and e contain the expansion co-
efficients for the state and control variable, respectively.
The expansion can be divided into a leading sum re-
ferring to the low frequency content (coefficients ds, es

and basis functions ψs(t)) and into a residual sum which
covers the high frequency content (coefficients df , ef and
basis functions ψf (t)).

A discretized model of the slow system is obtained as

γs(d
s
s, es) = 0 (69)

after Galerkin projection. The vector function γs results
from the projection of the scalar model (8) with the basis
functions ψs(t). It fixes the expansion coefficients of the
states ds

s as a function of those of the control variable
es to approximate the low frequency content of the state
xs = (ds

s)
T ψs(t). A discretized model of the fast system

is obtained from a Galerkin projection with the basis
functions ψs(t) and ψf (t) as

γf (df
s ,d

f
f , es, ef ) = 0 (70)

which fixes the expansion coefficients df
s ,d

f
f of the state

variable as a function of those of the control variable,
es, ef , to approximate the low and high frequency con-
tent of the state

x̃ = x̃s + x̃f = (df
s )Tψs(t) + (df

f )Tψf (t) . (71)

We would get a decoupling of the slow and the fast sub-
system, if ds

s and df
s , the expansion coefficients for the

slow contributions to the state in the slow and the fast
models, respectively, would be identical. However, due
to the wavelet properties, we only find

df
s = ds

s + δf (72)

with typically small corrections δf 6= 0, i.e. ‖δf‖ =
ε‖ds

s‖ with ε < 1.
This approach to time-scale separation may satisfy re-

quirements (b) and (c) above but it is definitely in con-
flict with requirement (a) since the size of the fast dis-
cretized model is much larger than that of the slow. It
is still an open issue, whether and how this problem can
be solved. In this case, this approach could be an in-
teresting alternative to implement DO and MPC and its
associated estimators on both levels.

Closed-loop Model Validation

Obviously, the validity of the various models has to be
assessed in the context of their application in the various
modules of the operations support system.

A comparison of the open loop behavior is possible
by a variety of means. Examples are nonlinearity mea-
sures (Helbig et al., 2000b, and references cited therein),
to compare the loss of nonlinearity between two can-
didate models, step responses, or nonlinear describing
function analysis (Amrhein et al., 1993) to reveal the
frequency content of a nonlinear model. One might ar-
gue, that measures of uncertainty could be derived at
least in principle by comparison of the reduced and the
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original model to be used later during estimation and
control design. In fact, Andersson et al. (1999) provide
a very interesting result on the comparison and also the
simplification of two uncertain models. These authors
define a simplification error in terms of the L2−induced
gain. They further show that this error can be computed
by convex optimization for linear uncertain systems and
for a certain (broad) class of nonlinear uncertain systems
with isolated static nonlinearities. The method can be
applied to open-loop as well as closed-loop systems. In
the linear case, their result generalizes truncation and
singular perturbation. Their result is a good basis for
comparing and simplifying large-scale nonlinear process
models.

Open-loop tests are not sufficient to test the validity
of candidate (reduced) models under closed-loop con-
trol conditions. A key question is to relate any sim-
plification of the model to the unavoidable loss of eco-
nomical performance of the feedback control system and
to guarantee closed loop stability despite the simplifi-
cations made. Stability loss and performance degrada-
tion are well-known phenomena if a controller is designed
by means of a reduced order model and applied to the
plant in a linear setting if no special design technique
is applied (see Zhou et al. (1995), Bendotti and Beck
(1999), Wortelboer et al. (1999) for recent examples).
All these problems will carry over to the nonlinear case
at least in principle. However, there is very little knowl-
edge yet about these issues for integrated dynamic opti-
mization and control as investigated in this work. Obvi-
ously, the problem could be addressed from a robust con-
trol perspective. If we assume, at least for the moment,
the detailed (or nominal) model to perfectly match the
plant, any model reduction introduces quantifiable un-
certainty. This is in contrast to mainstream research in
robust (model predictive) control, where the model er-
ror cannot be quantified precisely. The knowledge on the
uncertainty introduced by model reduction could be em-
ployed to robustly accommodate the mismatch between
the reduced models (of the estimator and controller) and
the real plant (perfectly matched by the nominal model).

There are some starting points for future research in
the recent literature on nonlinear control. For exam-
ple, Scherpen (1993, 1996) proves the stability of reduced
models derived from truncation after nonlinear balanc-
ing. It is worth noting, that similar stability results are
not available for the more empirical methods suggested
by Pallaske (1987), Lohmann (1994), Lall et al. (1999),
or Kordt (1999) though they are based on linear trans-
formations only and should therefore be simpler to ad-
dress. The stability problem of a closed loop system with
a controller designed by means of a reduced model ob-
tained from nonlinear H∞ balancing (Scherpen, 1996)
is addressed by Pavel and Fairman (1997). They gen-
eralize results on closed loop H∞ balanced truncation
by Mustafa and Glover (1991) from the linear to the

nonlinear case. The authors provide first a criterion for
maintaining the closed loop stability if the controller is
designed by solving the nonlinear normalized H∞(L2)
control problem for the reduced model and applied to
the plant. Further, the degradation of performance is
analyzed in closed loop.

For reduced models obtained from some singular per-
turbation analysis, there are not only strong results avail-
able for a number of nonlinear control system design
techniques but also for open-loop optimal control. For
example, Artstein and Gaitsgory (2000) proved just re-
cently convergence of the value function of the perturbed
system to that of the slow system for ε → 0 under
mild assumptions (such as controllability of the fast sub-
system) for general systems in standard singularly per-
turbed form. Such results could be a starting point for
the analysis under closed-loop conditions in future re-
search.

Conclusions

Optimization-based control of transient processes re-
quires nonlinear models of sufficient predictive quality
which can be employed for the various tasks in the feed-
back control system in a real-time environment. On the
basis of a suitable formulation of the control problem
and some thoughts on its implementation, we focussed
on fundamental modeling and in particular on nonlin-
ear model reduction which comprises both, model order
reduction and model simplification. A large variety of
methods with differing theoretical justification has been
reviewed and put into perspective. Though, there has
been significant progress in the last 10 years, a thorough
understanding which technique could and should advan-
tageously be used in optimization-based control and how
it should be tailored to a specific problem is largely lack-
ing. The situation is even worse, if a (vertical) decom-
position of the optimizing control system is envisioned
in order to extend the state of the art in (steady-state)
real-time optimization where a multi-level architecture is
typically implemented. Some of the major open research
problems are:

(a) Lumped process systems models are usually of
differential-algebraic type. With the exception of
the work of Löffler and Marquardt, there are no gen-
eral model order reduction techniques for this class
of systems available.

(b) All of the nonlinear reduction techniques rely on a
representative set of trajectories. The selection of
this set is crucial for the success of the reduction.
To the author’s knowledge there are no systematic
techniques yet to guide this selection. Obviously,
the set should be as close as possible to the trajec-
tories occurring in closed-loop.

(c) In contrast to linear model order reduction, only
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truncation reduces the model order significantly. If
residualization or some sort of steady-state assump-
tion is introduced, differential-algebraic equations
result which are often as difficult to solve as the
original problem. Systematic approaches based on
slaving as introduced in POD or even nonlinear re-
gression of the set of nonlinear equations with a sim-
ple nonlinear map are required.

(d) Most of the model reduction techniques lead to a
reduced number or equations which are however of
a significantly higher functional complexity. The
structure and the sparsity of the original model is
lost. In particular, in dynamic optimization, ex-
ploitation of model structure is a key to a high per-
formant numerical solution. Any means of preserv-
ing structure and sparsity at least to some extent
during model order reduction is highly beneficial.
In addition, sparsity can be reintroduced by system-
atic model simplification for example by eliminating
most of the nonlinear terms in the right hand sides
of the reduced model.

(e) There has been almost no work on the system the-
oretical properties of resulting nonlinear reduced
models. Most of the reduction techniques cannot be
expected to preserve stability, observability, or con-
trollability properties. In principle, equation resid-
ual minimization (Lohmann, 1994, 1995) could be
extended by additional constraints not only pre-
serving steady-state accuracy but also stability (us-
ing the approach of Mönnigmann and Marquardt
(2000), for formulating appropriate constraints).

(f) All process models are hybrid by nature since they
comprise fundamental and empirical parts. The ap-
propriate combination of fundamental and empiri-
cal knowledge is still an open issue even in case of
open-loop (simulation) applications. In closed-loop,
an appropriate parameterization of the uncertainty
in both model constituents as a basis for an efficient
reconciliation is an even more challenging problem.

(g) Excitation frequencies or the magnitude of the con-
trols and disturbances driving the process in closed-
loop are largely unknown in most cases. Ideally,
on-line adaptation of the structure and not only the
parameters of the reduced model on the basis of ac-
tual or historical process data would be most prefer-
able. Computational singular perturbation (Mas-
sias et al., 1999) or adaptive Galerkin methods (von
Watzdorf and Marquardt, 1997; Briesen and Mar-
quardt, 2000) as developed for the treatment of
multi-component separation and reaction processes
could be a first starting point for the development
of a more general technique.

(h) The validity of the model under closed-loop condi-
tions is critical for the success of integrated dynamic

optimization and control. Since there are most likely
many models interacting in the various functional
blocks of the control and optimization system sys-
tematic means of constructing consistent models are
required to reach high performance. It is a largely
open issue how to efficiently assess the validity of
the individual models with respect to the prediction
of states and outputs as well as gradient and sen-
sitivity information, the consistency between these
models, as well as the stability and performance of
the integrated system a priori (i.e. during the early
phases of the design phase of the control system).

Hopefully this review and this list of major research
challenges rises interest in the systems and control com-
munity to work in this fruitful and rewarding area. Ob-
viously, most of the questions are not hard core process
control problems, but they are rather at the interfaces to
related fields which renders them more interesting and
more challenging at the same time.
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(1991).

Helbig, A., O. Abel, and W. Marquardt, Model predictive control
for on-line optimization of semi-batch reactors, In Proc. Amer.
Control Conf., volume 9 (1998).

Helbig, A., W. Marquardt, and F. Allgöwer, “Nonlinearity measur-
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Introduction

Industrial processes are subject to continuous improve-
ment of performance with respect to yield, quality, flexi-
bility and innovation. Market developments, legislation,
social and environmental requirements have started to
create a need for continuously better predictability of
process performance and more flexible operation of the
processes over the past two decades (Garćıa and Prett,
1986; Prett and Garc̀ıa, 1988; Morari, 1988; Backx et al.,
1998, 2000). Chemical Processing Industries are cur-
rently facing an enormous challenge: Within the next
years they have to realize a turnaround in their financial
performance to remain attractive for capital investors.

Gradual decline of the productivity of invested capital
over the past three decades has become a major point
of concern of the chemical processing industries. The
financial performance of many companies belonging to
the Chemical Processing Industries is lagging economic
developments of the market, which makes it hard to com-
pete with industries that do better than average like for
example the Information and Communication Technol-
ogy oriented industries.

The relatively poor performance of the Chemical Pro-
cessing Industries may be explained from the hesitation
of industry to adapt to and anticipate fast changes in
the market. Fast developments of new markets, stimu-
lated by rapidly adopted microelectronic and informa-
tion technology developments, have created a complete
turnaround of the market. The market has turned from
a regional, mainly supply driven market into a world-
wide, demand driven market over the past 15 years.
Many of the processing industries and the Chemical Pro-
cessing Industries in particular did not yet follow this
turnaround and are still mainly organized to predomi-

∗Ton.Backx@IPCOS.nl

nantly produce in a supply driven way. Latest develop-
ments of computing, modeling and control technologies
of the past decade offer a great opportunity however to
quickly realize the changes from the technical side. Or-
ganizational adaptations have to be made accordingly
though.

Wide application of model based control and optimiza-
tion technology in chemical process industries is ham-
pered until now by the following limitations of current
state-of-the-art technologies:
• Costs of application development are (too) high in

relation to direct return on the investments that
have to be made for the development of these appli-
cations

• Most of the currently applied MPC technologies in
industry are based on the use of process models
for prediction and control that approximate process
dynamics in a linear, time invariant way. Chem-
ical plants are often producing a mix of products
with different specifications, which involves transi-
tions between different operating points with corre-
sponding different process dynamics in each of these
operating points related to the non-linearities in pro-
cess behavior

• Performance of state-of-the art MPC technologies in
terms of their capabilities to reduce variances of crit-
ical process variables and product parameters is re-
stricted by limitations in the models applied for pre-
diction and for control to cover the whole frequency
range at which the process is operated. This limita-
tion stems from the techniques and procedures ap-
plied for process testing, process identification and
model validation

• Extensive (re-)use of available information and
knowledge on dynamic process behavior is one of
the ways to significantly reduce costs of application
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development related to process testing and the engi-
neering effort involved. State-of-the-art technologies
hardly support this.

• Currently applied techniques for (closed loop) model
based optimization of plant performance use first
principles based steady state models. Consistency of
these models with the models obtained from process
identification and applied inside the model predic-
tive control systems is not guaranteed. As a conse-
quence the performance of the systems is restricted
to satisfy robustness requirements over the applica-
ble operating envelope.

• Currently applied techniques for (closed loop) model
based optimization of plant performance are lim-
ited to steady state only, which implies that they
don’t support transitions between various operating
points and adequate response to plant upsets.

This paper discusses developments that overcome the
obstacles summarized above. These developments are
done in the context of two development projects: IM-
PACT and INCOOP. The IMPACT project (Eureka
project with label 2063) has the objective of develop-
ing dedicated model based control and transition opti-
mization techniques for various types of PE/PP poly-
mer manufacturing processes. The INCOOP project
(EC funded 5th framework) focuses on the integration
of non-linear high performance model based control and
dynamic plant optimization.

Section 2 of the paper first outlines requirements im-
posed upon process operation in accordance with market
requirements. In section 3 these requirements on process
operation are translated to requirements on the models
that are applied for control and optimization. Section
4 focuses on the dynamic operation of plants and the
additional impact on models applied for the support of
such operation. Section 5 discusses model requirements
and modeling approaches for high performance model
based process control. Section 6 shows some preliminary
results on a PE polymer manufacturing process. Final
remarks and conclusions are given in section 7

Requirements on Process Operations

The main requirement on process operation is: To pro-
duce products that meet specifications in the requested
volume at the right time and at minimum cost in ac-
cordance with an imposed schedule respecting opera-
tional and legal permit constraints. The optimization
of process performance involves fulfilling these require-
ments the best possible way. Realization of the require-
ments implies that the optimization has both to exploit
the technical capabilities of the process and to use free-
dom in process operation to achieve economic optimiza-
tion without taking too much risk on unplanned process
shutdowns. As a consequence the optimization has to
blend the functionality of current generation economic

optimizers, which generally do not consider process dy-
namics with state-of-the-art technology from the field
of dynamic optimization, which, however, usually does
not concentrate on economic problems, but rather on
control-oriented problems. A dynamic ’Money Conser-
vation Law’ is developed to integrate both worlds. The
objective function V is written as a sum of profit made
along a trajectory and a capital inventory term (Van der
Schot, 1998):

maxV = max
∫ tf

t0

EURrevenues(t)

− EURexpenses(t) dt+ EURinventory

∣∣tf

t0
(1)

This trajectory gives the recipe for an optimal tran-
sition between operating conditions or for the optimum
path to recover from encountered disturbances in a cer-
tain operating point. It comes down to maximizing the
added value of the process over a fixed time horizon
[t0, tf ]. In this, we define the Euro flows (¤ /hr) as
the product of physical flows (kg/hr) and product prices
(¤ /kg). These prices will depend on product quality
and on market conditions. The product quality is gov-
erned by process operation and can be simulated by a
rigorous dynamic model of the (chemical) process. This
model can be included in the overall optimization as a
set of equality constraints.

The functions Φ(x(t), u(t)) and Ψ(x(tf ), u(tf )), that
link process manipulations u(t) and process states x(t) to
performance measures in the applied criterion function
(cf. Equation 2) related to this optimization problem,
essentially consist of two separate components:
• a smooth non-linear part related to the process

transfer characteristics obtained from the DAE
model described by the equality constraints in Equa-
tion 2. This model connects manipulated variables
and disturbances to process outputs,

• a highly non-linear part that connects product prop-
erties to market values of these products.

max
u(t)

V =
∫ tf

0

Φ(x(t), u(t)) dt+ Ψ(x(tf ), u(tf )) (2)

subject to

0 = f(ẋ(t), x(t), u(t))
0 ≤ c(x(t), u(t))

The first component—the one that describes the pro-
cess transfer characteristics—has a high complexity due
to the process mechanisms involved. The second part has
limited complexity but involves discontinuous functions,
which are very nasty from an optimization viewpoint.
This is due to the fact that products within high qual-
ity specifications have a high, market determined fixed
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value. Products that meet looser specifications generally
have a lower, also market determined, fixed value. Off-
spec products have an even lower value that even may
be negative (cf. Van der Schot et al., 1999). The market
values of products relate to specified ranges for a selected
group of product properties. Products with properties in
the specified intervals all have the same value. The prod-
uct value changes as soon as one or more of the product
properties exceed the specified tolerances for these pa-
rameters.

Operation of the process is subject to operating con-
straints on process inputs, process outputs and/or rates
of change of these variables. Both performance and ro-
bustness of the control systems directly relate to the
quality and accuracy of the models used as prediction
models in the control systems. The problem to be solved
in order to enable process operation as outlined, is to get
models that satisfy the following conditions (cf. De Moor
and Berckmans, 1996; Jacobsen et al., 1991; Johansen
and Foss, 1995; Johansen, 1996; Kemna and Mellichamp,
1995; Lindskog and Ljung, 1995; Ljung et al., 1991;
Rivera and Gaikwad, 1995; Skogestad et al., 1991; Tsen
and Wong, 1995; Tulleken, 1993; Wei and Lee, 1996):

• describe all process dynamics that are relevant for
model predictive control and dynamic optimization
of the process in accordance with given specifica-
tions

• cover the full operating envelope of the process con-
sisting of specified operating points and transition
trajectories between these operating points covered
by process optimization

Model Requirements

In order to get sets of models that accurately reflect all
control relevant dynamics of the process in all selected
operating points of a real plant, extensive plant tests are
required, if traditional model predictive control (MPC)
system design methodologies are applied. Traditional
MPC design techniques based upon the application of
system identification techniques require testing of the
process in each operating point. The tests involve per-
sistent excitation of all relevant process dynamics with
sufficient energy and during a sufficiently long time to en-
sure good identification results (Ljung, 1987; Ljung and
Söderström, 1983). The duration of a plant test is gov-
erned by the time to steady state (Tss) of the unit that
is tested, by the number of process inputs that have to
be tested (Ninp) and by the type of test signals applied.
A system identification related plant test typically takes
a time Ttest in the range given by (3) for each operating
point that needs to be tested, if model quality has to be
ensured.

3 · Int(Ninp

5
+ 1) · Tss ≤ Ttest ≤ 5 ·Ninp · Tss (3)

The type of test signals applied governs the actual
required time for plant testing. The effort involved in
plant testing makes application of this approach to pro-
cesses operated in a broad range of operating points, or
to processes operated in specific operating points for a
relatively short time compared to the dynamic response
times of the process, economically or even technically
unfeasible. Many of the slow dynamics, which to a large
extent are related to physical phenomena like e.g. mate-
rial transport, residence times, warming up and cooling
down of huge heat capacities with restricted energy flows,
etc. can be modeled quite accurately using first prin-
ciples based modeling techniques. Often these dynam-
ics also don’t vary much even under operating condition
changes. Relative fast dynamics related to local physi-
cal, chemical, biological phenomena frequently are hard
to be modeled accurately using first principles modeling
techniques. Examples of such hard to model phenomena
are for example flows through complex piping systems,
turbulent flows around a valve, inhomogenity in mixtures
in reactor tanks, specific reaction complexes (e.g. poly-
merization, cracking, . . . ), kinetics in complex chemical
reaction systems, metabolisms of biomass, etc. The use
of validated, first principle model based dynamic pro-
cess simulators that accurately reflect the slow process
dynamics as a reference for the design of the model pre-
dictive control system may overcome the problem of the
required long plant tests for process identification in each
operating point. Relatively short dedicated plant tests
at well-selected operating conditions may be applied to
accurately model the relevant fast dynamics using tradi-
tional process identification techniques. A combination
of both modeling approaches in a heuristic way to model
all relevant dynamics for process control may be a fea-
sible way to solve the problem. The specific assumption
made here is that a high fidelity, first principles based,
dynamic process model covers the main process mecha-
nisms that govern the low frequency transfer character-
istics of the process over a sufficiently large operating
range covering all relevant operating conditions (Backx,
1999).

Model based or model predictive process control in
combination with trajectory optimization to find opti-
mum dynamic transition paths can contribute to meet-
ing the new needs on high performance plant opera-
tion. These technologies make extensive use of avail-
able knowledge on the dynamic behavior of processes
for continuously driving the process to desired operating
and performance conditions. Model predictive control
enables revision of the control strategy on a sample-by-
sample-basis using latest information on the status of the
plant and its environment. The knowledge of process
behavior is represented in the form of a mathematical
model that describes the process dynamics, which are
relevant for control. This model is explicitly used in the
controller for predicting future process responses to past
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input manipulations and measured disturbances and to
calculate best future input manipulations that satisfy the
control objectives. The model is assumed to reflect all
significant dynamic properties of process input/output
behavior. It furthermore has to enable simulation of
the future process outputs on the basis of known past
process inputs within a pre-specified operating envelope
of the process with limited inaccuracy and uncertainty
(Cutler and Ramaker, 1980; Muske and Rawlings, 1993;
Froisy, 1994; Qin and Badgwell, 1997; Richalet, 1997).

Dynamic Operation of Processes

Process operation has to become fully dynamic in stead
of quasi-steady-state to meet the market requirements
described in section 1. Processes in this respect have to
be viewed as dynamically operated elements of a supply
chain. This supply chain is composed of severa,l mu-
tually interacting processes (Backx et al., 1998). The
total supply chain has to meet the requirements of the
market. As a consequence specific processes have to be
operated in a way that production and products can eas-
ily be adapted to the changing and highly fluctuating
market demand. Ideally a plant has to be controlled in
such a way that production can follow market demand
to the extent that ’Just-in-time’ production at specifica-
tions might be feasible thus minimizing stocks of finished
products and intermediates and enabling maximum cap-
ital productivity. The consequence of operating plants
this way is that processes need to be operated under con-
ditions that are fully synchronized with demand despite
a wide range of dynamic effects that govern production
behavior. Several sources of dynamics may be discrim-
inated in this respect that all contribute to the overall
dynamic behavior of a production plant:

• Marketplace dynamics

• Ecosphere dynamics

• Macro scale plant dynamics

• Meso scale unit process dynamics

• Micro scale reaction dynamics

The marketplace dynamics are characterized by long
cycles. The cyclic behavior of the market place typically
ranges from months to many years. The actual dynamic
behavior is affected by various types of discrete events,
which cause relatively fast (days to weeks time-frame)
fluctuations in the market conditions. Examples of such
events are feedstock (or utilities) availability, product de-
mand as well as the prices for both feedstock and prod-
uct. The market behavior is largely unpredictable due
the large number of influencing factors, which are mostly
unknown. It is a major disturbance that has to be coped
with.

The dynamics of the ecosphere also shows cycles of
different time scales. Typical examples of these eco-
sphere dynamics are the sometimes very rapidly chang-
ing weather conditions (e.g. a rain shower, a thunder-
storm, a clouded sunny day, . . . ), the fast day-night pat-
terns or the several orders of magnitude slower seasonal
cycles with different temperature, humidity, waste water
requirements and cooling water conditions. Like mar-
ket behavior also ecosphere behavior is largely unpre-
dictable. It generally has a large impact on actual pro-
cess performance. Due to this large influence on actual
process behavior it has to be compensated by control
systems and optimizers.

The mix of unit processes that together form the plant
determines plant dynamics. The dynamic behavior of the
plant is governed both by the dynamics of each of the
unit processes and by the dynamics related to recycles
(e.g. recovery and re-use of materials, waste water, . . . )
and integration (e.g. heat integration, cooling water,
. . . ). These dynamics may span several decades ranging
from minutes to several days. As an example a Cracker
plant like an Ethylene plant may be mentioned. This
plant consists of reactors with dynamics in the minute
range as well as distillation columns with dynamics that
can range up to a day. Heat integration may cause such
a plant to show dynamic behavior spanning days up to
weeks.

Unit process dynamics normally span a few decades on
a time scale. The actual unit process dynamics highly
depend upon the type of unit process and may range
from sub-seconds to days. Forming processes (e.g. Steel
rolling, Extrusion of Polymers, glass forming, . . . ) are
examples of processes showing sub-second to minute dy-
namics. Fluidized bed or slurry loop polyethylene and
polypropylene reactors, high purity ethylene and propy-
lene distillation columns and glass melting tanks are ex-
amples of unit processes with dynamics that may range
from several hours up to one or even more days.

Reaction dynamics are usually very fast. They can
span several decades of a time scale as well, but often
they are in the micro second to second range.

All these overlapping dynamics together form the dy-
namics that have to be handled by the systems that are
applied for operation of the plant. Adequate control of
this wide range of dynamics is crucial to meet both flex-
ibility requirements and quality requirements of prod-
ucts in accordance with continuously changing market
demand.

The effect of adequate control of a wide range of dy-
namics in relation to product quality at the unit process
level is shown in Figure 1. The bandwidth of the closed
loop system determines the reduction in variance due to
disturbances of the controlled variables. The reduction
in variance that will be achieved by the control system
can be estimated by calculating the frequency dependant
reduction of the power spectral density (PSD) of the con-
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Figure 1: Bandwidth of a ’quasi-steady-state’ (q.s.s.) control system and a ’High Performance’ control system in relation
to performance.

trolled variables Y(f) by closed loop control. Application
of the theorem of Parceval (e.g. Papoulis, 1984) gives a
direct estimate of the variance reduction achieved by the
control system:

σ2
cl =

Φyy|cl

Φyy|ol
· σ2

ol

=
1
2π

∫∞
−∞ |Ycl(f)|2 df

1
2π

∫∞
−∞ |Yol(f)|2 df

· σ2
ol

=
1
2π

∫ ∞
−∞

|Ycl(f)|2 df

(4)

Φyy|cl and Φyy|ol respectively denote the closed loop
and open loop power spectral densities of the controlled
signal. The closed loop control system acts as a high-
pass filter with a cut-off frequency determined by the
bandwidth of the control system to reject output distur-
bances.

Process Modeling for High Performance
Model Based Process Control

High performance process operation requires fully repro-
ducible and predictable control of process units both dur-
ing steady operation in a selected operating point as well
as during transition between different operating points.
This implies the need for models that accurately describe
process dynamics over a frequency range that exceeds the
intended bandwidth of the control system. As is shown

in Figure 1 this bandwidth is governing the performance
that can be achieved. Also for close tracking of tran-
sition trajectories a large bandwidth control system is
necessary to enable high performance disturbance rejec-
tion during transition and to make fast transitions pos-
sible. The accuracy requirements on the models applied
for control are fully dictated by:

• the bandwidth of the control system,
• the disturbance characteristics (amplitude ranges or

probability density functions, frequency contents) of
the variables that need to be controlled

• the process transfer characteristics (bandwidth of
process transfers in relation to the bandwidth of
the disturbances) over the operating envelope that
needs to be handled by the control system

The bandwidth of the control system and the band-
width of the model are linked by the role of the model
in model predictive and model based control systems:

The model is assumed to accurately predict pro-
cess output behavior thus minimizing the closed
loop gain and providing an accurate estimate of
the actual output disturbance (cf. Figure 2).

From the frequency point on where the model looses
accuracy in describing the process transfer behavior, the
model predictive control system turns from a primarily
feedforward driving control system into a classic (mul-
tivariable) feedback controller. This feedback controller
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Figure 2: Structure of a model predictive control sys-
tem.

has all the well known difficulties with stability and per-
formance and is hard to tune (Rosenbrock, 1970; Mac-
Farlane, 1979). Therefore the control system is tuned to
not give any control performance any more in this fre-
quency range in most industrial applications. As a conse-
quence it only operates over a restricted (low) frequency
range and does not reject higher frequency disturbances.
Recovery from process upsets usually also takes much
longer than required because of the limited bandwidth
of the closed loop controlled process.

High performance control requires models with a
bandwidth that cover all relevant process transfer dy-
namics over a frequency range given by the necessary
disturbance rejection. The models have to enable ac-
curate description of the process transfer dynamics in
such a way that the model predicted outputs and the ac-
tual process outputs coincide both in amplitude and in
phase over the relevant frequency range. Especially the
requirement that the predicted and actual signal may not
have a significant phase error makes that the bandwidth
of the model has to exceed the closed loop bandwidth
of the controlled process. Sensitivity for modeling er-
rors over the full relevant frequency range is determined
by the complexity of the process dynamics. Frequency
ranges with large changes in phase shift between process
inputs and outputs in general have to be treated with
great care due to the sensitivity for poor performance or
even instability in these frequency ranges. Processes of-
ten show large changes in phase shift between inputs and
outputs especially around the cut-off frequencies, which
makes that this frequency range almost always needs to
be modeled accurately for high performance control.

First principles based modeling techniques in general
are not very well suited to accurately model all process
mechanisms that govern the higher frequency amplitude
and especially phase characteristics. This is caused by
the many interacting mechanisms that dominate the pro-
cess behavior in this frequency range (e.g. inhomogen-

ities in materials, temperatures, concentrations of com-
ponents, turbulent flow patterns, non-homogeneous mix-
ture of components, . . . ). Process identification tech-
niques on the contrary are very well capable in capturing
this behavior in models, if it is stationary. The following
aspects are critical for process identification techniques
to model process behavior accurately in the critical fre-
quency ranges for high performance model based process
control:

• The process needs to show stationary and repro-
ducible behavior within the operating envelope

• The applied modelsets for system identification have
to enable accurate modeling of the amplitude/phase
characteristics of all process transfers in the criti-
cal ranges; i.e. complexity of the applied modelsets
needs to be sufficiently high (Willems, 1986a,b,
1987)

• The process data used for estimation of the model
parameters have to contain sufficient information
on these process characteristics in ratio to encoun-
tered disturbances during testing; the process has
to be persistently excited with adequate signal-to-
noise ratio’s at each of the process outputs (con-
trolled variables) (Ljung, 1987)

• The test signals applied to the process have to excite
the process in a balanced way to enable equally ac-
curate modeling of low and high gain directions; this
is of particular importance if the control system has
to enable high performance in low gain directions of
the process (e.g. dual quality control in distillation
cf. Figure 3)

• The criterion function applied for estimation of the
model parameters has to be consistent with the later
use of the model in the model based control system,
which usually implies prediction of future process
outputs over some future time horizon on the ba-
sis of known past process inputs and known past
process outputs.

High performance process control starts with the se-
lection of appropriate process input (Manipulated Vari-
ables) and process output variables (Controlled Vari-
ables). The selected set of manipulated variables to-
gether with the information obtained from the measured
disturbance variables have to enable compensation of the
disturbances that affect the controlled variables. Fur-
thermore the selected set of manipulated variables has
to enable fast, predictable and reproducible transition
between selected operating points of the process. Multi-
variate statistical analysis tools support selection of ap-
propriate process inputs and process outputs for control
(Yoon and MacGregor, 2000; Clarke-Pringle and Mac-
Gregor, 2000).

High performance model based process control in gen-
eral requires process models that reflect process behavior
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Figure 3: Directionality in process transfer character-
istics of a local operating point in distillation.

over a large frequency range. A distillation column may
be used as a simple example to illustrate this. An in-
dustrial column with 15 trays will have a time to steady
state of approximately 1.5 hours. A change in top prod-
uct quality in response to a top pressure change will be
noticed well within a minute however. This means that
even for this simple column the range of dynamics to
be covered already is ¿100. This number is the ratio of
fastest relevant frequency (response to a pressure change
in this example) over slowest relevant frequency (dynam-
ics that govern settling towards steady state) for high
performance model based control. A finite step response
model needs at least 200 relevant samples to cover such
a range of dynamics. The further the slowest and fastest
relevant frequencies get apart the more parameters will
be needed to describe this process behavior with finite
step responses. The required sample rate for the model
is governed by the highest relevant frequency. The time
span that needs to be covered by the model is governed
by the low frequencies that determine settling to steady
state of the process. The time length of the model di-
vided by the applied sampling time gives the complexity
of the model for non-parametric type models like finite
step responses or finite impulse responses. The com-
plexity is a measure for the number of parameters of the
model. This implies that these non-parametric types of
models are requiring an increase in model complexity to
cover all relevant dynamics, if the fastest and slowest
relevant dynamic modes get further apart. In most of
todays model predictive control applications the higher
frequency characteristics of the process are not included
in the models to prevent the models from becoming too
complex.

The critical issue for high performance model based
control is accuracy of the applied model in certain fre-
quency ranges. Model sets that support coverage of wide
frequency ranges without a necessarily large increase of
model complexity are parametric models like e.g. state
space models. State space models can handle the wide
range of dynamics encountered in most industrial pro-
cesses with a complexity dictated by the number of dy-

namic modes in the observed dynamic process behavior.
The number of parameters required to accurately de-
scribe process behavior does not grow with the ratio of
fastest and slowest relevant process dynamics, if para-
metric models are applied. It depends upon the com-
plexity of the process dynamics i.e. the order of the
difference equations that approximately describe the rel-
evant process behavior with sufficient accuracy.

The data used for process identification has to contain
information that enables reconstruction of the process
transfer characteristics at the critical frequency ranges
with the required accuracy. This implies that test signals
applied to the process have to span the input space later
used by the control system in such a way that all relevant
frequencies are well excited and that the variables that
will be controlled are showing balanced responses. This
also has to hold for the directions that show the largest
and the smallest gains over the relevant frequency range.
Model accuracy obtained from process identification is
governed by the signal-to-noise ratios encountered over
the full frequency range over all output directions (Zhu
and Backx, 1993; Zhu et al., 1994).

Subspace and orthonormal basis function based tech-
niques are latest developments in multivariable pro-
cess identification techniques that enable modeling of a
wide range of process dynamics, without requiring de-
tailed a-priori knowledge on the order and structure of
the multivariable system (Van Overschee and De Moor,
1993, 1994; Verhaegen and Dewilde, 1993a; Viberg, 1995;
Heuberger et al., 1995; Van den Hof and Bokor, 1995;
Van Donkelaar et al., 1998). Essential in both ap-
proaches is that observed input-output behavior of the
process as represented by the process data collected and
pre-treated for identification are projected to a subspace
spanned by a set of (orthonormal) basis functions that
can represent all relevant process dynamics. The differ-
ence between both methods stems from the type of basis
functions applied and by the way the selection of these
basis functions is established.

Subspace identification techniques determine the basis
functions directly from Hankel U and Y matrices con-
structed from the process input and process output data
applied for process identification. The basis functions
are obtained by data compression via an RQ factoriza-
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tion (Verhaegen and Dewilde, 1993a,b).[
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In these equations n denotes the order of the state
space system representation, p denotes the number of
inputs and q denotes the number of outputs. Calcula-
tion of the singular value decomposition of the matrix
[(R21 −Hn ·R11) R22] that links future process output
behavior to past and current input manipulations:

Λn ·Xl = Y −Hn · U

= [(R21 −Hn ·R11) R22]
[
Q1

Q2

]
= Us · Ss · V T

s ·
[
Q1

Q2

] (6)

provides the matrix U1
s by selection of the first (n−1) · q

rows of Us. Hn is the Hankel matrix constructed from n
Markov parameters estimated from the available process
input output data.

The state space system matrices are subsequently cal-
culated by least squares solution of the following set of
equations:
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Orthonormal basis function based algorithms use an ini-
tial basis function generation step in which a rough low
order approximation of the process dynamics is used in
combination with an inner transfer function to generate
the applied set of basis functions (Van Donkelaar et al.,
1998; Heuberger et al., 1995; Van den Hof and Bokor,
1995).

G(z, ϑ) =
N∑

i=1

Wi(ϑ) · Fi(z) (8)

represents the process transfer as a function of time shifts
z and of the model parameters . Wi() indicates the
weights on each of the basis functions and Fi(z) refers
to the basis functions applied.

A well known set of basis functions commonly applied
in industrial applications is the pulse basis:

fi(z) = z−i (9)

Substitution of this basis in (8) gives the Finite Im-
pulse Response representation of the process. This ba-
sis requires many parameters Wi to describe all relevant
process dynamics, if the process dynamics cover a wide
range as discussed above. A significant reduction in the
number of parameters required for describing all relevant
process dynamics may be obtained by using Laguerre or
Kautz sets of basis functions:
Laguerre:

fi(x) =
√

1− a2 ·
(1− az)i

(z − a)i+1
(10)

Kautz:

f2i(z) =

z

√
1− c2 · (z − b)

z2 + b(c− 1)z − c
·
[
−cz2 + b(c− 1)z + 1

z2 + b(c− 1)z − c

]i

f2i+1(z) =

z

√
(1− c2) · (1− b2)

z2 + b(c− 1)z − c
·
[
−cz2 + b(c− 1)z + 1

z2 + b(c− 1)z − c

]i

(11)

A significant reduction in the number of parameters N
is achieved by selecting the coefficients of these basis
functions—parameter a in the Laguerre basis functions
and parameters b, c in the Kautz basis functions—in
such a way that the first elements of the set of basis
functions closely represents the relevant process dynam-
ics. The Laguerre basis works well for systems that show
smoothly damped behavior. The Kautz basis works fine
for system with badly damped transfer characteristics.
To achieve a close approximation with a few basis func-
tions of actual processes that show more complicated
transfer dynamics, a better performance is obtained by
making use of a generalized orthonormal basis as de-
scribed in (Heuberger et al., 1995). This allows the selec-
tion of a set of orthonormal basis functions of which the
first functions closest approximate the actual observed
process dynamics.

Both methods—the subspace method and the or-
thonormal basis function method—don’t directly give an
optimum model with minimum output error. In general
the models are very good starting points for a final non-
linear output error optimization as described in (Falkus,
1994). This output error optimization allows fine tuning
of the state space model to accurately describe process
dynamics in the critical frequency ranges. Application of
the identification techniques in closed loop process opera-
tion allows the identification techniques to automatically
concentrate on realizing the highest model accuracy in
the critical frequency ranges for closed loop control (Hjal-
marsson et al., 1996).
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Figure 4: Fluidized bed gas phase HDPE reactor.

Some Results

Control of a gas phase fluidized bed HDPE polymer re-
actor is used as an example to show some initial results
of performance improvement that can be achieved by
integrated high performance model based control and
dynamic optimization (Figure 4). As discussed in the
previous sections performance of the model predictive
control system and the dynamic optimizer is governed
by accuracy of the applied models.

In this example a set of approximate linear models
is applied to realize a high performance model predic-
tive transition control system that optimizes polymer
production performance both during normal operation
as well as during grade transitions. The dynamic grade
transition optimization is done on the basis of a first prin-
ciples based dynamic model of the process as discussed
in section 2 and implemented in gPROMS.

The model predictive control system developed for
control of the polymerization reactor has been de-
signed to cover a broad operating range of the pro-
cess. The control system simultaneously manipulates
Monomer/Co-monomer ratio, Hydrogen/Monomer ra-
tio, Catalyst flow, Gascap Pressure and bed Tempera-
ture. The model predictive control system controls Den-
sity, Melt Index and Production Rate. Direct or inferen-
tial measurements of the controlled variables needs to be
available for this purpose. The control system operates
in delta mode and includes linearizing functions to cover
the large, non-linear operating range of the process with
sufficient accuracy (Figure 5).

In case no on-line measurement of the controlled vari-
ables are available, the controller will calculate the re-
quired control actions on the basis of model predictions
of these variables between the updates of the real mea-
sured process values. This functionality enables robust
operation of the control system at various sample rates
of the product quality (Melt Index and Density) mea-
surement. It will make the control rather insensitive for
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Figure 5: Integration of the delta mode MPC sys-
tem and the rigorous model based dynamic trajectory
optimizer.

changes in the sample rate as long as the model predic-
tions don’t show severe errors.

The control system is designed for high performance,
robust control of the polymer properties over a broad op-
erating range of the process. Table 1 gives an overview of
the total set of grades covered by the integrated control
and dynamic optimization system. Performance of the
control system is stable over this operating range. Fig-
ure 6 shows the results of the transitions from O7 to P3
(left two columns) and R0 to P3 (right two columns) as
an example of two grade changes subject to a variety of
external disturbances acting on the process. The picture
clearly shows the improvements obtained over traditional
grade transition control. The transitions are fast and the
polymer properties remain well within specifications at
both grades.

The transitions shown are shortcuts in the normal
grade slate. The transitions involve a large change in
the density of the polymer, which implies a large change
in the co-monomer/monomer ratio. In order to enable a
fast transition the production rate is heavily decreased to
get a minimum amount of wide spec product during the
transition. The large change in production rate implies
that a severe change is process behavior is encountered
due to the wide operating range spanned. The models
applied for prediction in the control system have to ac-
curately describe these changing process characteristics
to enable close tracking of the optimum transition tra-
jectory calculated by the optimizer. The performance
improvement achieved by the integrated MPC and dy-
namic trajectory optimization in this example represents
an economic benefit of ¤ 117330 for the transition of O7
to P3. The benefit related to the improvement of R0
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DENS DENS DENS DENS DENS DENS DENS DENS
Grade Names 964 954 944 934 924 914 904 894

966 956 946 936 926 916 906 896
LNMI -2.4 -2.6 GO G1 G2 G3 G4 G5 G6 G7
LNMI -1.4 -1.6 H0 H1 H2 H3 H4 H5 H6 H7
LNMI -0.4 -0.6 I0 I1 I2 I3 I4 I5 I6 I7
LNMI 0.6 0.4 J0 J1 J2 J3 J4 J5 J6 J7
LNMI 1.6 1.4 K0 K1 K2 K3 K4 K5 K6 K7
LNMI 2.6 2.4 L0 L1 L2 L3 L4 L5 L6 L7
LNMI 3.6 3.4 M0 M1 M2 M3 M4 M5 M6 M7
LNMI 4.6 4.4 N0 N1 N2 N3 N4 N5 N6 N7
LNMI 5.6 5.4 O0 O1 O2 O3 O4 O5 O6 O7
LNMI 6.6 6.4 P0 P1 P2 P3 P4 P5 P6 P7
LNMI 7.6 7.4 Q0 Q1 Q2 Q3 Q4 Q5 Q6 Q7
LNMI 8.6 8.4 R0 R1 R2 R3 R4 R5 R6 R7
LNMI 9.6 9.4 S0 S1 S2 S3 S4 S5 S6 S7

Table 1: Grade definition table.

to P3 represents a value of ¤ 49081 at the given market
values. The actual benefit and the corresponding opti-
mum transition strategy strongly depend upon market
conditions for first grade and wide spec products.

Conclusions

Changing market conditions enforce chemical processing
industries to better utilize process capabilities. Process
operation needs to be closer tied with market demand to
improve capital productivity. Currently applied state-of-
the-art model predictive control and model based opti-
mization techniques don’t support close tracking of op-
timum operating conditions. A main reason for this is
the limitation in accuracy of the models applied for con-
trol and optimization. High performance control requires
models that accurately describe all relevant process dy-
namics over a wide operating range. Especially the fre-
quency ranges where the process is showing huge changes
in its transfer phase characteristics are critical and need
to be modeled accurately. High performance in general
requires models that cover the full process transfer fre-
quency range accurately. The frequency range covered
accurately by the model dictates the ultimate bandwidth
of the closed loop model predictive control system. This
bandwidth in its turn governs the disturbance rejection
capabilities of the control system and therefore the re-
sulting capability to achieve product and process quality
requirements. The bandwidth of the control system fur-
thermore governs the capabilities to closely track tran-
sition trajectories that enable cost effective changeovers
between various operating points.

Accurate modeling of all relevant process dynamics
for the entire process operating envelope envisaged re-
quires integration of rigorous modeling techniques with

process identification techniques to be economically fea-
sible. Process testing needs to be minimized due to the
high cost involved with plant tests. Extensive (re-)use
of a-priori knowledge on process dynamics is enabling a
significant reduction in test time required. Plant tests
have to focus primarily on critical frequency ranges for
control. These dedicated tests can be relatively short
and less expensive in general.

Optimum transition control is not supported by steady
state optimization techniques. New concepts based on
the use of dynamic plant models have been discussed
that enable exploitation of plant dynamics for optimiza-
tion of economic performance of plants. Consistency be-
tween model-based optimization and model-based con-
trol is crucial for high performance in dynamic plant op-
eration. Intential dynamic operation of a plant opens
opportunities for very significant improvement of plant
economics and capital productivity. Market driven op-
eration of plants becomes feasible, if plant and process
designs support it.
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Figure 6: Process values and manipulated variables for two optimized grade changes. The dashed lines represent the
initial trajectory, while the solid lines correspond to the optimized controlled trajectory.
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Introduction

Process identification is concerned with using observed
process data to form a model of the process that can be
used in various constructive ways for process improve-
ment. It is unquestionably one of the most important
steps of control system design—accounting for as much
as 80-90% of the cost and time involved. It encompasses
a diverse set of tasks that include plant testing, selection
of a model structure, parameter estimation, and model
validation. Prior to actual controller implementation, it
is the only step that requires direct interaction with the
process. Consequently, any erroneous decision here can
jeopardize success of an entire control project. This fact
demands that all decisions involved in identifying a pro-
cess model be made carefully and systematically based
on sound scientific principles and methods—a fact that
perhaps explains the good synergy between researchers
and practitioners of the field.

The paper of Åström and Eykhoff (1971) was one of
the first to review the research in system identification.
During the 70s and 80s, the theoretical foundations for
system identification were laid by the pioneering work
of Ljung (1987), Söderström and Stoica (1989) and their
coworkers. The work of Ljung centered around a par-
ticular paradigm called Prediction Error Minimization
(PEM), which today is the norm of industrial practice.
Process identification at the beginning of the 90s was
reviewed by Andersen et al. (1991) in CPC-IV.

The decade has seen several major developments. One
of them is the subspace approach, which was motivated to
overcome some drawbacks of PEM for multivariable sys-
tem identification (Van Overschee and De Moor, 1996;
Verhaegen and Dewilde, 1992; Larimore, 1990). Signifi-
cant advances have also come along in closed-loop iden-
tification and “control-oriented” (or “control-relevant”)
identification. In these areas the goal is to tailor the

∗sbj@kt.dtu.dk
†jay.lee@che.gatech.edu

whole identification procedure to a given control objec-
tive. The past decade has also seen an unprecedented
range and volume of applications of process identifica-
tion in industries, mainly to provide models for predic-
tive control. After a decade of such explosive develop-
ments, it is indeed apt to reflect upon the progress and
the state of the field at this CPC meeting.

The gap between research and practice, though nar-
rower than in most fields, is nevertheless significant and
therefore is worth elaborating a bit:
• Plant Test: Industrial plant tests use simple signals

like steps or PRBSs. In addition, it is almost always
limited to perturbing one input at a time, mostly out
of the concern for unpredictable effects on process
behavior (Qin and Badgewell, 1997). Literature is
replete with optimal test signal design methods in-
cluding those that attempt to incorporate specific
control requirements and process characteristics into
design in an iterative manner (Rivera et al., 1993;
Asprey and Macchietto, 2000; Pearson, 1998; Cooley
and Lee, 2001). However, such tailored and itera-
tive designs have rarely been attempted in practice,
if ever. The single-input testing will inevitably em-
phasize accuracy of individual SISO dynamics but
several studies have shown that accurate identifica-
tion of SISO dynamics may be inadequate for mul-
tivariable control of certain types of plants (e.g., ill-
conditioned plants) (Andersen et al., 1989; Koung
and MacGregor, 1994; Li and Lee, 1996).

• Model Structure: Popular structures are Finite Im-
pulse Response (FIR) models and ARX models,
both of which lead to linear regression problems.
Other structures, like ARMAX models, OE mod-
els, and Box-Jenkins models, which require non-
convex optimization, are less common but are used
in some occasions. In almost all cases, Multiple-
Input-Single-Output (MISO) structures are used, in
which a separately parameterized model is fitted for
each output (Andersen et al., 1991). This practice
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is clearly inefficient, both with respect to model or-
der and accuracy, in view of the fact that most in-
dustrial process outputs exhibit significant levels of
cross-correlation. The preference for (or insistence
on) MISO structure is clearly linked to ease of pa-
rameter estimation as explained below.

• Model Estimation: PEM is by far the most domi-
nant method for estimating model parameters, per-
haps owing to its flexibility and sound theoreti-
cal basis as well as the ready availability of soft-
ware tools. However, with multivariable structures,
PEM requires special parameterizations and non-
convex optimization (Ljung, 1987; Van Overschee
and De Moor, 1994), a fact that perhaps explains
the industry’s proclivity toward use of MISO struc-
tures. The subspace approach is designed to obvi-
ate these problems but requires relatively large data
sets. In fact, the two approaches are best combined
into one: The subspace approach can be used to pro-
vide a good initialization for PEM, which should al-
leviate the aforementioned problems. However, ex-
tensive use of such MIMO identification methods in
the industry is not at all evident.
Statistical methods like the Maximum Likelihood
Estimation or Bayesian estimation have not found
much use. This is probably because of the lack of
probability information or the fact that these com-
plex methods often reduce to the same least squares
calculation as PEM under commonly made prob-
ability assumptions. Likewise, use of nonparamet-
ric methods such as the frequency-domain Empirical
Transfer Function Estimation seems rare, probably
due to the lack of sufficiently large data sets.

• Use of Estimated Model: The PEM approach
with many structures (e.g., ARX or ARMAX) as
well as the subspace approach yield a combined
deterministic-stochastic system model. However,
the noise part of the model is seldom used in control
system design. This may be due to the belief that
disturbances experienced during an identification
experiment are not representative of those encoun-
tered during real operation. However, this practice
bears some danger as the two model parts are iden-
tified to work together as a single predictor. Also,
many process monitoring and soft-sensing schemes
require precisely information on how variables are
correlated to one another in time due to unknown
inputs and noises. Hence, the noise part of a multi-
variable model, when fitted with appropriate data,
can serve a very useful function. In addition, some
control applications, such as those involving infer-
ential estimation, should clearly benefit from avail-
ability of an accurate noise model (Amirthalingam
and Lee, 1998; Amirthalingam et al., 2000).

• Model Validation: Standard tests like residual anal-
ysis and cross validation are ubiquitous in the in-

dustrial practice. However, model uncertainties are
seldom captured in a form that can be used for ro-
bust controller design. There is an extensive liter-
ature on how information on process noises (either
statistics or bounds) can be translated into model
bounds (Rivera et al., 1993; Ninness and Goodwin,
1995; Böling and Mäkilä., 1995). However, these
methods are seldom used as process noise informa-
tion itself is unavailable or highly inaccurate. In
addition, there are many other contributing uncer-
tainties, e.g., process nonlinearities, actuator errors,
etc. Good theories with wrong assumptions are just
as ineffective as bad theories.

• Closed-Loop Testing and Iterative Improvement:
Many industrial processes already have several
working loops that may not be removed. Hence,
we suspect that closed-loop testing has already been
practiced to some extent. However, it is not clear
whether practitioners are always aware of poten-
tial problems that can arise with usage of feed-
back correlated data. It is also less common to use
closed-loop testing as a way to generate data that
are highly informative for feedback controller design
(Gevers and Ljung, 1986; Gevers, 2000; Forssell and
Ljung, 1999a). In addition, many published papers
deal with iterative improvement of model and con-
troller through closed-loop testing (Van den Hof and
Scharma, 1995; Hjalmarsson and Birkel, 1998). The
idea of continually improving the closed-loop per-
formance by using data collected from a working
loop is very attractive from a practical viewpoint.
It connects well with the industry’s growing con-
cern over maintaining performance of advanced con-
trollers. However, it is not clear that the industry
at large has seriously considered this possibility.

• Nonlinear Process Identification: While systematic
tools for formulating first engineering principle mod-
els have begun to appear, few systematic methods
for identifying first engineering principle models are
available (Asprey and Macchietto, 2000; Lee, 2000).
On the other hand, some implementations of non-
linear model predictive control have been reported
(Qin and Badgewell, 1998; Young et al., 2001). The
most common industrial approach to deal with pro-
cess nonlinearities is by use of multiple models.
Switching rules among different models are ad hoc
and seldom systematically designed. Some applica-
tions of artificial neural networks are reported but
their effectiveness as causal models, i.e., as opti-
mization and control would use them, is question-
able at best. Despite the vigorous research in this
area during the past decade, the field still lacks a ba-
sic framework and a unifying theoretical foundation
(Johansen and Foss, 1995).

These gaps in Table 1 serve to motivate our selec-
tion of topics covered in this review paper. We have
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Issue Practice Theory
Model Structure SISO/MISO ARX or FIR MIMO State Space

Parameter estimation PEM (Least Squares) Subspace and PEM
Noise info usage Rarely used Disturbance estimation, inferential control
Model validation Residual analysis Model error bounds

Plant Test One input at a time Simultaneous testing of multiple inputs
Closed Loop test Little understood Vigorously researched

Nonlinear Process Identification Seldom used Systematic tools lacking

Table 1: Summary of current gaps between practice and theory.

chosen topics, for which theories, in our view, have ad-
vanced to a point that some of the aforementioned gaps
can be closed to bring significant benefits to the prac-
tice. For that, we concentrate mainly on two topics,
control-oriented identification and closed-loop identifica-
tion, which in our view have seen the most significant
research and progress related to process control during
the past decade. We attempt to highlight the progress as
well as the current limitations, and point out obstacles
an engineer may face in adopting the new approaches in
practice.

We have chosen to leave out the subspace approach in
our review, other than developments relevant to closed-
loop identification, as the topic has already been well
publicized. Current literature on this topic includes a
book (Van Overschee and De Moor, 1996) and several
review papers, e.g., Viberg (1995) and Shi and MacGre-
gor (2000). We have also chosen to leave out a review on
nonlinear process identification, for which only limited
progress has occurred but further developments are very
much needed. Marquardt (2001)in this conference gives
a comprehensive coverage of this topic.

The rest of the paper is organized as follows. In Sec-
tion 2, we review the current state of knowledge in closed-
loop identification. The asymptotic behavior of various
identification approaches are discussed but our focus re-
mains on practical implications of the theories. In Sec-
tion 3, we discuss the problem of tailoring the entire
identification process to a given specific control objec-
tive. We discuss why this consideration naturally leads
to iterative identification and review both open-loop and
closed-loop strategies. In Section 4, we conclude.

Our main objective for writing this paper is to fuel an
honest and substantive debate among researchers and
practitioners on the current state of identification theo-
ries as related to potential closure of the existing gaps.
We hope that such a debate will clarify the strengths and
limitations of the existing theories and methodologies for
practitioners. We also hope that the factors previously
passed over by the researchers but must be accounted for
theories to be practicable will also be brought out in the
open.

Closed-Loop Identification

Introduction

During the past decade, interest in closed-loop identifi-
cation by the community has risen noticeably. Closed-
loop identification is motivated by the fact that many
industrial processes have already in place one or more
loops that cannot be removed for safety and/or economic
reasons. Beyond this lies the attractive idea of being
able to improve the closed-loop performance continually
by making use of data being collected from a working
loop. It has also been claimed that data collected from a
closed-loop operation better reflect the actual situation
in which the developed model will be used, and there-
fore could yield better overall results (Gevers and Ljung,
1986; Hjalmarsson et al., 1996; Gevers, 2000).

On the other hand, a closed-loop condition presents
some additional complications for system identification.
The fundamental problem is the correlation between the
output error and the input through the feedback con-
troller. Because of the correlation, many identification
methods that are proven to work with open-loop data
can fail. This is true for the prediction error approach
as well as the subspace approach and nonparametric ap-
proaches like empirical transfer function estimation.

Awareness of the potential failings has engendered sig-
nificant research efforts, which in turn have led to better
understanding of the properties of the existing methods
when used with closed-loop data as well as some remedies
and special measures needed to circumvent the potential
problems. We will try to give a concise and pragmatic
summary of the recent developments, concentrating on
the practical implications of the theoretical results. See
Gustavsson et al. (1987); Van den Hof and Scharma
(1995); Forssell and Ljung (1999a) for more comphen-
sive surveys and formal disquisitions on the topic. We
will focus on the prediction error approach (Ljung, 1987),
which is the standard at the moment, but we will also
point to some potential problems and remedies for the
subspace approach at the end.

The closed-loop identification methods can be classi-
fied into three broad categories. In the direct approach,
the feedback is largely ignored and the open-loop system
is identified directly using measurements of the input and
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Figure 1: Typical setup for closed-loop identification.

output. In the indirect approach, the closed-loop transfer
function between an external perturbation signal and the
output (or input) is first identified and an open-loop sys-
tem model is determined from it with knowledge of the
controller. Finally, in the joint input-output approach,
measurements of both the input and output are used to
identify a joint system, which has the plant input and
output as its outputs and the external perturbation sig-
nal as its input. From the joint system, an open-loop sys-
tem model is extracted. We will examine each approach
one at a time, concentrating on asymptotic properties
and their implications.

The block diagram in Figure 1 displays a typical setup
of closed-loop identification experiment. External per-
turbations may be added to the setpoint of the controller
(at Location 1 in Figure 1) or directly to the controller
output (at Location 2 in Figure 1). For the simplicity
of exposition, we will assume from now on that exter-
nal perturbations enter through Location 2. Note that,
in the case that the controller is linear, this assumption
can be made without loss of generality since perturba-
tions introduced at Location 1 can always be rewritten
as equivalent perturbations at Location 2.

Disturbances in the plant output are described col-
lectively as a white noise signal (denoted by e) passed
through some linear filter H0. Without loss of general-
ity, we will assume that H0 is stably invertible and monic
(H0(∞) = I) and the white noise signal e has the mean
of zero and the covariance of Pe.

Assuming the plant G0 and the controller C are both
linear, we can write down the following closed-loop rela-
tionships:

[
y(t)

u(t)

]
=


(I +G0C)−1︸ ︷︷ ︸

S0

G0 (I +G0C)−1H0

(1 + CG0)−1︸ ︷︷ ︸
Sr

0

−C(I +G0C)−1H0


[
r(t)

e(t)

]

(1)
In the above, S0 and Sr

0 represent the sensitivity function
and reverse sensitivity function respectively.

Of course, both the assumption of linear plant and the
particular way of describing the disturbance are great
simplifications but are typical of developing and analyz-
ing linear identification methods. In addition, the as-
sumption of linearity of the controller, when made, may

be untenable in many industrial situations where the
controllers are equipped with various anti-windup and
override features.

Direct Approach

In the direct approach, measurements of the plant input
and output are used to build a model for the open-loop
system directly, as in open-loop identification. The main
advantage of the direct method is that the controller is
not restricted to linear ones and its identity needs not
be known. However, the correlation introduced by the
feedback can cause problems and successful application
demands some additional knowledge as we shall see.

The Method. The generic model structure used in
linear identification is as follows:

y(t) = G(q, θ)u(t) +H(q, θ)e(t) (2)

θ is the vector of unknown parameters of the model and
e is a white noise sequence. We may restrict the search
to θ ∈ ΘM . In this case, GM

∆= {G(q, θ) | θ ∈ ΘM} and
HM

∆= {H(q, θ) | θ ∈ ΘM} represent the allowable set
for plant model G and noise model H, respectively. Let
the available data be denoted by

DN = [y(1), u(1), · · · , · · · , y(N), u(N)] (3)

The prediction error minimization (PEM) chooses θ̂N ,
the estimate of θ based on DN , according to

θ̂N = arg min
θ∈ΘM

[
VN (θ,DN )

]
(4)

where

VN (θ,DN ) =
1
N

N∑
t=1

‖ε(θ, t)‖W (5)

ε(θ, t) = H−1(q, θ) [y(t)−G(q, θ)u(t)] (6)

and ‖x‖W
∆= xTWx denotes the weighted quadratic

norm.

Notation: We will often use symbols ĜN and ĤN

to denote G(q, θ̂N ) and H(q, θ̂N ). The same symbols
may also be used to compactly represent G(ejω, θ̂N ) and
H(ejω, θ̂N ) when the context makes their meanings clear.
Similarly, we will use Gθ and Hθ to denote G(q, θ) and
H(q, θ), or sometimes G(ejω, θ) and H(ejω, θ).

Convergence Behavior. If all the signals are quasi-
stationary, VN (θ,DN ) → V̄ and θ̂N → θ̄ w.p. 1 as N →
∞, where

V̄ (θ) ∆= lim
N→∞

1
N

N∑
t=1

E{‖ε(θ, t)‖W } (7)
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and
θ̄

∆= arg min
θ∈ΘM

V̄ (θ) (8)

From Parseval’s relation,

θ̄ = arg min
θ∈ΘM

1
2π

∫ π

−π

tr [WΦε] dω (9)

where Φε is the spectrum of the prediction error ε.
Since from (6),

ε(t) = H−1
θ [G0u(t) +H0e(t)−Gθu(t)−Hθe(t)] + e(t)

(10)
and e(t) is independent of (G0 − Gθ)u(t) and (H0 −
Hθ)e(t) because (G0 −Gθ) and (H0 −Hθ) both contain
at least one delay,

Φε = H−1
θ ∆GHH

−1∗
θ + Pe (11)

where

∆GH =
[
(G0 −Gθ) (H0 −Hθ)

] [Φu Φue

Φeu Pe

] [
(G∗

0 −G∗
θ)

(H∗
0 −H∗

θ )

]
(12)

Hence,

θ̄ = arg min
θ∈ΘM

∫ π

−π

tr
{
∆GHH

−1∗
θ WH−1

θ

}
dω (13)

The expression in (13) provides some good insights into
the convergence behavior under the direct approach.

• SupposeG0 ∈ GM andH0 ∈ HM (i.e., the true plant
and noise process both lie inside the parameterized
model sets). Then, it is clear from the objective
function that the minimum corresponds to Gθ̄ = G0

and Hθ̄ = H0 (implying consistent estimation) if

Φx =
[

Φu Φue

Φeu Pe

]
> 0 ∀ω.

• In the case of a linear controller,[
Φu Φue

Φeu Pe

]

=


Sr

0ΦrS
r∗
0︸ ︷︷ ︸

Φr
u

+CS0H0PeH
∗
0S
∗
0C
∗︸ ︷︷ ︸

Φe
u

−CS0H0Pe︸ ︷︷ ︸
Φue

−PeH
∗
0S
∗
0C
∗︸ ︷︷ ︸

Φeu

Pe


=
[
Φr

u + ΦueP
−1
e Φeu Φue

Φeu Pe

]
=
[
I ΦueP

−1
e

0 I

] [
Φr

u 0
0 Pe

] [
I 0

P−1
e Φeu I

]
(14)

Note that Φu is expressed as sum of two compo-
nents, Φr

u representing the contribution from exter-
nal dithering and Φe

u the contribution from noise
feedback. From (14), it is clear that Φx > 0 iff
Φr

u > 0.

• If the controller is nonlinear or time-varying, Φx

may be positive definite even without Φr > 0.
• Suppose G0 ∈ GM but H0 /∈ HM (implying the

noise part is undermodelled). Then, from (13), we
see that ĜN does not converge to G0 as Gθ = G0

does not achieve the minimum of (13) in this case.
• When the noise model is completely fixed a priori (as

in an Output Error structure), ĜN does not converge
to G0 in general. From expression (13), we see that
ĜN → G0 only when the assumed noise model is
perfect or Φue = 0, which corresponds to the open-
loop case.

Error Analysis. The error behavior in the limit can
be formalized as follows.

Bias
Bias refers to the expected error E{θ0 − θ̂N}. In terms
of our notations, it is θ0 − θ̄ (or G0 − Gθ̄ in terms of
frequency-domain transfer function). An expression for
bias in the limit can be obtained by further manipulating
equation (13) into the following expression (Forssell and
Ljung, 1999b).

θ̄ =

arg min
θ∈ΘM

∫ π

−π

tr {[(G0 + Eθ −Gθ)Φu(G0 + Eθ −Gθ)∗

+ (H0 −Hθ)(Pe − ΦeuΦ−1
u Φue)

(H0 −Hθ)∗]H−1∗
θ WH−1

θ

}
dω (15)

where
Eθ = (H0 −Hθ)ΦeuΦ−1

u (16)

From (15), we can conclude the followings:

1. If the parameterization of the plant/noise model is
flexible enough that Gθ ∈ GM and Hθ ∈ HM ,

Gθ̄ = G0 and Hθ̄ = H0

provided that the minimum is unique, which is guar-
anteed by Φr

u > 0. In this case, ĜN is an unbiased
estimate of G0.

2. Suppose noise model is fixed a priori as HM , which
does not have any dependence on θ. (Alternatively,
assume that separate sets of parameters are used for
G and H as in Box-Jenkins model). Also suppose
that Gθ ∈ GM . Then, we can conclude from the
above that

(G0 −Gθ̄) = (H −HM )ΦeuΦ−1
u (17)

Hence, (H −HM )ΦeuΦ−1
u is the bias. The bias will

be zero if one or both of the following conditions is
satisfied.

• The assumed noise model is perfect, i.e., HM =
H0.
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• Φeu = 0, which implies open-loop testing.

We also note that the size of bias depends on the
following two things:

• (H − HM ), which is the error in the assumed
noise model.

• ΦeuΦ−1
u , which is affected by, among many

things, the power of the external perturbation
signal relative to the noise signal. Note that

ΦeuΦ−1
u = (PeΦ−1

u )× (Φe
uΦ−1

u ) (18)

PeΦ−1
u is the noise-to-signal ratio in an open-

loop sense. What multiplies this is Φe
uΦ−1

u ,
which can be interpreted as the relative contri-
bution of the noise feedback to the total input
power. The larger the noise feedback’s contri-
bution, the bigger the bias. Note that increas-
ing the controller gain will decrease PeΦ−1

u but
will also increase Φe

uΦ−1
u , thus making its effect

on the bias inconclusive.

3. In the case of undermodeling such that Gθ /∈ GM

and/or Hθ /∈ HM , θ will be chosen to make both
G0 −Gθ and H0 −Hθ small. Bias in the frequency
domain will be distributed according to the weight-
ings given in (15).

Variance
The other part of error is variance, which refers to the
error due to an insufficient number of data points relative
to the number of parameters. This error is mathemati-
cally formalized as

Cov(θ̂N ) ∆= E

{(
θ̂N − θ̄

)(
θ̂N − θ̄

)T
}

(19)

in the parameter domain and

Cov
(
vecĜN

)
∆=

E

{(
vecĜN − vecGθ̄

)(
vecĜN − vecGθ̄

)T
}

(20)

in the frequency domain, where the notation vec(·) refers
to a vectorized form of a matrix obtained by stacking the
columns of the matrix into a single column.

In Zhu. (1989), it is shown for open-loop identification
that, as n→∞ and N →∞,

Cov(vecĜN ) ∼ n

N
(Φu)−T ⊗ Φd (21)

where
Φd = H0PeH

∗
0 (22)

and ⊗ denotes the Kronecker product. The above ex-
pression shows that the asymptotic variance distribution

in the frequency domain is shaped by the signal-to-noise
ratio.

For a closed-loop system, it follows directly (Forssell
and Ljung, 1999b) that

Cov(vecĜN ) ∼ n

N
(Φr

u)−T ⊗ Φd (23)

Recall that Φu = Φr
u +Φe

u. Thus the above says that the
excitation contributed by noise feedback does not con-
tribute to variance reduction, at least in the asymptotic
case of n→∞. One can make some sense of this result
by considering the extreme case that input excitation is
entirely due to noise feedback. In this case, measure-
ments of output and input contain just the information
about closed-loop transfer functions (I+G0C)−1H0 and
C(I + G0C)−1H0. If the model order is allowed to ap-
proach infinity, even perfect knowledge of the closed-loop
functions yields no information about G0 and H0 inde-
pendently. This is because, for an arbitrary choice of H0,
one can always choose G0 to match any given closed-loop
functions and vice versa (barring an invertibility prob-
lem). In such a case, variance would be infinite at all
frequencies, which is consistent with expression given in
(23).

An exceptional case is when noise model is perfectly
known a priori. In this case, one can show that asymp-
totic variance distribution follows the open-loop case.
Hence, noise feedback contributes just as much as ex-
ternal dithering to variance reduction. This is consistent
with the foregoing argument as the perfect knowledge of
H0 would enable direct translation of information about
the closed-loop functions into that about the open-loop
function.

In situations where model order can be constrained
to a finite number, the noise feedback would make some
contribution to the information content for the estima-
tion of open-loop functions G and H.

Notation: The Kronecker product between A ∈ <n×m

and B ∈ <p×r is defined as

A⊗B =


a1,1B · · · · · · a1,mB

a1,2B
. . . · · ·

...
...

. . .
. . .

...
an,1B · · · · · · an,mB

 (24)

Practical Implications. The following are the im-
portant points to take away from the foregoing analysis.
• The main advantage of the direct approach is that

the controller is completely taken out of the picture
in the estimation step. Not only is it unnecessary
to know the controller, but it is also not required
for the controller to be linear and time-invariant.
It is an important advantage considering that most
industrial controllers are not adequately represented
by a linear, time-invariant operator.
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• The most serious problem for the direct approach
is that noise model (structure) needs to be perfect
in order for it to yield consistent estimates. Fixing
noise model completely a priori, as is often done in
practice, results in a biased-esimate of G0 in general.
For example, the popular least squares identification
of finite impulse response parameters would give a
biased model. This is the most important difference
from the open-loop identification case.

• The theoretical result indicates that consistent esti-
mates can be obtained by leaving noise model suf-
ficiently flexible (so that Hθ ∈ HM ). Though this
would indeed help reduce bias, it may not get rid of
the bias problem completely in practice as most dis-
turbances in industrial processes are non-stationary
and are not accurately captured by a white noise
through a linear filter. In addition, increasing the
order of model would mean increased variance, thus
demanding heavier external dithering.

• In case that noise part is undermodelled, the size
of the resulting bias in G depends on the signal-to-
noise ratio and the relative contribution of exter-
nal dithering to the total input power (compared
to noise feedback). Hence, in principle, bias can
be made negligible by overwhelming noise feedback
with heavy external dithering. On the other hand,
boosting the signal-to-noise ratio by increasing the
controller gain has no ameliorating effect on bias as
it increases the relative contribution of noise feed-
back to the input power as well the signal-to-noise
ratio .

• External dithering with a persistently exciting sig-
nal is necessary for consistent estimation. It is gen-
erally not sufficient to have an input that is persis-
tently exciting. The requirement for external dither-
ing may be removed by using a nonlinear controller
or a time-varying controller.

• Asymptotic variance of a frequency transfer func-
tion estimate is shaped by input excitation achieved
through external dithering. The excitation through
noise feedback contributes little to variance reduc-
tion when model order is high. This means relying
solely on noise feedback for input excitation can lead
a very bad result (an estimate of infinite variance).
Exception is the case where the noise model is accu-
rately known a priori. However, such a case would
be rare in practice, and any error in the a priori
fixed noise model could translate into a bias in the
estimate for G0.

• External dithering is motivated from both the view-
point of bias and of variance. If the noise structure
is left very flexible, variance would be a significant
problem without external dithering, no matter how

much input excitation is there through noise feed-
back. On the other hand, if the noise structure is
very restricted (for example, fixed completely), ex-
ternal dithering would be needed to reduce bias.

• Choice of location for dithering (between Location 1
and Location 2) is not important as a perturbation
made at one location can always be translated into
an equivalent perturbation at the other location. On
the other hand, the perturbation signal (e.g., its
spectrum) should be designed accordingly. To see
this, let us compare the expressions for the resulting
input spectrum (Φr

u), which appears in the asymp-
totic variance expressions of (23), under the two
dithering strategies. For dithering at Location 1,
we obtain

Φr
u = CS0ΦrS

∗
0C
∗ (25)

Dithering at Location 2 gives

Φr
u = Sr

0ΦrS
r∗
0 (26)

Loops with integral controllers yield S0 (or Sr
0) that

starts from 0 at ω = 0 and increases to 1 at high fre-
quencies. Hence, a white noise perturbation signal
at Location 2 would give Φr

u that is zero at ω = 0
and very low in the frequency region well below the
controller’s bandwidth. In view of (23), this would
make the low frequency part of the model very poor.
Estimation of the low frequency dynamics is exac-
erbated by the typical shape of noise spectrum Φv,
which is high in the low frequency region for most
process control problems. On the other hand, white
noise dithering at Location 1 does not suffer from
this problem to a same degree since CS0 ≈ G−1

0 in
the low frequency region and ≈ I in the high fre-
quency region. However, white noise dithering sig-
nal is generally not optimal, regardless of the loca-
tion, and its spectrum could be designed systemati-
cally based on estimated noise spectrum and desired
variance distribution.

• In many practical situations, disturbances process
sees during an identification experiment are non-
stationary and better represented by a model that
contains integrators such as the one shown below:

y = G(q)u+H(q)
1

1− q−1
e

⇒ ∆y = G(q)∆u+H(q)e (27)

From the right-hand-side of the arrow in the above,
we see that differencing the input and output data
prior to applying the PEM makes this case equiv-
alent to the standard case. All the foregoing dis-
cussions regarding the signal spectra hold with re-
spect to the differenced signals. For example, to
distribute the variance fairly evenly across the fre-
quency, one should use a dithering strategy where
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an integrated white noise signal (or an integrated
PRBS) is added to the controller’s setpoint. This
would make ∆r a white noise signal in our analysis.
On the other hand, differencing of noisy data can
amplify the noise effect and make the identification
more difficult.

Indirect Approach

In the indirect approach, measurements of plant output
(or input) is used along with record of an external dither
signal to build a model for the closed-loop system first.
Then, based on knowledge of the controller, an estimate
for open-loop function is extracted from the estimate of
the closed-loop function. Note that

y(t) = (I +G0C)−1G0︸ ︷︷ ︸
T yr

0

r(t) + (I +G0C)−1H0︸ ︷︷ ︸
T ye

0

e(t) (28)

Hence, in the first step, T yr
0 is estimated using data

record for r and y, and in the second step, G0 is ex-
tracted from the estimate.

The main advantage of the indirect approach is that
the first step is in essence the same problem as open-
loop identification because one does not have to be con-
cerned with any feedback-induced correlation between
the system input (r) and the noise (e). This removes
the requirement of perfect noise model (structure) for
consistent estimation. On the other hand, the second
step requires a mathematical representation of the con-
troller, which generally has to be assumed linear in order
to extract the open-loop functions from the closed-loop
function. In addition, the resulting model can be of very
high order, depending on the parameterization used.

The Method. The generic model structure used
here is

y(t) = T yr(q, θ)r(t) + T ye(q, θ)e(t) (29)

The same PEM can be applied to the above model struc-
ture with data record of

DN = [y(1), r(1), · · · , · · · , y(N), r(N)]

to obtain estimates T̂ yr
N and T̂ ye

N . Since T yr
0 = (I +

G0C)−1G0, we can obtain an estimate for open-loop
function G0 as follows:

ĜN = T̂ yr
N (I − T̂ yr

N C)−1 (30)

The above calculation can result in ĜN of very high or-
der. One may obviate this problem by using the following
parameterization of the closed-loop function:

T yr(q, θ) = (I +G(q, θ)C)−1G(q, θ) (31)

However, adoption of such a parameterization would
make parameter estimation (via PEM) more complex.

Another concern may be that resulting ĜN may not
even give a stable closed loop under the controller C. To
ensure that the model is stabilized by the controller, one
can first parameterize the set of all linear plants that are
stabilized by C using the dual Youla parameterization
and then perform the search over the set (de Callafon
and Van den Hof, 1996).

By applying the expression of (13) to the indirect iden-
tification, convergence behavior can be easily analyzed.
It is not discussed here since the problem is essentially
the same as the open-loop case. Error analysis can also
be carried out in a similar manner as before. Asymptotic
variance of ĜN under the indirect method is the same as
in the direct method and follows (23).

Key Points.

• To obtain the closed-loop function, one can use
any proven open-loop identification method without
modification.

• Consistent estimation is possible even without a per-
fect noise model (structure), which is the main at-
tractive point for the indrect approach.

• The most serious problem for the indirect approach
is the assumption of linear controller, which may be
untenable in many industrial situations. Most in-
dustrial controllers are equipped with special anti-
windup/override features and their behavior may
not be represented accurately by a single linear func-
tion. One needs to be careful that these special
features do not become active during data collec-
tion. An error in the controller representation will
translate into an error in extracting the open-loop
function from the closed-loop function.

• Another potential disadvantage is high model or-
der that often results from the two step calcula-
tion. This problem may be obviated by employing
a particular parameterization involving a parame-
terized form of the open-loop function (such as the
one in (31)). On the other hand, with such a spe-
cialized structure, the prediction error minimization
becomes more demanding computationally.

• The asymptotic variance distribution in the fre-
quency domain follows the same expression as in the
direct identification case. Hence, all the previous
remarks regarding shaping of variance distribution
apply here as well.

Joint Input-Output Approach

The idea behind the joint input-output approach is to use
measurements of both the output and input to remove
the requirement of a known controller. Since

y(t) = G0(I + CG0)−1︸ ︷︷ ︸
T yr

0

r(t) + (I +G0C)−1H0︸ ︷︷ ︸
T ye

0

e(t) (32)
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and

u(t) = (I + CG0)−1︸ ︷︷ ︸
T ur

0

r(t)+−C(I +G0C)−1H0︸ ︷︷ ︸
T ue

0

e(t) (33)

we have
G0 = T yr

0 (Tur
0 )−1 (34)

The above relation can be used to calculate the open-
loop function from the two closed-loop functions without
knowledge of the controller.

In effect, in the joint input-output approach, the con-
troller is “identified.” Even though the controller is not
required to be known, it is implicitly assumed to be linear
and time-invariant, an assumption that may not always
be justified in practical situations.

The Method. In the first step, the following model
form is used:[

y(t)
u(t)

]
=
[
T yr(q, θ)
Tur(q, θ)

]
r(t) +

[
T ye

M (q)
Tue

M (q)

]
e(t) (35)

In the above, we assumed that the noise part of the model
is fixed a priori but it too can be parameterized for esti-
mation. Note that consistent estimates can be obtained
with a fixed noise model in this case since r and e are
uncorrelated.

To the above, PEM can be applied with the data
record of

DN = [y(1), u(1), r(1), · · · · · · · · · , y(N), u(N), r(N)]

to obtain estimates T̂ yr
N and T̂ur

N . Then open-loop plant
estimate ĜN is obtained by

ĜN = T̂ yr
N

(
T̂ur

N

)−1

(36)

One drawback is that ĜN so obtained may be of very
high order. This can be circumvented by using a model
form that recognizes the underlying structure, such as
the one below:

T yr(q, θ) = G(q, θ1)Tur(q, θ2) (37)

θ =
[
θ1
θ2

]
By adopting the above structure, G(q, θ1) is identified
directly, rather than through the inversion in (36).

Two-Stage Method and Projection Method.
Among the variations of the above method are the so
called two-stage method by Van den Hof and Schrama.
(1993) and projection method by Forssell and Ljung
(2000a). Note that

u(t) = (I + CG0)−1r(t)︸ ︷︷ ︸
ur(t)

+−C(I +G0C)−1H0e(t)︸ ︷︷ ︸
ue(t)

(38)

Hence, ur represents the portion of the input generated
by signal r and ue is the portion due to noise feedback.
Now,

y(t) = G0u
r(t) +G0u

e(t) +H0e(t) (39)

Since ur is uncorrelated with the rest of the right-hand-
side, a consistent estimate of G0 can be obtained with
data for y and ur. This consideration leads to the fol-
lowing method:

1. Start with the parameterized structure

u(t) = Tur(q, θ)r(t) + Tue
M (q)e(t) (40)

Apply PEM to the above model with data record
DN and obtain T̂ur

N .

2. Obtain data for ur through

ûr
N (t) = T̂ur

N r(t), t = 1, · · · , N (41)

3. Apply PEM to the model structure

y(t) = G(q, θ)ur(t) + T ye
M (q)e(t) (42)

using the data record of

DN = [ûr
N (1), y(1), · · · , · · · , ûr

N (N), y(N)]

to obtain ĜN .

In the projection method, Tur is allowed to be an
acausal operator by parameterizing it as a two-sided FIR
filter:

Tur(q, θ) =
n2∑

i=−n1

θiq
−i (43)

This is to ensure that the resulting ûr
N is uncorrelated

(“orthogonal” in the least squares language) asymptoti-
cally with u− ûr

N , which becomes a part of the residual
in the second PEM. Recall that, in the least squares esti-
mation, the residual has to be orthogonal to the regressor
in order to obtain a consistent estimate (Ljung, 1987).
If the controller is linear, all the preceding argument
holds and the orthogonality of the residual can be as-
sured (asymptotically) with a sufficiently rich yet causal
Tur

θ . However, with a nonlinear or time-varying con-
troller, ûr

N obtained with any casual T̂ur
N and u−ûr

N may
be correlated, thereby destroying the consistency of esti-
mation in the final step. By employing an acausual FIR
filter with sufficiently large n1 and n2 for Tur(q, θ), one
gets ûr

N that is uncorrelated (orthogonal) with u − ûr
N ,

even when the controller is nonlinear or time-varying.
The convergence behavior is essentially the same as for

the indirect approach and does not require an elaborate
discussion here. Error behavior too is similar to that
for the indirect approach. The variance also follows the
same expression of (23). The same comments apply to
the two-step method and the projection method.
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Closed-Loop Perfect External Linear Known
method Noise Model Dithering Controller Controller
Direct Yes Yes∗ No No

Indirect No Yes Yes Yes
Joint I/O No Yes Yes No
Two-Step No Yes Yes No
Projection No Yes No No

∗Unless the noise model is perfectly known a priori

Table 2: Summary of the requirements of different closed-loop identification methods.

Key Points. Some key points for the joint I/O
method and its off-springs are:

• As with the indirect approach, the main advantage
of the joint input-output approach over the direct
approach is that consistent estimates can be ob-
tained even with an imperfect noise model.

• The main advantage of the joint input-output ap-
proach over the indirect approach is that explicit
knowledge of the controller is not required. How-
ever, it does implicitly assume that the controller is
linear.

• The two step method is essentially same as the stan-
dard joint input-output method and does not appear
to offer any new advantage.

• The projection method, on the other hand, further
improves it by removing the requirement of linear
controller for consistent estimation. It also retains
the aforementioned advantage over the direct ap-
proach. The relaxation of the requirement for lin-
ear controller behavior is practically significant in
view of the fact that most industrial controllers show
some degree of nonlinear behavior due to various
fixes and add-ons.

• Measurement errors for the input do not destroy the
consistency if they are uncorrelated with the dither
signal.

The practical requirements of the different closed-loop
identification approaches are summarized in table 2.

Subspace Identification with Closed-Loop Data

So far, our discussion has centered around PEM. An al-
ternative to PEM is subspace identification, which has
drawn much attention in recent years. The main attrac-
tion for the subspace approach is that it yields a mul-
tivariable system model without the need for a special
parameterization, which requires significant prior knowl-
edge and nonconvex optimization. Both represent sig-
nificant hurdles for using PEM for multivariable system
identification, which explains why it is hardly used for
this purpose. Most subspace methods in the literature
can fail, however, when used with closed-loop data. By
“fail”, we mean that the guarantee of an asymptotically

unbiased estimate, a nice proven property for most sub-
space methods, is lost. A practical implication is that,
with closed-loop data, the method may yield a poor
model regardless of number of data points used. Here, we
will briefly examine what fundamental problem closed-
loop data pose for the subspace method and examine
some available modifications to the standard approach
in order to circumvent the problem.

Main Idea of Subspace Identification. We first
review the subspace method. Though many versions ex-
ist in the literature, the essential ideas are same and the
practical outcomes from applying different algorithms
should not differ much (Van Overschee and De Moor,
1995). We will discuss one of the most popular methods,
called N4SID, which was introduced by Van Overschee
and De Moor (1995).

The underlying plant is assumed to be

x(t+ 1) = Ax(t) +Bu(t) + w(t)
y(t) = Cx(t) +Du(t) + ν(t)

(44)

where w(t) and ν(t) are white noise processes. The state-
space description is very general and subsumes most of
the input-output structures studied in the system iden-
tification literature.

The following is an alternative representation of the
above when (44) is viewed as an input-output system
description:

x∞(t+ 1) = Ax∞(t) +Bu(t) +K∞ε∞(t)
y(t) = Cx∞(t) +Du(t) + ε∞(t)

(45)

(45) can be interpreted as the steady-state Kalman filter
for (44) and hence ε∞ is the innovation sequence, which
is white. The two are equivalent in an input-output sense
and (45) is referred to as the innovation form for (44).

The N4SID method attempts to identify the follow-
ing non-steady-state Kalman filter equation (within some
state coordinate transformation) to obtain the parame-
ters for the system equation in (45):

xn+1(t+ 1) = Axn(t) +Bu(t) +Knεn(t)
y(t) = Cxn(t) +Du(t) + εn(t)

(46)
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From the notation, you may deduce that the above rep-
resents a non-steady-state Kalman filter started at t− n
with zero initial estimate and initial covariance set equal
to the system’s open-loop covariance. Successful iden-
tification of the above equation yields system matrices
(A,B,C,D) for (45). In addition, with a large n, it gives
a good approximation for stochastic part of the system
in (45) since Kn → K∞ and Cov{εn} → Cov{ε∞} as
n→∞. Here n is assumed to be higher than the intrin-
sic system order.

For the simplicity of discussion, we will assume from
hereafter that u(t) is an independent (temporally uncor-
related) sequence.

The key to subspace identification is the following
multi-step prediction equation:


y(t)

y(t + 1)
...

y(t + n− 1)

 =


C

CA
...

CAn−1

xn(t)

+


D 0 · · · 0

CB D
. . .

...
...

. . .
. . .

...
CAn−2B · · · CB D




u(t)
u(t + 1)

...
u(t + n− 1)



+


εn(t|t− 1)

εn(t + 1|t− 1)
...

εn(t + n− 1|t− 1)

 (47)

εn(t+ j|t− 1) represents the j+1-step-ahead prediction
error (based on the Kalman estimate xn(t)). The above
will be denoted by

Y0+
n (t) = Γo

nxn(t) +Hf
nU

0+
n (t) + E0+

n (t) (48)

A key point is that E0+
n (t) is orthogonal to both xn(t)

and U0+
n (t). Now, since the Kalman filter is linear with

respect to the measurement and the input, we can ex-
press

xn(t) = M1Y
−
n (t) +M2U

−
n (t) (49)

where

Y
−
n (t) =


y(t− n)

y(t− n + 1)
...

y(t− 1)

 ; U
−
n (t) =


u(t− n)

u(t− n + 1)
...

u(t− 1)


(50)

Substituting (49) into (48) gives

Y0+
n (t) = Γo

n

[
M1 M2

]︸ ︷︷ ︸
Hp

n

[
Y−n (t)
U−n (t)

]
+Hf

nU
0+
n (t)+E0+

n (t)

(51)
By arranging the data for y and u appropriately based
on the above equation, one can obtain estimates for Hp

n

and Hf
n through linear least squares. The least squares

estimation yields consistent estimates of Hp
n and Hf

n as
residual E0+

n (t) is orthogonal to regressors Y−n (t),U−n (t)
and U0+

n (t).
Using estimate Ĥp

n, one can determine the system or-
der (by examining its rank) and obtain estimates for
Γo

n,M1 andM2 (within a coordinate transformation). Fi-
nally, data for the Kalman state xn can be constructed
from the estimates as

x̂n(t) =
[
M̂1 M̂2

] [ Y−n (t)
U−n (t)

]
, t = n, · · · , N−n

(52)
The whole calculation can be done by performing some
matrix projections with appropriately arranged data ma-
trices, which can be implemented in a computationally
efficient and robust way (Van Overschee and De Moor,
1996).

By following a similar procedure, one can also obtain
data for xn+1(t+ 1), t = 1, · · · , N − n.

After the data for xn(t) and xn+1(t+ 1) are obtained,
the system matrices are estimated based on the following
equation:[

xn+1(t+ 1)
y(t)

]
=
[
A
C

]
xn(t) +

[
B
D

]
u(t) +

[
Kn

I

]
εn(t)

(53)
Again, since εn(t) is orthgonal to xn(t) and u(t), lin-
ear least squares gives consistent estimates of A,B,C,
and D. One can also obtain consistent estimates of Kn

and Pn(∆= Cov{εn(t)}) using the residuals from the least
squares.

In overall, one obtains consistent estimates of the
Kalman filter matrices in (46) since the first least
squares yields a consistent estimate of Hp

n and there-
fore of xn(t) (within a coordinate transformation), and
the second least squares yields a consistent estimate
of (A,B,C,D,Kn, Pn) provided consistent estimates of
xn(t) and xn+1(t+ 1) are used.

With the obtained estimates denoted hereafter by(
Â, B̂, Ĉ, D̂, K̂, P̂

)
, one can form the state-space model

x(t+ 1) = Âx(t) + B̂u(t) + K̂e(t)
y(t) = Ĉx(t) + D̂u(t) + e(t)

(54)

where e is assumed to be a white noise process of covari-
ance P̂ . The deterministic part of the model is unbiased
and the stochastic part is slightly biased due to mismatch
between Kn and K∞ as well as that between Pn and P∞.
Note: If the input u is not white, the assumed initial-
ization of the non-steady-state Kalman filter should be
altered slightly in order to make E0+

n uncorrelated with
xn(t) and U0+(t). In this case, the proper initial esti-
mate to assume for the Kalman Filter is not zero, but a
function of U−n (t) and Y−n (t). This creates a slight incon-
sistency between the assumed initialization of the under-
lying Kalman filter for xn(t) and that for xn+1(t + 1),
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and complicates the procedure somewhat. The details
of the modifications needed to save the nice asymptotic
property are worked out in (Van Overschee and De Moor,
1994, 1996). This is mostly a theoretical concern, how-
ever. Since the effect of initialization on the Kalman
estimate becomes negligible as n → ∞, the basic algo-
rithm works well with a large n, even when the input is
not white.

Problem with Closed-Loop Data. With closed-
loop data, consistency for the first least squares estima-
tion breaks down. This is because E0+

n (k) is no longer
uncorrelated with U0+. For example, u(t) is a function
of y(t) and therefore of εn(t|t − 1), which is correlated
with εn(t+1|t−1). Note that u(t) appears in the regres-
sor for the two-step-ahead prediction model of y(t + 1).
Hence, the regressor becomes correlated with its residual
εn(t+ 1|t− 1). Since Ĥp

n is biased, the whole argument
for convergence breaks down.

The Modifications. Since in the indirect approach,
system input is an external perturbation signal which
has no correlation with system noise, the standard sub-
space method can be used to obtain a closed-loop sys-
tem model. Given a state-space representation of the
controller, a state-space model for the open-loop system
can easily be extracted from it.

Van Overschee and De Moor (1997) discuss a way
to modify the projection algorithm they use in their
N4SID algorithm to account for closed-loop nature of
data. Though this method does not belong to the in-
direct approach, the method requires knowledge of the
controller as is the case for the indirect approach.

The joint input-output approach can also be inte-
grated seamlessly with the subspace method. The sub-
space method can be used to identify a joint system and
then an open-loop system model can be conveniently ex-
tracted from it, as shown in (Verhagen, 1993).

In addition, the two-step method and the projection
method discussed earlier in the context of PEM should
be applicable here. Since the steps for applying these
methods would be essentially the same as before, just
with PEM replaced by a subspace method, they are not
discussed here.

Finally, Ljung and McKelvey (1996) proposed an al-
ternative way to construct state data. Instead of picking
the state basis from the projected data matrix, which
poses a consistency problem in the case of closed-loop
data, they suggested to identify a high-order ARX model
and use it to calculate the n-step predictions. Note that
identifying a high-order ARX model amounts to identi-
fying just the first of the n-step predictor in (51) with
a very large n. The reason for identifying only the first
of the n-step predictor is that consistent estimates of
the one-step-ahead predictor can be obtained even with
closed-loop data, since the regressor is uncorrelated with

the residual. The identified ARX model is used succes-
sively to construct the n-step predictions of y, which are
obtained with all the future inputs set equal to zero (i.e.,
u(t) = · · · , u(t+n−1) = 0). Denote the resulting n-step
predictions by

Ŷ0+
n (t) =

[
ŷT (t|t− 1) ŷT (t+ 1|t− 1)

· · · ŷT (t+ n− 1|t− 1)
]T
. (55)

From here on, Ŷ0+
n (t) is treated an object equivalent to

Ĥp
n

[
Y−n (t)

U−
n (t)

]
in the standard method. Hence, the state is

created as x̂n(t) = LŶ0+
n (t), where L contains the basis

picked by examining the data matrix for Ŷ0+
n (t).

Control-Oriented Process Identification

The term control-oriented process identification refers to
a tailoring of an entire identification process to require-
ments of intended control. It points directly to the much
needed integration between model development and con-
troller design. The term perhaps was born in the midst
of a debate on the apparent disparity between system
identification methodologies and robust controller design
methodologies. It was pointed out that, since most ro-
bust controller designs require both a nominal model and
error bounds, more than just a nominal model should be
passed from the identification step to the controller de-
sign step.

Over the course of time, the term has come to mean
much more than simply providing a model description
suited to robust controller design. Since achievable per-
formance of a model-based controller, regardless of de-
sign strategy one employs, depends on the model quality,
it is beneficial to shape the whole identification process
based on the ultimate goal of achieving the best possible
closed-loop performance. For example, the data genera-
tion step has a direct bearing on the size and distribution
of model error, which in turn influence the closed-loop
performance achievable with a particular controller de-
sign strategy. Hence, rather than using some univer-
sal testing procedure that ignores the characteristics of
underlying plant dynamics and control objective, one
should tailor-design the procedure to befit the plant char-
acteristics.

Integration of identification and control design has
been presented by many authors going back to Ziegler
and Nichols (1942) and Åström and Hägglund (1984)
who aimed at model free tuning of simple controllers.
The desire for development of identification for robust
control was indicated by Andersen et al. (1991)at CPC-
IV. Theoretical interest in identification for control de-
sign has grown significantly during the past decade and
the intensive research has yielded some useful insights
and methodologies.

One fundamental understanding that emanated from
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the research is the necessity of iteration. For exam-
ple, control-oriented design of a data-gathering experi-
ment demands that one relates the design parameters to
model error and then ultimately to the closed-loop per-
formance. Under well-defined assumptions on the prior
model set and data set (or prior probability distribu-
tions on the model parameters and measurement errors),
it is possible to relate design parameters (e.g., test sig-
nals) to model error. The more complicated half of the
puzzle is how model error degrades closed-loop perfor-
mance. This degradation depends on the nominal model
as well as the controller design method employed (i.e.,
how the nominal model and possibly model error infor-
mation gets translated into a controller). Even though
the controller design method may be known a priori, the
nominal model is not. This leads to the necessity of ap-
proximating it through iteration (Cooley and Lee, 2001).

Even though the complex relationship between model
error and closed-loop performance is the challenging as-
pect of the problem from a theoretical viewpoint, the
issue of how design parameters influence model quality
is by no means simple and in fact may be a more seri-
ous barrier to practical use of most available approaches.
This is because the question inherently requires prior
information on plant and measurement error (as deter-
ministic bounds or probability distributions), which are
not readily available or easily expressed in the required
mathematical terms.

The problem of control-oriented identification can also
be posed in the context of closed-loop identification, and
in fact most research in this area has followed this route.
The main result is that, to minimize the closed-loop error
that will ultimately result from a model-based controller,
the identification of the model should use closed-loop
data produced with the very controller (Gevers, 2000).
However, the controller is not known prior to an actual
experiment and therefore iteration (between controller
design and closed-loop identification) is performed with
the hope that the controller converges through the iter-
ation.

The following section presents key issues and results
regarding identification of models with the aim of achiev-
ing the best possible closed-loop performance. First, we
present some preliminaries related to tradeoffs between
two types of identification errors. Understanding of how
model error arises from different sources plays an im-
portant role during the development of identification for
control. Thereafter control designs and model approxi-
mations are explained before development of identifica-
tion for control is described and a methodology for joint
optimization of modelling and control is presented.

Preliminaries

Identification. In identification for control, it is pre-
ferred to identify low order models, which subsequently
may be used for robust controller design. Given that

such low order models cannot represent the true plant
over the entire relevant frequency range they will have
a systematic error, a bias error, in addition to the in-
evitable noise-induced variance error. The relative con-
tributions of the two types of error may be expressed
in the frequency domain, by defining a model error T̃ ,
where the model T (q) = [P (q) H(q)] contains a pro-
cess and a noise transfer function y(t+ 1) = P (q)u(t) +
H(q)e(t). Thus a performance objective J̄ may be for-
mulated as

T̃ (eiω) = T̂ (eiω)− T0(eiω) (56)

J̄(T̃ ) =
∫ π

−π

E
{
T̃ (eiω)C(ω)T̃T (e−iω)

}
dω (57)

where the Hermitian 2x2 block matrix weighting function
C(ω) describes the relative importance of a good fit over
the frequency range of interest as well as the relative
importance of the fit of P and H respectively. Note that
the expectation is due to the randomness of T̃ . Using a
first order approximation of the model error gives:

T̃N (eiω,Θ) =

= T̂N (eiω,Θ)− T0(eiω)

' T (eiω,Θ∗)− T0(eiω) + (Θ̂N −Θ∗)TT ′(eiω,Θ∗)

= B(eiω,Θ) + (Θ̂N −Θ∗)TT ′(eiω,Θ∗)
(58)

where

T ′(eiω,Θ) =
dT (iω,Θ)

dΘ
(59)

B(eiω) = T (eiω)− T0(eiω) (60)

and Θ∗ is the parameter estimate as N →∞.
Substituting this into (57) gives the following approx-

imate expression Ljung (1999):

J̄ ' JB + JP (61)

with

JB =
∫ π

−π

B(eiω)C(ω)BT (e−iω)dω (62)

JP =
1
N

∫ π

−π

tr[P (ω)C(ω)]dω (63)

where

P (ω) = T ′T (e−iω)[NCov(Θ̂N )]T ′(eiω) (64)

The bias contribution JB is mainly affected by the model
set as well as by signal power spectrum. The variance
contribution JP on the other hand decreases with in-
creasing amount of data and signal power, whereas it in-
creases with the number of parameters estimated. Min-
imizing the objective function in (61) clearly involves
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Figure 2: Representation of model perturbation
by upper Linear Fractional Transformation (LFT)
Fu(Q, ∆).
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Figure 3: Feedback connection T(P0, C) around a
plant P0.

making a tradeoff between bias and variance, i.e. be-
tween the model set and the number of parameters used.
A proper decision on the tradeoff is key to success of
any process identification scheme. The tradeoff is a fac-
tor through the design of an entire process identification
process, including selection of model set and its parame-
terization, experimental design (e.g., test signals’ power
spectra), etc. The development of identification meth-
ods for control design has also exploited this tradeoff in
various ways as described in the sequel.

Representation of Model Approximations.
Knowledge of the nominal plant to be controlled is
generally incomplete for robust controller design. Model
error can be represented by a set of models. Such a set
can be built up from a nominal model P̄ along with a
model perturbation ∆ (Doyle et al., 1992) as illustrated
in Figure 2. This Linear Fractional Transformation
(LFT) model framework can represent additive as well
as multiplicative uncertainty, each of which requires a
different Q. In addition Q will contain the necessary in-
formation to characterize a set of models, P. In Hansen
and Fanklin (1988), a fractional model representation is
described by a quotient of two stable factors parameter-
ized via the dual Youla-Kucera parameterization. This
approach is able to deal with estimation of a model set
that includes both stable and unstable plants, even when
operating under feedback controlled conditions. This
approach is further explored by introducing a separate
coefficient matrix Q (Zhou et al., 1996), where the

entries depend on the nominal model P̄ and the way in
which the allowable perturbation ∆ affects the nominal
model. The set of models P may be characterized as

P = {P |P = Fu(Q,∆)} , with ||∆||∞ < 1 (65)

where the upper LFT Fu(Q,∆) ≡ Q22 + Q21∆(I −
Q11∆)−1Q12 assuming the inverse exists. With this rep-
resentation the nominal model is P̄ = Q22.

Control Design. The performance of a feedback
connection T(P0, C), where

(
y
u

)
= T(P0, C)

(
r2

r1

)
(66)

T(P0, C) =

(
P0

C

)
(I + CP0)

−1

(
C
I

)
(67)

which is constructed from a plant P0 and a controller C
as shown in Figure 3, can be characterized by a norm
value of J(P0, C), which is a closed-loop-relevant oper-
ator. Minimization of this norm may be done through
controller design directly, provided that measurements
from the plant can provide information on the control ob-
jective function J(P0, C). If this norm can be assessed di-
rectly on the plant, then the controller may be tuned op-
timally iteratively. This approach may be termed model-
free controller tuning. This idea has been used by several
researchers. Hjalmarsson. et al. (1994) developed an it-
erative procedure where two to three batch experiments
are performed at each iteration. This procedure has been
further developed to the multivariable case by Hjalmars-
son and Birkel (1998), and reviewed by Gevers (1998).
The direct iterative tuning is restricted to those control
objective functions that can be assessed directly from ob-
servations. However, this methodology originated from
studying the interplay between identification and con-
trol. This interplay is further discussed in the following
sections, where the key aspect is to relate the purpose of
identification, i.e., achieving control performance, to the
identification procedure.

Identification of Model for Control

The nominal model P̂ within a model set plays an impor-
tant role. Since the nominal model is the sole basis for
many controller designs, its quality is very important. In
this section, we review the work on identifying a nominal
model that leads to a good control performance when a
controller design based on nominal performance is used.
The importance of the nominal model has been recog-
nized by many researchers, (e.g., Rivera and Gaikwad,
1992; Scharma and Bosgra, 1993; Zang et al., 1995; Lee
et al., 1995).

Problem Formulation. A key idea in identifica-
tion for control is to tune the bias and variance er-
ror for control design. Such a tuning may be achieved
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by bounding the actual control performance ||J(P0, C)||
through utilization of the nominal control performance
||J(P̂ , C)|| and the performance degradation due to ap-
proximate modelling ||J(P0, C)−J(P̂ , C)||. The bound-
ing is achieved through exploitation of the triangular in-
equality:

||J(P̂ , C)|| − ||J(P0, C)− J(P̂ , C)|| ≤ ||J(P0, C)||
≤ ||J(P̂ , C)||+ ||J(P0, C)− J(P̂ , C)|| (68)

Thus a tight upper bound may be achieved by minimiz-
ing the performance degradation ||J(P0, C)− J(P̂ , C)||.
For a given controller C, this minimization constitutes a
“control relevant identification problem” (Gevers, 1993;
Van den Hof and Scharma, 1995), where a nominal model
P̂ is found by minimizing the difference between the
performance of the feedback connections T(P0, C) and
T(P̂ , C). From the triangular inequality it is clear that
both the nominal model P̂ and the controller C may be
used to minimize the performance cost ||J(P0, C)||.

Alternating between minimizing the performance
degradation ||J(P0, C) − J(P̂ , C)|| as an identification
problem and minimizing the nominal performance
||J(P̂ , C)|| as a control design problem provides an iter-
ative scheme for subsequent identification and control
design. By such a scheme it is hoped that ||J(P0, C)||
decreases. The development of these schemes is briefly
reviewed below as they have led to several interesting
identification schemes.

Exact Modeling. Some of the first attempts to-
wards investigating the interaction between identifica-
tion and control in case of exact modelling, i.e. without
bias error, were presented by Åström and Wittenmark
(1971) and Gevers and Ljung (1986). The latter au-
thors mentioned that, in the case of exact modelling, to
minimize norm-based performance degradation, a pre-
diction error based estimation method can be devised
that uses closed-loop experiments and appropriate data
filters. However the data filters contain knowledge about
the controller to be designed, and therefore an itera-
tive procedure of identification and control design can
be used to gain knowledge of the data filters. This was
confirmed by Hjalmarsson et al. (1996) and Forssell and
Ljung (2000b). The latter authors investigated partic-
ular experimental design issues involved in minimizing
the performance degradation due to variance errors in
the identified model with constraints on a linear combi-
nation of input and output variance. For the case where
penalty is only upon the misfit in P , they show that the
optimal controller is given by the solution to a standard
LQ problem. Also the optimal reference signal is deter-
mined.

The idea of minimizing the parameter covariance ma-
trix is also pursued by Cooley and Lee (2001) in an
open-loop identification’s context. The control oriented

design here takes the form of a weighted trace optimal
(L-optimal) design, where the weighting matrices depend
on desired loop shapes as well as the estimate from the
last iteration. The optimal design was originally formu-
lated as a nonconvex optimization for the sampled data
values of test inputs directly, but was later reformulated
by Samyudia and Lee (2000) as a Linear Matrix Inequal-
ity problem cast in terms of the covariance of the inputs.
The procedure was shown to perform much superior to
the conventional PRBS tests on several ill-conditioned
multivariable processes, which served as the main moti-
vation for their development.

Although most of the above results are useful in point-
ing out the desire for iterative experiments, they suffer
from the requirement of exact modelling of the plant P0.
This requirement inevitably leads to the requirement of
estimating a high order nominal model (e.g., FIR model
used in Cooley and Lee (2001)).

Approximate Modeling. Analysis of the more re-
alistic situation, where P̂ is considered to be an approx-
imation of P0 was presented by Wahlberg and Ljung
(1986). These authors showed that a norm based ex-
pression can be used to characterize the bias of a model
P̂ , and that this bias could be tuned provided a suit-
able model structure was used. Liu and Skelton (1990)
proposed closed loop experiments to provide the proper
weighting filters in an explicitly tunable bias expression
from Wahlberg and Ljung (1986). However, the con-
troller to be used for closed loop experiments is still un-
known. The possibility of using closed loop experiments
was proposed by Liu and Skelton (1990) and developed
by Zang et al. (1995), Hakvoort et al. (1994) and Tay
et al. (1997).

Gevers (2000) in his recent review discusses an ap-
proach based on the idea that minimization of the per-
formance degradation caused by model error can be for-
mulated as a prediction error minimization (weighted by
the sensitivity function) with closed-loop data. How-
ever, for the equivalence to hold, the closed-loop data
must be generated by the very controller, which is to be
determined later and therefore unknown before the ex-
periment. This naturally brings up an iterative scheme
where the controller design with nominal model and the
prediction error minimization with closed-loop data are
alternated. Even though this approach has been applied
with promising results on several examples, the conver-
gence has been shown to fail.

The idea of providing proper weighting filters in a tun-
able bias expression during identification was also used
by Rivera et al. (1993) and Rivera and Gaikwad (1992),
where it is assumed that prefiltering of open-loop data
from the plant can replace the benefits from closed-loop
experiments. The variance error was not considered.

Although the model bias during the approximate iden-
tification is tuned towards the intended model applica-
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tion in the above works, the model plant mismatch is
not taken into account during the control design. In
order to be able to account for both bias and variance
errors in control design and also to judge the quality of
the model against the performance requirement, estima-
tion of a model set rather than just a nominal model is
needed.

Identification and Robust Control Design

Estimating Model Sets. A set of models can be
used to represent the incomplete knowledge of the plant
P0. The incompleteness is due to the limited availabil-
ity of possible disturbed observations of the plant be-
haviour. Such a set of models can be considered to con-
sist of all models that are validated by the data (Ljung,
1999). However, Smith et al. (1997) pointed out that it
is never possible to validate models solely on the basis
of finite number of experiments. Thus a set of mod-
els will consist of models that cannot be invalidated by
the data from the plant P0. The available data along
with the prior assumptions give rise to a set of feasi-
ble models F (Hakvoort et al., 1994). If the prior as-
sumptions are correct, then P0 ∈ F. However, the set F

can be unstructured, and therefore estimation of a struc-
tured set P should be done such that P outer-bounds F.
Performance and robustness are conflicting requirements
(Doyle et al., 1992), and in case of conservative control
design, this conflict causes the performance of a designed
controller to deteriorate. Thus P should be estimated in
such a way that the performance degradation of a con-
troller designed based upon P is as small as possible.

Hence, to enable incorporation of robustness into the
design of a model based controller, a set of models must
be estimated. Mainly two different approaches for esti-
mating error bounds have appeared, which differ by the
nature of underlying assumptions on the error bounds.
When the prior assumptions are stochastic, so called
‘soft’ error bounds result. Examples here of are Goodwin
et al. (1992), Bayard (1992), Rivera et al. (1993), Nin-
ness and Goodwin (1995), and Cooley and Lee (1998).
When deterministic assumptions on the data or the plant
are used, non-probabilistic error bounds result. Conse-
quently, these are called ‘hard’ bounds. Examples here of
are Wahlberg and Ljung (1992) and Böling and Mäkilä.
(1995). Combinations of both types of model error
bounding may give the combined advantages (de Vries
and Van den Hof, 1995; Hakvoort and Van den Hof,
1994). Some of the error bounding approaches take the
intended control application into account by estimating
control relevant, possibly low order, nominal models with
an additive or multiplicative bound on the modelling er-
ror, e.g. Bayard (1992).

Although the approaches referenced in the two pre-
vious paragraphs treat bias and variance aspects sepa-
rately, the estimation of a set of models P should include
both bias and variance aspects. Thus the identification
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Figure 4: Iterative identification cycle for robust con-
trol.

and construction of the Q coefficient matrix in Figure 2,
is crucial for the design of a well-performing robust con-
troller (de Callafon, 1998). Furthermore the set must
be suitable for robust control design, in order to enable
performance improvement of the controlled plant. Thus
the structure and the estimation of the set P should take
the performance cost ||J(P0, C)|| into account.

Iterative Identification and Robust Control De-
sign Procedure. The ultimate quest for joint opti-
mization of modelling and control is a very compli-
cated task, which still needs considerable research ef-
fort. A suboptimal procedure, depicted in Figure 4,
has been proposed by de Callafon and Van den Hof
(1997) and de Callafon (1998). One step in the pro-
cedure is that given a controller Ci at the ith iteration,
which together with the plant P0 forms a stable feed-
back connection that satisfies the performance specifica-
tion ||J(P0, Ci)||∞ ≤ γi, then design a controller Ci+1

that satisfies:

||J(P0, Ci+1)||∞ ≤ γi+1 ≤ γi (69)

Another key step of the model-based procedure where
the knowledge of the plant P0 is represented by a set
of models Pi is that evaluation of ||J(P0, Ci)||∞ can be
achieved by evaluating ||J(P,Ci)||∞ for all P ∈ Pi. This
enables specification of a control objective function that
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Figure 5: Progress during iterative identification cy-
cle for robust control.

cannot be measured directly from data. Thereby three
procedural steps can be outlined:

1. Initial identification: Use experimental data from
T(P0, Ci) and prior information on data or plant, to
estimate a set of models Pi such that γi is minimized
while P0 ∈ Pi, where

||J(P,Ci)||∞ ≤ γi ∀P ∈ Pi (70)

2. Control Design: Design Ci+1 such that

||J(P,Ci+1)||∞ ≤ γi+1 ≤ γi ∀P ∈ Pi (71)

3. Re-Identification: Use new experimental data
from T(P0, Ci+1) and prior information to estimate
a set of models Pi+1 such that P0 ∈ Pi+1, subject
to the condition

||J(P,Ci+1)||∞ ≤ γi+1 ∀P ∈ Pi+1 (72)

Note that in the first step, a performance assessment
is carried out to evaluate ||J(P0, Ci)||∞ for initialization
purposes. Subsequently, the second step contributes a
controller and the third step is a modelling validation
step to enforce Equation 69. Subsequent to the initial-
ization in step 1, repeated execution of steps 2 and 3 will
provide a design procedure where the upper bound γi on
a predetermined performance cost ||J(P0, Ci)||∞ can be
progressively reduced as illustrated in Figure 5.

Implementation of this model based iterative proce-
dure requires a procedure for estimating a set of models
P tuned towards robust control design application. Such
estimation of a modelling set may be carried out in a
two step procedure described in de Callafon (1998). The
set of models depend upon the nominal coprime factor-
ization (N̂ , D̂) and the weighting functions (V̂ , Ŵ ) that
bound the model uncertainty. For the estimation, the
closed loop performance based optimization

min
N,D,V,W

sup
P∈P

||J(P,C)||∞ (73)

is considered to ensure a model uncertainty set which is
suitable for robust control design. The two estimation

steps involve, (1)estimation of a nominal factorization
such that the closed loop criterion is being minimized,
subjected to internal stability of T(P̂ , C), and (2)esti-
mation of model uncertainty, which consists of charac-
terization of a frequency dependent upper bound on the
uncertainty such that the closed-loop criterion is mini-
mized using (V,W ) subject to P0 ∈ P (Hakvoort and
Van den Hof, 1997).

Discussion. A number of important identification-
related issues emerge from the above procedure:

• Identification can be performed by open-loop exper-
iments but more naturally by closed-loop experi-
ments: In order to account for the link between
identification and control, identification should be
performed with data that are representative of the
eventual closed-loop condition. Although such data
can be generated by carefully designing open-loop
test signal, they are more naturally obtained by clos-
ing a loop with a sequence of controllers that gets
progressively closer to the eventual controller.

• Need for an iterative scheme: Accounting for the
intended application requires an iterative scheme of
identification and feedback controller design. As the
iteration continues, the feedback controller’s robust
performance continues to improve and this in turn
generates information on the dynamics of plant that
is more and more relevant for the ultimately in-
tended robust control.

• Model error information: While performing itera-
tions, information is developed on the complexity
of nominal model, shape of allowable model un-
certainty, and attainable robust performance. The
characterization of modelling errors enables us to
avoid performance degradation during the itera-
tions. This also opens the possibility to formulate
invalidation criteria for refusing models and con-
trollers during iterations.

• Unstable plants: Both stable and unstable plants
can be handled using the algebraic framework of sta-
ble factorizations, where a possible unstable dynam-
ics is split into two stable factors. This split opens
the possibility of an open-loop equivalent identifica-
tion of the factors. The algebraic framework allows
possible model errors to be described in a dual-Youla
parameterization. Thus the effect of model pertur-
bations can be studied under feedback controlled
conditions. By considering a nominal stable fac-
torization perturbed by an unknown but bounded
stable operator, the set of models describe all mod-
els that are stabilized by a given feedback controller.

The above iterative procedure builds upon a large body
of literature. The proposed procedure may be too com-
plex for most applications, where the desire simply is
to retune the feedback controller to improve the plant
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performance. Simplifications of the procedure should be
considered. Such simplifications could in fact become
the standard practice of tomorrow for improving closed
loop performance when requested by the operator on a
routine basis as the need arises.

Summary

Closed-loop identification has progressed significantly
over the past decade. Sound albeit limited theories have
emerged to point out the limitations and tradeoffs for
various closed-loop identification approaches. Final anal-
ysis reveals that there is no single methodology to be
preferred on a universal basis and understanding of the
advantages and disadvantages for the various available
options is indispensable for making a right choice for a
given situation. Potential benefits of closed-loop iden-
tification are huge and multi-faceted, ranging from the
increased safety of the process and reduced harmful dis-
ruption to ongoing operation to the engineer’s ability to
collect more informative data in shorter time.

The area of identification for control holds significant
promise to enable efficient, “plant-friendly” identifica-
tion of multi-variable plants, including ill-conditioned
plants, for which the traditional open-loop SISO iden-
tification is known to fail. Shaping of an identification
process according to a specific control objective is natu-
rally iterative in that various choices involved, e.g., shape
of test signals, complexity of nominal model, shape of al-
lowable model uncertainty and attainable performance,
are highly dependent on the underlying plant. The shap-
ing can be done in an open-loop experimental context
where the data collected from previous experiments are
used to improve the design of a new experiment. How-
ever, the shaping is more naturally done in a closed-loop
experimental context, where data are made more and
more representative of the eventual closed loop applica-
tion by iteratively improving the controller. Despite the
promise, more methodological developments are needed
to address the practical issues, e.g., the requirement for
ensuring the integrity of on-going operation, before rou-
tine application can be foreseen. Potential benefits of
such methodological developments are significant in that
process identification may be substantially facilitated
when plants can be operated in their standard closed-
loop configuration.
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Åström, K. J. and B. Wittenmark, “Problems of Identification and
Control,” J. Math. Anal. Appl., 34, 90–113 (1971).

Bayard, D. S., Statistical Plant Set Estimation Using Schoeder-
Phased Multisinosoidal Input Design, In Proc. American Con-
trol Conference, pages 2988–2995. Chicago,USA (1992).
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Introduction

The purpose of the present paper is to point out oppor-
tunities for systems and process engineering approaches
that appear to be arising as a consequence of the ex-
plosion of genomic data. In particular we consider our
own and other’s work in approaching biological systems
with modeling and simulation studies as a guide to the
contemporary landscape of such opportunities.

It has been impossible to miss the hoopla as the Hu-
man Genome Project has moved rapidly forward over
the past year. The genome—i.e. the full set of human
genes—is the code that guides the development and op-
eration of the human organism. The excitement over
the Human Genome Project is certainly justified, but
gene sequences are only a first step towards understand-
ing gene function (Schena, 1996). Genes function in
highly interconnected, hierarchical, and nonlinear net-
works. Organismic states and characteristics are often
not the result of the expression of single genes but rather
the result of interactions of multiple genes, as in the case
of some human cancers (Szallasi and Liang, 1998), as
well as the past and present intracellular and extracellu-
lar environments.

A surprising result of the genome projects has been the
similarity of genomes across species, even between man
and yeast. This has led many to conclude that the genes
alone can not account for species complexity and differ-
ences. Regulation of specific gene activities is crucial for
creating the complexity of higher organisms. Consider
DNA as a huge, flexible macromolecule containing genes
and a large number of binding sites. The DNA molecule
organizes simultaneous and interacting chemical binding
with very large numbers of other molecules at these sites.
These sites bind transcription factors that control gene
activity with resulting control of gene and protein expres-
sion, regulating cell phenotype. The control is the result
of inputs from the environment through receptors which
trigger signals that guide gene activity. Cell states are
dynamic, being constantly influenced by environmental
and intercellular signals.

The control engineering approach to biosystems mod-
eling and analysis offers an integrative perspective and

brings unique insights and tools. The motivation for
such an approach is provided by the richly interconnected
feedback layers that underlie much of biological regula-
tion. Integrative analyses across spatial and temporal
orders of magnitude are essential for understanding and
interpreting the underlying behavior.

Tools from control engineering are also relevant in light
of emerging high throughput quantitative techniques,
such as DNA microarrays and proteomic methods. These
allow the measurement of thousands of intracellular fac-
tors, such as messenger RNA transcripts (that are in-
dicative of gene activity) and proteins, in parallel and
over time. The data from these methods present signif-
icant challenges and opportunities. The challenges are
due to the enormity of the systems and their complex-
ity. They present opportunities because never before has
it been possible to so sensitively measure the conditions
within cells.

Unfortunately it is still a common view that biological
systems are beyond the scope of engineering approaches.
It is true that there are huge gaps in knowledge and the
systems are immensely complex. However, it is instruc-
tive to look at the results to date from modeling and
simulation studies of biological systems because there
are substantial positive results. Two of the most influen-
tial, Nobel Prize-winning pieces of biological work, how-
ever, are purely theoretical: the Hodgkin-Huxley formal-
ism (Hodgkin and Huxley, 1952) and the Watson-Crick
double helix model for DNA (Watson and Crick, 1953).
To further illustrate the usefulness of computational ap-
proaches for complex biological processes, our successes
in computational neuroscience are discussed next. This
is followed by a detailed discussion of the opportunities
and challenges in high throughput methods, particularly
DNA microarrays, that are relevant to control engineer-
ing.

Computational Neuroscience

The greatest success for theoretical and modeling ap-
proaches in biology has been in Computational Neuro-
science. Our own early work in this domain was with
a focus on biological control systems. At that time the
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Figure 1: Hodgkin Huxley formalism.

Hodgkin-Huxley (HH) formalism was used in modeling
studies of channel kinetics, one channel type at a time.
Neuron models were sum and squash, non-spiking vari-
ety. We conceived of creating neuron models built up of
multiple species of channel types using HH. The prob-
lem was computationally intractable, however, and the
interaction within an extremely complex set of nonlin-
ear, dynamical systems, including feedback, was certain
to be extremely complex. We had excellent success, how-
ever, in creating complex, spiking neurons that were ro-
bust, occupying large, continuous and high-dimensional
parameter spaces (Schwaber et al., 1993; Foster et al.,
1993). We took these results to indicate that this class
of biological system has evolved to be extremely robust,
since its performance was not sensitive to parameter val-
ues. Parameter value variations are expected to result
from varying environmental conditions in a real system.

We also were encouraged by the success at crossing
levels of analysis, in this case from channel kinetics to
whole cell behavior. We decided to extrapolate this work
to additional levels, using several types of our HH neu-
ron models to create neuronal networks with synaptic,
chemical communication. We extended these network
models to closed system models controlling peripheral
organs. We were able to study the impact of manip-
ulating cellular properties on system behavior in these
models (Rybak et al., 1997a,b,c).

We have also been successful in connecting organism-
level function (in this case, blood pressure regulatory
behavior) with intracellular processing (second messen-
ger pathways: Cheng et al., 1999, 1997; Hardwick et al.,
1995; Parsons et al., 1987; Schwaber et al., 1993). Fig-
ure 2 shows the proposed reflex circuitry for short-term
regulation of cardiovascular system. The local reflex ar-
chitecture in Figure 2 is consistent with the experimental
results in Cheng et al. (1997).

We have constructed a computer simulation model for
the local cardiac reflex based on the anatomical exper-

imental results and physiological data in the literature.
Simulation results indicate that the local cardiac reflex
could be effecting attenuation of the nonlinearity of the
relationship between cardiac vagal drive and the arterial
blood pressure. We have explored the hypothesis that
the functional role of dynamic neuromodulation by SIF
cells is an input-output “linearizing” effect on the actu-
ator (heart) dynamics (Vadigepalli et al., 2001). We em-
ployed coherence analysis to characterize the nonlinear-
ity between the frequency of vagus nerve pulsatile input
and the mean arterial pressure. We also investigated the
role of modulatory synaptic transmitters in this function.

We also have driven the levels of analysis question to
more molecular and chemical processes, including recep-
tors and signaling cascades through which environmen-
tal signals affect system behavior (Brown et al., 1999;
Kholodenko et al., 1999; Kholodenko, 2000; Vadigepalli
et al., 2001). This latter work has raised the question of
connecting from the biochemical level to the gene level.

The cell and system regulation we are studying must,
in life, interact with the regulation occurring at the gene
level. The question that arises next is, “What would
be needed to create an equally successful Computational
Genomics?”

Computational Genomics

New analytical techniques have been developed that
allow the quantification of many intracellular factors
(Gombert and Nielsen, 2000). These include DNA mi-
croarray technology (Schena et al., 1995), which allows
the relative transcription levels of thousands of genes to
be measured in parallel, and gel electrophoresis and mass
spectrometry, which allow levels of hundreds of proteins
to be quantified (Gygi et al., 2000). Many groups have
applied these methods as well as information from the
genome sequencing projects to explore gene function on
a genomic scale (Fodor et al., 1993; Schena et al., 1995;
Ross-Macdonald et al., 1999; Winzeler et al., 1999; Uetz
et al., 2000). DNA chips which allow for genome-wide
measurements of mRNA levels (Schena, 1996; De Saizieu
et al., 1998; Eisen et al., 1998; Marshall and Hodgson,
1998; McKenzie et al., 1998; Ramsay, 1998; Spellman
et al., 1998; Brown and Botstein, 1999; Jia et al., 2000).

It is known that the data obtained with these meth-
ods have limitations. For example, it has been observed
that mRNA and protein levels in do not correlate well
enough for relative mRNA transcription levels to be pre-
dictive of protein expression levels (Gygi et al., 1999).
The value of microarray data, however, should not be
understated. It is of great value for generating hypothe-
ses and it is widely accepted that, “The mRNA levels
sensitively reflect the state of the cell, perhaps uniquely
defining cell types, stages, and responses. To decipher
the logic of gene regulation, we should aim to be able to
monitor the expression level of all genes simultaneously”
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Figure 2: Schematic of local cardiac reflex control. The local cardiac reflex consists mainly of three components. (i) SIF
cells receive sensory inputs from the atrial receptors and project to the principal neurons (PNs); (ii) PNs also receive input
from vagal efferents from dorsal motor nucleus of the vagus; and (iii) PN activity has a phase-dependent effect on the SA
node pacemaker and hence on the heart-beat cycle.

(Lander, 1996).
One motivation behind our group’s interest in DNA

microarrays and other high throughput quantitative
techniques is their ability to provide insight into the ge-
netic networks that dictate cellular responses to intercel-
lular and enviromental stimuli. A simple example of a
genetic network is the genetic switch modeled and syn-
thesized by Gardner et al. (2000), shown below in Fig-
ure 3. Here, the product of one gene represses the tran-
scription of the other gene, causing the system to have
two stable steady states. A review of some of the com-
plex behavior that can be observed for similar systems
is given by Smolen et al. (2000). Gene networks in even
the simplest organisms are expected to be complex. The
bacteria E. Coli, for example, has approximately 2000
genes, with connectivities between the genes averaging
between two and three (Thieffry et al., 1998).

Several factors make the determination of gene net-
works from DNA microarray data a challenge. These
are related to the design of the experiments, interpreting
the data and incorporating biological information, and
determining model structures for gene networks. These
are discussed below.

Figure 3: Schematic of the bistable genetic switch
(Gardner et al., 2000).

Experimental Approach

The microarray experiments we perform in our lab in-
volve the collection of transcript profiles over time while
the organism is undergoing a systemic perturbation
(chronic ethanol exposure, sleep deprivation, or chronic
hypertension). By collecting array data over time, we
expect to gain insights into the genetic basis for the or-
ganism’s response to the perturbation. Our approach in
designing these experiments is to apply the methods of
system identification from systems engineering that fol-
low a formal procedure of: (i) variable definition (i.e.,
which variables can be perturbed for maximum informa-
tion), (ii) input sequence design (i.e., size and frequency
of changes in the input variables), (iii) execution of input
sequence, (iv) data cleaning (outlier detection, noise fil-
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Figure 4: Architecture for analysis of genomic data
using intelligent agents.

tering), (v) model building (using, e.g., correlation anal-
ysis or other statistical methods), and finally, and most
importantly, (vi) validation of the model. Critical ele-
ments in this protocol for the biological problem at hand
are the definition of suitable perturbation sources, the
character of the perturbation signal, and the processing
of the noisy data. A “rich” perturbation sequence will be
designed to maximize the information content in the re-
sulting signals. Richness in this context will be assessed
by both the dynamic character of the forcing signal, as
well as the nonlinear character of the forcing signal. The
latter is especially important for the identification of non-
linear models, using such techniques as Laguerre kernel
expansions (e.g., Marmarelis, 1993). A simple binary se-
quence (on-off) generates little or no information content
at the output of a nonlinear system.

Data Issues

Interpretation of biological data consists of integrating
data from several levels in the organismic hierarchy, in-
cluding genomic sequences, microarray information, pro-
teomic and metabolic information, and physiological in-
formation. This data will be analyzed through the use
of various algorithms and statistical techniques. How-
ever, many of these techniques ignore domain knowledge
of the system, which could lead to better and more effi-
cient analysis of the data. Data analysis techniques like
clustering are independent of whether they are applied
on shopping data, weather data or biological data. We
will incorporate domain knowledge from biology for im-
proved and intelligent analysis of data. We have started
some preliminary work in this area for the analysis of
microarray data.

One of the analysis techniques that we have tested
using simulator data is clustering. We will also com-
pare clustering methods with other techniques and also
with knowledge based clustering. In knowledge-based
clustering, the implementation will use intelligent soft-
ware agents to obtain knowledge automatically from
databases. The intelligent agents will gather the knowl-

edge from different sources on the web such as pathway
databases, etc., and will use this knowledge during data
analysis. We propose to build a system for microarray
data analysis that can be incorporated to related ongoing
work in intelligent multi-agent systems for data analysis.
Specific agents will be used to gather the knowledge rel-
evant for data analysis. This knowledge will then be
integrated with the analysis technique such as cluster-
ing. A proposed architecture for this is given in Figure 4
above.

Gene Network Model Structures

Determining network architecture from microarray data
is nontrivial. This data can consist of relative transcrip-
tion levels for thousands of genes over hundreds of time
points. Mathematical models, combined with biological
knowledge, are necessary to determine the relationships
contained within this data. A discussion of some of the
key considerations in building such models, notably data
requirement, is given in Fuhrman et al. (1999).

Several approaches for building models of transcrip-
tional regulatory gene networks from temporal microar-
ray data have been described in the literature. Top-down
modeling approaches have been primarily designed for
elucidating network connections from temporal microar-
ray expression data. As mentioned above, there is no
clear correlation between protein levels and relative tran-
scription levels and it is therefore not possible to deter-
mine network connections from microarray transcription
data alone (Gygi et al., 1999). Microarray data can be
used, however, to generate hypotheses that can direct
future experiments. Also, the methods are generally ap-
plicable to any system of large numbers of interacting
components, and are thus relevant for interpreting tem-
poral protein level data from gel electrophoresis and mass
spectrometry. There are few examples in the literature
where these methods have actually been applied (Reinitz
and Sharp, 1995; D’Haeseleer et al., 1999), and therefore
the utility of each of these methods still requires verifi-
cation. Four examples of top-down modeling approaches
are logical, linear, “linear plus squashing”, and differen-
tial.

In the logical approach, genes are either “on” or “off”
and have a limited number of inputs from other genes
(Kauffman, 1993). This approach is appealing because it
may give basic structural information and has the small-
est data requirement, of order log2(N) time points if the
transcription of N genes are only influenced by two genes
each (Akutsu et al., 1999). Its main limitations are that
the number of regulatory inputs must be limited a priori
and genes that can have intermediate expression levels
or influence the transcription of other genes to varying
degrees are neglected (Weaver et al., 1999). At the next
level of complexity is the linear approach (D’Haeseleer
et al., 1999), where the transcription levels of the genes
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at one time point are linear combinations of the expres-
sion levels of all of the genes at the previous time point.
The drawbacks of this approach are that it requires at
least as many time points as genes since it has N2 pa-
rameters, that it poses no economy on interconnections,
and that the process it describes is not linear. In spite
of this, D’Haeseleer et al. (1999), has had some success
with this approach when applying it to expression data
for rat nervous system development. An improvement
to the linear approach is the “linear plus squashing” ap-
proach (Reinitz and Sharp, 1995; Weaver et al., 1999).
The input to a gene is still a linear combination of the
expression levels of all of the other genes, but now the
input and the gene expression level are related by a sig-
moidal “squashing function.” This is a more realistic
model of gene expression. A fourth approach is the dif-
ferential model proposed by Chen et al. (1999). The time
rate of change of mRNA concentration is expressed as a
linear combination of the protein concentrations minus
a degradation term. The time rate of change of pro-
tein concentration is a linear combination of the tran-
script concentrations minus a degradation term. Since
this model includes additional states for the protein con-
centrations, it is an improvement over the linear model.
A drawback is that the number of empirical parameters
for this model is nearly twice that of the linear model,
giving it a significantly larger data requirement. The
system is also not completely determined unless initial
protein concentrations are known.

Conclusions

Clearly a new era for biology is emerging that can bring
tremendous developments in medicine and understand-
ing. Before these can be realized, however, computa-
tional approaches must be developed that can make full
use of the data coming from the high throughput tech-
nologies. Given the highly regulated and interconnected
nature of biological systems, methods from control engi-
neering should be able to contribute significantly towards
this goal.
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Abstract
This contribution presents results obtained from a model based design of metabolic networks. In the first part of the
paper, topological analysis is used for exploring the metabolic architecture. These investigations—also called pathway
analysis or flux space analysis—are aimed at detecting the metabolic routes that lead from anyone starting point to some
products. The technique is applied for the computation of maximal yields for amino acids and, for the first time, also
for the analysis of metabolic networks in context with the formation of biomass. The latter study leads to an array of
mutants with different biomass yields, for which the name “Phenome” has been coined.

In the second part of the contribution, a strategy for the optimization of product formation rates is presented by means
of the ethanol formation rate in Saccharomyces cerevisiae. A dynamic model based on experimental observations at
defined anaerobic conditions serves as a starting point. Non-linear optimization of the distribution of enzyme activities
results in a substantial increase of ethanol formation rate. The optimum is mainly constrained by homeostasis and can
be characterized by higher activities of strongly rate limiting steps. However, some enzymes exerting almost no control
on ethanol flux (e.g. triose phosphate isomerase) are found at higher activities as well. This finding can be explained by
the enzyme’s ability of counteracting an increase of pool concentrations effectively.

Keywords
Metabolic networks, Flux analysis, Flux optimization

Introduction

One of the fascinating challenges in mastering biosystems
is to interpret living processes in a quantitative man-
ner. As such, mathematical modeling is of central impor-
tance. At a time of the ballooning amount of data gener-
ated by the high throughput technology in genome, tran-
scriptome, proteome and metabolome research, one of
the important issues for modeling is to bridge the gap be-
tween data and an integrated understanding of the com-
plex functionality of biosystems. Moreover, there is an
urgent need for new approaches to strengthen the model
based design of biosystems. This activity is of increasing
relevance with respect to the optimization of yields, se-
lectivities and productivities in industrial bioprocesses.
Furthermore, mathematical modeling will lead to signif-
icant insight through an integrative analysis of diseases
and support target identification for drug discovery.

While the potential and promise of biological systems
modeling is substantial, also several obstacles are en-
countered. Before benefits can be gathered from bio-
logical systems analysis, issues like, for example, the ap-
propriate balance between significance, complexity and
availability of quantitative experimental observations
need to be addressed. Furthermore, in many cases insuf-
ficient emphasis has been placed on fundamental ques-
tions of purpose, intended application (Bailey, 1998),
predictive power and relevance concerning significant
contributions to the solution of the aforementioned prob-
lems.

This contribution aims at the design of biosystems

∗reuss@ibvt.uni-stuttgart.de
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Figure 1: Optimization of bioprocesses through
metabolic engineering.

within industrial applications. Therefore, modeling is
part of a well known engineering cycle depicted in Fig-
ure 1.

Central to the general modeling framework is its pre-
dictive strength. A sound prediction, in turn, must
rest upon reliable experimental data. In the majority
of cases, implementation of the model-based suggestions
for genetic reprogramming is performed with the aid
of recombinant DNA-technology. Unfortunately, only
few models qualify for the design of metabolic networks.
When extrapolation beyond the horizon of experimen-
tal observations is required, the missing link mostly is
predictive strength. A critical assessment of the state
of the art and meaningful discussion of the present lim-
its would require a comprehensive evaluation of several
fundamental issues of modeling biosystems. Only two of
these issues will be addressed in this contribution: (1)
Flux analysis based on topological properties and (2)
Flux optimization based both on toplogical and kinetic
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Figure 2: Quantification of flux distributions.

properties of metabolic networks.

Flux Analysis

According to the source of information, balance equa-
tions for the metabolic system of interest can be created
(see Figure 2).

When balance equations are derived from annotated
sequence data, the resulting stoichiometric matrix re-
flects the metabolic capabilities of the genotype. While
depending on physiological conditions, a more specific
phenotype is considered when data from cDNA chips or
proteome analysis are used. Generally, balance equations
of structured metabolic models can be written as

d

dt
n = Nv, (1)

where matrix N (m× n) contains the stoichiometric co-
efficients νi,j of the n biochemical reactions. m denotes
the number of metabolites, v the vector of reaction rates,
whereas the vector of metabolites is denoted by n. Note
that in Equation 1 the transport rates across the various
membranes of the cell as well as the dilution of metabo-
lites due to growth are included in the state vector of the
reaction rates v. For steady state conditions Equation 1
reads:

Nv = 0. (2)

Metabolic Flux Analysis

Depending on the data available and the area of appli-
cation, Equation 2 can be used for the computation of
flux distributions in metabolic networks. The first route
delivers solutions for flux distributions through exper-
imentally determined exchange fluxes (Stephanopoulos
et al., 1998; Mauch et al., 2000).

For the estimation of unknown metabolic fluxes from
experimentally determined fluxes, we rewrite Equation 2
as

[Nm|Nc]
[
vm

vc

]
= 0, (3)

where vector vm consists of q experimentally determined

fluxes. The remaining (q − n) unknown fluxes are gath-
ered in vector vc. Partitioning of v into the known fluxes
vm and unknown fluxes vc then yields

Nmvm + Ncvc = 0, (4)

with matrices Nm (m× q) and Nc (m× n− q) corre-
sponding to vm and vc, respectively. From Equation 4
we obtain

Ncvc = −Nmvm, (5)

and upon multiplying Equation 5 by the transposed of
matrix Nc, the solution for unknown fluxes Nc is ob-
tained according to

vc = −
(
NT

c Nc

)−1
NT

c Nmvm, (6)

where the superscript -1 indicates matrix inversion. By
defining the pseudoinverse N#

c

N#
c =

(
NT

c Nc

)−1
NT

c , (7)

Equation 6 may be rewritten as

vc = −N#
c Nmvm. (8)

Mathematically, a determined metabolic system is de-
fined by

dim (vm) = n− rank (N) . (9)

That is, the amount of experimentally determined
fluxes q in vm equals the degree of freedom of the
metabolic network. If no conservation relations are
present in a determined system, the pseudoinverse N#

c

coincides with the inverse of Nc, thus(
NT

c Nc

)−1
NT

c = (Nc)
−1
. (10)

Hence, the fluxes vc of a determined system without con-
servation relations may be obtained by

vc = −N−1
c Nmvm. (11)

Importantly, a solution for vc only exists for a nonsin-
gular matrix Nc, that is

det (Nc) 6= 0, (12)

and for a determined metabolic system with 0 ≤ z < m
conservation relations:

det
(
NT

c Nc

)
6= 0. (13)

Provided the existence of a unique solution for vc, the
metabolic system is called observable. For an under-
determined metabolic network we have

dim (vm) < n− rank (N) , (14)

and since a unique solution for vc cannot be obtained,
we always find

det
(
NT

c Nc

)
= 0. (15)
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Hence, the dimension l of the solution space for an under-
determined system is given by

l = n− rank (Nc)− dim (vm) , (16)

whereas an overdetermined (i.e. redundant) metabolic
system is characterized by

dim (vm) > n− rank (N) . (17)

Similarly to a determined system, in overdetermined
systems a unique solution for the unknown fluxes vc

can only be derived if Equation 13 holds. Note that
an overdetermined system is not necessarily observable.
Frequently we meet the situation where experimental in-
formation on some fluxes is redundant while part of the
metabolic network still cannot be observed. The prob-
lem of non-observable fluxes can often be bypassed when
experimental data derived from tracer experiments are
available. Those measurements of labeled substrates are
either performed with NMR (Marx et al., 1996; Szyperski
et al., 1999) or gas chromatography/mass-spectroscopy
(GC-MS) (Christensen and Nielsen, 2000; Dauner and
Sauer, 2000). When metabolite balance equations are
extended with balance equations for the metabolite la-
beling distributions, a system of non-linear equations has
to be solved to estimate the associated steady state flux
distributions (Wiechert and de Graaf, 1997; Wiechert
et al., 1997; Schmidt et al., 1997, 1999).

Flux Space Analysis

Flux space analysis (see Figure 2) summarizes strategies
for topological analysis leading to meaningful informa-
tion on the flux space in metabolic networks. This is an
area of increasing importance in integrative functional
genomics aimed at a better understanding of the com-
plex relation between genotype and phenotype (Schus-
ter et al., 1999; Schilling et al., 1999, 2000; Schuster
et al., 2000a; Edwards and Palsson, 1999; Palsson, 2000).
This area—in terms of the “omic” revolution sometimes
named “phenomics”—becomes urgent for developing en-
gineering methods to deal with the massive amounts of
genetic and expression data in an integrative and holistic
way.

Flux space analysis (sometimes also called pathway
analysis) aims at detecting the metabolic routes that
lead from anyone starting point to the products of inter-
est steady state condtitions. The two strategies applied
for this analysis are the null space and the convex cone.
While linear algebra is used to determine the null space
of the homogeneous system of linear equations, meth-
ods of convex analysis (Vanderbei, 1998) are applied to
compute the convex cone.

The null space of matrix N is the subspace spanned
by k = rank (N)− dim (v) linearly independent vectors
v satisfying Equation 2. Accordingly, every linear in-
dependent base vector forms a column of the null space

matrix K (n× k), thus

NK = 0. (18)

Within the null space lie all of the flux distributions
under which the system can operate at steady state.
Thus, the null space allows to describe any flux distri-
bution of a genotype (by superposing it’s base vectors).
The vectors spanning the nullspace are, however, non-
unique solutions of Equation 2. Moreover, the base vec-
tors of the nullspace do not necessarily fulfill reversibility
criteria of individual reactions.

A different approach rests upon convex analysis and
leads to unique sets of vectors spanning the space of ad-
missible fluxes, for which names like, for example, ele-
mentary flux modes (Heinrich and Schuster, 1996) or ex-
treme pathways (Schilling et al., 2000) have been coined
for. In contrast to the base vectors of the nullspace, flux
vectors obtained by convex analysis always obey sign re-
strictions of practically irreversible reaction steps. The
investigations presented in the following are based on the
concepts of the elementary flux modes.

Elementary Flux Modes

Elementary flux modes are non-decomposable flux dis-
tributions admissible in steady state, including reaction
cycles (Heinrich and Schuster, 1996). Normally, elemen-
tary flux modes comprise a set of non-zero fluxes and a
set of zero fluxes, with the latter pointing to enzymes
which are not used to implement a specific function.
An example for an elementary mode which frequently
occurs in cellular systems is the complete oxidation of
substrate in the respiratory chain. To sustain respi-
ration, enzymes catalyzing anabolic reactions obviously
become dispensable. Another example might be an ele-
mentary flux mode leading to the formation of an amino
acid where, again, larger parts of the respiratory chain
are nonessential. Thus, by computing elementary flux
modes, the metabolic capacity of a given metabolic net-
work is unitized. In other words, the phenotype of a
certain genotype may be characterized by the complete
set of elementary flux modes.

The motivation for the study of elementary flux modes
arises from various potential applications. In biotech-
nology, an important objective is to increase the yield of
biosynthetic processes where a desired product can often
be synthesized by various different routes. It is then of
interest to detect and subsequently implement the route
on which the product/substrate ratio is maximum. Gen-
erally, a flux pattern that uses only the optimal route
cannot be obtained in practice. Nevertheless, it is help-
ful to compute the upper limits for the molar yield from
a given network topology.

It has turned out that the problem of maximizing the
yield of a biotransformation can be solved by detecting
all elementary modes in the system and choosing the
mode giving the best yield (Schuster et al., 1999). Al-
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Figure 3: Convex polyhedral cone K spanned by
three generating vectors e1 to e3. Flux distribution
J results from a linear combination of the generating
vectors ei.

ternatively, such optimization problems were tackled by
linear programming (Fell and Small, 1986; Savinell and
Palsson, 1992; van Gulik and Heijnen, 1995).

In many cases, the net direction of a reaction is known.
Therefore, we decompose the flux vector into two subvec-
tors, virr and vrev, corresponding to what will be called
the irreversible and reversible reactions, respectively. So
we have

virr ≥ 0. (19)

Equation 2 in conjunction with inequality(19) deter-
mines what is called a convex polyhedral cone. The edges
of the convex cone are established by the elementary flux
modes, and all the points on the interior of the cone can
be represented as positive combinations of these funda-
mental pathways (see Figure 3). From there, the convex
cone enfolds all potential stationary flux distributions of
a metabolic system.

Pursuing the goal to find basic pathways in biochemi-
cal reaction networks, Schuster and Schuster (1993) have
earlier developed a method for detecting the simplest flux
vectors v fulfilling relations (2) and (19) with all reac-
tions assumed to be irreversible. Generalizing the ap-
proach in that both reversible and irreversible reactions
are allowed for, this has led to the concept of elementary
flux modes (Schuster and Hilgetag, 1994).

Elementary flux modes are defined as follows (Heinrich
and Schuster, 1996, cf.): An elementary flux mode, M,
is defined as the set

M = {v ∈ Rn|v = λv∗, λ > 0} , (20)

where v∗ is a n- dimensional vector (unequal to the null
vector) fulfilling the following two conditions.

(a) Steady-state condition. Nv∗ = 0.

(b) Sign restriction.

If the system involves irreversible reactions, then the
corresponding subvector virr of v∗ fulfils inequality (19).

For any couple of vectors and (unequal to the null vector)
with the following properties:

• v
′
and v

′′
obey restrictions (a) and (b),

• both v
′

and v
′′

contain zero elements wherever v∗

does, and they include at least one additional zero
component each, v∗ is not a nonnegative linear com-
bination of v

′
and v

′′
,v∗ 6= λ1v

′
+λ2v

′′
, λ1, λ2 > 0.

The last condition formalizes the concept of genetic in-
dependence introduced by Seressiotis and Bailey (1988).
The condition says that a decomposition into two other
modes should not involve additional enzymes.

Elementary modes have been determined in a number
of biochemical networks, such as the synthesis of pre-
cursors of aromatic amino acids (Liao et al., 1996), the
tricarboxylic acid cycle and adjacent pathways (Schuster
et al., 1999) and glycolysis and alternative pathways in
bacteria (Dandekar et al., 1999).

While the promise is substantial, the value of the topo-
logical analysis will not be fully utilized until algorithms
are developed capable of tackling large metabolic, sig-
naling or gene networks efficiently. What are the limits
of the known algorithms in the calculation of elementary
flux modes when applied to large systems?

Most of the algorithms applied to biological systems
so far are bottom up approaches (Schuster et al., 2000b;
Schilling et al., 2000). Initially, the stoichiometric matrix
is augmented with the identity matrix. Next, a consec-
utive computation of matrices through combination of
rows is performed until the stoichiometric matrix only
contains zero elements. Obviously, this is a consecutive
approach where all elementary modes are created at the
final step. In addition, a large number of interim solu-
tions are computed which finally disappear. By conse-
quence, since even modest network sizes showing a larger
degree of freedom might feature thousands of elementary
flux modes, the problem easily becomes computationally
intractable. Nevertheless, (Schilling and Palsson, 2000)
have recently tackled the problem of prediction of the
so called extreme pathways for Haemophilus influenza,
represented by a network of 461 reactions. The strategy
applied rests upon a decomposition of the network into
subsystems to get a picture of the structural information
for the entire system.

Alternative approaches make use of top down strate-
gies considering the entire system in a more direct way
(Happel and Sellers, 1989). As a result, successive so-
lutions containing the complete network information are
created. Mauch (to be published) developed an algo-
rithm performing combinations of the base vectors of the
null space in pairs. Figure 4 shows an example of the
application of this algorithm for a system with 141 reac-
tions in which the polymerization reactions for formation
of biomass—and therefore growth—has been taken into
account for the prediction of the elementary flux modes.
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Figure 4: Elementary flux modes in S. cerevisiae.
Explanation see text.

Each column shown in Figure 4 represents an elemen-
tary flux mode utilizing glucose as the sole carbon and
energy source while producing biomass. Open symbols
represent deleted genes for various reactions in the net-
work. Obviously, these different mutants—or different
phenotypes—are still able to grow albeit with varying
yield coefficients. Elementary modes given in Figure 4
are ordered in descending sequence with respect to the
yield of biomass on glucose. The maximal value of the
biomass yield is in agreement to what has been mea-
sured for S. cerevisae growing with glucose under aero-
bic conditions. For mutants with defects in the transport
systems via the mitochondrial membrane, for example,
the biomass yield decreases to a value observed under
anaerobic conditions. Thus, structural properties of the
network clearly define the upper limit of product yields.
Interestingly, these findings are independent of the ki-
netic properties of the network. Absolute values of fluxes
as well as a dynamic response to system perturbations,
however, can only be described when kinetic rate equa-
tions have been assigned.
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Figure 5: Maximal yields of amino acids on glucose
in S. cerevisiae.

By a closer inspection of the solution shown in Fig-
ure 4, it is possible to separate more flexible regions of
the network from rigid parts. For instance, we cannot
delete any reaction in the pathways leading to amino
acids. This is a reasonable finding for growth in the
presence of synthetic media. In contrast, greater flexi-
bility is observed in the citric acid cycle (TCA), pentose
phosphate (PP) shunt and intracellular transport. It is
interesting to recognize that these variations also have
been identified as key modulations during the process of
evolution.

The design aspect of these predictions may be bet-
ter elaborated by examples of biotechnological relevant
product formation. A desired product can often be syn-
thesized by various different routes or pathways within
the network. It is then of interest to detect the route
on which the product/substrate ratio is maximum. Fig-
ure 5 illustrates an example showing the maximal yield
of the individual 20 amino acids on substrate glucose in
S. cerevisiae.

The results shown in Figure 5 have been obtained by
detecting all elementary modes in the system and then
choosing the mode giving the best yield. Sometimes,
however, implementation of an elementary mode leading
to a slightly non-optimal yield might be easier from a
practical point of view. In contrast to linear optimiza-
tion, the complete set of elementary flux modes immedi-
ately provides the complete spectrum of alternative im-
plementations.

Flux Optimization

The driving force for selection of an optimal pathway
is the maximization of the yield of the product. How-
ever, economic considerations also require optimization
of the product formation rate (productivity). This prob-
lem leads to the question of an optimal modulation of
enzyme activities in metabolic networks.

At first glance, the example chosen for this
discussion—ethanol production with the yeast S.
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cerevisiae—appears to be rather boring because it has
been tackled so many times by yeast geneticists. The
primary aim of these empirical attempts to modulate
(mostly amplify) the key enzymes within glycolysis
is the maximization of ethanol production rate which
correlates with carbon dioxide evolution and, in turn,
with the baking power of yeast. While addressing this
problem it should be emphasized that the interest in
answering the question of an optimal redistribution of
enzyme activities is much broader. Generally, knowledge
of the rate controlling steps in the central metabolism
(glycolysis and PP shunt) is of central importance for
cell cultures used for producing proteins as well as for
the analysis of potential targets in cancer cells. Another
field of interest is the identification of potential targets
for antitrypanosomal drugs, important for treatment of
the african sleeping sickness (Bakker et al., 1999). The
last named authors concluded that “Despite the great
interest, it is not yet known completely for any organism
how the control of the glycolytic flux is distributed”.

Dynamic Model

Similar to the strategy of Bakker et al. (1999), the prob-
lem can be approached from the basis of experimentally
determined kinetic properties of the key enzymes which
are then aggregated to a dynamic model. Individual rate
expressions including their kinetic parameter have been
identified in vivo by a stimulus response methodology
(Theobald et al., 1997; Rizzi et al., 1997; Vaseghi et al.,
1999): A pulse of glucose or alternative stimuli are in-
troduced into a continuous culture operating at steady
state and the transient response of several intracellular
metabolite and cometabolite pools is experimentally de-
termined in time spans of seconds or, recently, also mil-
liseconds (Buziol et al., to be published). Within these
relatively short time spans, enzyme concentrations are
considered to be in a “frozen” state. Figure 6 summa-
rizes examples for some of the experimental observations
of metabolites and cometabolites from the yeast S. cere-
visiae growing under anaerobic conditions.

The metabolome’s response due to dynamic system
excitation has been used to identify the dynamic system
behavior by a stepwise internalization of metabolites sim-
ilar to the method proposed by Rizzi et al. (1997). To
describe the dynamic system behavior, deterministic ki-
netic rate equations for the pathways for the reactions
have been formulated.

The general form of this rate equations can be written
as

ri = rmax,i f (c,p) , (21)

where the maximal rate (capacity) rmax,i is obtained
from the vector of model parameters p, the vector com-
prising metabolite, cometabolite and effector concentra-
tions c and the flux distribution J at the systems’s steady
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Figure 7: Flux distribution within central metabolic
pathways of S. cerevisiae under anaerobic conditions
at a specific growth rate of µ = 0.1 h−1. All fluxes
are related to the influx of glucose.
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(aldo), triose phosphate isomerase (tis), gap dehydro-
genase (gapdh), phospoglyceromutase (mut), enolase
(enol), pyruvate kinase (pk), pyruvatedecarboxylase
(pdc) and alcohol dehydrogenase (adh).

state (e.g. µ = 0.1h−1); accordingly

rmax,i = 1/rsteady state
i f

(
csteady state,p

)
. (22)

Intracellular flux distribution has been estimated by ex-
perimentally determined uptake and excretion rates of
glucose, carbon dioxide, ethanol, glycerol and biomass.
The results are documented in Figure 7.
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Figure 6: Comparison between model simulation and measured concentrations of glycolytic metabolites and cometabolites
after dynamic system excitation. Data shown left from the broken lines represent steady state values at a growth rate of
µ = 0.1 h−1.

Sensitivity Analysis

The next step towards solving the envisaged design prob-
lem is to calculate the so called flux control coefficients,
or—in the terminology of engineering—sensitivity coeffi-
cients. The flux control coefficient CJ

Ei
has been defined

as the fractional change of the network flux J caused by
a fractional change in the level of enzyme activity Ei.
Thus,

Flux Control Coefficient =
dJ (Ei)
dEi

. (23)

or normalized

CJ
Ei

=
dJ/J

dEi/Ei
=
d lnJ (Ei)
d lnEi

. (24)

Figure 8 depicts the results of these calculations for
those enzymes involved on the path from glucose to
ethanol.

Since only a subset of the flux control coefficients with
respect to ethanol formation are shown in Figure 8 (ex-
cluding, for example, the coefficients of enzymes involved
in the PPP shunt), flux coefficients of this subset do not
necessarily sum up to one. From the hierarchy of sensi-
tivities it can be concluded that the enzyme responsible
for the transport of glucose via the cell membrane (per-
mease) shows the overwhelming control strength upon
the ethanol production rate. Consequently, amplifica-
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Figure 9: HXT5 multi copy plasmid.

tion of this enzyme should lead to an increased flux from
glucose to ethanol.

Synthesis—Amplification of Hexose Transporters

Experimental verification of the above-named design
proposal has been performed in a collaboration project
with Institute of Microbiology from the University of
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plasmid with HXT5.

Düsseldorf (Dr. Boles). Within this project, the kinet-
ics of the three most important hexose transporters out
of the 17 transporters identified from the yeast genome
project are investigated (Boles et al., 1997; Buziol et al.,
to be published). One of these s—HXT5—has been also
expressed with a multi copy plasmid, shown in Figure 9
(Boles, to be published).

The transporter gene in HXT5 is flanked by an en-
hanced HXT7 promoter and HXT7 terminator, respec-
tively. HXT7 is a high affinity transporter expressed
at low glucose concentrations. The construct shown in
Figure 9 ensures expression of HXT5 at target growth
conditions. The same transporter has been integrated as
single copy in the chromosome of a yeast strain in which
all the genes of the other transporters has been knocked
out (Wieczorke et al., 1999). As a result of these genetic
constructions, it is possible to compare the flux of glu-
cose through the glycolysis between two strains differing
only in the amount of the hexose transporter. Accord-
ing to the hierarchy of flux control coefficients discussed
in context with Figure 8, one would expect a noticeable
increase of ethanol flux.

Experiments with three different strains were per-
formed in continuous cultures at a dilution rate of D =
0.07h−1 (Buziol et al., to be published). The results of
these experiments are summarized in Figure 10.

Compared to the wild type, ethanol excretion rate and
substrate uptake rate of the strain with higher trans-

porter activity have found to be 10% and 25% higher,
respectively. The discussion of the relevance of these re-
sults from industrial point of view is beyond the horizon
of this paper. However, the rather modest effect prompts
the question: Are there any other alternative design pos-
sibilities resulting in a substantial increase of the ethanol
production rate?

Objective Function

The apparent failure to produce significant increase of
the glycolytic flux points to the fundamental question
if the underlying assumptions leading to the design sug-
gestion are adequate. Keeping in mind that the pathway
of interest is part of a whole—the living cell—, the idea
that one need to amplify a single or multiple enzymes ac-
cording to the hierarchy of flux control coefficients may
not correspond to physiological reality. There are two as-
pects that should attract attention. First, an increased
expression of enzymes is linked with energetically expen-
sive protein synthesis. Glycolytic enzymes in yeast are
known to contribute in the order of 30% to the total
amount of cellular proteins. Thus, it seems to be likely
that overexpression of these enzymes result in a stress sit-
uation with an unforeseeable impact on cell physiology.
Instead of a single or simultaneous elevation of enzyme
activities, a more robust strategy should try to keep the
total concentration of proteins at a constant value and
redistribute the activities according to the required ob-
jective. The optimization problem may then be stated
as

Maximize J
(
rPath

max

)
(25)

subject to
1
w

w∑
i=1

rmax
i

rmax
i,reference

≤ Ω. (26)

In writing Equation 26 we assume that the maximal
rate rmax

i is proportional to the enzyme amount. There-
fore, Equation 26 specifies a fixed level for the total en-
zyme activity Ω.

Another relevant issue concerns the pool concentra-
tion of the metabolites within the cell. Attempts to
increase metabolic fluxes by changes in individual en-
zyme concentrations may lead to substantial changes in
metabolite concentrations. Again, a substantial change
in metabolite concentrations either proves to be cyto-
toxic or at least leads to an undesired flux diversion
(Kell and Mendes, 2000). Therefore, preservation of the
metabolite concentrations close to the steady-state val-
ues of the wild strain is at any rate desirable to meet the
basic property of well established metabolic systems for
which the metaphor homeostasis has been coined (Reich
and Selkov, 1981). It is also known that part of an op-
timal performance of cells with respect to the use of,
for example, energy and carbon sources is a process of
adaptation leading to a change of structure to control
homeostasis. Interestingly, such structural changes may
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Figure 11: Increase of the Ethanol formation rate as
a function of the maximal deviation from initial pool
concentrations.

include a change of enzyme concentrations via regulation
of enzyme synthesis. Hence, homeostasis puts a further
constraint on the metabolic redesign. Mathematically,
this could take the form

1
m

m∑
i=1

∣∣∣csteady state
i,optimum − csteady state

i,reference

∣∣∣
csteady state
i,reference

≤ Θ. (27)

Finally, the optimum must be constraint to stable
steady states, leading to condition (28)

d

dt
c = 0 and Re (λi,optimum) ≤ 0, (28)

with Re (λi) denoting the real part of the system’s eigen-
values.

Optimal Solutions

Retaining the total activity at the system’s initial state
at Ω = 1, non-linear optimization of enzyme activities
yielded significantly higher ethanol formation rates (see
Figure 11.

As shown in Figure 11, amplification of ethanol for-
mation largely depends on the allowed deviation from
the initial pool concentrations Θ. Since the ratios of
enzyme levels on the elementary flux mode glucose—
ethanol are subject to modifications, no amplification
can be expected for Θ = 0% while the maximal pos-
sible amplification of ethanol formation is found to be
as much as 144% at Θ = 210%. No stable steady states
have been detected above this value.

Figure 12 shows the optimal distribution of enzyme
activities for the selected example, 40% increase of pool
concentrations resulting in an amplification of ethanol
formation of 63%.

The optimized modulation of the enzyme activities re-
sults in an unexpected and interesting redistribution of
enzyme activities. Due to its large share in the control of
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Figure 12: Optimal distribution of enzyme activities.
All activities are related to their initial values.

ethanol formation rate, the activity of the hexose trans-
porter (perm) is found to be significantly higher in the
optimized metabolic system. In contrast, even though
the control coefficients of tis, gapdh, mut, enol and adh
are relatively small, activities of those enzymes are also
found to be larger compared to the non-optimized sys-
tem. This outcome can be explained by the enzymes
ability of counteracting an increase of pool concentra-
tions provoked by a risen glucose influx effectively. Ob-
viously, this is the result of the superposition of the three
objectives: maximization of flux at more or less home-
ostatic conditions and unchanged total amount of en-
zymes.

Concluding Remarks

This paper has presented typical examples of computer
aided design problems in Metabolic Engineering. The
examples shown refer to the two different characteristics
of biological systems: (1) Topological properties and (2)
Kinetic properties of the individual reactions.

Topological analysis of metabolic networks turns out
to be of immense value for relating genotypes and pheno-
types. The further application of the illustrated concept
of elementary flux modes critically depends on the de-
velopment of new and more effective algorithms to treat
larger networks. In case of biotechnological production
processes, the most important application concerns the
prediction of optimal topological properties for maximiz-
ing the product yield.

The second example illustrates model based design of
an enhanced product formation rate. In addition to in-
formation on the network topology, the suggested so-
lution of this important task in Metabolic Engineering
requires detailed knowledge on kinetic rate expressions.
Armed with a dynamic model for the most important
part of the system, it is then possible to apply non-linear
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optimization methods. The advantages of this approach
are twofold: (1) Effects on large changes in enzyme con-
centrations can be easily studied and (2) Constraints
such as limits on the total amount of enzymes and devi-
ations from steady state metabolite pool concentrations
can be taken into account in parallel.
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Abstract
There has been a great deal of research recently on dynamic programming methods that replace the optimal cost-to-
go function with a suitable approximation. These methods are collectively known as neuro-dynamic programming or
reinforcement learning, and are described in a number of sources, including the books by Bertsekas and Tsitsiklis (1996)
and Sutton and Barto (1988). In this paper, we provide an overview of the major conceptual issues, and we survey a
number of recent developments, including rollout algorithms which are related to recent advances in model predictive
control for chemical processes.
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Neuro-dynamic programming (NDP for short) is a
relatively new class of dynamic programming methods
for control and sequential decision making under uncer-
tainty. These methods have the potential of dealing with
problems that for a long time were thought to be in-
tractable due to either a large state space or the lack of
an accurate model. They combine ideas from the fields of
neural networks, artificial intelligence, cognitive science,
simulation, and approximation theory. We will delineate
the major conceptual issues, survey a number of recent
developments, describe some computational experience,
and address a number of open questions.

We consider systems where decisions are made in
stages. The outcome of each decision is not fully pre-
dictable but can be anticipated to some extent before
the next decision is made. Each decision results in some
immediate cost but also affects the context in which fu-
ture decisions are to be made and therefore affects the
cost incurred in future stages. Dynamic programming
(DP for short) provides a mathematical formalization of
the tradeoff between immediate and future costs.

Generally, in DP formulations there is a discrete-
time dynamic system whose state evolves according to
given transition probabilities that depend on a deci-
sion/control u. In particular, if we are in state i and we
choose decision u, we move to state j with given probabil-
ity pij(u). Simultaneously with this transition, we incur
a cost g(i, u, j). In comparing, however, the available
decisions u, it is not enough to look at the magnitude
of the cost g(i, u, j); we must also take into account how
desirable the next state j is. We thus need a way to rank
or rate states j. This is done by using the optimal cost
(over all remaining stages) starting from state j, which
is denoted by J∗(j). These costs can be shown to satisfy
some form of Bellman’s equation

J∗(i) = min
u
E{g(i, u, j) + J∗(j) | i, u}, for all i,

where j is the state subsequent to i, and E{· | i, u} de-
∗bertsekas@lids.mit.edu

noted expected value with respect to j, given i and u.
Generally, at each state i, it is optimal to use a con-
trol u that attains the minimum above. Thus, decisions
are ranked based on the sum of the expected cost of the
present period, and the optimal expected cost of all sub-
sequent periods.

The objective of DP is to calculate numerically the
optimal cost function J∗. This computation can be done
off-line, i.e., before the real system starts operating. An
optimal policy, that is, an optimal choice of u for each
i, is computed either simultaneously with J∗, or in real
time by minimizing in the right-hand side of Bellman’s
equation. It is well known, however, that for many im-
portant problems the computational requirements of DP
are overwhelming, mainly because of a very large num-
ber of states and controls (Bellman’s “curse of dimen-
sionality”). In such situations a suboptimal solution is
required.

Cost Approximations in Dynamic Pro-
gramming

NDP methods are suboptimal methods that center
around the approximate evaluation of the optimal cost
function J∗, possibly through the use of neural networks
and/or simulation. In particular, we replace the optimal
cost J∗(j) with a suitable approximation J̃(j, r), where
r is a vector of parameters, and we use at state i the
(suboptimal) control µ̃(i) that attains the minimum in
the (approximate) right-hand side of Bellman’s equation

µ̃(i) = arg min
u
E{g(i, u, j) + J̃(j, r) | i, u}.

The function J̃ will be called the scoring function, and
the value J̃(j, r) will be called the score of state j. The
general form of J̃ is known and is such that once the pa-
rameter vector r is determined, the evaluation of J̃(j, r)
of any state j is fairly simple.

We note that in some problems the minimization over

92
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u of the expression

E{g(i, u, j) + J̃(j, r) | i, u}

may be too complicated or too time-consuming for mak-
ing decisions in real-time, even if the scores J̃(j, r) are
simply calculated. In such problems we may use a re-
lated technique, whereby we approximate the expression
minimized in Bellman’s equation,

Q(i, u) = E{g(i, u, j) + J∗(j) | i, u},

which is known as the Q-factor corresponding to (i, u).
In particular, we replace Q(i, u) with a suitable approxi-
mation Q̃(i, u, r), where r is a vector of parameters. We
then use at state i the (suboptimal) control that mini-
mizes the approximate Q-factor corresponding to i:

µ̃(i) = arg min
u
Q̃(i, u, r).

Much of what will be said about approximation of the
optimal cost function also applies to approximation of
Q-factors. In fact, we will see later that the Q-factors
can also be viewed as optimal costs of a related problem.
We thus focus primarily on approximation of the optimal
cost function J∗.

We are interested in problems with a large number
of states and in scoring functions J̃ that can be de-
scribed with relatively few numbers (a vector r of small
dimension). Scoring functions involving few parameters
are called compact representations, while the tabular de-
scription of J∗ are called the lookup table representation.
Thus, in a lookup table representation, the values J∗(j)
are stored in a table for all states j. In a typical com-
pact representation, only the vector r and the general
structure of the scoring function J̃(·, r) are stored; the
scores J̃(j, r) are generated only when needed. For ex-
ample, J̃(j, r) may be the output of some neural network
in response to the input j, and r is the associated vec-
tor of weights or parameters of the neural network; or
J̃(j, r) may involve a lower dimensional description of
the state j in terms of its “significant features”, and r is
the associated vector of relative weights of the features.
Thus determining the scoring function J̃(j, r) involves
two complementary issues: (1) deciding on the general
structure of the function J̃(j, r), and (2) calculating the
parameter vector r so as to minimize in some sense the
error between the functions J∗(·) and J̃(·, r).

Approximations of the optimal cost function have been
used in the past in a variety of DP contexts. Chess play-
ing programs represent a successful example. A key idea
in these programs is to use a position evaluator to rank
different chess positions and to select at each turn a move
that results in the position with the best rank. The posi-
tion evaluator assigns a numerical value to each position,
according to a heuristic formula that includes weights for
the various features of the position (material balance,

piece mobility, king safety, and other factors). Thus, the
position evaluator corresponds to the scoring function
J̃(j, r) above, while the weights of the features corre-
spond to the parameter vector r. Usually, some general
structure of position evaluator is selected (this is largely
an art that has evolved over many years, based on ex-
perimentation and human knowledge about chess), and
the numerical weights are chosen by trial and error or (as
in the case of the champion program Deep Thought) by
“training” using a large number of sample grandmaster
games.

As the chess program paradigm suggests, intuition
about the problem, heuristics, and trial and error are
all important ingredients for constructing cost approxi-
mations in DP. However, it is important to supplement
heuristics and intuition with more systematic techniques
that are broadly applicable and retain as much as possi-
ble the nonheuristic aspects of DP.

NDP aims to develop a methodological foundation for
combining dynamic programming, compact representa-
tions, and simulation to provide the basis for a rational
approach to complex stochastic decision problems.

Approximation Architectures

An important issue in function approximation is the se-
lection of architecture, that is, the choice of a parametric
class of functions J̃(·, r) or Q̃(·, ·, r) that suits the prob-
lem at hand. One possibility is to use a neural network
architecture of some type. We should emphasize here
that in this presentation we use the term “neural net-
work” in a very broad sense, essentially as a synonym
to “approximating architecture.” In particular, we do
not restrict ourselves to the classical multilayer percep-
tron structure with sigmoidal nonlinearities. Any type
of universal approximator of nonlinear mappings could
be used in our context. The nature of the approximating
structure is left open in our discussion, and it could in-
volve, for example, radial basis functions, wavelets, poly-
nomials, splines, etc.

Cost approximation can often be significantly en-
hanced through the use of feature extraction, a process
that maps the state i into some vector f(i), called the
feature vector associated with the state i. Feature vec-
tors summarize, in a heuristic sense, what are considered
to be important characteristics of the state, and they are
very useful in incorporating the designer’s prior knowl-
edge or intuition about the problem and about the struc-
ture of the optimal controller. For example in a queueing
system involving several queues, a feature vector may in-
volve for each queue a three-value indicator, that spec-
ifies whether the queue is “nearly empty”, “moderately
busy”, or “nearly full”. In many cases, analysis can com-
plement intuition to suggest the right features for the
problem at hand.

Feature vectors are particularly useful when they can
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capture the “dominant nonlinearities” in the optimal
cost function J∗. By this we mean that J∗(i) can be
approximated well by a “relatively smooth” function
Ĵ(f(i)); this happens for example, if through a change
of variables from states to features, the function J∗ be-
comes a (nearly) linear or low-order polynomial function
of the features. When a feature vector can be chosen to
have this property, one may consider approximation ar-
chitectures where both features and (relatively simple)
neural networks are used together. In particular, the
state is mapped to a feature vector, which is then used
as input to a neural network that produces the score of
the state. More generally, it is possible that both the
state and the feature vector are provided as inputs to
the neural network.

A simple method to obtain more sophisticated ap-
proximations, is to partition the state space into several
subsets and construct a separate cost function approx-
imation in each subset. For example, by using a lin-
ear or quadratic polynomial approximation in each sub-
set of the partition, one can construct piecewise linear
or piecewise quadratic approximations over the entire
state space. An important issue here is the choice of
the method for partitioning the state space. Regular
partitions (e.g., grid partitions) may be used, but they
often lead to a large number of subsets and very time-
consuming computations. Generally speaking, each sub-
set of the partition should contain “similar” states so
that the variation of the optimal cost over the states of
the subset is relatively smooth and can be approximated
with smooth functions. An interesting possibility is to
use features as the basis for partition. In particular, one
may use a more or less regular discretization of the space
of features, which induces a possibly irregular partition
of the original state space. In this way, each subset of
the irregular partition contains states with “similar fea-
tures.”

Simulation and Training

Some of the most successful applications of neural net-
works are in the areas of pattern recognition, nonlinear
regression, and nonlinear system identification. In these
applications the neural network is used as a universal
approximator: the input-output mapping of the neural
network is matched to an unknown nonlinear mapping F
of interest using a least-squares optimization. This opti-
mization is known as training the network . To perform
training, one must have some training data, that is, a set
of pairs (i, F (i)), which is representative of the mapping
F that is approximated.

It is important to note that in contrast with these
neural network applications, in the DP context there is
no readily available training set of input-output pairs
(i, J∗(i)), which can be used to approximate J∗ with
a least squares fit. The only possibility is to evaluate

(exactly or approximately) by simulation the cost func-
tions of given (suboptimal) policies, and to try to iter-
atively improve these policies based on the simulation
outcomes. This creates analytical and computational
difficulties that do not arise in classical neural network
training contexts. Indeed the use of simulation to evalu-
ate approximately the optimal cost function is a key new
idea, that distinguishes the methodology of this presen-
tation from earlier approximation methods in DP.

Using simulation offers another major advantage: it
allows the methods of this presentation to be used for
systems that are hard to model but easy to simulate;
that is, in problems where an explicit model is not avail-
able, and the system can only be observed, either as it
operates in real time or through a software simulator.
For such problems, the traditional DP techniques are
inapplicable, and estimation of the transition probabili-
ties to construct a detailed mathematical model is often
cumbersome or impossible.

There is a third potential advantage of simulation: it
can implicitly identify the “most important” or “most
representative” states of the system. It appears plausi-
ble that if these states are the ones most often visited
during the simulation, the scoring function will tend to
approximate better the optimal cost for these states, and
the suboptimal policy obtained will perform better.

Neuro-Dynamic Programming

The name neuro-dynamic programming expresses the re-
liance of the methods of this article on both DP and
neural network concepts. In the artificial intelligence
community, where the methods originated, the name re-
inforcement learning is also used. In common artificial
intelligence terms, the methods allow systems to “learn
how to make good decisions by observing their own be-
havior, and use built-in mechanisms for improving their
actions through a reinforcement mechanism.” In less an-
thropomorphic DP terms, “observing their own behav-
ior” relates to simulation, and “improving their actions
through a reinforcement mechanism” relates to iterative
schemes for improving the quality of approximation of
the optimal cost function, or the Q-factors, or the op-
timal policy. There has been a gradual realization that
reinforcement learning techniques can be fruitfully moti-
vated and interpreted in terms of classical DP concepts
such as value and policy iteration; see the nice survey by
Barto et al. (1995), and the book by Sutton and Barto
(1988), which point out the connections between the ar-
tificial intelligence/reinforcement learning viewpoint and
the control theory/DP viewpoint, and give many refer-
ences.

The currently most popular methodology in NDP it-
eratively adjusts the parameter vector r of the scoring
function J̃(j, r) as it produces sample state trajectories
(i0, i1, . . . , ik, ik+1, . . . , ) by using simulation. These tra-
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jectories correspond to either a fixed stationary policy, or
to a “greedy” policy that applies, at state i, the control
u that minimizes the expression

E{g(i, u, j) + J̃(j, r) | i, u},

where r is the current parameter vector. A central notion
here is the notion of a temporal difference, defined by

dk = g(ik, uk, ik+1) + J̃(ik+1, r)− J̃(ik, r),

and expressing the difference between our expected cost
estimate J̃(ik, r) at state ik and the predicted cost es-
timate g(ik, uk, ik+1) + J̃(ik+1, r) based on the outcome
of the simulation. If the cost approximations were ex-
act, the average temporal difference would be zero by
Bellman’s equation. Thus, roughly speaking, the values
of the temporal differences can be used to make incre-
mental adjustments to r so as to bring about an approx-
imate equality (on the average) between expected and
predicted cost estimates along the simulated trajectories.
This viewpoint, formalized by Sutton in 1988, can be im-
plemented through the use of gradient descent/stochastic
approximation methodology. Sutton proposed a family
of methods of this type, called TD(λ), and parameter-
ized by a scalar λ ∈ [0, 1]. One extreme, TD(1), is closely
related to Monte-Carlo simulation and least-squares pa-
rameter estimation, while the other extreme, TD(0), is
closely related to stochastic approximation. A related
method is Q-learning, introduced by Watkins (1989),
which is a stochastic approximation-like method that it-
erates on the Q-factors. While there is convergence anal-
ysis of TD(λ) and Q-learning for the case of lookup ta-
ble representations (see Tsitsiklis, 1994; Jaakkola et al.,
1994), the situation is much less clear in the case of
compact representations. In our presentation, we will
describe results that we have derived for approximate
policy and value iteration methods, which are obtained
from the traditional DP methods after compact repre-
sentations of the various cost functions involved are in-
troduced.

A simpler type of methodology for NDP, called roll-
out , is to approximate the optimal cost-to-go by the cost
of some reasonably good suboptimal policy, called the
base policy . Depending on the context, the cost of the
base policy may be calculated either analytically, or more
commonly by simulation. In a variant of the method, the
cost of the base policy is approximated by using some
approximation architecture. It is possible to view this
approach as a single step of a policy iteration method.
The rollout approach is particularly simple to implement,
and is also well-suited for on-line replanning, in situa-
tions where the problem parameters change over time.
The rollout approach may also be combined with rolling
horizon approaximations, and in some variations is re-
lated to model predictive control , and receding horizon
control ; see Keerthi and Gilbert (1988), the surveys by

Morari and Lee (1999), and Mayne et al. (2000), and the
references quoted there. Despite being less ambitious
than the TD and approximate policy iteration methods
mentioned earlier, the rollout approach has performed
surprisingly well in a variety of studies and applications,
often achieving a spectacular improvement over the base
policy.

While the theoretical support for the NDP methodol-
ogy is only now emerging, there have been quite a few
reports of successes with problems too large and complex
to be treated in any other way. A particularly impres-
sive success is the development of a backgammon playing
program as reported by Tesauro (1992). Here a neural
network provided a compact representation of the opti-
mal cost function of the game of backgammon by using
simulation and TD(λ). The training was performed by
letting the program play against itself. After training
for several months, the program nearly defeated the hu-
man world champion. Variations of the method used by
Tesauro have been used with success by us and several
other researchers in a variety of applications. In our pre-
sentation we will provide some analysis that explains the
success of this method, and we will also point to some
unanswered questions.

The recent experience of several researchers, involv-
ing several engineering applications, has confirmed that
NDP methods can be impressively effective in problems
where traditional DP methods would be hardly appli-
cable and other heuristic methods would have a limited
chance of success. We note, however, that the practical
application of NDP is computationally very intensive,
and often requires a considerable amount of trial and er-
ror. Fortunately, all the computation and experimenta-
tion with different approaches can be done off-line. Once
the approximation is obtained off-line, it can be used to
generate decisions fast enough for use in real time. In
this context, we mention that in the machine learning
literature, reinforcement learning is often viewed as an
“on-line” method, whereby the cost approximation is im-
proved as the system operates in real time. This is rem-
iniscent of the methods of traditional adaptive control.
We will not discuss this viewpoint in our presentation, as
we prefer to focus on applications involving a large and
complex system. A lot of training data is required for
such a system. These data typically cannot be obtained
in sufficient volume as the system is operating; even if
they can, the corresponding processing requirements are
typically too large for effective use in real time.

Extensive references for the material of this article
are the research monographs by Bertsekas and Tsitsiklis
(1996), and by Sutton and Barto (1988). A more limited
textbook discussion is given in the DP textbook by Bert-
sekas (1995a). The 2nd edition of the first volume of this
DP text (Bertsekas, 1995b) contains a detailed discussion
of rollout algorithms. The extensive survey by Barto
et al. (1995), and the overviews by Werbös (1992a,b),
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and other papers in the edited volume by White and
Sofge (1992) point out the connections between the arti-
ficial intelligence/reinforcement learning viewpoint and
the control theory/DP viewpoint, and give many refer-
ences.
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Abstract
The behavioral approach provides a mathematical framework for modeling, analysis, and synthesis of dynamical systems.
The main difference from the classical view is that it does not the input/output partition as its starting point. In this
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Introduction

The purpose of this paper is to outline the basics of a
mathematical language for the modeling, analysis, and
the synthesis of systems. The framework that we present
considers the behavior of a system as the main object of
study. This paradigm differs in an essential way from the
input/output paradigm which has dominated the devel-
opment of the field of systems and control in the 20-th
century. This paradigm-shift calls for a reconsideration
of many of the basic concepts, of the model classes, of
the problem formulations, and of the algorithms in the
field.

It is not the purpose to develop mathematical ideas for
their own sake. To the contrary, we will downplay math-
ematical issues of a technical nature. The main aim is to
convince the reader that the behavioral framework is a
cogent systems-theoretic setting that properly deals with
physical systems and that uses modeling as the essential
motivation for choosing appropriate mathematical con-
cepts.

It is impossible to do justice to all these aspects in the
span of one article. We will therefore concentrate of a
few main themes. The behavioral approach is discussed,
including the mathematical technicalities, in the recent
textbook (Polderman and Willems, 1998), where addi-
tional references may be found. We also mention the
article (Pillai and Shankar, 1999) where some of these
results are generalized to partial differential equations.

The Behavior

The framework that we use for discussing mathematical
models views a model as follows. Assume that we have
a phenomenon that we wish to model. Nature (that is,
the reality that governs this phenomenon) can produce
certain events (we will also call them outcomes). The

∗Jan.Willems@esat.kuleuven.ac.be or willems@math.rug.nl

totality of these possible events (before we have modeled
the phenomenon) forms a set W, called the universum.
A mathematical model of this phenomenon restricts the
outcomes that are declared possible to a subset B of
W;B is called the behavior of the model. We refer to
(W,B) (or to B by itself, since W is usually obvious
from the context) as a mathematical model.

Examples

1. The port behavior of an electrical resistor The out-
comes are: pairs (V, I) with V the voltage (say, in
volts) across the resistor and I the current (say, in
amps) through the resistor. The universum is R2.
After the resistor is modeled, by Ohm’s law, the be-
havior is B = {(V, I) ∈ R2|V = RI} with R the
value of the resistance (say, in ohms).

2. The ideal gas law poses PV = kNT as the rela-
tion between the pressure P , the volume V , the
number N of moles, and the temperature T of an
ideal gas, with k a physical constant. The univer-
sum W is R+ × R+ × N × R+, and the behavior
B = {(P, V,N, T ) ∈ W|PV = kNT}.

In the study of (dynamical) systems we are, more
specifically, interested in situations where the events are
signals, trajectories, i.e., maps from a set of indepen-
dent variables (time, or space, or time and space) to a
set of dependent variables (the values taken on by the
signals). In this case the universum is the collection of
all maps from the set of independent variables to the
set of dependent variables. It is convenient to distin-
guish these sets explicitly in the notation for a mathe-
matical model: T for the set of independent variables,
and W for the set of dependent variables. T suggests
’time’, but in distributed parameter systems T is often
time and space—we have incorporated distributed sys-
tems because of their importance in chemical engineering

97
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models. Whence we define a system as a triple

Σ = (W,T,B)

with B, the behavior, a subset of WT (WT is the standard
mathematical notation for the set of all maps from T to
W). The behavior is the central object in this definition.
It formalizes which signals w : T → W are possible,
according to the model: those in B, and which are not:
those not in B.

Examples

1. Newton’s second law imposes a restriction that re-
lates the position ~q of a point mass with mass m
to the force ~F acting on it: ~F = m d2

dt2 ~q. This is a
dynamical system with T = R,W = R3 × R3 (typi-
cal elements of B are maps (~q, ~F ) : R → R3 × R3),
and behavior B consisting of all maps t ∈ R 7→
(~q, ~F )(t) ∈ R3 × R3 that satisfy ~F = m d2

dt2 ~q. We do
not specify the precise sense of what it means that
a function satisfies a differential equation (we will
pay almost no attention to such secondary issues).

2. One-dimensional diffusion describes the evolution of
the temperature T (x, t) (with x ∈ R position, and
t ∈ R time) along a uniform bar and the heat q(x, T )
supplied to it. Their relation is given by the partial
differential equation

∂

∂t
T =

∂2

∂x2
T + q

where the constants are assumed to have been
chosen appropriately. This defines a system with
T = R2,W = R2, and B consisting of all maps
(T, q) : R2 → R2 that satisfy this partial differential
equation.

3. Maxwell’s equations provide the example of a dis-
tributed system with many independent variables.
They describe the possible realizations of the elec-
tric field ~E : R × R3 → R3, the magnetic field ~B :
R×R3 → R3, the current density ~j : R×R3 → R3,
and the charge density ρ : R × R3 → R. Maxwell’s
equations are

∇ · ~E =
1
ε0
ρ,

∇× ~E = − ∂

∂t
~B,

∇ · ~B = 0,

c2∇× ~B =
1
ε0
~j +

∂

∂t
~E,

with ε0 the dielectric constant of the medium and
c2 the speed of light in the medium. This defines
the system (R× R3,R3 × R3 × R3 × R,B), with B

the set of all fields ( ~E, ~B,~j, ρ) : R×R3 → R3×R3×

R3 × R that satisfy Maxwell’s (partial differential)
equations.

These examples fit perfectly our notion of a dynami-
cal system as a triple Σ = (T,W,B) with B ⊆ WT. In
example 1 , the set of independent variables T is time
only, while in the second example, diffusion, and in the
third, Maxwell’s equations, T involves time and space.
Note that in each of these examples, we are dealing with
‘open’ systems, that is, systems that interact with their
environment (mathematically, systems in which appro-
priate initial conditions are insufficient to determine the
solution uniquely). It has been customary to deal with
such systems by viewing them as input/output systems,
and by assuming that the input is imposed by the en-
vironment. Of course, our first two examples could be
thought of as input/output systems. In the case of dif-
fusion, the heat supplied may be thought of as caused
by an external heating mechanism that imposes q. But
q may also be the consequence of radiation due to the
temperature of the bar, making the assumption that it
is q that causes the evolution of T untenable, since it is
more like T that causes the radiation of heat. It is inap-
propriate to force Maxwell’s equations (where there are
clearly free variables in the system: the number of equa-
tions, 8, being strictly less than the number of variables,
10) into an input/output setting.

The input/output setting imposes an unnecessary—
and unphysical—signal flow structure on our view of
systems in interaction with our environment. The in-
put/output point of view has many virtues as a vehicle
of studying physical systems, but as a starting point, it
is simply inappropriate. First principles laws in physics
always state that some events can happen (those satis-
fying the model equations) while others cannot happen
(those violating the model equations). This is a far dis-
tance from specifying a system as being driven from the
outside by free inputs which together with an initial state
specifies the other variables, the outputs. The behavioral
framework treats a model for what it is: an exclusion law.

Latent Variables

In the basic equations describing systems, very often
other variables appear in addition to those whose be-
havior the model aims at describing. The origin of these
auxiliary variables varies from case to case. They may be
state variables (as in automata and input/state/output
systems); they may be potentials (as in the well-known
expressions for the solutions of Maxwell’s equations);
most frequently, they are interconnection variables (we
will discuss this later). It is important to incorporate
these variables in our basic modeling language ab initio,
and to distinguish clearly between the variables whose
behavior the model aims at, and the auxiliary variables
introduced in the modeling process. We call the former
manifest variables, and the latter latent variables.
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A mathematical model with latent variables is defined
as a triple (W,L,Bfull) with W the universum of man-
ifest variables, L the universum of latent variables, and
Bfull ⊆ W× L the full behavior. It induces the manifest
model (W,B), with B = {w ∈ W| there exists ` ∈ L
such that (w, `) ∈ Bfull}. A system with latent variables
is defined completely analogously as

(T,W,L,Bfull)

with Bfull ⊆ (W × L)T. The notion of a system with
latent variables is the natural end-point of a modeling
process and hence a very natural starting point for the
analysis and synthesis of systems. We shall see that la-
tent variables enter also very forcefully in representation
questions.

Examples

1. In modeling the port behavior of an electrical circuit,
the manifest variables are the voltage V across and
the current I into the circuit through the port. How-
ever, it is usually not possible to come up directly
with a model (say in the form of a differential equa-
tion) that involves only (V, I). In order to model
the port behavior, we usually need to look at the
internal structure of the circuit, and introduce the
currents through and the voltages across the internal
branches as latent variables. Using Kirchhoff’s laws
and the constitutive equations of the elements in
the branches, this readily leads to a latent variable
model. Similar situations occur in other systems,
for example mechanical systems, and more gener-
ally any type of interconnected system.

2. Assume that we want to model the relation between
the temperatures and the heat flows radiated at the
ends of a uniform bar of length 1. The bar is as-
sumed to be isolated, except at the ends. We wish
to model the relation between q0, T0, q1, T1, the
heat flows and temperatures at both ends. In order
to obtain a model, it is convenient to introduce the
temperature distribution T (x, t), 0 ≤ x ≤ 1, in the
bar as latent variables. The full behavior is then
described by the partial differential equation

∂

∂t
T =

∂2

∂x2
T

with the boundary conditions

T (0, t) = T0(t), T (1, t) = T1(t),
∂

∂x
T (0, t) = −q0(t),

∂

∂x
T (1, t) = q1(t).

This defines a latent variable system with T =
R,W = R4,L = C∞([0, 1],R), and Bfull consist-
ing of all maps ((T0, T1, q0, q1), T ) : R → R4 ×
C∞([0, 1],R)) such that the above equations are sat-
isfied.

3. In a state model for a dynamical system, the in-
put/output behavior is specified through a system
of differential equations as

d

dt
x = f(x, u), y = h(x, u).

This defines a latent variable system (R,U ×
Y,X,Bfull) with Bfull all trajectories ((u, y), x) :
R → (U × Y) × X that satisfy these equations.
The manifest behavior is the input/output behav-
ior, that is all trajectories (u, y) : R → U × Y that
are ’supported’ (in the sense made apparent by the
full behavior) by a trajectory x : R → X.

Situations in which models use latent variables either
for mathematical reasons or in order to express the be-
havioral constraints abound: internal voltages and cur-
rents in electrical circuits, momenta in mechanics, chem-
ical potentials, entropy and internal energy in thermo-
dynamics, prices in economics, state variables, the wave
function in quantum mechanics in order to explain ob-
servables, the basic probability space Ω in probability,
etc.

Differential Systems

The ‘ideology’ that underlies the behavioral approach
is the belief that in a model of a dynamical (physical)
phenomenon, it is the behavior B, i.e., a set of possi-
ble trajectories w : T → W, that is the central object
of study. However, as we have seen, in first principles
modeling, also latent variables enter ab initio. But, the
sets B or Bfull of trajectories must be specified somehow,
and it is here that differential equations (and difference
equations in discrete-time systems) enter the scene. Of
course, there are important examples where the behavior
is specified in other ways (for example, hybrid systems),
but we do not consider these very relevant refinements
in the present paper.

For systems described by ODE’s (1-D systems), with
T = R, and in the case without latent variables, B con-
sists of the solutions of a system of differential equations
as

f1(w,
d

dt
w, . . . ,

dN

dtN
w) = f2(w,

d

dt
w, . . . ,

dN

dtN
w).

We call these 1-D differential systems. In the case of
systems with latent variables these differential equations
involve both manifest and latent variables, yielding

f1(w,
d

dt
w, . . . ,

dN

dtN
w, `,

d

dt
`, . . . ,

dN

dtN
`)

= f2(w,
d

dt
w, . . . ,

dN

dtN
w, `,

d

dt
`, . . . ,

dN

dtN
`),

as the equation relating the (vector of) manifest variables
w to the (vector of) latent variables `.



100 Jan C. Willems

Of particular interest (in control, signal processing,
circuit theory, econometrics, etc.) are systems with a
signal space that is a finite-dimensional vector space and
behavior described by linear constant coefficient differ-
ential (or difference) equations. Such systems occur not
only when the dynamics are linear, but also after lin-
earization around an equilibrium point, when studying
the ’small signal behavior’. A 1-D linear time-invariant
differential system is a dynamical system Σ = (R,W,B),
with W = Rw a finite-dimensional (real) vector space,
whose behavior consists of the solutions of a system of
differential equations of the form

R0w +R1
d

dt
w + · · ·+Rn d

n

dtn
w = 0,

with R0, R1, . . . , Rn matrices of appropriate size that
specify the system parameters, and w = (w1, w2, . . . , ww)
the vector of (real-valued) system variables. These sys-
tems call for polynomial matrix notation. It is conve-
nient to denote the above system of differential equations
as

R( d
dt )w = 0,

with R ∈ R•×w[ξ] a real polynomial matrix with w
columns. The behavior of this system is defined as

B = {w : R → Rw | R(
d

dt
)w = 0}.

The precise definition of what we consider a solution of
R( d

dt )w = 0 is an issue that we will slide over, but for the
results that follow, it is convenient to consider solutions
in C∞(R,Rw). Since B is the kernel of the differential
operator R( d

dt ), we often write B = ker(R( d
dt )), and call

R( d
dt )w = 0 a kernel representation of the associated

linear time-invariant differential system. We denote the
set of differential systems or their behaviors by L•, or by
Lw when the number of variables is w.

Of course, the number of columns of the polynomial
matrix R equals the dimension of W. The number of
rows of R, which represents the number of scalar dif-
ferential equations, is arbitrary. In fact, when the row
dimension of R is less than its column dimension, as is
usually the case, R( d

dt )w = 0 is an under-determined sys-
tem of differential equations which is typical for models
in which the influence of the environment is taken into
account.

In the linear time-invariant case with latent variables,
this becomes

R( d
dt )w = M( d

dt )`,

with R and M polynomial matrices of appropriate sizes.
Define the full behavior of this system as

{(w, `) : R → Rw+` | R(
d

dt
)w = M(

d

dt
)`}.

Hence the manifest behavior of this system is

{w : R → Rw | there exists ` : R → Rl

such that R(
d

dt
)w = M(

d

dt
)`}.

We call the R( d
dt )w = M( d

dt )` a latent variable represen-
tation of the manifest behavior B.

There is a very extensive theory about these linear
differential systems. It is a natural starting point for a
theory of dynamical systems. Besides being the outcome
of modeling (perhaps after linearization), it incorporates
high order differential equations, the ubiquitous first or-
der state systems and transfer function models, implicit
(descriptor) systems, etc., as special cases. The study of
these systems is intimately connected with the study of
polynomial matrices, and may seem somewhat abstract,
but this is only because of unfamiliarity. See (Polderman
and Willems, 1998) for details.

An important issue that occurs is elimination: the
question whether the manifest behavior B of a latent
variable representation belongs to Lw, i.e., whether it
can also be described by a linear constant coefficient dif-
ferential equation. The following elimination theorem
holds: For any real polynomial matrices (R,M) with
rowdim(R) = rowdim(M), there exists a real polynomial
matrix R′ such that the manifest behavior of R( d

dt )w =
M( d

dt )` has the kernel representation R′( d
dt )w = 0.

The relevance of the elimination problem in object-
oriented modeling is as follows. As we will see, a model
obtained by tearing and zooming usually involves very
many auxiliary (latent) variables and very many equa-
tions, among them many algebraic ones originating from
the interconnection constraints. The elimination theo-
rem tells us that (for 1-D linear time-invariant differ-
ential systems) the latent variables may be completely
eliminated and that the number of equations can be re-
duced to no more than the number of manifest variables.
Of course, the order of the differential equation will go
up in the elimination process. We should also mention
that there exist very effective, computer algebra based,
algorithms for going from a latent variable representa-
tion to a kernel representation. The generalization of
the elimination theorem and of elimination algorithms
to other classes of systems (for example, time-varying
or certain classes of nonlinear systems) is a matter of
ongoing research. Particularly interesting is the gener-
alization of some of the above concepts and results to
systems described by constant coefficient linear PDE ’s.
Define a n-D distributed linear shift-invariant differen-
tial system as a system Σ = (Rn,Rw,B), whose behavior
B consists of the (C∞(Rn,Rd)) solutions of a system of
linear constant-coefficient partial differential equations

R( ∂
∂x1

, . . . , ∂
∂xn

)w = 0



The Behavioral Approach to Modeling and Control of Dynamical Systems 101

Module

External terminal

Module

Module

Module

Module

Internal terminal

Internal terminal

Internal terminal

Internal terminal

Internal terminal

Internal terminal
Internal terminal

Internal terminal

External terminal

External terminal

Figure 1: Interconnected system.

viewed as an equation in the w’s, in the functions

(x1, . . . , xn) = x ∈ Rn 7→ (w1(x), . . . , ww(x)) = w(x) ∈ Rw.

Here, R ∈ R•×w[ξ1, . . . , ξn] is a matrix of polynomials
in R[ξ1, . . . , ξn], polynomials with real coefficients in n
indeterminates.

For distributed differential systems with latent vari-
ables, this leads to equations of the form

R( ∂
∂x1

, . . . , ∂
∂xn

)w = M( ∂
∂x1

, . . . , ∂
∂xn

)`,

with R and M matrices of polynomials in R[ξ1, . . . , ξn].
It is easy to prove that a 1-D linear differential sys-

tem admits an input/output representation. This means
that for every B ∈ Lw, there exists a permutation ma-
trix Π and a partition Πw = col(u, y) such that for any
u∗ ∈ C∞(R,Ru), there exist a y ∈ C∞(R,Ry) such that
(u∗, y) ∈ ΠB. Moreover, the y’s that such (u∗, y) ∈ ΠB
form a linear finite dimensional variety, implying that
such a y is uniquely determined by its derivatives at
t = 0.

Thus in linear differential systems, the variables can
always be partitioned into two groups. The first group
act a free inputs, the second group a bound outputs:
they are completely determined by the inputs and their
initial conditions.

Tearing and Zooming

Systems, especially engineering systems, usually consist
of interconnections of subsystems. This feature is crucial
in both modeling and design. The aim of this section is
to formalize interconnections and to analyze the model
structures that emerge from it. The procedure of mod-
eling by tearing and zooming is an excellent illustration
of the appropriateness of the behavioral approach as the
supporting mathematical language. We assume through-
out finiteness, i.e., that we interconnect a finite number
of modules (subsystems), each with a finite number of
terminals, etc. See figure 1.

We view an interconnected system as a collection of
modules with terminals, interconnected through an in-
terconnection architecture. The building blocks, called

modules, of an interconnected system are systems with
terminals. Each of these terminals carries variables from
a universum, and the (dynamical) laws that govern the
module are expressed by a behavior that relates the vari-
ables at the various terminals. Finally, the terminals of
the modules are assumed to be interconnected, expressed
by an interconnection architecture. The interconnection
architecture imposes relations between the variables on
these terminals.

After interconnection, the architecture leaves some
terminals available for interaction with the environment
of the overall system. The behavior of the interconnected
system consists of the signals that satisfy both the mod-
ule behavior laws and the interconnection constraints. In
specifying the behavior of an interconnected system, we
consider the variables on the interconnected terminals as
latent variables, and those on the terminals that are left
for interaction with the environment as manifest vari-
ables. We will occasionally call the interconnected vari-
ables internal variables, and the exposed variables exter-
nal variables. It is important to note immediately the
hierarchical nature of this procedure. The modules thus
become subsystems. The paradigmatic example to keep
in mind is an electrical circuit. The modules are resistors,
capacitors, inductors, transformers, etc. The terminals
are the wires attached to the modules and are electrical
terminals, each carrying a voltage (the potential) and a
current. The interconnection architecture states how the
wires are connected. We now formalize all this, assuming
that we are treating continuous time dynamical systems
(hence, with time set T = R). Of course, for process en-
gineering, generalization to distributed systems and to
’distributed’ terminals, as in interconnection along sur-
faces, is mandatory.

A terminal is specified by its type. Giving the type
of a terminal identifies the kind of a physical terminal
that we are dealing with. The type of terminal implies
a universum of terminal variables. These variables are
physical quantities that characterize the possible ’signal
states’ on the terminal, it specifies how the module in-
teracts with the environment through this terminal.

A module is specified by its type, and its behavior.
Giving the type of a module identifies the kind of a
physical system that we are dealing with. Giving a be-
havior specification of a module implies giving a repre-
sentation and the values of the associated parameters a
representation. Combined these specify the behavior of
the variables on the terminals of the module. The type
of a module implies an ordered set of terminals. Since
each of the terminals comes equipped with a universum
of terminal variables, we thus obtain an ordered set of
variables associated with that module. The module be-
havior then specifies what time trajectories are possible
for these variables. Thus a module defines a dynamical
system (R,W,B) with W the Cartesian product over the
terminals of the universa of the terminal variables. How-



102 Jan C. Willems

ever, there are very many ways to specify a behavior (for
example, as the solution set of a differential equation,
as the image of a differential operator, through a latent
variable model, through a transfer function, etc.). The
behavioral representation picks out one of these. These
representations will then contain unspecified parameters
(for example, the coefficients of the differential equation,
or the polynomials in a transfer function). Giving the
parameter values specifies their numerical values, and
completes the specification of the behavior of the signals
that are possible on the terminals of a module.

Formally, a system Σ of a given type with T termi-
nals yields W = W1 × W2 × · · · × WT , with Wk the
universum associated with the k-th terminal. The be-
havioral specification yields the behavior B ⊆ WR. If
(w1, w2, . . . , wT ) ∈ B, then we think of wk ∈ (Wk) R as
a signal that can be realized on the k-th terminal.

An interconnected system is composed of modules, its
building blocks. They serve as subsystems of the overall
system. Each module specifies an ordered set of termi-
nals. By listing the modules, and the associated termi-
nals, we obtain the Cartesian product of all the termi-
nals in the interconnected system. The manner in which
these terminals, and hence the associated modules, are
interconnected is specified by the interconnection archi-
tecture. This consists of a set of disjunct pairs of ter-
minals, and it is assumed that each such pair consists of
terminals of adapted type. Typical ’adapted’ type means
that the are the same physical nature (both electrical, or
both 1-D mechanical, both thermal, etc. But, when the
terminal serves for information processing (inputs to ac-
tuators, output of sensors) it could also mean that one
variable must be an input to the module to which it is
connected (say, the input of an actuator), and the other
must be an output to the module to which it is connected
(say the output of a sensor). Note that the intercon-
nection architecture involves only the terminals of the
modules and their type, but not the behavior. Also, the
union of the terminals over the pairs that are part of the
interconnection architecture will in general be a strict
subset of the union of the terminals of all the modules.
We call the terminals that are not involved in the inter-
connection architecture the external (or exposed) termi-
nals. It is along these terminals that the interconnected
system can interact with its environment. The terminals
that enter in the interconnection architecture are called
internal terminal. It is along these terminals that the
modules are interconnected.

Pairing of terminals by the interconnection architec-
ture implies an interconnection law. Some examples of
interconnection laws are V1 = V2, I1+I2 = 0 for electrical
terminals, Q1 + Q2 = 0, T1 = T2 for thermal terminals,
p1 = p2, f1 + f2 = 0 for fluidic terminals, etc.

The physical examples of interconnection laws all in-
volve equating of ‘across’ variables and putting the sum
of ‘through’ variables to zero. This is in contrast to

p22, f22

h2

h1

p11, f11 p12, f12 p21, f21

Figure 2: Tanks.

the input-output identification for information process-
ing terminals. The latter is actually the only intercon-
nection that is used in flow diagram based modeling, as
implemented, for example, in SIMULINK. It is indeed
very much based on the input/output thinking that has
permeated systems theory and control throughout the
past century. Unfortunately, this is of limited interest
when it comes to modeling interconnected physical sys-
tems. As such the ideas developed in the bond-graph
literature and the modeling packages that use this phi-
losophy are bound to be much more useful in the long
run. Interconnection of physical systems involves across
and through variables, efforts and flows, extensive and
intensive quantities, and not in first instance flow dia-
grams. These considerations are the main motivation
for the development of the behavioral approach.

We now formalize the interconnected system. The
most effective way to proceed is to specify it as a la-
tent variable system, with as manifest variables the vari-
ables associated with the external terminals, and as
latent variables the internal variables associated with
the terminals that are paired by the interconnection
architecture. This latent variable system is specified
as follows. Its universum of manifest variables equals
W = We1 × · · · ×We|E| , where E = {e1, . . . , e|E|} is the
set of external terminal. Its universum of latent variables
equals L = Wi1 × · · · ×Wi|I| , where I = {i1, . . . , i|I|} is
the set of internal terminals. Its full behavior behavior
consists of the behavior as specified by each of the mod-
ules, combined by the interconnection laws obtained by
the interconnection architecture. The behavior of each of
the modules involves a combination of internal and exter-
nal variables that are associated with the module. The
interconnection law of a pair in the interconnection ar-
chitecture involves the internal variables associated with
these terminals.

Modeling interconnected via the above method of tear-
ing and zooming provides the prime example of the use-
fulness of behaviors and the inadequacy of input/output
thinking. Even if our system, after interconnection, al-
lows for a natural input/output representation, it is un-
likely that this will be the case of the subsystem and of
the interconnection architecture. We illustrate this by
means of an example.

Example: Consider two tanks filled with a fluid, both
equipped with two tubes through which the fluid can
flow in or out (see figure 2). Assume that the pressures
(p11, p12) and the flows (f11, f12) at the end of these tubes
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Figure 3: Connected tanks.

of the first tank tank are governed by a differential equa-
tion of the form

d

dt
h1 = F1(h1, p11, p12),

f11 = H11(h1, p11), f12 = H12(h1, p12),

where h1 denotes the height of the fluid in the first tank.
Similarly for the second tank:

d

dt
h2 = F2(h2, p21, p22),

f21 = H21(h2, p21), f22 = H22(h2, p22)

It is quite reasonable, by all accounts, to consider in
the first system the pressures p11, p12 as inputs and the
flows f11, f12 as outputs, and for for the second system
the pressures p21, p22 as inputs and the flows f21, f22 as
outputs. Now assume that we interconnect the tube 12
to 21. This yields the interconnection laws of a fluidic
terminal:

p12 = p21, f12 + f21 = 0.

Note that this comes down to equating two inputs, and
equating two outputs. Precisely the opposite that what
is supposed to happen in the output-to-input identifica-
tion that signal flow modeling wants us to do! A simi-
lar situation holds in mechanics: interconnection equates
two positions (often both outputs), and puts the sum of
two forces (often both inputs) equal to zero.

If the field of systems and control wants to take mod-
eling seriously, is should retrace the faux pas of taking
input/output thinking as the basic framework, and cast
models in the language of behaviors. It is only when
considering the more detailed signal flow graph struc-
ture of a system that input/output thinking becomes
useful. Signal flow graphs are useful building blocks for
interpreting information processing systems, but physi-
cal systems need a more flexible framework.

Controllability and Observability

An important property in the analysis and synthesis of
systems is controllability. Controllability refers to be
ability of transferring a system from one mode of op-
eration to another. By viewing the first mode of oper-
ation as undesired and the second one as desirable, the
relevance to control and other areas of applications be-
comes clear. The concept of controllability has originally
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Figure 4: Controllability.

been introduced in the context of state space systems.
The classical definition runs as follows. The system de-
scribed by the controlled vector-field d

dtx = f(x, u) is
said to be controllable if for all states a, b, there exists
an inputu and a time T ≥ 0 such that the solution to
d
dtx = f(x, u) and x(0) = a yields x(T ) = b. One of the
elementary results of system theory states that the finite-
dimensional linear system d

dtx = Ax+Bu is controllable
if and only if the matrix [B AB A2B · · ·Adim(x)−1B] has
full row rank. Various generalizations of this result to
time-varying, to nonlinear (involving Lie brackets), and
to infinite-dimensional systems exist.

A disadvantage of the notion of controllability as for-
mulated above is that it refers to a particular representa-
tion of a system, notably to a state space representation.
Thus a system may be uncontrollable either for the in-
trinsic reason that the control has insufficient influence
on the system variables, or because the state has been
chosen in an inefficient way. It is clearly not desirable to
confuse these reasons. In the context of behavioral sys-
tems, a definition of controllability has been put forward
that involves the manifest system variables directly.

Let Σ = (T,W,B) be a dynamical system with T = R
or Z, and assume that is time-invariant, that is σtB = B
for all t ∈ T, where σt denotes the t-shift (defined by
(σtf)(t′) := f(t′ + t)); Σ is said to be controllable if for
all w1, w2 ∈ B there exists T ∈ T, T ≥ 0 and w ∈ B
such that w(t) = w1(t) for t < 0 and w(t) = w2(t − T )
for t ≥ T . Thus controllability refers to the ability to
switch from any one trajectory in the behavior to any
other one, allowing some time-delay. This is illustrated
in figure 4.

Two questions that occur are the following: What con-
ditions on the parameters of a system representation im-
ply controllability? Do controllable systems admit a par-
ticular representation in which controllability becomes
apparent? For linear time-invariant differential systems,
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these questions are answered in the following theorem.
Let Σ = (R,Rw,B) be a linear time-invariant differential
system. The following are equivalent:

1. B ∈ Lw is controllable.

2. The polynomial matrix R in a kernel representa-
tion R( d

dt )w = 0 of B ∈ Lw satisfies rank(R(λ)) =
rank(R) for all λ ∈ C.

3. The behavior B ∈ Lw is the image of a linear
constant-coefficient differential operator, that is,
there exists a polynomial matrix M ∈ Rw×•[ξ] such
that B = {w | w = M( d

dt )` for some `}.

There exist various algorithms for verifying controlla-
bility of a system starting from the coefficients of the
polynomial matrix R in a kernel (or a latent variable)
representation of Σ.

A point of the above theorem that is worth emphasiz-
ing is that, as stated in the above theorem, controllable
systems admit a representation as the manifest behavior
of the latent variable system of the special form

w = M( d
dt )`.

We call this an image representation of the system with
behavior

B = {w | there exists ` such that w = M(
d

dt
)`}.

It follows from the elimination theorem that every sys-
tem in image representation can be brought in kernel
representation. But not every system in kernel repre-
sentation can be brought in image representation: it are
precisely the controllable ones for which this is possible.

The controllability question has been pursued for
many other classes of systems. In particular (more dif-
ficult to prove) generalizations have been derived for
differential-delay (Rocha and Willems, 1997; Glüsing-
Lüerssen, 1997), for nonlinear systems, and, as we will
discuss soon, for PDE’s. Systems in an image representa-
tion have received much attention recently for nonlinear
differential-algebraic systems, where they are referred to
as flat systems (Fliess and Glad, 1993). Flatness im-
plies controllability, but the exact relation remains to be
studied.

The notion of observability is always introduced hand
in hand with controllability. In the context of the in-
put/state/output system d

dtx = f(x, u), y = h(x, u), it
refers to the possibility of deducing, using the laws of
the system, the state from observation of the input and
the output. The definition that is used in the behavioral
context is more general in that the variables that are
observed and the variables that need to be deduced are
kept general.

In observability, we ask the question: Can the trajec-
tory w1 be deduced from the trajectory w2? (See figure

variablesvariables SYSTEMw1
to-be-deducedobserved

w2

Figure 5: Observability.

5). Let Σ = (T,W,B) be a dynamical system, and as-
sume that W is a product space: W = W1×W2. . Then
w1 is said to be observable from w2 in Σ if (w1, w

′
2) ∈ B

and (w1, w
′′
2 ) ∈ B imply w′2 = w′′2 . Observability thus

refers to the possibility of deducing the w1 from observa-
tion of w2 and from the laws of the system (B is assumed
to be known).

The theory of observability runs parallel to that of
controllability. We mention only the result that for lin-
ear time-invariant differential systems, w1 is observable
from w2 if and only if there exists a set of differential
equations satisfied by the behavior of the system (i.e.,
a set of consequences) of the following form, that puts
observability into evidence: w1 = R′2(

d
dt )w2. This condi-

tion is again readily turned into a standard problem in
computer algebra.

Many of the results for controllability and observabil-
ity have recently been generalized to distributed systems
(Pillai and Shankar, 1999). We mention them briefly.
The system B ∈ Lw

n is said to be controllable if for all
w1, w2 ∈ B and for all open non-overlapping subsets
O1, O2 ⊆ Rn, there exists w ∈ B such that w|O1 = w1|O1

and w|O2 = w2|O2 , i.e., if its solutions are ‘patch-able’.
Note that it follows from the elimination theorem for

L•n that the manifest behavior of a system in image rep-
resentation, i.e., a latent variable system of the special
form

w = M( ∂
∂x1

, . . . , ∂
∂xn

)`

can be described as the solution set of a system of con-
stant coefficient PDE’s. Whence, every image of a con-
stant coefficient linear partial differential operator is the
kernel of a constant coefficient linear partial differential
operator. However, not every kernel of a constant coef-
ficient linear partial differential operator is the image of
a constant coefficient linear partial differential operator.
It turns out that it are precisely the controllable systems
that admit an image representation (Pillai and Shankar,
1999).

Note that an image representation corresponds to
what in mathematical physics is called a potential func-
tion, with ` the potential and M( ∂

∂x1
, . . . , ∂

∂xn
) the par-

tial differential operator that generates elements of the
behavior from the potential. An interesting aspect of
the above theorem therefore is the fact that it identi-
fies the existence of a potential function with the system
theoretic property of controllability (patch-ability of tra-
jectories in the behavior).
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Figure 6: Intelligent control.

It can be shown that Maxwell’s equations define a con-
trollable distributed differential system. Indeed, in the
case of Maxwell’s equations, there exists a well-known
image representation using the scalar and vector poten-
tial.

Control

The behavioral point of view has received broad accep-
tance as an approach for modeling dynamical systems. It
is generally agreed upon that when modeling a dynamic
component it makes no sense to prejudice oneself (as one
would be forced to do in a transfer function setting) as
to which variables should be viewed as inputs and which
variables should be viewed as outputs. We have argued
this point extensively throughout the previous sections
of this paper. This is not to say, by any means, that
there are no situations where the input/output struc-
ture is natural. Quite to the contrary. In fact, whenever
logic devices are involved, in information processing, the
input/output structure is often a must.

The behavioral approach has, until now, met with
much less acceptance in the context of control. We can
offer a number of explanations for this fact. Firstly, there
is something very natural in viewing control variables as
inputs and measured variables as outputs. Control then
becomes decision making on the basis of observations.
When subsequently a controller is regarded as a feed-
back processor, one ends up with the feeling that the in-
put/output structure is in fact an essential feature of con-
trol. Secondly, since, as mentioned in a previous section,
it is possible to prove that every linear time-invariant
system admits a component-wise input/output represen-
tation, one gets the impression that the input/output
framework can be adopted without second thoughts, that
nothing is lost by taking it as a universal starting point.

Present-day control theory centers around the signal
flow graph shown in figure 6. The plant has four
terminals (supporting variables which will typically be
vector-valued). There are two input terminals, one
for the control, one for the other exogenous variables
(disturbances, set-points, reference signals, tracking
inputs, etc.) and there are two output terminals, one
for the measurements, and one for the to-be-controlled
variables. By using feed-through terms in the plant

equations this configuration accommodates, by incor-
porating these variables in the measurements, for the
possible availability to the controller of set-point set-
tings, reference signals, or disturbance measurements for
feed-forward control, and, by incorporating the control
input in the to-be-controlled outputs, for penalizing
excessive control action. The control inputs are gener-
ated by means of actuators and the measurements are
made available through sensors. Usually, the dynamics
of the actuators and of the sensors are considered to
be part of the plant. We call this structure intelligent
control. In intelligent control, the controller is thought
of as a micro-processor type device which is driven by
the sensor outputs and which produces the actuator
inputs through an algorithm involving a combination
of feedback, identification, and adaptation. Also, often
loops expressing model uncertainty are incorporated
in the above as well. Of course, many variations,
refinements, and special cases of this structure are of
interest, but the basic idea is that of supervisor reacting
in an intelligent way to observed events and measured
signals.

The paradigm embodied in figure 6 has been univer-
sally prevalent ever since the beginning of the subject,
from our interpretation of the Watt regulator, Black’s
feedback amplifier, and Wiener’s cybernetics, to the
ideas underlying modern adaptive and robust control.
It is indeed a deep and very appealing paradigm, which
will undoubtedly gain in relevance and impact as logic
devices become ever more prevalent, reliable, and inex-
pensive. This paradigm has a number of features which
are important for considerations which will follow. Some
of these are:

1. There is an asymmetry between the plant and the
controller: it remains apparent what part of the sys-
tem is the plant and what part is the controller. This
asymmetry disappears to some extent in the closed
loop.

2. The intelligent control paradigm tells us to be wary
of errors in the measurements. Thus it is considered
as being ill-advised to differentiate measurements,
presumably, because this will lead to noise amplifi-
cation.

3. The plant and the controller are dynamical systems
which can be interconnected at any moment in time.
If for one reason or another the feedback controller
temporarily fails to receive an input signal, then the
control input can be set to a default value, and later
on the controller can resume its action.

We will now analyze an example of a down-to-earth
controller, a very wide-spread automatic control mech-
anism, namely the traditional device which ensures the
automatic closing of doors. There is nothing peculiar
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about this example. Devices based on similar princi-
ples are used for the suspension of automobiles and the
points which we make through this example could also
be made just as well through many temperature or pres-
sure control devices. A typical automatic door-closing
mechanism is schematically shown in figure 7.

A door-closing mechanism usually consists of a spring
to ensure the closing of the door and a damper in order
to make sure that it closes gently. In addition, these
mechanisms often have considerable weight so that their
mass cannot be neglected as compared to the mass of
the door itself. The automatic door-closing mechanism
can be modeled as a mass/spring/damper combination.
In good approximation, the situation can be analyzed
effectively as the mechanical system shown in figure 8.
We model the door as a mass M ′, on which, neglecting
friction in the hinges, two forces act. The first force,
Fc, is the force exerted by the door-closing device, while
the second force, Fe, is the exogenous force exerted for
example by a person pushing the door in order to open
it. The equation of motion for the door becomes

M ′
d2

dt2
θ = Fc + Fe,

where θ denotes the opening angle of the door. The
automatic door-closing mechanism, modeled as a
mass/spring/damper combination, yields

M ′′
d2

dt2
θ +D

d

dt
θ +Kθ = −Fc.

Here, M ′′ denotes the mass of the door-closing mecha-
nism, D its damping coefficient, and K its spring con-
stant. Combining these equations yields

(M ′ +M ′′)
d2

dt2
θ +D

d

dt
θ +Kθ = Fe.

In order to ensure proper functioning of the door-
closing device, the designer can to some extent choose
M ′′, D and K (all of which must, for physical reasons, be
positive). The desired response requirements are: small
overshoot (to avoid banging of the door), fast settling
time, and a reasonably high steady state gain (to avoid
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Figure 8: Spring/damper representation.

having to exert excessive force when opening the door).
This is an example of an elementary control design exer-
cise. A good design will be achieved by choosing a light
mechanism (M ′′ small), with a reasonably strong spring
(K large), but not too strong so as to avoid having to
use excessive force in order to open the door, and with
the value of D chosen so as to achieve slightly less than
critical damping (ensuring gentle closing of the door).

It is completely natural to view in this example the
door as the plant and the door-closing mechanism as
the controller. Then, if we insist on interpreting this
plant/controller combination in terms of control system
configurations as figure 6, we obtain.

Plant: M ′
d2

dt2
θ = u+ v; y = θ; z = θ

with u the control input (u = Fc), v the exogenous input
(v = Fe ), y the measured output, and z the to-be-
controlled output.

Controller: u = −M ′′ d
2

dt2
y −D

d

dt
y −Ky.

This yields the controlled system, described by:

Controlled system: (M ′ +M ′′)
d2

dt2
z +D

d

dt
z +Kz = v.

Observe that in the control law, the measurement y
should be considered as the input, and the control u
should be considered as the output. This suggests that
we are using what would be called a PDD-controller (a
proportional and twice differentiating controller), a sin-
gular controller which would be thought of as causing
high noise amplification. Of course, no such noise am-
plification occurs in reality. Further, the plant is second
order, the controller is second order, and the closed loop
system is also second order (unequal to the sum of the
order of the plant and the controller). Hence, in order to
connect the controller to the plant, we will have to ‘pre-
pare’ the initial states of the controller and the plant.
Indeed, in attaching the door-closing mechanism to the
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door, we will make sure that at the moment of attach-
ment the initial values of θ and d

dtθ are zero both for the
door and the door-closing mechanism.

We now come to our most important point concern-
ing this example. Let us analyze the signal flow graph.
In the plant, it is natural to view the forces Fc and Fe

as inputs and θ as output. This input/output choice is
logical both from the physical and from the cybernetic,
control theoretic point of view. In the controller, on the
other hand, the physical and the cybernetic points of
view clash. From the cybernetic, control theoretic point
of view, it is logical to regard the opening angle θ as input
and the control force Fc as output. From the physical
point of view, however, it is logical to regard (just as
in the plant) the force Fc as input and θ as output. It
is evident that as an interconnection of two mechanical
systems, the door and the door-closing mechanism play
completely symmetric roles. However, the cybernetic,
control theoretic point of view obliges us to treat the sit-
uation as asymmetric, making the force the cause in one
mechanical subsystem, and the effect in another.

In our opinion, this simple but realistic example per-
mits us to draw the following conclusions. Notwithstand-
ing all its merits, the intelligent control paradigm of fig-
ure 6 gives an unnecessarily restrictive view of control
theory. In many practical control problems, the signal-
flow-graph interpretation of figure 6 is untenable. The
solution which we propose to this dilemma is the fol-
lowing. We will keep the distinction between plant and
controller with the understanding that this distinction
is justified only from an evolutionary point of view, in
the sense that it becomes evident only after we com-
prehend the genesis of the controlled system, after we
understand the way in which the closed loop system has
come into existence as a purposeful system. However,
we will abandon the intelligent control signal flow graph
as a paradigm for control. We will abandon the dis-
tinction between control inputs and measured outputs.
Instead, we will view interconnection of a controller to
a plant as the central paradigm in control theory. How-
ever, we by no means claim that the intelligent control
paradigm is without merits. To the contrary, it is ex-
tremely useful and important. Claiming that the in-
put/output framework is not always the suitable frame-
work to approach a problem does not mean that one
claims that it is never the suitable framework. How-
ever, a good universal framework for control should be
able to deal both with interconnection, with designing
subsystems, and with intelligent control. The behavioral
framework does, the intelligent control framework does
not.

In order to illustrate the nature of control that we
would like to transmit in this presentation, consider the
system configuration depicted in figure 9. In the top
part of the figure, there are two systems, shown as black-
boxes with terminals. It is through their terminals that

variables variables
control

CONTROLLER

to-be-controlled

PLANTw c

Figure 9: Control as interconnection.

systems interact with their environment. The black-box
imposes relations on the variables that ‘live’ on its ter-
minals. These relations are formalized by the behavior
of the system in the black-box. The system to the left
in figure 9 is called the plant, the one to the right the
controller. The terminals of the plant consist of to-be-
controlled variables w, and control variables c. The con-
troller has only terminals with the control variables c.
In the bottom part of the figure, the control terminals
of the plant and of the controller are connected. Before
interconnection, the variables w and c of the plant have
to satisfy the laws imposed by the plant behavior. But,
after interconnection, the variables c also have to satisfy
the laws imposed by the controller. Thus, after inter-
connection, the restrictions imposed on the variables c
by the controller will be transmitted to the variables w.
Choosing the black-box to the right so that the variables
w have a desirable behavior in the interconnected black-
box is, in our view, the basic problem of control. This
point of view is discussed with examples in (Polderman
and Willems, 1998).

This leads to the following mathematical formulation.
The plant and the controller are both dynamical sys-
tems Σplant = (T,W × V,Bplant) and Σcontroller =
(T,V,Bcontroller) where W denotes the signal space
of the to-be-controlled variables, V denotes the signal
space of control variables, and both systems are as-
sumed to have the same time axis T. The intercon-
nection of Σplant and Σcontroller leads to the system
Σfull = (T,W,V,Bfull) which is a system with latent
variables (V) and full behavior defined by

Bfull = {(w, c) : T → W× V | (w, c) ∈ Bplant

and c ∈ Bcontroller}

The manifest system obtained by Σfull is the con-
trolled system and is hence defined as Σcontrolled =
(T,W,Bcontrolled) with

Bcontrolled = {w : T → W | there exists c : T → V
such that ∈ Bplant and c ∈ Bcontroller}

The notion of a controller put forward by the above
view considers interconnection as the basic idea of con-
trol. The special controllers that consist of sensor-
outputs to actuator-inputs signal processors emerge as
(very important) special cases. We think of these as
controllers as feedback, or intelligent, controllers. How-
ever, our view of control as the design of suitable subsys-
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tems greatly enhances the applicability of control, since
it views control as integrated subsystem design.

A question that arises in this context is the following.
Assume that Σplant is given. What systems Σcontrolled

can be obtained by suitably choosing Σcontroller? This
question can be answered very explicitly, at least for lin-
ear time-invariant differential systems. Assume that the
plant is given by Σplant = (R,Rw × Rc,Bplant) ∈ Lw+c

with Bplant described by a system of linear constant dif-
ferential equations R( d

dt )w = R( d
dt )c. Let Σcontroller =

(R,Rc,Bcontroller) ∈ Lc, and assume that Bcontroller is
similarly described by a system of linear constant coeffi-
cient differential equations C( d

dt )c = 0. Then, by elimi-
nation theorem Σcontrolled = (R,Rw,Bcontrolled) has also
a behavior that is described by a system of linear con-
stant coefficient differential equations. It turns out that
the behaviors Bcontrolled that can be obtained this way
can be characterized very nicely.

Define therefore two behaviors, P and N; P is called
the realizable (plant) behavior and N the hidden behavior.
They are defined as follows: P is the manifest behavior
of the system, i.e.,

P = {w : R → Rw | there exists c : R → Rc

such that (w, c) ∈ Bfull},

and N is defined as

N = {w : R → Rw | (w, 0) ∈ Bplant}.

Hence N is the behavior of the plant variables that are
compatible with the control variables equal to zero. We
say that Bcontroller implements Bcontrolled if there exists
a controller such that the controlled behavior after inter-
connecting the controller with behavior Bcontroller to the
plant, yields Bcontrolled as the controlled behavior.

The controller implementability problem asks what
behaviors Bcontrolled can be obtained this way. For lin-
ear time-invariant systems it is possible to prove that
Bcontrolled is implementable if and only if

N ⊆ Bcontrolled ⊆ P.

This result shows that the behaviors that are imple-
mentable by means of a controller are precisely those
that are wedged in between the hidden behavior N and
the realizable plant P. The problem of control can there-
fore be reduced to finding such a behavior. Of course, the
issue of how to construct Σcontroller (for example, as a
signal processor from the sensor outputs to the actuator
inputs) must be addressed as well, but this can be done.
In (Willems and Trentelman, 2002) this approach is used
for the design of H∞-controllers, and we discuss several
results on the implementability by feedback controllers
as well.

We believe that the point of view of control that
emerges from this, as designing a subsystem (with feed-
back control as a special case) greatly enhances the scope

and applicability of control as a discipline. In this set-
ting, control comes down to sub-system design.

Conclusions

In this paper, we have covered some highlights of the
behavioral approach to systems and control. We view a
mathematical model as a subset of an universum. How-
ever, in engineering applications, models are invariably
obtained by interconnecting subsystems. This leads to
the presence in mathematical models of manifest vari-
ables (the variables whose behavior the model aims at)
and latent variables (the auxiliary variables introduced
in the modeling process). The central object in behav-
ioral systems theory is a system with latent variables.

The concept of controllability becomes an intrinsic sys-
tems property related to patch-ability of system trajec-
tories. In the context of latent variable systems, ob-
servability refers to the possibility of deducing the latent
variables in a system from observation of the manifest
variables. In this way, these important concepts are ex-
tended far beyond their classical state space setting.

We view control as the design of a subsystem in an in-
terconnected system, a subsystem that interacts with the
plant through certain pre-specified variables, the control
variables. For a linear time-invariant differential plant,
it is possible to prove that a behavior is implementable
by a linear time-invariant controller if and only if its be-
havior is wedged in between the hidden behavior and the
realizable plant behavior.

The pre-occupation of systems and control with in-
put/output systems does not do proper justice to the
nature of physical systems: most physical systems are
simply not a signal processors. Notwithstanding the im-
portance of signal processors, the universal view of a sys-
tem as an input/output device is simply a faux pas. And
an unneccesary one at that: the behavioral approach of-
fers a viable alternative.
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Abstract
The analysis of input/output stability is one of the fundamental issues in control theory. External inputs might represent
disturbances, estimation errors, or tracking signals, and outputs may correspond to the entire state, or to a more general
quantity such as a tracking or regulation error, or the distance to a target set of states such as a desired periodic orbit.

For linear systems, one characterizes i/o stability through finiteness of gains (operator norms). A nonlinear generaliza-
tion is provided by input to state stability (ISS). This paper summarizes some of the main theoretical results concerning
ISS and related notions such as integral ISS (energy bounds), output to input stability (a notion of “minimum-phase”
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Introduction

Analyzing how external signals influence system behav-
ior is one of the fundamental issues in control theory. In
particular, a central concern is that of input/output sta-
bility, that is, stability from inputs u to outputs y in a
system.

u(·) → x(·) → y(·)

Inputs umight represent disturbances, estimation errors,
or tracking signals, while outputs y may correspond to
the entire state, or a more general quantity such as a
tracking or regulation error, or the distance to a target
set of states such as a desired periodic orbit.

The classical approach to i/o stability questions, for
linear systems, relies upon transfer functions, which are
closely related to more “modern” formulations in terms
of operator norms (H∞ control and the like). However,
these approaches have a limited utility when used in
a nonlinear context. A new paradigm which emerged
within the last 10 or so years, for understanding in-
put/output stability for general nonlinear systems, is
that of input to state stability (ISS).

This paper summarizes some of the main theoretical
results concerning ISS and related notions such as input
to output stability (IOS), integral ISS (iISS, which deals
with “energy,” as opposed to uniform bounds), mixed
notions of integral and uniform stability, output to in-
put stability (which is a notion of “minimum-phase” sys-
tem), and input/output to state stability (a notion of
detectability).

Also described are some illustrative applications, in-
cluding an observer design methodology for kinetic net-
works based on ISS ideas.

The paper is written in a very informal style, and read-
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98-1-0242. URL: http://www.math.rutgers.edu/\protect\
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ers should consult the references for precise statements
and proofs of results.

Input to State Stability

There are two desirable, and complementary, features of
stability from inputs u to outputs y, one asymptotic and
the other one on transients:

• asymptotic stability, which can be summarized by
the implication “u small ⇒ y small,” and

• small overshoot, which imposes a boundedness con-
straint on the behavior of internal states x.

Of course, “small” and “boundedness” must be precisely
defined, and to that goal we turn next. In order to ex-
plain the main ideas as simply as possibly, we begin with
the case when the output y is the full state x (which will
lead us to “input to state stability”); later we explain
the general case (“input to output stability”). In addi-
tion, and also in the interest of exposition, we deal with
notions relative to equilibria, instead of stability with
respect to more arbitrary attractors.

We start by recalling the basic concept of internal sta-
bility for linear systems

ẋ = Ax+Bu , y = Cx . (1)

Internal stability means that A is a Hurwitz matrix, i.e.,
x(t) → 0 as t → +∞ for all solutions of ẋ = Ax, or
equivalently, that x(t) → 0 whenever u(t) → 0. For
internally stable systems, one has the explicit estimate

|x(t)| ≤ β(t)|x0|+ γ ‖u‖∞

where

β(t) =
∥∥etA

∥∥→ 0 and γ = ‖B‖
∫ ∞

0

∥∥esA
∥∥ ds
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and ‖u‖∞ = (essential) sup norm of u restricted to [0, t].
For t large, x(t) is bounded by γ ‖u‖∞, independently of
initial conditions; for small t, the effect of initial states
may dominate. Note the superposition of transient and
asymptotic effects. Internal stability will now be gen-
eralized to “ISS,” with the linear functions of |x0| and
‖u‖∞ replaced by nonlinear ones.

We consider systems of the form

ẋ = f(x, u) , y = h(x)

evolving in finite-dimensional spaces Rn, and we suppose
that inputs u take values in Rm and outputs y are Rp-
valued. An input is a Lebesgue-measurable locally essen-
tially bounded u(·) : [0,∞) → Rm. We employ the nota-
tion |x| for Euclidean norms, and use ‖u‖, or ‖u‖∞ for
emphasis, to indicate the essential supremum of a func-
tion u(·), usually (depending on context) restricted to an
interval of the form [0, t]. The map f : Rn × Rm → Rn

is locally Lipschitz and satisfies f(0, 0) = 0. The map
h : Rn → Rp is locally Lipschitz and satisfies h(0) = 0.

The internal stability property for linear systems
amounts to the “L∞ → L∞ finite-gain condition” that

|x(t)| ≤ c|x0|e−λt + c sup
s∈[0,t]

|u(s)| (2)

holds for all solutions (assumed defined for all t > 0),
where c and λ > 0 and appropriate constants. What is
a reasonable nonlinear version of this?

Two central characteristic of the ISS philosophy are (a)
the use of nonlinear gains rather than linear estimates,
and (b) the fact that one does not ask what are the exact
values of gains, but instead asks qualitative questions of
existence. This represents a “topological” vs. a “metric”
point of view (the linear analogy would be to ask only
“is the gain <∞?” or “is an operator bounded?”).

Our general guiding principle may be formulated thus:

notions of stability should be invariant
under (nonlinear) changes of variables.

By a change of variables in R`, let us mean here any
transformation z = T (x) with T (0) = 0, where T : R` →
R` is a homeomorphism whose restriction T |R`\{0} is a
diffeomorphism. (We allow less differentiability at the
origin in order to state elegantly a certain converse result
later.)

Let us see where this principle leads us, starting from
the L∞ → L∞ finite-gain condition (2) and taking both
state and input coordinate changes x = T (z), u = S(v).
For any input u and initial state x0, and corresponding
trajectory x(t) = x(t, x0, u), we let x(t) = T (z(t)), u(t) =
S(v(t)), z0 = z(0) = T−1(x0).

For suitable functions α, α, γ ∈ K∞, we have:

α(|z|) ≤ |T (z)| ≤ α(|z|) ∀ z ∈ Rn

|S(v)| ≤ γ(|v|) ∀ v ∈ Rm .

The condition |x(t)| ≤ c|x0|e−λt + c sups∈[0,t] |u(s)| be-
comes, in terms of z, v:

α(|z(t)|) ≤ c e−λtα(|z0|) + c sup
s∈[0,t]

γ(|v(s)|) ∀ t ≥ 0 .

Using again “x” and “u” and letting β(s, t) := ce−λtα(s)
and γ(s) := cγ(s), we arrive to this estimate, with β ∈
KL, γ ∈ K∞:

α (|x(t)|) ≤ β(|x0|, t) + γ (‖u‖∞) .

(It is shown in (Sontag, 1998a) that, for any KL function
β, there exist α1, α2 ∈ K∞ with

β(r, t) ≤ α2

(
α1(r)e−t

)
∀ s, t ,

so the special form of β adds no extra information.)
Equivalently, one may write (for different β, γ)

|x(t)| ≤ β(|x0|, t) + γ (‖u‖∞)

or one may use “max” instead of “+” in the bound.
A system is input to state stable (ISS) if such an esti-

mate holds, for some β ∈ KL, γ ∈ K∞. More precisely,
for each x0, u, the solution x(t) = x(t, x0, u) is defined
for all t ≥ 0, and the estimate holds.

Asymptotic Gain Characterization

For u ≡ 0, the estimate reduces to |x(t)| ≤ β(|x0|, t),
so ISS implies that the unforced system ẋ = f(x, 0) is
globally asymptotically stable (with respect to x = 0),
or as one usually says, “GAS”, and in particular stable.

In addition, an ISS system has a well-defined asymp-
totic gain: there is some γ ∈ K∞ so that, for all x0 and
u:

lim sup
t→+∞

|x(t, x0, u)| ≤ γ (‖u‖∞) .

x(0)

x(t)

(||u||)γ

A far less obvious converse holds:

Theorem. (“Superposition principle for ISS”) A system
is ISS if and only if it admits an asymptotic gain and the
unforced system is stable.

This result is nontrivial, and constitutes the main con-
tribution of the paper (Sontag and Wang, 1996), which
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establishes as well many other fundamental characteri-
zations of the ISS property. The proof hinges upon a
relaxation theorem for differential inclusions, shown in
that paper, which relates global asymptotic stability of
an inclusion ẋ ∈ F (x) to global asymptotic stability of
its convexification.

Dissipation Characterization of ISS

A smooth, proper, and positive definite V : Rn → R is
an ISS-Lyapunov function for ẋ = f(x, u) if, for some
γ, α ∈ K∞,

V̇ (x, u) = ∇V (x) f(x, u) ≤ −α(|x|) + γ(|u|) ∀x, u

i.e., one has the dissipation inequality

V (x(t2))− V (x(t1)) ≤
∫ t2

t1

w(u(s), x(s)) ds

along all trajectories of the system, with “supply” func-
tion w(u, x) = γ(|u|)− α(|x|).

The following is a fundamental result in ISS theory:

Theorem. (Sontag and Wang, 1995a) A system is ISS
if and only if it admits an ISS-Lyapunov function.

Sufficiency is easy: a differential inequality for V pro-
vides an estimate on V (x(t)), and hence on |x(t)|. Neces-
sity follows by applying the converse Lyapunov theorem
from (Lin et al., 1996) for GAS uniform over all ‖d‖∞ ≤
1, to a system of the form ẋ = g(x, d) = f(x, dρ(|x|)), for
an appropriate “robustness margin” ρ ∈ K∞. This is in
effect a smooth converse Lyapunov theorem for locally
Lipschitz differential inclusions.

ISS is Natural for Series Connections

As a further motivation for the concept of ISS, and as
an illustration of the characterizations given, we remark
that any cascade (series connection) of ISS systems is
again ISS. Consider a cascade connection of ISS systems

ż = f(z, x)
ẋ = g(x, u)

where the z-subsystem is ISS with x as input and the
x-subsystem is ISS.

u - - zx

The fact that cascades of ISS systems are ISS is one
of the reasons that the concept is so useful in recursive
design. (In the particular case in which the system ẋ =
g(x) has no inputs, we conclude that cascading an ISS
with a GAS system we obtain a system which is GAS
with respect to the state (x, z) = (0, 0).)

This fact can be established in several manners, but
a particularly illuminating approach is as follows. We
start by picking matching (cf. (Teel and Sontag, 1995))

ISS-Lyapunov functions for each subsystem:

V̇1(z, x) ≤ θ(|x|)− α(|z|)
V̇2(x, u) ≤ θ̃(|u|)− 2θ(|x|) .

Then, W (x, z) := V1(z)+V2(x) is an ISS-Lyapunov func-
tion:

Ẇ (x, z) ≤ θ̃(|u|)− θ(|x|)− α(|z|)

and so a cascade of ISS systems is indeed ISS.

Generalization to Small Gains

In particular, when u = 0, one obtains that a cascade of
a GAS and an ISS system is again GAS. More generally,
one may allow inputs u fed-back with “small gain”: if
u = k(z) is so that |k(z)| ≤ θ̃−1((1− ε)α(|z|)), i.e.

θ̃(|u|) ≤ (1− ε)α(|z|)

then
Ẇ (x, z) ≤ −θ(|x|)− εα(|z|)

and the closed-loop system is still GAS.

u
6

�

- -

k(z)

zx

Even more generally, under suitable conditions on
gains (Small-Gain Theorem (Jiang et al., 1994) of Jiang,
Praly, and Teel) the closed loop system obtained from
an interconnection of two ISS systems ẋ = f(x, z, u) and
ż = g(z, x, v), is itself ISS with respect to (u, v).

-

�
�

-

vz

xu

Series Connections: An Example

As a simple illustration of the cascade technique, con-
sider the angular momentum stabilization of a rigid body
controlled by two torques acting along principal axes (for
instance, a satellite controlled by two opposing jet pairs).
If ω = (ω1, ω2, ω3) is the angular velocity of a body-
attached frame with respect to inertial coordinates, and
I = diag(I1, I2, I3) are the principal moments of inertia,
we obtain the equations:

Iω̇ =

 0 ω3 −ω2

−ω3 0 ω1

ω2 −ω1 0

 Iω +

0 0
1 0
0 1

 v .

We assume I2 6= I3; then, introducing new state and
input coordinates via (I2 − I3)x1 = I1ω1, x2 = ω2, x3 =
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ω3, I2u1 = (I3−I1)ω1ω3+v1, and I3u2 = (I1−I2)ω1ω2+
v2, we obtain a system on R3, with controls in R2:

ẋ1 = x2x3

ẋ2 = u1

ẋ3 = u2 .

Then the following feedback law globally stabilizes the
system:

u1 = −x1 − x2 − x2x3 + v1

u2 = −x3 + x2
1 + 2x1x2x3 + v2

when v1 = v2 ≡ 0. The feedback was obtained arguing
in this way: with z2 := x1+x2, z3 := x3−x2

1, the system
becomes:

ẋ1 = −x3
1 + α(x1, z2, z3)

ż2 = −z2 + v1

ż3 = −z3 + v2 .

The x1-subsystem is easily seen to be ISS, because
degx1

α ≤ 2 and hence the cubic term dominates, for
large x1. Thus the cascade is also ISS; in particular, it
is GAS if v1 = v2 ≡ 0. (We also proved a stronger re-
sult: ISS implies a global robustness result with respect
to actuator noise.)

Generalizations of Other Gains

ISS generalizes finite L∞ → L∞ gains (“L1 stability”)
but other classical norms often considered are induced
L2 → L2 (“H∞”) or L2 → L∞ (“H2”).

Nonlinear transformations starting from “H∞” esti-
mates:∫ t

0

|x(s)|2 ds ≤ c|x0|2 + c

∫ t

0

|u(s)|2 ds ∀ t ≥ 0

lead to (for appropriate comparison functions):∫ t

0

α(|x(s)|) ds ≤ κ(|x0|) +
∫ t

0

γ(|u(s)|) ds ∀ t ≥ 0 .

Theorem. There is such an “integral to integral” esti-
mate if and only if the system is ISS.

The proof of this unexpected result is based upon the
nontrivial characterizations of the ISS property obtained
in (Sontag and Wang, 1996); see (Sontag, 1998a).

On the other hand, “L2 → L∞” stability:

|x(t)| ≤ c|x0|e−λt + c

∫ t

0

|u(s)|2 ds for all t ≥ 0

leads to (for appropriate comparison functions):

α (|x(t)|) ≤ β(|x0|, t) +
∫ t

0

γ(|u(s)|) ds for all t ≥ 0 .

This is the iISS (integral ISS) property to which we’ll
return later.

An Application: Observers for Kinetic Networks

We now describe some recent work which we recently car-
ried out with our graduate student Madalena Chaves,
see (Chaves and Sontag, Chaves and Sontag), dealing
with the design of observers (deterministic Kalman fil-
ters) for chemical reaction networks of the “Feinberg-
Horn-Jackson” type (cf. (Feinberg, 1987, 1995) as well
as an exposition in (Sontag, Sontag)), when seen as sys-
tems ẋ = f(x) with outputs y = h(x).

For such a system, the dynamics ẋ = f(x) are n-
dimensional (n is the number of species), and assumed
to be given by ideal mass action kinetics, the reaction
graph is weakly reversible, and the “deficiency” is zero:
m − ` − d = 0, where m is the number of complexes in
the network, ` is the number linkage classes (connected
components in the reaction graph), and d is the dimen-
sion of the stoichiometric subspace. We assume also that
there are no boundary equilibria on positive classes. It is
possible to write such systems as follows (we assume for
simplicity here that ` = 1, i.e. the graph is connected):

ẋ = f(x) =
m∑

i=1

m∑
j=1

aij x
b1j

1 x
b2j

2 . . . xbnj
n (bi − bj),

where the constants aij are all nonnegative, and the ma-
trix A = (aij) irreducible, each bj is a column vector in
Rn with entries b1j , b2j , . . . , bnj , which are nonnegative
integers, and the matrix B := [b1, b2, . . . , bm] has rank
m ≤ n, and no row of B vanishes. We are interested in
trajectories which evolve in the positive orthant.

We consider output functions h : Rn → Rp given by
vectors of monomials; this includes situations in which
concentrations (x1, x2, etc.) or reaction rates (propor-
tional to x1x

3
2, etc) are measured. That is, h : Rn → Rp

(typically, p < n) is of this form:

h(x) =

x
c11
1 xc12

2 · · ·xc1n
n

...
x

cp1
1 x

cp2
2 . . . x

cpn
n

 ,

where

C =


c11 c12 · · · c1n
c21 c22 · · · c2n

. . .
cp1 cp2 · · · cpn


has nonnegative integer entries.

A (full-state) observer for ẋ = f(x), y = h(x) is a
system ż = g(z, y), with state-space Rn

+, such that, for
all x(0) and z(0) in Rn

+, the composite system obtained
by feeding y = h(x) has solutions defined for t > 0, and
|z(t)− x(t)| → 0 as t→ +∞.

z -- x̂ = z ≈ x
y

x
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Generally speaking, the problem of constructing non-
linear observers is extremely difficult. An obvious neces-
sary condition for the existence of observers is detectabil-
ity: A system ẋ = f(x), y = h(x) is detectable (on Rn

+)
if for all pairs of solutions x1(·) and x2(·) in Rn

+:

h(x1(t)) ≡ h(x2(t)) ⇒ |x1(t)− x2(t)| → 0 as t→∞ .

Let us introduce the stoichiometric subspace, i.e. the lin-
ear span of the “reaction vectors”:

D := span{bi − bj | i, j = 1, . . . ,m} .

Theorem. The system ẋ = f(x), y = h(x) is detectable
if and only if

D⊥
⋂

kerC = {0} .

This condition is simple to check, involving only linear
algebra computations. Our main result in (Chaves and
Sontag, Chaves and Sontag) shows that this is in fact
sufficient.
Theorem. There exixts an observer if and only if the
system is detectable.

Moreover, in that case, we showed that the following
system is an observer:

ż = f(z) + C ′(y − h(z))

Note the formal analogy to Luenberger (deterministic
Kalman filters) observers for linear systems (in which
case the C ′ matrix is a replaced by a gain L which sta-
bilizes A+ LC).

In the context of the present paper, the most inter-
esting feature of this observer’s construction is the proof
that it indeed provides unbiased estimates. The proof is
based, roughly, upon the following idea. We first con-
sider the system with inputs

ż = f(z) + C ′(u− h(z))

and prove that this system is ISS, relative not to “z = 0
and u = 0” but each steady-state z = x0 of ẋ = f(x)
and the associated input u = h(x0). This is established
using an ISS-Lyapunov function (based on relative en-
tropy). Next, we invoke the fact, discussed above, that
a cascade of ISS systems is again ISS, plus the fact that
x(t) → x0 for some equilibrium, to conclude the observer
property. As a “bonus” from the construction, one gets
an automatic property of robustness to small observation
noise.

The paper (Chaves and Sontag, Chaves and Sontag) il-
lustrated the observer with the example (studied in (Son-
tag, Sontag)) of the class of systems corresponding to
the kinetic proofreading model for T-cell receptor signal
transduction due to McKeithan in (McKeithan, 1995).
Let us show here the simplest case of that class of mod-
els, with n = 3. The kinetics correspond to

X1 +X2

k+−→
←−
k−
X3 .

The equations for the system are as follows:

ẋ1 = f1(x) = −k+x1x2 + k−x3

ẋ2 = f2(x) = −k+x1x2 + k−x3

ẋ3 = f3(x) = k+x1x2 − k−x3

and we pick for example the following measurement func-

tion: y = h(x) =
(
x1x

2
2

x1x3

)
. Then, our theory results in

the following observer:

ż1 = f1(z) + (x1x
2
2 − z1z

2
2) + (x1x3 − z1z3)

ż2 = f2(z) + 2(x1x
2
2 − z1z

2
2)

ż3 = f3(z) + (x1x3 − z1z3)

This observer turns out to work surprisingly well (at
least in sumulations), even when measurements are very
noisy or when there are unobserved step or periodic dis-
turbances on the states of the system. As an exam-
ple, we show here a simulation which displays the con-
vergence of the observer to the true solution, while an
Extended Kalman Filter diverges for the same exam-
ple. (Here, k+=0.5, k−=3, and the initial conditions
are x(0)=(2, 3, 3)′ and z(0)=(1, 11, 11)′.)
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Remark: Reversing Coordinate Changes

The “integral to integral” version of ISS arose, in the
above discussion, from coordinate changes when start-
ing from L2-induced operator norms. Interestingly, this
result from (Grune et al., 1999) shows that the reasoning
can be reversed:
Theorem. Assume n 6= 4, 5. If ẋ = f(x, u) is ISS, then,
under a coordinate change, for all solutions one has:∫ t

0

|x(s)|2 ds ≤ |x0|2 +
∫ t

0

|u(s)|2 ds .

The cases n = 4, 5 are still open. The proof is based
on tools from “h-cobordism theory,” developed by Smale
and Milnor in the 1960s in order to prove the validity of
the generalized Poincaré conjecture.
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Integral-Input to State Stability

Recall that the “L2 → L∞” operator gain property led
us, under coordinate changes, to the iISS property ex-
pressed by the estimate:

α (|x(t)|) ≤ β(|x0|, t) +
∫ t

0

γ(|u(s)|) ds .

There is a dissipation characterization here as well.
A smooth, proper, and positive definite V : Rn → R

is an iISS-Lyapunov function for ẋ = f(x, u) if for some
positive definite continuous α and γ ∈ K∞

∇V (x) f(x, u) ≤ −α(|x|) + γ(|u|) ∀x ∈ Rn, u ∈ Rm

—observe that we are not requiring now α ∈ K∞. (In-
tuitively: even for constant u one may have V̇ > 0, but
γ(|u|) ∈ L1 means that V̇ is “often” negative.)

A recent result from (Angeli et al., 2000a) is this:
Theorem. A system is iISS if and only if it admits an
iISS-Lyapunov function.

Since any K∞ function is positive definite, every ISS
system is also iISS, but the converse is false. For exam-
ple, a bilinear system

ẋ = (A+
m∑

i=1

uiAi)x+Bu

is iISS if and only if A is a Hurwitz matrix, but in general
it is not ISS—e.g., if B = 0 and A +

∑m
i=1 u

0
iAi is not

Hurwitz for some u0. As another example, take ẋ =
− tan−1 x + u. This is not ISS, since bounded inputs
may produce unbounded trajectories; but it is iISS, since
V (x) = x tan−1 x is an iISS-Lyapunov function.

An Application of iISS Theory

Let us illustrate the iISS results through an application
which, as a matter of fact, was the one that originally
motivated much of the work in (Angeli et al., 2000a).
Consider a rigid manipulator with two controls:

θ

r F

τ

m

M

The arm is modeled as a segment with mass M and
length L, and the hand as a point with massm. Denoting
by r the position and by θ the angle of the arm, the
resulting equations are:

(mr2 +ML2/3) θ̈ + 2mrṙθ̇ = τ , mr̈ −mrθ̇2 = F

where F and τ are the external force and torque. In a
typical passivity-based tracking design, one takes

τ := −kd1 θ̇ − kp1(θ − θd)
F := −kd2 ṙ − kp2(r − rd)

where rd and θd are the desired signals and the gains
(kd1 , . . .) are > 0. For constant reference θd, rd, there is
tracking: θ → θd, θ̇ → 0, and analogously for r.

But, what about time-varying θd, rd? Can these desta-
bilize the system? The answer is yes: there are bounded
inputs which produce “nonlinear resonance,” so the sys-
tem cannot be ISS (not even bounded-input bounded-
state). Such examples are presented in (Angeli et al.,
2000a). On the other hand, one reason that standard
tracking design is useful is that many inputs are not
destabilizing, and one would like to find a way to for-
mulate qualitatively that aspect. One way is by showing
that the system is iISS.

The closed-loop system is 4-dimensional, with states
(q, q̇), q = (θ, r) and u = (kp1θd, kp2rd):

(mr2 +ML2/3)θ̈ + 2mrṙθ̇ = u1 − kd1 θ̇ − kp1θ

mr̈ −mrθ̇2 = u−kd2 ṙ − kp2r .

To prove that it is iISS, we consider the mechanical en-
ergy V , and note the following passivity-type estimate:

d

dt
V (q(t), q̇(t)) ≤ −c1|q̇(t)|2 + c2|u(t)|2

for sufficiently small c1 > 0 and large c2 > 0.
In general, we say that a system is h-dissipative with

respect to an output function y = h(x) (continuous and
with h(0) = 0) if, for some C∞ positive definite, proper
V : Rn → R, and for some γ, α as above,

∇V (x) f(x, u) ≤ −α(h(x)) + γ(|u|) ∀x ∈ Rn, u ∈ Rm

and that it is weakly h-detectable if, for all trajectories,
y(t) = h(x(t)) ≡ 0 implies that x(t) → 0 as t→∞.

This is proved in (Angeli et al., 2000a):
Theorem. A system is iISS if and only if it is weakly
h-detectable and h-dissipative for some output h.

With output q̇, our example is weakly zero-detectable
and dissipative, since u ≡ 0 and q̇ ≡ 0 imply q ≡ 0. Thus
the system is indeed iISS, as claimed.

Mixed Notions

Changes of variables transformed “finite L2 gain” to an
“integral to integral” property, which turns out to be
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equivalent to ISS. Finite gain as operators between Lp

and Lq spaces, with p 6= q both finite, lead instead to
this type of “weak integral to integral” estimate:∫ t

0

α(|x(s)|) ds ≤ κ(|x0|) + α

(∫ t

0

γ(|u(s)|) ds
)

for appropriate K∞ functions (note the additional “α”).
See (Angeli et al., 2000b) for more discussion on how this
estimate is reached, as well as this result:
Theorem. A system satisfies a weak integral to integral
estimate if and only if it is iISS.

Another interesting variant results by studying mixed
integral/supremum estimates:

α(|x(t)| ≤ β(|x0|, t) +
∫ t

0

γ1(|u(s)|) ds + γ2(‖u‖∞)

for suitable β ∈ KL and α, γi ∈ K∞. This result is also
from (Angeli et al., 2000b):
Theorem. The system ẋ = f(x, u) satisfies a mixed
estimate if and only if it is iISS.

We also remark a “separation principle” recently ob-
tained for iISS. In (Angeli, Ingalls, Sontag, and Wang,
Angeli et al.), a system is said to be bounded energy con-
verging state (BECS) if it is forward complete and, for
all trajectories,∫ ∞

0

σ(|u(s)|) ds <∞ ⇒ lim inf
t→∞

|x(t)| = 0

(for suitable σ ∈ KL). The authors then prove that a
system is iISS if and only if it is BECS and the 0-system
ẋ = f(x, 0) has the origin as an asymptotically stable
equilibrium.

Input/Output Stability

The discussion so far (except for the application to chem-
ical observers) has been exclusively for notions involving
stability from inputs to internal states. We now turn to
external stability.

For linear systems (1), external stability means that
the transfer function is stable, or, in terms of a state-
space realization, that an estimate as follows holds:

|y(t)| ≤ β(t)|x0|+ γ ‖u‖∞ ,

where γ is a constant and β converges to zero (β may be
obtained from the restriction of A to a minimal subsys-
tem). Observe that, even though we only require that
y, not x, be “small” (relative to ‖u‖∞), the initial inter-
nal states still affect the estimate in a “fading memory”
manner, via the β term. (For example, in PID control,
when considering the combination of plant, exosystem
and controller, the overshoot of the regulated variable

will be determined by the magnitude of the constant dis-
turbance, and the initial state of the integrator.)

Under coordinate changes, and arguing just as earlier,
external stability leads us to input to output stability
(IOS) for systems with outputs ẋ = f(x, u), y = h(x).
This is the property that, for some β ∈ KL and γ ∈ K∞,
the following estimate must hold along all solutions:

|y(t)| ≤ β(|x0|, t) + sup
s∈[0,t]

γ(|u(s)|) .

A dissipation (Lyapunov-) type characterization of
this property is as follows. An IOS-Lyapunov function
is a smooth V : Rn → R≥0 so that, for some αi ∈ K∞,
for all x ∈ Rn, u ∈ Rm:

α1(|h(x)|) ≤ V (x) ≤ α2(|x|)

and
V (x) > α3(|u|) ⇒ ∇V (x) f(x, u) < 0 .

For systems that are bounded-input bounded-state sta-
ble, we have (see (Sontag and Wang, Sontag and Wang)):
Theorem. A system ẋ = f(x, u), y = h(x) is IOS if
and only if it admits an IOS-Lyapunov function.

One may re-interpret this result as the existence of a
new output map ỹ = α−1

1 (V (x)) which dominates the
original output (y ≤ ỹ) and which is monotonically de-
creasing (no overshoot) as long as inputs are small. This
is, in fact, one generalization of a central argument used
in regulator theory (Francis equations).

A “separation theorem” providing an asymptotic gain
characterization of IOS, similar to that given earlier for
ISS, can be found in (Ingalls et al., 2001). A version
of the above theorem for systems with are not BIBS is
given in (Ingalls and Wang, 2001).

Zero-Detectability: IOSS

Detectability is yet another property which is central
to systems analysis. For linear systems (1), (zero-) de-
tectability means that the unobservable part of the sys-
tem is stable, i.e.,

y(t) = Cx(t) ≡ 0 & u(t) ≡ 0 ⇒ x(t) → 0 as t→∞

or equivalently:

u(t) → 0 & y(t) → 0 ⇒ x(t) → 0

- -
u→ 0

⇒ x→ 0
y → 0

(see, for instance, the textbook (Sontag, 1998b)) and can
be also expressed by means of an estimate of the follow-
ing form:

|x(t)| ≤ β(t)|x0|+ γ1 ‖u‖∞ + γ2 ‖y‖∞
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where the γi’s are constants and β converges to zero (now
β is obtained from a suitable matrix A−LC, where L is
an observer gain) and the sup norms are interpreted as
appying to restrictions to [0, t].

Under cordinate changes, one is led to input/output to
state stability (IOSS). This is the property defined by
the requirement that an estimate of the following type
hold along all trajectories:

|x(t)| ≤ β(|x0|, t) + sup
s∈[0,t]

γ(|u(s)|) + sup
s∈[0,t]

γ(|y(s)|)

(for some β ∈ KL, γ ∈ K∞). The terminology IOSS
is self-explanatory: formally, there is “stability from the
i/o data to the state”.

Dissipation Characterization of IOSS

A smooth, proper, and positive definite V : Rn → R is
an IOSS-Lyapunov function if, for some αi ∈ K∞,

∇V (x) f(x, u) ≤ −α1(|x|) + α2(|u|) + α3(|y|)

for all x ∈ Rn, u ∈ Rm.
This is from (Krichman, 2000) and (Krichman, Sontag,

and Wang, Krichman et al.):
Theorem. A system ẋ = f(x, u), y = h(x) is IOSS if
and only if it admits an IOSS-Lyapunov function.

As a corollary, IOSS is equivalent to the existence of
a norm-estimator : driven by the i/o data generated by
the original system, it estimates an upper bound on the
internal state.

- -

-
z -u y

x
w

This is defined as a system ż = g(z, u, y), w = `(z),
whose inputs are the i/o pairs of the original system,
which is ISS with respect to u, y as inputs (so that there
is robustness to signal errors), and, for some ρ ∈ K and
β ∈ KL,

|x(t)| ≤ β(|x0|+|z0|, t) + ρ(|w(t)|) ∀ t ≥ 0

for all initial states x0 and z0. (See the paper (Krichman,
Sontag, and Wang, Krichman et al.) for the precise def-
inition.)

An asymptotic gain characterization of IOSS also ex-
ists, see (Angeli, Ingalls, Sontag, and Wang, Angeli
et al.).

Output to Input Stability and Minimum-
Phase Systems

Recall that a linear system (1), let us say for simplicity
single-input and single-output, is said to be minimum-
phase if the inverse of its transfer function is stable, i.e.
if all the zeroes of its transfer function have negative

real part. The minimum-phase property is ubiquitous
in control design, for instance because it allows to solve
control problems by simple inversion; it is also needed
for convergence of several adaptive control algorithms,
and it allows stabilization by output feedback.

In the late 1980s, a notion of minimum-phase (and as-
sociated “zero dynamics”) was introduced by Byrnes and
Isidori (see (Byrnes and Isidori, 1988) as well as (Isidori,
1995)). This concept has proved very succesful in al-
lowing the extension of many linear systems results to
nonlinear systems. Basically, a minimum-phase system
is one for which the zero-dynamics subsystem (which is
obtained by clamping the output at zero) is GAS.

Often, however, an enhancement of this GAS property
is needed, in effect impossing on the zero-dynamics an
ISS property with respect to the output and its deriva-
tives, see for instance (Praly and Jiang, 1993). The pa-
per (Liberzon et al., 2000) showed that it is possible to
define this enhancement directly, and with no recourse to
“normal forms” or even zero-dynamics, by requiring an
“output to input stability” property. A system is said to
be output-input stable (OIS), or more precisely “deriva-
tives of output to state and input stable” if, for some
positive integer k, an estimate as follows:

|u(t)|+ |x(t)| ≤ β(|x0| , t) + γ(‖y‖∞ + . . . ‖y(k)‖∞)

holds along all trajectories corresponding to smooth con-
trols, for some β ∈ KL and γ ∈ K∞ (the norms of y and
its derivatives are understood as those of restrictions to
[0, t]).

We refer the reader to (Liberzon et al., 2000) for de-
tails, as well as an application in adaptive control and
the proof that the OIS property is equivalent (for scalar
input and output real-analytic systems) to the existence
of a relative degree plus an OSS property with respect
to output derivatives.

Other Cascading Results

We remarked several times on the fact that cascades of
ISS systems are ISS, and the role that such a property
plays. It is easy to provide examples of the fact that
the cascade of an iISS system ẋ = f(x, z) with an ISS
system ż = f(z, u) need not be iISS, and this moti-
vated work reported in (Arcak, Angeli, and Sontag, Ar-
cak et al.) dealing with “matching” conditions which
insure such cascade well-behavior, as well as the work
reported in (Angeli et al., 2001) which deals with a no-
tion of ISS with respect to input derivatives (there is a
certain formal duality to the output to input stability
property).

Closing Comments

The developments in ISS theory during the last decade
have allowed a complete characterization of most of the
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important properties identified so far (ISS itself, IOS,
IOSS, iISS, etc). Nonetheless, the area remains very
open, as major concepts still need clarification. Among
the main questions are the need to further study and
characterize incremental IOSS (not merely distinguish-
ing from x = 0, but distinguishing every pair of states,
as needed for observers), and the need to deal with feed-
back designs which provide an ISS property with respect
to observation errors.

This brief survey has focused on basic theoretical con-
structs, instead of on applications. Let us turn now to
some further references related to ISS-related theory as
well as pointers to applications.

Textbooks and research monographs which make use
of ISS and related concepts include (Freeman and Koko-
tovi’c, 1996; Isidori, 1999; Krstić and Deng, 1998; Krstić
et al., 1995; Khalil, 1996; Sepulchre et al., 1997).

After the definition in (Sontag, 1989a) and the basic
characterizations in (Sontag and Wang, 1995a), the main
results on ISS are given in (Sontag and Wang, 1996).
See also (Coron et al., 1995; Sussmann et al., 1994) for
early uses of asymptotic gain notions. “Practical” ISS
is equivalent to ISS with respect to compact attractors,
see (Sontag and Wang, 1995b).

Several authors have pointed out that time-varying
system versions of ISS are central to the analysis of
asymptotic tracking problems, see e.g. (Tsinias and
Karafyllis, 1999). In (Edwards et al., 2000), one can
find further results on Lyapunov characterizations of the
ISS property for time-varying (and in particular peri-
odic) systems, as well as a small-gain theorem based on
these ideas.

Perhaps the most interesting set of open problems con-
cerns the construction of feedback laws that provide ISS
stability with respect to observation errors. Actuator er-
rors are far better understood (cf. (Sontag, 1989a)), but
save for the case of special structures studied in (Free-
man and Kokotovi’c, 1996), the one-dimensional case
(see e.g. (Fah, 1999)) and the counterexample (Freeman,
1996), little is known of this fundamental question. Re-
cent work analyzing the effect of small observation errors
(see (Sontag, 1999)) might provide good pointers to use-
ful directions of research (indeed, see (Liberzon, 2000) for
some preliminary remarks in that direction). For special
classes of systems, even output feedback ISS with respect
to observation errors is possible, cf. (Nešić and Sontag,
1998).

Both ISS and iISS properties have been featured in
the analysis of the performance of switching controllers,
cf. (Hespanha and Morse, 1999a) and (Hespanha and
Morse, 1999b).

Coprime factorizations are the basis of the parameter-
ization of controllers in the Youla approach. As a matter
of fact, as the paper’s title indicates, their study was the
original motivation for the introduction of the notion of
ISS in (Sontag, 1989a). Some further work can be found

in (Sontag, 1989b), see also (Fujimoto and Sugie, 1998),
but much remains to be done.

There are now results on averaging for ISS systems,
see (Nešić and Teel, Nešić and Teel), as well as on sin-
gular perturbations, see (Christofides and Teel, 1996).

Discrete-time ISS systems are studied in (Kazakos and
Tsinias, 1994) and in (Jiang et al., 1999); the latter pa-
per provides Lyapunov-like sufficient conditions and an
ISS small-gain theorem, and more complete characteri-
zations and extensions of many standard ISS results for
continuous time systems are given in (Jiang and Wang,
Jiang and Wang).

Discrete-time iISS systems are the subject of (Angeli,
1999b), which proves the very surprising result that, in
the discrete-time case, iISS is actually no different than
global asymptotic stability of the unforced system (this is
very far from true in the continuous-time case, of course).
In this context, of interest are also the relationships be-
tween the ISS property for a continuous-time system and
its sampled versions. The result in (Teel et al., 1998)
shows that ISS is recovered under sufficiently fast sam-
pling; see also the technical estimates in (Nešić et al.,
1999).

Stochastic ISS properties are treated in (Tsinias,
1998).

A very interesting area regards the combination of clf
and ISS like-ideas, namely providing necessary and suffi-
cient conditions, in terms of appropriate clf-like proper-
ties, for the existence of feedback laws (or more generally,
dynamic feedback) such that the system ẋ = f(x, d, u)
becomes ISS (or iISS, etc) with respect to d, once that
u = k(x) is substituted. Notice that for systems with dis-
turbances typically f(0, d, 0) need not vanish (example:
additive disturbances for linear systems), so this prob-
lem is qualitatively different from the robust-clf prob-
lem since uniform stabilization is not possible. There
has been substantial work by many authors in this area;
let us single out among them the work (Teel and Praly,
2000), which deals primarily with systems of the form
ẋ = f(x, d) + g(x)u (affine in control, and control vec-
tor fields are independent of disturbances) and with as-
signing precise upper bounds to the “nonlinear gain”
obtained in terms of d, and (Deng and Krstić, 2000),
which, for the class of systems that can be put in output-
feedback form (controller canonical form with an added
stochastic output injection term), produces, via appro-
priate clf’s, stochastic ISS behavior (“NSS” = noise to
state stability, meaning that solutions converge in prob-
ability to a residual set whose radius is proportional to
bounds on covariances).

In connection with our example from tracking design
for a robot, we mention here that the paper (Marino
and Tomei, 1999) proposed the reformulation of track-
ing problems by means of the notion of input to state
stability. The goal was to strengthen the robustness
properties of tracking designs, and the notion of ISS
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was instrumental in the precise characterization of per-
formance. Incidentally, the same example was used, for a
different purpose—namely, to illustrate a different non-
linear tracking design which produces ISS, as opposed to
merely iISS, behavior—in the paper (Angeli, 1999a).

Neural-net control techniques using ISS are mentioned
in (Sanchez and Perez, 1999).

A problem of decentralized robust output-feedback
control with disturbance attenuation for a class of large-
scale dynamic systems, achieving ISS and iISS proper-
ties, is studied in (Jiang et al., 1999).

Incremental ISS is the notion that estimates differ-
ences |x1(t)− x2(t)| in terms of KL decay of differences
of initial states, and differences of norms of inputs. It
provides a way to formulate notions of sensitivity to ini-
tial conditions and controls (not local like Lyapunov ex-
ponents or as in (Lohmiller and Slotine, 1998), but of a
more global character, see (Angeli, Angeli)); in partic-
ular when there are no inputs one obtains “incremental
GAS”, which can be completely characterized in Lya-
punov terms using the result in (Lin et al., 1996), since
it coincides with stability with respect to the diagonal of
the system consisting of two parallel copies of the same
system. This area is of interest, among other reasons, be-
cause of the possibility of its use in information transmis-
sion by synchronization of diffusively coupled dynamical
systems ((Pogromsky et al., 1999)) in which the stability
of the diagonal is indeed the behavior of interest.

Small-gain theorems for ISS and IOS notions origi-
nated with (Jiang et al., 1994); a purely operator version
(cf. (Ingalls et al., 1999)) of the IOS small-gain theorem
holds as well. There are ISS-small gain theorems for cer-
tain infinite dimensional classes of systems such as delay
systems, see (Teel, 1998).

The notion of IOSS is called “detectability” in (Sontag,
1989b) (where it is phrased in input/output, as opposed
to state space, terms, and applied to questions of pa-
rameterization of controllers) and was called “strong un-
boundedness observability” in (Jiang et al., 1994). IOSS
and its incremental variant are very closely related to
the OSS-type detectability notions pursued in (Krener,
1999); see also the emphasis on ISS guarantees for ob-
servers in (Marino et al., 1999). The use of ISS-like for-
malism for studying observers, and hence implicitly the
IOSS property, has also appeared several times in other
authors’ work, such as the papers (Hu, 1991; Lu, 1995a;
Pan et al., 1993).

It is worth pointing out that several authors had inde-
pendently suggested that one should define “detectabil-
ity” in dissipation terms. For example, in (Lu, 1995b),
Equation 15, one finds detectability defined by the re-
quirement that there should exist a differentiable stor-
age function V satisfying our dissipation inequality but
with the special choice α3(r) := r2 (there were no inputs
in the class of systems considered there). A variation
of this is to weaken the dissipation inequality, to require

merely
x 6= 0 ⇒ ∇V (x) f(x, u) < α3(|y|)

(again, with no inputs), as done for instance in the defini-
tion of detectability given in (Morse, 1995). Observe that
this represents a slight weakening of the ISS property, in
so far as there is no “margin” of stability −α1(|x|).

Norm-estimators are motivated by developments ap-
peared in (Jiang and Praly, 1992) and (Praly and Wang,
1996).

The notion studied in (Shiriaev, 1998) is very close to
the combination of IOSS and IOS being pursued in (In-
galls, Sontag, and Wang, Ingalls et al.).

Partial asymptotic stability for differential equations
is a particular case of output stability (IOS when there
are no inputs) in our sense; see (Vorotnikov, 1993) for a
survey of the area, as well as the book (Rumyantsev and
Oziraner, 1987), which contains a converse theorem for
a restricted type of output stability. (We thank Anton
Shiriaev for bringing this latter reference to our atten-
tion.)
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Krstić, M., I. Kanellakopoulos, and P. V. Kokotović, Nonlinear
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Abstract
Hybrid dynamics in process control arise for various reasons. The main source is the interaction between computer-realized
discrete control functions and the continuous physico-chemical processes in the plant. But also physical or operational
constraints lead to discrete phenomena in otherwise continuous processes. The modeling, the analysis and the design of
hybrid control systems pose new problems for which the conventional systems and control theory is not an appropriate
tool. The paper identifies these challenges using illustrative case studies and gives a survey of recent approaches to a
formal treatment of hybrid systems. Particular emphasis is put on methods which were developed in computer science
in the last years. We will discuss to what extent these techniques can support the analysis and design of hybrid systems
in process control or automation and what the limits are.
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Introduction

The term “hybrid systems” was coined around ten years
ago and refers to systems with both continuous and dis-
crete dynamics. It is now a common research field in
control theory and computer science with regular con-
ference and workshop series. The purpose of this pa-
per is to present a survey on approaches from this field
and discuss their potential for solving problems in pro-
cess control or automation. In particular, we will focus
on models and methods from computer science research
which do not receive much attention from the process
control community.

In computer science, the treatment of hybrid systems
belongs to the field of formal methods. The term for-
mal method refers to approaches which systematically
use means of description with rigorously and consistently
defined syntax and semantics to represent design spec-
ifications or existing designs/plants for the purpose of
either proving that certain design requirements hold or
automatically synthesizing designs which provably meet
these requirements. Examples of methods which in com-
puter science are commonly agreed to be formal are ver-
ification or synthesis, whereas simulation (in the engi-
neering sense of the word) or optimization usually are
not regarded as being formal.

In the last years formal methods have found their way
from academia to industry in several domains. Appli-
cations are reported, for instance, from the design of
integrated circuits, communication protocols, embedded
controllers for airplanes and cars, logic control of ma-
chine tools, and flexible manufacturing systems. The
use of formal techniques in these fields is motivated by
the need for discovery of faults in early design stages

∗Robert Bosch GmbH, FV/SLD, P.O. Box 94 03 50, D-60461
Frankfurt, Germany. Email: stefan.kowalewski@de.bosch.com

†The results and opinions expressed in this paper were devel-
oped while the author was with the Department of Chemical En-
gineering at the University of Dortmund, Germany.

which helps to save costs and to achieve more reliable
systems. However, this development does not seem to
have reached the processing industries because from this
domain only a few academic projects and hardly any in-
dustrial application of formal methods are known. The
reason which is often given for this situation is that the
first formal methods were applicable only to purely dis-
crete problems (e.g., correctness of switching circuits)
whereas problems in processing systems usually involve
plants with continuous dynamics. Now that new for-
mal methods have been developed for hybrid systems, it
seems to be worthwhile to revisit the question of what
can be achieved by formal methods in process control or
automation. This is the motivation of this contribution.

The paper is organized as follows. In the following sec-
tion we will present a pragmatic definition of a hybrid
system and discuss why hybrid models arise. After that,
the hybrid automaton model is introduced with the help
of an example. In the section Analysis of Hybrid Sys-
tems reachability analysis is presented as the main anal-
ysis method. We discuss computational issues and the
need for abstraction which arises as a consequence from
the computational limitations. Based on these theoreti-
cal contemplations, the section Hybrid Systems Problems
presents an analysis of the status and and the potential
of formal methods for hybrid systems in the processing
industries. Four possible application domains are iden-
tified, the current practice in these fields is described,
existing academic initiatives for developing methods and
tools are reported, and reasons are discussed why the
practitioners are still reluctant to use them. A discus-
sion concludes the paper.

What are Hybrid Systems?

The definition of a hybrid system as a system which com-
bines continuous and discrete dynamics is a bit superfi-
cial. To be more precise, the term “hybrid systems”
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refers to models, not systems as such. A system is not
hybrid by nature, but it becomes hybrid by modeling
it this way. Whether it makes sense to build a hybrid
model depends not only on the system, but also on the
application and the purpose of the model. For example,
it would be possible to describe the behavior of on/off
valves by a continuous relation between the opening ra-
tio and the control voltage. But in most situations it is
sufficient to consider on/off valves as discrete switching
elements. And if these valves interact with a process in
which continuous phenomena are of interest, a hybrid
model would be appropriate. In other words, it depends
on the level of abstraction which is needed to solve a par-
ticular problem, whether the model should be discrete,
continuous or hybrid.

As a consequence of this definition, hybrid systems
arise in processing systems whenever both abstraction
levels—continuous and discrete—have to be considered.
The main source of such problems are constellations in
which discrete (or logic) controllers interact with contin-
uous physico-chemical processes. The need for the dis-
crete abstraction level comes from the man-made control
functions (but also from physical constraints), and the
continuous level is necessary to describe the processes
driven by natural laws. However, to stress again the fact
that the appropriate model depends on the purpose: not
every computer-realized controller has to be described by
a discrete model, and not every chemical process needs a
continuous model. If we consider continuous controllers
being implemented on a digital computer, it usually is
sufficient for the design to describe controller and plant
as continuous systems and to abstract from the discrete
implementation. On the other hand, for the analysis
of a logic control function it is customary to use a dis-
crete abstraction of the continuous process (e.g., only
distinguishing between specified and unspecified process
states).

The second example points to a main topic in hybrid
systems research: abstraction methods. Often, it is ei-
ther not possible or not appropriate to analyze a hy-
brid model. In this case it is often helpful to discretize
the continuous part and solve the problem using discrete
analysis techniques. So, hybrid systems research is not
only concerned with hybrid models and their analysis,
but also with the problem how to map hybrid problems
into spaces where they can be solved better. This will be
discussed in more detail in the section Analysis of Hy-
brid Systems. The section Hybrid Systems Problems will
present examples for hybrid problems in the design and
analysis of processing systems. There we will see that
it is not only discrete logic but also the human distinc-
tion between certain modes (e.g., safe, unsafe, or toler-
able process states; start-up, production, or shut-down
phases; specified, unspecified, or possibly deviated pro-
cess behaviors) which leads to hybrid models.

Modeling of Hybrid Systems

Two Different Starting Points and Directions

Modeling frameworks for hybrid systems were introduced
independently in control theory and computer science.
Since the original domains of interest in these two fields
were on both ends of the hybrid dynamics spectrum—
purely continuous dynamic systems in control theory,
discrete state systems in computer science—the model-
ing approaches moved in opposite directions:

• In control theory, the starting point was continuous
models which were then extended by discrete mech-
anisms like switching or resetting. The resulting
models consist of differential equations, algebraic
equations and/or inequalities with continuous and
binary variables. The later are used to activate and
deactivate terms by multiplication, e.g. to switch
the right hand side of the state equation. This class
of systems is often refered to as switched continuous
systems.

• The computer scientists came the other way. They
extended discrete formalisms (most prominently fi-
nite automata, but also Petri nets and logics) by
continuous variables which evolve according to dif-
ferential equations associated with discrete states.
Discrete transitions can switch between continuous
modes, and the continuous variables can be reset
when a transition takes place. The resulting frame-
work is called hybrid automata.

In principle, both modeling approaches are equivalent
in the sense that the models are equally expressive1. In
the following, we will focus our attention on the hybrid
automata paradigm from computer science and discuss
their potential in process control and automation. For
more information about the “control theory approach”
to hybrid systems the reader is referred to the literature,
in particular to recent special issues on hybrid systems
in various control journals (e.g., Antsaklis and Nerode,
1998; Morse et al., 1999; Antsaklis, 2000), or to Lemmon
et al. (1999).

It should be mentioned that timed discrete event sys-
tems (i.e. models which consist of a discrete transition
system and time as the only continuous variable) are of-
ten not regarded as hybrid systems but rather classified
as discrete event systems. If this distinction is made,
systems are called hybrid only when more complex dif-
ferential equations than ẋ = 1 are involved. In this sur-
vey we will include the application of timed models as
part of the general discussion of hybrid systems, because
time is a continuous variable, and in many cases, timed
models are a sufficient abstraction of hybrid dynamics.

1Of course, certain assumptions have to be made. For example,
the value sets of the discrete variables in the switched continuous
model have to be finite because the discrete state space of a hybrid
automaton is finite by definition.
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An Example

To introduce hybrid automata we will use a simple
example which illustrates that this modeling approach
arises naturally for certain classes of process control
or automation problems. The example is taken from
Kowalewski et al. (2001) and has been used as a bench-
mark case for instance in the European Union research
projectVerification of Hybrid Systems (VHS, 2000).

Figure 1 shows the piping and instrumentation dia-
gram of the example plant. It is a batch evaporator
in which the following production sequence takes place.
First, a solution is filled into tank T1 and the solvent is
evaporated until a desired concentration of the dissolved
substance is reached. During the evaporation stage, the
condenser K1 is in operation and collects the steam com-
ing from T1. When the desired concentration is reached,
the material is drained from T1 into T2 as soon as T2
is available (i.e., emptied from the previous batch). A
post-processing step then takes place in T2, before the
material can be pumped out of T2 to a downstream part
of the plant.

We focus our attention on the problem of an appro-
priate reaction of the controller to a cooling breakdown
in the condenser. This failure will lead to a temperature
and pressure increase in the condenser tube K1 and the
evaporator tank T1, if the evaporation process is con-
tinued. It must be avoided that the pressure in K1 will
rise above a dangerous upper limit. To achieve this, the
heating in T1 has to be switched off before the safety
pressure valve is triggered. This, in turn, causes a de-
crease of the temperature of the material in T1. When
the temperature in T1 becomes too low, a crystalliza-
tion effect leads to precipitation of solids, which spoils
the batch. This, of course, is an undesired situation,
too. Thus, the timespan between the cooling failure and
switching-off of the heating is critical: it has to be short
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Figure 2: Sequential function chart.

enough such that the pressure increase is limited but on
the other hand as long as possible such that crystalliza-
tion will not occur. Any given control program for this
process has to be checked against this specification.

Figure 2 shows a suggestion for a controller which shall
realize the required behavior. The representation in Fig-
ure 2 is a Sequential Function Chart (SFC) according to
the IEC 1131 standard (IEC, 1992). In particular, action
blocks are used to specify the control actions performed
in each step. An action block consists of a qualifier,
an action name, and a manipulated variable. The left
branch of Figure 2 represents the normal operation se-
quence. In the undisturbed case, the system will leave
the step Evaporating when the desired concentration is
reached. The part branching to the right describes the
control actions during an emergency shut-down as a re-
action on a cooling breakdown. There is a waiting time
implemented between the cooling failure and stopping
the heater. As discussed above, the controller will open
valve 18 and start pump 1 to drain T2 as soon as the
flow of cooling agent is too low. The corresponding ac-
tions are labeled with the qualifier “S”, which means
that the variables V18 and P1 are set to TRUE and that
they will remain TRUE after the step was left. The label
“RD t#5m” on the third action in the step Draining T2,
switching off the heating symbolizes that the heating is
switched off with a delay of 5 minutes, even if the step
has become inactive in the meantime. As soon as T2 is
empty, the SFC will switch to the subsequent step and
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Figure 3: Finite automaton model of the evaporator
tank T1.

open valve 15. When T1 is empty and the heating is
switched off, the controller assumes the system to be in
a state of safe shut-down.

Hybrid Automata

When we want to analyze whether the controller in the
example from the previous subsection meets the require-
ments (i.e., the pressure will never become too high and
crystallization will not occur), a model of the plant is
needed which represents the relevant behavior. Obvi-
ously, a large part of this behavior is discrete because
the interaction between controller and plant is specified
in discrete terms. Figure 3 shows a corresponding finite
automaton model of tank T1 of the evaporator. The
discrete states represent the discrete steps during the
evaporation cycle (is empty, filling, evaporating, ready,
and emptying) as well as three important modes in the
case of a cooling failure (emergency draining, heating off,
and solidified). When the failure occurs, T1 will be in
the state evaporation. The controller will then empty
tank T2 and start the clock. This is not captured by the
model of Figure 3 but happens in the environment (which
would have to be modeled for a formal analysis, too). If
T2 is empty before the waiting time is elapsed, the sys-
tem will move to emergency draining, stop the heating,
and safely go back to is empty. The more interesting case
is when the waiting time is elapsed before T2 becomes
empty. In the model of Figure 3 this means that the
system moves to the state heating off. In this state the
temperature in T1 decreases while the controller waits
for T2 to become empty. Now the question is whether
T2 will become empty before the temperature drops be-
low the crystallization threshold. If this is the case, the
transition to emergency draining will be taken and the
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Figure 4: Example of a hybrid automaton.

system is safe. If not, the state solidified will be reached,
representing that the crystallization has started.

Obviously, a purely discrete model like the one above
is not able to answer this question. What is needed here
is the information about how fast the temperature in T1
decreases. Thus, a hybrid model is necessary. Figure 4
shows how the additional information can be added to
the discrete model by using a hybrid automaton (Alur
et al., 1995). Roughly speaking, the hybrid automaton
model complements finite automata by continuous vari-
ables. These variables can be reset by discrete transi-
tions (here: the temperature is defined to be 100◦ Cel-
cius when the heating is switched off). While the system
is in a certain discrete state (called location), the contin-
uous variables evolve according to differential equations,
called activities (here: a linear first order ODE). Con-
ditions can be formulated which have to be true while
the system remains in a discrete state. They are called
invariants. Finally, so-called guards represent conditions
for transitions between discrete states. In the example
the invariant and the guard together express that the
transition to solidified will occur between 35◦ and 30◦

Celcius.
Figure 5 shows an important special class of hybrid

automata, a so-called timed automaton (Alur and Dill,
1990). Here, the continuous variable is a clock which can
only be reset to zero and the value of which increases by
the rate of one. Such a description is useful for exam-
ple when detailed continuous models are not available or
not necessary, but information about process durations
is known.

Analysis of Hybrid Systems

The major analysis procedure for hybrid automata is the
reachability analysis. It answers the question whether for
a given hybrid automaton a certain hybrid state (discrete
location and region in the continuous space) is reachable
from the initial state. This problem is so important be-
cause many problems can be reduced to a reachability
problem. For instance in the example above, the ques-
tion whether the controller is correct is mapped into the
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problem whether the state solidified is reachable in the
plant model.

However, the application of reachability analysis for
hybrid automata is restricted due to computational is-
sues. We will illustrate the basic computational prob-
lem by the small example in Figure 6 which is taken
from Preußig (2000). It is a very simple hybrid au-
tomaton with only two locations and two continuous
variables, x and y. In both locations, the invariants
restrict the values of x and y to a square of the size
(0 ≤ x ≤ 100 ∧ 0 ≤ y ≤ 100). In location L1, x grows
by a rate of 1 and y by a rate of 2. In location L2

it is vice versa. The transition T1 can only be taken
when the guard y = 100 is true. When it is taken, y
is reset to 0. Transition T2 is guarded by the condition
x = 100, and the reset is x := 0. Since the invariants,
guards and resets are linear expressions and the solu-
tions of the differential equations for the activities are
linear functions, this example belongs to the class of lin-
ear hybrid automata (Alur et al., 1995). It is the largest
class for which tools for exact reachability analysis exist.
The most prominent is Hytech (Henzinger et al., 1997).
Hytech uses polyhedra as the data structure for repre-
senting, manipulating and storing regions in the con-
tinuous state space during the exploration. The basic
reachability algorithm is the following:

0. Initialize hybrid automaton (location l := initial lo-
cation, polyhedron P := initial continuous region
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Figure 7: Situation after step 1 of the reachability
analysis algorithm.

P0).

1. Intersect P with the invariant of l.

2. Let P increase with time according to the activity
of location l.

3. Intersect P with the invariant of l.

4. Stop, if l was visited before with P .

Else: For all transitions T from l do:

5. Intersect P with the guard of T .

6. Reset P according to the reset expression of T .

7. Set l := target location of T , go to step 1.

Figure 7 shows the result of the steps 0 and 1 of the
algorithm: The initial values of x and y are (x = 0∧ 0 ≤
y ≤ 25). Step 1 determines which of these values are
possible in location L1. In this case the set is unchanged
and represented by the polyhedron P11 (the dark grey
bar in Figure 7) The subscripts symbolize iteration 1
and step 1. In step 2, the region of the continuous state
space is computed which can be reached while the system
is in l, without considering the invariant (or, in other
words, assuming that the system remains in L1 forever).
The result is P12 in Figure 8. Obviously, not all of this
region is actually reachable, because the invariant will
force the system to leave L1 as soon as it is violated.
Step 3 determines the part which is in accordance with
the invariant, i.e. P13 in Figure 9.

At this stage, the algorithm would take the list of pre-
viously visited regions and check whether P13 (or a sub-
set of it) had been computed for L1 before. If this is case,
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Figure 9: Result of step 3.

it would abort the current search branch. If not, the al-
gorithm has to determine the possible transitions from
L1. In our example, there is only T1. To find out whether
it is possible, we have to check whether the guard can
become true for the reachable values of x and y in L1.
This is computed in step 5 by the intersection. If it is
empty, the transition is not possible. Here, the result is
P15 in Figure 10. When the transition is taken, the reset
leads to P16. This is the possible region with which the
system can enter location L2. Now, the second iteration
starts. Figure 11 shows the resulting polyhedra P25 and
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P26 (the light grey parts represent the already visited
region).

If we continue the algorithm, it will become apparent
that after each iteration the reachable set is increased
by a polyhedron which becomes smaller and smaller. In
fact, the length of the horizontal and vertical boundary
lines is half of the length of the previous iteration. This
converges asymptotically to the reachable set given in
Figure 13. The consequence is that the algorithm will
not terminate. This is not only true for this example—it
was proven that reachability for linear hybrid automata
is not decidable, which means that there does not exist
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an algorithm which will terminate for every linear hybrid
automaton (Alur et al., 1995).

In practice, this undecidability result is not the only
problem. Since HyTech is performing its computations
by integer arithmetic, memory overflows for the integer
variables are a common problem. A further shortcom-
ing of this approach is the exponential complexity of
the algorithm with the number of continuous variables
(which adds to the discrete state space explosion prob-
lem). These shortcomings are the motivation for a very
active area in hybrid systems research which is concerned
with abstraction techniques for hybrid systems. The idea

is to build a substitute model which is more abstract than
the hybrid system under investigation (that is, it omits
some details but includes the behavior of the original
system), which belongs to a class of systems for which
reachability is easier to solve (e.g., timed automata or
purely discrete systems). A collection of papers follow-
ing this approach can be found in Engell (2000). Alur
et al. (2000) provided a survey on fundamental theoreti-
cal results in discrete abstractions of hybrid systems. A
slightly different approach is not to do the abstraction
for the whole dynamics first and then analyse reachabil-
ity, but to apply approximation techniques during each
single iteration step of the reachability analysis. Main
representatives of this work are for instance Chutinan
and Krogh (1999), Dang and Maler (1998), Greenstreet
and Mitchell (1999), Raisch and O’Young (1998), and
Preußig et al. (1999).

Hybrid Systems Problems

In this section we identify a list of process control prob-
lems (or in a wider sense, process automation problems)
which pose challenges to formal methods for hybrid sys-
tems. The problems are presented in the order in which
they arise during the life cycle of a processing plant.
The project management for processing plants is built
on the following life cycle model. Starting with a mar-
ket analysis, the early phases take place in laborato-
ries and pilot plants to increase the knowledge, iden-
tify the optimal chemical or physical processes for re-
alising the desired product and estimate the economic
prospects. After that, the so-called basic engineering
begins during which the unit operations (e.g. reactions,
separations) are fixed, the corresponding types of equip-
ment are chosen, and the basic means for controlling
the plant are specified. The major resulting document
of this phase is the so-called Piping and Instrumenta-
tion Diagram (P&ID). This is a flowsheet representing
all pieces of processing equipment like tanks, valves, re-
actors etc., all the pipes, the measurement points, as
well as the continuous control loops and the safety trips
(the latter two being represented roughly as connections
between the initiating sensor and the corresponding ac-
tuator). Following the basic engineering is the detail en-
gineering phase. Here, the information of the P&ID is
specified and refined to obtain the necessary documents
for erection (e.g., pipe routing, equipment sizes, choice
of materials etc.) and commissioning (choice of sensors
and control systems, configuration/programming of the
controllers, design of operator panels, etc.). Often the
boundaries between these phases are fuzzy. It is not
uncommon, for example, that the programming of the
control system has to be finished on site while the plant
is being put into operation. After the commissioning,
operation and maintenance is the next phase, and de-
commissioning and dismantling is regarded as a phase
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of its own which finishes the life cycle of a processing
plant. Refering to this life cycle model, the following
tasks with the potential for the application of hybrid
systems methods can be identified.

• safety analysis of plant instrumentations (basic en-
gineering)

• design and analysis of discrete controllers, e.g.,
interlocks, trips, switching of continuous control
modes, sequence control (detail engineering, com-
missioning)

• generation and analysis of control recipes for batch
processes (operation)

• event-based fault diagnosis (operation and mainte-
nance)

In the remainder of this section, the four tasks will be
discussed in more detail.

Safety Analysis of Plant Instrumentations

Task Description. Many processing plants repre-
sent a potential danger for the life and health of the
people working in the plant and those living in their
vincinity and for the environment. Therefore, in most
countries the national authorities demand a thorough
and systematic analysis of the possible hazards and the
safety concept of a new plant. This procedure has to take
place at the end of the basic engineering phase because
it is important to identify safety-related design faults in
an early stage of the project, so that modifications can
be done with little effort. The aim of the safety analysis
is to discover potential sources of hazards and to check
that the proposed safety devices are capable of handling
these hazards in an appropriate way.

Clearly, many safety problems are of a hybrid na-
ture. It often depends on the interaction between dis-
crete safety devices (e.g., limit switches, relief valves)
and the continuous dynamics (e.g., an exothermal reac-
tion) whether dangerous situations can occur or whether
the instrumentation can prevent them.

Current Practice. In practice, the safety analysis
is carried out by a team of experts coming from differ-
ent disciplines involved in the plant design. These ex-
perts get together and discuss the safety concept based
on the P&ID diagram. They literally start at one end
of the plant and move from one piece of equipment to
the other. Disturbances and equipment failures are as-
sumed and the consequences are estimated. The results
are documented thoroughly. This procedure can take
weeks.

To provide guidelines for these discussions, companies
and authorities have developed a handful of systematic
methods for safety analyses. Among those the Hazard
and Operability Studies (HAZOP) methodology (Law-
ley, 1974) is now established as the most popular one.
In HAZOP, a list of guidewords (e.g., “none”, “more

than”, or “reversed”) is applied to each piece of equip-
ment and each relevant physical variable such that all
possible deviations of the nominal values can be deter-
mined. However, even for a medium sized plant it is still
impossible to consider all cases being brought up by the
HAZOP method. The experts have to select what they
think are the most important cases. This bears the dan-
ger of missing a possible hazard. Another problem is that
hazard analyses are based on the “one failure at a time”
assumption. This is also done to keep the number of
considered cases manageable. However, hazards caused
by combinations and sequences of failures will not be
discovered this way. Finally, the consequences of the in-
teraction between continuous and discrete dynamics can
only be estimated. This can be problematic because re-
sponses of hybrid systems are much less predictable than
purely continuous systems.

State of Research. Since at the time of the safety
analysis the available information about the plant behav-
ior is rough, a model-based analysis will have to build
on qualitative models which abstract from the continu-
ous dynamics. First approaches in this direction were
presented by Vaidhyanathan and Venkatasubramanian
(1995), Yang and Chung (1998) and Graf and Schmidt-
Traub (1998). In all cases, the idea is to follow the HA-
ZOP methodology and to provide an automated checker
for the guideword questions which uses a quantitative
plant model. In Vaidhyanathan and Venkatasubrama-
nian (1995) and Yang and Chung (1998) the model is
built on signed directed graphs, in Graf and Schmidt-
Traub (1998) state transition systems are used which are
specified and simulated using the tool Statemate (Harel
and Naamad, 1996). In the latter case, the HAZOP
method essentially is mapped to a reachability problem
for discrete state transition systems. This points to the
similarity of the safety analysis for qualitative models
and formal verification of data processing systems (see
next section). It can be expected that more approaches
from this field will be applied to hazard identification
and safety analysis in the future, including the applica-
tion of the hybrid analysis method presented in the first
part of this paper.

Discussion. From the description of the currently
applied procedures for hazard and safety analysis it be-
comes clear that there is a potential for improving the
current practice by applying formal methods in the sense
of an automated, rigorous model-based safety analysis
which could then overcome the problem of overlooked
hazards as well as the single failure assumption.

The approaches mentioned in the previous section are
promising because they provide a means to automatically
check the consequences of large numbers of deviations
or failures and combinations of them. Already during
the modeling step, valuable insight will be gained about
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the safety of the plant design. And when reachability
analysis algorithms are applied, it is guaranteed that ev-
ery hazard being considered in the model—explicitly or
implicitly—will be discovered. However, before these ap-
proaches can be applied in practice, two problems have
to be solved. First, the modeling effort is very high
and for the practitioner it is often not apparent whether
it will pay off during the analysis. Second, the auto-
mated analysis will result in a large number of scenarios
leading to dangerous states differing only in small de-
tails which would have been considered as one hazard
in a manual analysis. Also, due to the intrinsic non-
determinism of qualitative models, many “dangerous”
trajectories are physically impossible. To overcome these
problems, methods for filtering the analysis results be-
fore they are presented to the user have to be developed.

Design and Analysis of Discrete Controllers

Task Description. In the process industries, dis-
crete controllers are realized by programmable logic con-
trollers (PLCs) or distributed control systems (DCSs).
They perform basic control functions, e.g., process super-
vision to avoid unwanted or even dangerous states of the
process or damage to the equipment, sequence control,
startup and regular or emergency shutdown procedures,
switching the mode of operation of PID controllers, or
supervision of sensor inputs and outputs to actuators.
A significant part of this discrete control logic is critical
for the safe operation of the process. The correctness of
the logic control system often depends on the interaction
between the discrete control function and the continuous
process.

Current Practice. In practice, discrete control logic
is still very seldom produced in a systematic manner.
Usually, rough and often incomplete specifications lead
to a first design and direct implementation which is then
improved by testing onsite. The support of the software
design is restricted to programming environments and a
standard for programming languages and common stan-
dard software elements (IEC (1992), see Maler (1999)
for a critical analysis). This situation seems to be inap-
propriate in particular for the citical parts of the logic
control software.

State of Research. The research on a more system-
atic and reliable design for logic controllers in processing
systems follows a number of approaches. Among those,
the following three can be regarded as the most impor-
tant methods with a formal basis: verification, synthesis,
and code generation from a formal specification.

Formal Verification. The notion of formal verifica-
tion originates from computer science where, in gen-
eral terms, it means a mathematical proof that a model
of an algorithm fulfills given formal properties. In the

last decades, different representations and methods have
been developed and, in the recent years, some of them
have been applied successfully in the area of hardware
and communication protocol design (see Clarke and Kur-
shan, 1996, for a survey). However, in the field of logic
controllers for processing systems, in particular when
continuous processes are involved as it is the case for
most processing plants, formal verification is currently
not applied in practice and only a few research projects
are described in the literature (see below).

The pioneering work in the verification of logic con-
trollers for industrial and in particular, chemical pro-
cessing systems was done by Powers and his co-workers
(1992) for control programs represented in Relay Lad-
der Logic. They applied the symbolic model checking
method from Burch et al. (1992) in which the system that
has to be verified is modeled as a finite state machine and
the specifications of the desired behavior are represented
by temporal logic expressions. Their approach has been
extended to include plant models and recent work shows
that the formal verification of logic controllers for pro-
cesses of moderate size is possible (Probst et al., 1997).
The continuous dynamics of subsystems of the plant are
discretized in an elementary manner: The range of values
of each continuous variable is partitioned into intervals
and the model simply describes the possible transitions
between these intervals. Timers are incorporated in the
same qualitative fashion by neglecting the timer value
and keeping only two states, running and elapsed. This
suffices if checking real-time constraints is not required,
e.g., whether a controller response to a plant event is fast
enough to avoid unwanted process behavior.

In the last years, the model checking approach has
been extended to incorporate real-time and hybrid spec-
ifications and analysis. This work is mostly based on the
timed or hybrid automata model and it resulted in the
development of analysis tools for such systems (Yovine,
1997; Larsen et al., 1997; Henzinger et al., 1997). Appli-
cations of this framework to the modeling and analysis
of PLC programs are reported, for example, in Mader
and Wupper (1999) and VHS (2000). In Kowalewski
et al. (1999) an approach is presented which integrates a
number of available model checking tools from computer
science with an engineering-oriented modeling interface.
For this purpose, a modular, block-oriented framework
for modeling hybrid systems is introduced which is based
on hybrid automata connected by certain discrete valued
signals. It aims at applications where formal verifica-
tion requires a quantitative analysis of the interaction
between timers or threshold values in the logic control
program and the plant dynamics. Further examples of
verification approaches to PLC programs including time
or hybrid aspects are Herrmann et al. (1998) and Heiner
et al. (1999).

A recent development in the chemical engineering
community is represented by approaches to apply tech-
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niques from optimization, in particular mathematical
programming, to verification problems. For instance, the
same basic problem as in the approach by Moon et al.
(1992), i.e. model checking of Relay Ladder Logic di-
agrams, has been treated by Park and Barton (1997)
using these techniques. Here, the problem of checking
whether a temporal logic formula holds for the model of
the logic controller is mapped into the feasibility prob-
lem for a system of equalities and inequalities for binary
variables. The latter is then solved by integer program-
ming. Application results show that there exist exam-
ples for which this approach generates solutions faster
than classical model checking. The problem of abstract-
ing continuous or real-time information is solved in the
same way as in the first approach.

The use of mathematical programming not only for
checking the control logic but also for the analysis of
switched continuous models has been suggested by Dim-
itriadis et al. (1996, 1997). The reachability problem
is reformulated as an optimization problem in the dis-
crete time domain which can be solved by mixed integer
programming. Basically, the optimization determines
the worst possible behavior, meaning that the system
is most often in an undesired region of the continuous
state space. The approach is general in the sense that
it can be applied to hybrid systems as well as to purely
discrete or purely continuous systems. Its strength lies
in the ability to take advantage of well tested and effi-
cient optimization procedures. A limitation is given by
the fact that the size of the mixed integer program grows
with the product of the number of discrete time steps and
the number of equations and logical expressions describ-
ing the plant and the controller, respectively. A similar
approach has been suggested by Bemporad and Morari
(1999). Here, an iterative scheme is used to perform con-
ventional reachability analysis. This scheme avoids set-
ting up a huge one-step optimization problem which is
most likely not tractable. The verification method is part
of a comprehensive modeling and analysis approach to
hybrid systems, including a scheme for model-predictive
control which is reported in another paper of the CPC
VI.

Synthesis. The synthesis of logic controllers is a trans-
formation of the continuous control synthesis problem to
a discrete event or hybrid setting: Given a model of the
possible plant behavior for arbitrary control inputs and a
specification of the desired process behavior, a controller
has to be designed which guarantees that the closed-loop
system satisfies the requirements. When the term syn-
thesis is used in the research literature for this task, it is
usually understood that the controller is derived from the
plant model and the specifications automatically by an
appropriate algorithm. Due to a traditional and deliber-
ate mutual isolation of the control systems and computer
science research communities, control engineers refer to

the framework set up by Ramadge and Wonham (1989)
whereas computer scientists trace the roots back to early
game theory (Buechi and Landweber, 1969) when the
origins of research on logic controller synthesis are con-
cerned. In both cases, the problem formulation and al-
gorithms are basically equivalent.

In the Ramadge and Wonham framework, the plant
is modeled as a finite state machine in which the transi-
tions represent discrete events. They either can be inhib-
ited by the controller or are uncontrollable in the sense
that their occurence is not under influence of the envi-
ronment. The desired behavior can be specified by a
set of acceptable event sequences, a so-called target lan-
guage (Ramadge and Wonham, 1987b), or a set of un-
desired states which corresponds to the forbidden states
specification mentioned in the previous section on for-
mal verification (Ramadge and Wonham, 1987a). For
both requirements, Ramagde and Wonham present syn-
thesis algorithms with linear complexity refering to the
size of the plant model. However, the size of the plant
model itself increases exponentially with the number of
components from which it is built.

There exist numerous extensions and derivations of
this approach from which only a selection can be men-
tioned briefly here. While in the original approach the
complete controller is computed off-line, Chung et al.
(1992) introduce an on-line synthesis approach using a
limited lookahead horizon. The fact that the controller
can only inhibit plant events but not force them to oc-
cur is often regarded as a shortcoming of the Ramadge
and Wonham framework. In Golaszewski and Ramadge
(1987), Sanchez (1996), Kowalewski et al. (1996), and
Krogh and Kowalewski (1996) synthesis concepts are
investigated where the controller can pre-empt events
by forcing other events. A further line of research is
concerned with Petri nets as an alternative modeling
paradigm. Examples are Hanisch et al. (1997), Li and
Wonham (1993, 1994), and Chouika et al. (1998). A sur-
vey is presented in Holloway et al. (1997). Applications
of formal synthesis approaches for process control prob-
lems can be found, for instance, in Tittus (1995) and
Marikar et al. (1998).

An important extension is the incorporation of quanti-
tative time, such that additional specifications for meet-
ing deadlines or minimal state residence times can be
formulated for the synthesis. This is useful for process
control applications because timers are often used when
information about the evolution of the continuous pro-
cess dynamics is not available from measurements. Two
main approaches can be distinguished: The first one is
based on a discrete time axis and assumes that state
transitions only occur synchronously to clock ticks. This
leads back to the original untimed Ramadge and Won-
ham setting (Brandin and Wonham, 1994). The second
approach is based on timed automata. Here the time
axis is continuous and the problem is formulated as a
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game between controller and plant (Asarin and Maler,
1999; Wong-Toi, 1997). Any winning strategy can serve
as a specification for a correct controller.

As it was the case for the formal verification, the ap-
plication of the discrete or timed synthesis methods to
process systems requires the substitution of models with
continuous dynamics by discrete or timed models. Sys-
tematic ways to obtain valid approximations for the syn-
thesis of controllers are reported in Chutinan and Krogh
(1999) and Raisch and O’Young (1998).

Code Generation from a Formal Specification. A
more pragmatic approach to systematic design of logic
controllers is represented by top-down design methods
where formal specifications of the control code are auto-
matically translated into control code. In principle, this
procedure does not exclude a step in which the specifi-
cation is checked against problem-specific requirements
by formal verification before it is fed into the code gen-
erator, or a final proof that the generated program is in
accordance with the specification. However, in the per-
tinent research known from the literature this is not yet
done. The PLC code is either generated from the result
of a synthesis (see above, Hanisch et al., 1997; Marikar
et al., 1998) or the specification is set up by hand and
analysed only with respect to general properties which
are not specific to the particular control problem, like
absence of deadlocks or reversibility of the initial state.
The latter approach is mostly based on Petri net repre-
sentations (Frey and Litz, 1999).

Discussion. It is safe to say that in the field of
logic controllers for processing systems, in particular
when continuous processes are involved as it is the case
for most processing plants, the presented academic ap-
proaches for verification or synthesis are currently not
applied in practice. There are several apparent reasons
for this situation. The first one is that PLC or DCS
software is usually developed by engineers and not by
computer scientists. Thus, the developers are not famil-
iar with the available formal methods and tools. Another
reason is that most control software in this area is written
by the PLC or DCS user for one particular application or
a rather small number of similar plants. This is a differ-
ent situation to hardware or protocol design where the
software is part of a mass product and the verification
effort pays off more easily.

Regarding the prospects of the verification approaches
mentioned above, it has to be noted that the application
scope is limited by the computational cost of the analy-
sis and, again, the necessary effort to build the models.
Therefore, more effort has to be invested mainly to in-
crease the efficiency of verification algorithms and to sup-
port the modeling process, possibly by interfaces to al-
ready existing process information (P&ID, data sheets).

Generation and Analysis of Control Recipes for
Batch Processes

Task Description. Batch processes follow a step-
wise production sequence. While in continuous processes
the input and output material is continuously flowing
into and out of the plant, respectively, batch processes
are characterized by the fact that discrete amounts of
material, so-called batches, are processed one after the
other (and possibly in parallel). Often, batch plants are
designed for a flexible production of multiple products.
Each product has its own processing sequence, the so-
called recipe, which can be realized in the batch plant
usually in more than one way. It is also often the case
that multiple batches, possibly of different products, can
be produced in parallel.

For the management and control of such plants, the
concept of recipe control has established itself in industry
and is described in the standard (ISA, 1995). The main
idea is to assign a basic recipe to each product which
specifies the necessary production steps and their se-
quence independently from the specific equipment avail-
able in the particular plant. Each step is described on
the level of process operations like, for instance, mixing,
heating, reaction, or separation. When the production
management decides that a certain amount of a prod-
uct has to be produced, the basic recipe is taken and to
each process operation an appropriate plant unit (e.g.,
mixer, reactor, etc.) is assigned. This leads to the con-
trol recipe, which can be regarded as an executable con-
trol procedure for the realization of the basic recipe on
a particular batch plant.

The problem arising in this procedure is that the as-
signment of specific equipment can lead to undesired con-
sequences which are not easy to predict. While the eli-
giblity of plant units for certain operations (for instance
with respect to size, available heating or cooling capac-
ity, resistance of material etc.) can be checked statically,
interference with other currently running recipes is much
more difficult to analyse. In particular, it is possible that
a ressource is assigned which will not be available when
it is needed, because it is used by another recipe. While
in manufacturing processes this situation usually only
causes a delay, it can lead to the spoiling of the batch in
a processing plant due to chemical and physical effects
during the waiting period (think of cristallization). It is
also possible that deadlocks occur due to bad equipment
allocation.

Current Practice. Due to the broad use of the
recipe control concept in industry, most DCS vendors
offer software packages for the integration of recipe man-
agement and control into DCS applications for batch
plants. These packages support editing of basic recipes,
storage of recipes in data bases, and manual assignment
of equipment from the controlled plant to steps of the
recipes to generate control recipes. However, achieving
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correctness of the control recipe in its environment (con-
sisting of the plant and the already generated parallel
control recipes) with respect to realizability and avoid-
ance of deadlocks and critical waiting situations like the
one described above, is left to the experience and intu-
ition of the user.

State of Research. One solution to the problem de-
scribed above is to simulate the execution of the control
recipes on the corresponding plant. For this purpose, a
discrete or hybrid simulator is necessary. While in princi-
ple any general purpose simulation package with discrete
or hybrid capabilities can be used for this task, there are
simulators available which specificly support simulation
of recipe-driven batch plants. One example is the tool
BaSiP (Fritz et al., 1998) which offers the possibility to
specify recipes using standardized languages and to build
the plant model from pre-defined blocks. For the simula-
tion the user can choose between a discrete and a hybrid
simulator or an interface to the commercial gPROMS
package.

Most of the research in the operation of batch pro-
cesses is concerned with optimization of production
schedules. This problem is situated on a higher level
than the one considered here. For the scheduling it is
assumed that realizable control recipes are available and
the task is to find optimal starting times and sequences to
satisfy certain production goals. In this field mathemat-
ical programming has become one of the most popular
tools. This line of research is mentioned here because
it is possible to take operating requirements (like avoid-
ing excessive waiting) into account as constraints in the
optimization problem.

A lot of research activities addressing specificly the
correctness and realizability of recipes in batch plants is
built on timed Petri nets. Here, the pioneering work goes
back to Hanisch (1992). Later approaches were reported,
for example, in Tittus (1995). To check the correctness,
the plant and the recipes are modeled by means of a Petri
net and the available analysis techniques for this kind of
model are used to determine, for example, deadlocks, re-
versibilty, or execution times of recipes. Meanwhile these
approaches have been extended to incorporate the con-
tinuous aspect using so-called hybrid Petri nets (David
and Alla, 1992).

A new approach to analyse or generate recipes takes
advantage of the model checking tools for timed au-
tomata (see the previous section in this paper enti-
tled Design and analysis of discrete controllers and also
Fehnker (1999) and Niebert and Yovine (1999)). Here
the idea is to model the recipe and the plant by non-
deterministic timed automata. The composition will
then yield a model representing any possible allocation
of plant units to recipe steps and any conceivable se-
quence of recipe execution. Using the available reach-
ability analysis algorithms, it is then possible to check

whether certain states representing successful execution
of a pre-defined number of recipes are reachable within
a desired time. This approach can be used for optimiza-
tion by an iterative procedure during which the desired
time is decreased until no more realizable schedules can
be found. However, these approaches are in their in-
fancy and currently only applicable to downsized exam-
ples with a handful of recipes running in parallel.

Discussion. In the domain of batch processes, a lot
of research is carried out and the extent to which research
results have been transfered to industrial applications is
larger than in the previous cases. However, this applies
mostly to the optimization of schedules. The problem of
finding a realizable and proper control recipe for a basic
recipe and a plant is currently solved manually and not
supported by formal methods. The two main reasons are
the same as in the case of logic control design: modeling
effort and tool performance. Usually, the companies al-
ready spent a lot of time to model the batch plant and
specify the recipes. And since the mentioned simulation
tools require different representations as their input, this
means double effort for the industrial users. This is not
regarded as worth it, in particular because experienced
operators of batch plants often perform a rather good job
in creating control recipes and schedules. However, con-
sidering the increasing complexity of batch plants, this
situation may change and the incentive to automatically
generate and analyze recipes and schedules may become
stronger.

To make the academic tools more attractive to prac-
tioners, interfaces to model representations already ex-
isting for the DCS are certainly desirable. Also, the per-
formance of the tools has to be increased. Here, the
timed automata approach could gain importance if it will
be possible to extend existing compositional reachability
algorithms like Lind-Nielsen et al. (1998) to a timed set-
ting.

On the methodological side, it could be fruitful to in-
vestigate the similarity between the generation of a con-
trol recipe from a basic recipe for a particular plant to
the compilation of computer programs written in a high-
level language to machine code executable on particular
hardware. Concepts from computer science could then
be used, for example, to analyze whether a control recipe
is a valid “refinement” of the basic recipe, where refine-
ment means adding more detailed information without
violating the originally specified behavior.

Event Based Fault Diagnosis

Task Description. If the process variables deviate
from their nominal values, usually a step-wise procedure
starts before a safety device is actually triggered: First a
warning is sent to the operator console, and if the value
deviates further, an alarm is generated. This leaves some
time to the operating personnel to identify the cause of
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the fault and to get the process back into nominal be-
havior. In practice, discovering the cause of an alarm
(or a warning) is based solely on the message associated
to an alarm and on the experience and knowledge of the
operators. In most cases, this is sufficient. However, it is
possible that an alarm already represents an effect of a
not directly determinable cause. And it is also often the
case that one fault successively causes further deviations
which results in a fast and long sequence of alarms on
the operator screen. To determine the original fault and
act correspondingly in a short time and under stress con-
ditions may become an impossible task for the operator
then.

Current Practice. The DCS supports the operat-
ing personnel in situations as described above only by
identifying the plant unit and process variables which
initiated the alarm, and possibly by displaying the cur-
rent values or recent trends of related process variables.
The analysis of these data is left to the operator.

State of Research. Methods for event-based fault
diagnosis that automatically (and more or less instantly)
determine the possible causing failure events are avail-
able from the field of discrete event systems research.
Fundamental notions in this context are observability, in-
vertibility, testability, and diagnosability of discrete event
systems. A comprehensive, tool-supported approach for
fault diagnosis of discrete event systems is presented in
Sampaath et al. (1996) where a diagnoser can be gener-
ated which derives the set of the currently possible (and
partly unobservable) plant behavior from the observable
events.

Discussion. Tools to automatically determine
causes of alarms or estimations of the current discrete
plant state can be very helpful to minimize the time of
plant shutdowns due to alarm trips and to reduce the
risk of wrong interference of the operating personnel
in an alarm situation. While these tools are available,
their acceptance in industry can be achieved only if
appropriate modeling environments will be integrated
into the DCSs.

With respect to process systems, it is also desirable
that the approaches are extended from a purely discrete
to a timed or hybrid setting. This would make it possible
to take the process dynamics into account and, for ex-
ample, determine that certain variables change too fast
or too slow by checking whether a limit switch event will
occur before or after a certain time threshold.

Conclusions

This paper presented an introduction to formal methods
for hybrid systems and discussed their potential with re-
spect to problems in process control or automation. Four
application fields were identified in the design and oper-

ation of processing systems where hybrid systems meth-
ods represent promising tools for a better support of the
engineering process. The selection was made by the au-
thor, and it is likely that more tasks can be identified
which can be supported in the same or similar way.

To summarize, it can be said that for each of these
tasks appropriate methods and tools have been made
available from academic researchers. However, they are
currently not applied in industry. The reasons are the
same for each task: First, the existence of the meth-
ods is unknown to many practitioners. And if a pro-
cess engineer gets in touch with a formal method, the
often inaccessible nature of its semantics and nomencla-
ture will probably prevent her or him from applying it.
If, however, this could not scare her or him away, the
huge modeling effort and limited tool performance will
destroy the remaining illusions. Of course, this picture is
painted excessively bleak and there certainly are promis-
ing developments, but it clearly points to the open prob-
lems which have to be solved to make formal methods
for hybrid systems a well established tool in the process
industries.
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Abstract
The paper discusses a framework for modeling, analyzing and controlling systems whose behavior is governed by interde-
pendent physical laws, logic rules, and operating constraints, denoted as Mixed Logical Dynamical (MLD) systems. They
are described by linear dynamic equations subject to linear inequalities involving real and integer variables. MLD models
are equivalent to various other system descriptions like Piece Wise Affine (PWA) systems and Linear Complementarity
(LC) systems. They have the advantage, however, that all problems of system analysis (like controllability, observability,
stability and verification) and all problems of synthesis (like controller design and filter design) can be readily expressed
as mixed integer linear or quadratic programs, for which many commercial software packages exist.

In this paper we first recall how to derive MLD models and then illustrate their use in predictive control. Subsequently
we define “verification” and show how verification algorithms can be used to solve a variety of practical problems like
checking the correctness of an emergency shutdown procedure implemented on a PLC, or assessing the performance of a
constrained MPC controller. The eventual practical success of these methods will depend on progress in the development
of the various optimization packages so that problems of realistic size can be tackled.
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Introduction

The concept of a model of a system is traditionally asso-
ciated with differential or difference equations, typically
derived from physical laws governing the dynamics of the
system under consideration. Consequently, most of the
control theory and tools have been developed for such
systems, in particular for systems whose evolution is de-
scribed by smooth linear or nonlinear state transition
functions. On the other hand, in many applications the
system to be controlled is also constituted by parts de-
scribed by logic, such as for instance on/off switches or
valves, gears or speed selectors, evolutions dependent on
if-then-else rules. Often, the control of these systems is
left to schemes based on heuristic rules inferred by prac-
tical plant operation.

Recently, in the literature researchers started dealing
with hybrid systems, namely hierarchical systems com-
posed of dynamical components at the lower level, gov-
erned by upper level logical/discrete components (Gross-
mann et al., 1993; Branicky et al., 1998; Labinaz et al.,
1997; Branicky, 1995). Hybrid systems arise in a large
number of application areas, and are attracting increas-
ing attention in both academic theory-oriented circles as
well as in industry. Our interest is motivated by several
clearly discernible trends in the process industries which
point toward an extended need for new tools to design
control and supervisory schemes for hybrid systems and
to analyze their performance.

This paper discusses a framework for modeling, ana-
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(a) Hybrid control systems.
Finite state machines and
continuous dynamics in-
teract through analog-to-
digital (A/D) and D/A in-
terfaces

(b) Piecewise affine
systems

Figure 1: Hybrid models.

lyzing and controlling models of systems described by
interacting physical laws, logical rules, and operating
constraints. We will focus exclusively on discrete time
models. We note, however, that interesting mathemat-
ical phenomena occurring in hybrid systems, such as
Zeno behaviors (Johansson et al., 1999) do not exist in
discrete-time. On the other hand, most of these phe-
nomena are usually a consequence of the continuous-time
switching model, rather than the real natural behavior.
Our main motivation for concentrating on discrete-time
models stems from the need to analyze these systems and
to solve optimization problems, such as optimal control
or scheduling problems, for which the continuous-time
counterpart would not be easily computable.

Two main categories of hybrid systems were success-
fully adopted for analysis and synthesis purposes (Bran-
icky, 1995): hybrid control systems (Alur et al., 1993;

136
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Asarin et al., 1995; Bemporad and Morari, 1999; Lygeros
et al., 1996, 1999), which consist of the interaction be-
tween continuous dynamical systems and discrete/logic
automata (Figure 1(a)), and switched systems (Branicky,
1998; Johansson and Rantzer, 1998; Sontag, 1981), where
the state-space is partitioned into regions, each one be-
ing associated with a different continuous dynamics (Fig-
ure 1(b)).

Several modeling frameworks have been introduced for
discrete-time hybrid systems. We will refer frequently to
the piecewise affine (PWA) systems (Sontag, 1981, 1996).

x(t+ 1) = Aix(t) +Biu(t) + fi ,

for x(t) ∈ Ci , {x : Hix ≤ Ki} (1)

where x ∈ X ⊆ Rn, u ∈ Rm, {Ci}s−1
i=0 is a polyhedral

partition of the sets of states X and fi is a constant vec-
tor. Furthermore, we mention here linear complemen-
tarity (LC) systems (Heemels, 1999; van der Schaft and
Schumacher, 1998; Heemels et al., 2000) and extended
linear complementarity (ELC) systems (De Schutter
and De Moor, 1999), max-min-plus-scaling (MMPS)
systems (De Schutter and van den Boom, 2000), and
mixed logical dynamical (MLD) systems (Bemporad and
Morari, 1999). Each modeling framework has its ad-
vantages. For instance, stability criteria were formu-
lated for PWA systems (Johansson and Rantzer, 1998),
and control and verification techniques were proposed
for MLD discrete-time hybrid models (Bemporad and
Morari, 1999; Bemporad et al., 2000). In particular,
MLD models were proven successful for recasting hybrid
dynamical optimization problems into mixed-integer lin-
ear and quadratic programs, solvable via branch and
bound techniques (Nemhauser and Wolsey, 1988). Re-
cently, the equivalence of PWA, LC, ELC, MMPS, and
MLD hybrid dynamical systems was proven construc-
tively in (Heemels et al., 2001; Bemporad et al., 2000a).
Thus the theoretical properties and tools can be easily
transferred from one class to another.

Mixed Logical Dynamical (MLD) Systems

We briefly recall the mixed logical dynamical (MLD) sys-
tem framework introduced in (Bemporad and Morari,
1999). MLD systems are hybrid (control) systems de-
fined by the interaction of logic, finite state machines,
and linear discrete-time systems, as shown in Figure 1(a).
The ability to include constraints, constraint prioritiza-
tion, and heuristics augment the expressiveness and gen-
erality of the MLD framework.

The MLD modeling framework relies on the idea of
translating logic relations into mixed-integer linear in-
equalities (Bemporad and Morari, 1999; Cavalier et al.,
1990; Raman and Grossmann, 1991; Tyler and Morari,
1999; Williams, 1977, 1993). By following standard no-
tation, we adopt capital letters Xi to represent state-

ments, e.g. “x ≥ 0” or “Temperature is hot”. Xi is
commonly referred to as a literal, and has a truth value
of either TRUE or FALSE. Boolean algebra enables state-
ments to be combined in compound statements by means
of connectives: “∧” (and), “∨” (or), “∼” (not), “→”
(implies), “↔” (if and only if), “⊕” (exclusive or). Con-
nectives satisfy several properties (see e.g. (Christiansen,
1997)), which can be used to transform compound state-
ments into equivalent statements involving different con-
nectives, and simplify complex statements. Correspond-
ingly one can associate with a literal Xi a logical variable
δi ∈ {0, 1}, which has a value of either 1 if Xi =TRUE,
or 0 otherwise. A propositional logic problem, where a
statement X1 must be proved to be true given a set of
(compound) statements involving literals X1, . . . , Xn,
can be solved by means of a linear integer program by
suitably translating the original compound statements
into linear inequalities involving logical variables δi. In
fact, the propositions and linear constraints reported in
Table 1 can easily be seen to be equivalent.

These translation techniques can be adopted to model
logical parts of processes and heuristic knowledge about
plant operation as integer linear inequalities. The link
between logic statements and continuous dynamical vari-
ables, in the form of logic statements derived from con-
ditions on physical dynamics, is provided by properties
(AD1), (DA1) in Table 1, and leads to mixed-integer lin-
ear inequalities, i.e., linear inequalities involving both
continuous variables of Rn and logical (indicator) vari-
ables in {0, 1}. Consider for instance the statement
X , [f1(x) ≤ 0] where f : Rn 7→ R is a linear (affine)
function, assume that x ∈ X, where X ⊂ Rn is a given
bounded set, and define

Mi , max
x∈X

fi(x), mi , min
x∈X

fi(x), i = 1, 2

Theoretically, an over[under]-estimate of Mi [mi] suffices
for our purpose. By associating a binary variable δ with
the literal X, one can transform X , [f1(x) ≤ 0] into
mixed integer inequalities as described in (AD1), Ta-
ble 1, where ε is a small tolerance (typically the machine
precision), beyond which the constraint is regarded as
violated. Note that sometimes translations require the
introduction of auxiliary variables (Williams, 1993, p.
178), for instance according to (DA1) a quantity which
is either f1(x) is X is true, or f2(x), requires the intro-
duction of a real variable z.

The rules of Table 1 can be generalized for relations
involving an arbitrary number of discrete variables com-
bined by arbitrary connectives. Any combinational rela-
tion of logical variables can in fact be translated to the
conjunctive normal form (CNF)

P1 ∧ P2 ∧ . . . ∧ Pm, Pi = Y i
1 ∨ Y i

2 ∨ . . . ∨ Y i
ni

where Y i
j is a literal X or its inverse ∼ X, by using stan-

dard methods (Bemporad et al., 2000b). As an example,
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Relation Logic (In)equalities

L1 AND (∧) X1 ∧X2 δ1 = 1, δ2 = 1

L2 OR (∨) X1 ∨X2 δ1 + δ2 ≥ 1

L3 NOT (∼) ∼ X1 δ1 = 0

L4 XOR (⊕) X1 ⊕X2 δ1 + δ2 = 1

L5 IMPLY (→) X1 → X2 δ1 − δ2 ≤ 0

L6 IFF (↔) X1 ↔ X2 δ1 − δ2 = 0

X3 = X1 ∧X2 δ1 + (1− δ3) ≥ 1
L7 ASSIGNMENT δ2 + (1− δ3) ≥ 1

(=, ↔) X3 ↔ X1 ∧X2 (1− δ1) + (1− δ2) + δ3 ≥ 1

AD1 EVENT [f(x) ≤ 0] ↔ [δ = 1] f(x) ≤ M −Mδ
f(x) ≥ ε + (m− ε)δ

(m2 −M1)δ + z ≤ f2(x)
DA1 IF-THEN-ELSE IF X THEN z = f1(x) ELSE z = f2(x) (m1 −M2)δ − z ≤ −f2(x)

(=Product) (z = δf1(x) + (1− δ)f2(x)) (m1 −M2)(1− δ) + z ≤ f1(x)
(m2 −M1)(1− δ)− z ≤ −f1(x)

Table 1: Basic conversion of logic relations into mixed-integer inequalities. Relations involving the inverted literals ∼ X
can be obtained by substituting (1− δ) for δ in the corresponding inequalities.

the statement (L7) X3 ↔ X1 ∧X2 is equivalent to

(∼ X1∨ ∼ X2 ∨X3) ∧ (X1∨ ∼ X3) ∧ (X2∨ ∼ X3) (2)

Subsequently, the CNF form can be translated (again,
automatically and without introducing additional inte-
ger variables) into the set of integer linear inequalities

yi
1 + yi

2 + . . .+ yi
ni
≥ 1, i = 1, . . . ,m,

where yi
j = δi

j if Y i
j = X or (1 − δi

j) if Y i
j =∼ X. For

instance, it is immediate to check that the CNF (2) maps
to the inequalities reported in Table 1(L7).

The state update law of finite state machines can be
described by logic statements involving binary states,
their time updates, and indicator variables. It is clear
that the automatized translation mentioned above can
be directly applied to translate automata into a set of
linear integer inequalities. An example will be provided
when modeling the PLC control code of the batch evap-
orator process benchmark.

By collecting the equalities and inequalities generated
by the translation of the automata, analog-to-digital in-
terface (AD1), digital-to-analog interface (DA2), and by
including the linear dynamic difference equations, we can
model the hybrid system depicted in Figure 1(a) as the
Mixed Logical Dynamical (MLD) system

x(t+ 1) = Φx(t)+G1u(t) + G2δ(t) + G3z(t) (3a)
y(t) = Hx(t)+D1u(t) + D2δ(t) + D3z(t) (3b)
E2δ(t) + E3z(t) ≤ E1u(t) + E4x(t) + E5 (3c)

where x ∈ Rnc × {0, 1}n` is a vector of continuous
and binary states, u ∈ Rmc × {0, 1}m` are the inputs,

y ∈ Rpc ×{0, 1}p` the outputs, δ ∈ {0, 1}r` , z ∈ Rrc rep-
resent auxiliary binary and continuous variables respec-
tively, which are introduced when transforming logic re-
lations into mixed-integer linear inequalities, and Φ, G1,
G2, G3, H, E1,. . . ,E5 are matrices of suitable dimensions.
The inequalities (3c) include the constraints obtained by
the D/A, A/D, and automaton part of the system, as
well as possible physical constraints on states and in-
puts. Despite the fact that the description (3) seems to
be linear, clearly the nonlinearity is concentrated in the
integrality constraints over binary variables. The follow-
ing simple example illustrates the technique.

Example 1

Consider the following switched system

x(t+ 1) =
{

0.8x(t) + u(t) if x(t) ≥ 0
−0.8x(t) + u(t) if x(t) < 0 (4)

where x(t) ∈ [−10, 10], and u(t) ∈ [−1, 1]. The condition
x(t) ≥ 0 can be associated with a binary variable δ(t)
such that

[δ(t) = 1] ↔ [x(t) ≥ 0] (5)

By using the transformation (AD1) in Table 1, Equa-
tion 5 can be expressed by the inequalities

−mδ(t) ≤ x(t)−m

−(M + ε)δ ≤ −x− ε

where M = −m = 10, and ε is a small positive scalar.
Then (4) can be rewritten as

x(t+ 1) = 1.6δ(t)x(t)− 0.8x(t) + u(t) (6)
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By defining a new variable z(t) = δ(t)x(t) which, by
(DA1) in Table 1, can be expressed as

z(t) ≤Mδ(t)
z(t) ≥ mδ(t)
z(t) ≤ x(t)−m(1− δ(t))
z(t) ≥ x(t)−M(1− δ(t)),

the evolution of system (4) is ruled by the linear equation

x(t+ 1) = 1.6z(t)− 0.8x(t) + u(t)

subject to the linear constraints above.
We assume that system (3) is completely well-

posed (Bemporad and Morari, 1999), which means
that for all x, u within a bounded set the variables
δ, z are uniquely determined, i.e., there exist functions
F , G such that, at each time t, δ(t) = F (x(t), u(t)),
z(t) = G(x(t), u(t))1. Therefore the x- and y-trajectories
exist and are uniquely determined by the initial state
x(0) and input signal u. In light of the transforma-
tions of Table 1, it is clear that the well-posedness
assumption stated above is usually guaranteed by the
procedure used to generate the linear inequalities (3c),
and therefore this hypothesis is typically verified by
MLD relations derived from modeling real-world plants.
Nevertheless, a numerical test for well-posedness is
reported in (Bemporad and Morari, 1999, Appendix 1).

Recently, in (Bemporad et al., 2000b) a declarative
language for specifying hybrid control systems has been
developed which fully automatizes the construction of
the MLD matrices. Such a language (called HYSDEL,
HYbrid System DEscription Language) will be used
later to model the batch evaporator process benchmark.
Throughout the paper, we will assume that both the
PWA and the MLD forms are available. Their role is
complementary and in our algorithms we use whichever
one is more appropriate for a specific task.

Predictive Control of MLD Systems

The predictive control problem for MLD sytems can be
defined formally as follows. Consider an equilibrium pair
(xe, ue) Let the components δe,i, ze,j correspond to de-
sired steady-state values for the indefinite auxiliary vari-
ables. Let t be the current time, and x(t) the current
state. Consider the following optimal control problem

min
{vT−1

0 }
J(vT−1

0 , x(t)) ,
T−1∑
k=0

‖v(k)− ue‖2Q1

+ ‖δ(k|t)− δe‖2Q2
+ ‖z(k|t)− ze‖2Q3

+ ‖x(k|t)− xe‖2Q4
+ ‖y(k|t)− ye‖2Q5

(7)

1A more general definition of well-posedness, where only the
components of δ and z entering (3a)–(3b) are required to be unique,
is given in (Bemporad and Morari, 1999).

subject to

x(T |t) = xe

x(k + 1|t) = Ax(k|t) + B1v(k) + B2δ(k|t)
+ B3z(k|t)

y(k|t) = Cx(k|t) + D1v(k) + D2δ(k|t)
+ D3z(k|t)

E2δ(k|t) +E3z(k|t) ≤ E1v(k) + E4x(k|t) + E5

(8)

where Q1 = Q′1 > 0, Q2 = Q′2 ≥ 0, Q3 = Q′3 ≥ 0, Q4 =
Q′4 > 0, Q5 = Q′5 ≥ 0, x(k|t) , x(t+ k, x(t), vk−1

0 ), and
δ(k|t), z(k|t), y(k|t) are similarly defined. Assume for
the moment that the optimal solution {v∗t (k)}k=0,...,T−1

exists. According to the receding horizon philosophy, set

u(t) = v∗t (0), (9)

disregard the subsequent optimal inputs
v∗t (1), . . . , v∗t (T − 1), and repeat the whole optimization
procedure at time t + 1. The control law (7)–(9) will
be referred to as the Mixed Integer Predictive Control
(MIPC) law.

In principle all the design rules about parameter
choices and theoretical results regarding stability devel-
oped for MPC over the last two decades can be applied
here to MIPC after some adjustments. For instance, the
number of control degrees of freedom can be reduced to
Nu < T , by setting u(k) ≡ u(Nu − 1), ∀k = Nu, . . . , T .
While this choice usually reduces the size of the opti-
mization problem dramatically at the price of inferior
performance, here the computational gain is only par-
tial, since all the T δ(k|t) and z(k|t) variables remain in
the optimization.

Infinite horizon formulations are inappropriate for
both practical and theoretical reasons. In fact, approx-
imating the infinite horizon with a large T is computa-
tionally prohibitive, as the number of 0-1 variables in-
volved in the MIQP depends linearly on T . Moreover,
the quadratic term in δ might oscillate (for example, for
a system which approaches the origin in a “switching”
manner), and hence “good” (i.e., asymptotically stabiliz-
ing) input sequences might be ruled out by a correspond-
ing infinite value of the performance index; it could even
happen that no input sequence has finite cost.

Using an appropriate stability definition (Bemporad
and Morari, 1999) have proven asymptotic stability of
the MIPC scheme. In the typical fashion, the end point
constraint was invoked in the Lyapunov arguments.

Despite the fact that very effective methods exist to
compute the (global) optimal solution of the MIQP prob-
lem (7)–(9) (see Section below), in the worst-case the
solution time depends exponentially on the number of
integer variables. In principle, this might limit the scope
of application of the proposed method to very slow sys-
tems, since for real-time implementation the sampling
time should be large enough to allow the worst-case com-
putation. However, the stability proof does not require
that the evaluated control sequences {U∗t }∞t=0 are global
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optima, but only that they lead to a decrease in the
objective function. Thus the solver can be interrupted
at any intermediate step to obtain a suboptimal solu-
tion U∗t+1 which satisfies the decrease condition. For in-
stance, when Branch & Bound methods are used to solve
the MIQP problem, the new control sequence U∗t can be
selected as the solution to a QP subproblem which is
integer-feasible and has the lowest value. Obviously in
this case the performance deteriorates.

Example 2

Consider the following system



x(t + 1) = 0.8

[
cos α(t) − sin α(t)
sin α(t) cos α(t)

]
x(t) +

[
0
1

]
u(t)

y(t) = [1 0]x(t)

α(t) =

{
π
3

if [1 0]x(t) ≥ 0
−π

3
if [1 0]x(t) < 0

x(t) ∈ [−10, 10]× [−10, 10]
u(t) ∈ [−1, 1]

(10)
By using auxiliary variables z(t) ∈ R4 and δ(t) ∈ {0, 1}
such that [δ(t) = 1] ↔ [[1 0]x(t) ≥ 0], Equation 10 can
be rewritten in the form (3) as

x(t + 1) =
[

I I
]
z(t)

10
−10− ε
−M
−M
M
M
M
M
−M
−M

0
0
0
0



δ(t) +



0 0
0 0
I 0
−I 0
0 I
0 −I
I 0
−I 0
0 I
0 −I
0 0
0 0
0 0
0 0



z(t) ≤



0
0
0
0
0
0
B
−B
B
−B
0
0
1
−1



u(t) +



1 0
−1 0

0
0
0
0

A1

−A1

A2

−A2

I
−I
0
0



x(t) +



10
−ε
0
0
M
M
M
M
0
0
N
N
1
1


where B = [0 1]′, A1, A2 are obtained by (10) by setting
respectively α = π

3 ,−
π
3 , M = 4(1 +

√
3)[1 1]′ + B, N ,

10[1 1]′, and ε is a properly small positive scalar.
In order to stabilize the system to the origin, the feed-

back control law (7)–(9) is adopted, along with the pa-
rameters T = 3, ue = 0, δe = 0, ze = [0 0 0 0]′,

δ(t)u(t)
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Figure 2: Closed-loop regulation problem for sys-
tem (10). Closed-loop trajectories (thick lines) and
optimal solution at t = 0 (thin lines, right plots).
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Figure 3: Closed-loop tracking problem for sys-
tem (10), with y(t) = x1(t).

xe = [0 0]′, ye = 0, and the weights Q1 = 1, Q2 = 0.01,
Q3 = 0.01I4, Q4 = I2, Q5 = 0. Figure 2 shows the result-
ing trajectories. The trajectories obtained at time t = 0
by solving the optimal control problem (7)–(8) are also
reported in the right plots (thin lines). Consider now a
desired reference r(t) = sin(t/8) for the output y(t). We
apply the same MIPC controller, with the exception of
Q4 = 10−8I2, Q5 = 1. The steady-state parameters are
selected as ye = r(t), and ue, xe, δe, ze consistently. Fig-
ure 3 shows the resulting closed-loop trajectories. Notice
that the constraint −1 ≤ u(t) ≤ 1 prevents the system
from tracking the peaks of the sinusoid, and therefore
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the output trajectory is chopped. �

MIQP Solvers

With the exception of particular structures, mixed-
integer programming problems involving 0-1 variables
are classified as NP -complete, which means that in the
worst case, the solution time grows exponentially with
the problem size (Raman and Grossmann, 1991). De-
spite this combinatorial nature, several algorithmic ap-
proaches have been proposed and applied successfully to
medium and large size application problems (Floudas,
1995), the four major ones being

• Cutting plane methods, where new constraints (or
“cuts”) are generated and added to reduce the fea-
sible domain until a 0-1 optimal solution is found.

• Decomposition methods, where the mathematical
structure of the models is exploited via variable par-
titioning, duality, and relaxation methods.

• Logic-based methods, where disjunctive constraints
or symbolic inference techniques are utilized which
can be expressed in terms of binary variables.

• Branch and bound methods, where the 0-1 combina-
tions are explored through a binary tree, the feasi-
ble region is partitioned into sub-domains system-
atically, and valid upper and lower bounds are gen-
erated at different levels of the binary tree.

For MIQP problems, (Fletcher and Leyffer, 1998) indi-
cate Generalized Benders’ Decomposition (GBD) (Laz-
imy, 1985), Outer Approximation (OA), LP/QP based
branch and bound, and Branch and Bound as the major
solvers. See (Roschchin et al., 1987) for a review of these
methods.

Several authors agree on the fact that branch and
bound methods are the most successful for mixed integer
quadratic programs. (Fletcher and Leyffer, 1998) report
a numerical study which compares different approaches,
and Branch and Bound is shown to be superior by an
order of magnitude. While OA and GBD techniques can
be attractive for general Mixed-Integer Nonlinear Prob-
lems (MINLP), for MIQP at each node the relaxed QP
problem can be solved without approximations and rea-
sonably quickly (for instance, the Hessian matrix of each
relaxed QP is constant).

As described by (Fletcher and Leyffer, 1998), the
Branch and Bound algorithm for MIQP consists of solv-
ing and generating new QP problems in accordance with
a tree search, where the nodes of the tree correspond
to QP subproblems. Branching is obtained by generat-
ing child-nodes from parent-nodes according to branch-
ing rules, which can be based for instance on a-priori
specified priorities on integer variables, or on the amount
by which the integer constraints are violated. Nodes are
labeled as either pending, if the corresponding QP prob-
lem has not yet been solved, or fathomed, if the node has

already been fully explored. The algorithm stops when
all nodes have been fathomed. The success of the branch
and bound algorithm relies on the fact that whole sub-
trees can be excluded from further exploration by fath-
oming the corresponding root nodes. This happens if
the corresponding QP subproblem is either infeasible or
an integer solution is obtained. In the second case, the
corresponding value of the cost function serves as an up-
per bound on the optimal solution of the MIQP problem,
and is used to further fathom other nodes having greater
optimal value or lower bound.

Some of the simulation results reported in this paper
have been obtained in Matlab by using the commercial
Fortran package (Fletcher and Leyffer, 1994) as a MIQP
solver. This package can handle both dense and sparse
MIQP problems. The latter has proven to be particularly
effective to solve most of the optimal control problems
for MLD systems. In fact, the constraints have a trian-
gular structure, and in addition most of the constraints
generated by representation of logic facts involve only a
few variables, which often leads to sparse matrices.

Explicit Computation of MPC Control Law

In (Bemporad et al., 2002) the authors presented a new
approach to implement MPC, where all the computation
effort is moved off-line. The idea is based on the obser-
vation that in (8) the state x(0|t) can be considered a
vector of parameters, and (7)–(9) as a multi-parametric
Mixed Integer Quadratic Program (mp-MIQP). If the
1-norm is used in (7) instead of the 2-norm a multi-
parametric Mixed Integer Linear Program (mp-MILP)
results. An algorithm to solve mp-MILP problems was
presented in (Acevedo and Pistikopoulos, 1997). Once
the multi-parametric problem (7,8) has been solved off
line, i.e., the solution U∗t = f(x(t)) of (7,8) has been
found, the model predictive controller is available explic-
itly. In (Acevedo and Pistikopoulos, 1997) the authors
also show that the solution U∗ = f(x) of the mp-MILP
problem is piecewise affine. Clearly, the same properties
are inherited by the controller, i.e.,

u(t) = Fix(t) + gi, for

x(t) ∈ Ci , {x : Hix ≤ Si}, i = 1, . . . , s
(11)

where ∪s
i=1Ci is the set of states for which a feasible so-

lution to (7,8) exists. Therefore, the closed MPC loop
is of the form (1), where Ai = A + BFi, fi = Bgi,
Bi = 0. Note that the form of the closed-loop MPC
system remains PWA also when (i) the matrices A, B
of the plant model are different from those used in the
prediction model, and (ii) the plant model has a PWA
form. Typically, the MPC law is designed based on a lin-
ear model obtained by linearizing the nonlinear model
of the plant around some operating condition. When
the nonlinear model can be approximated by a PWA
system (e.g., through multiple linearizations at different
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Figure 4: Reachability analysis problem.

operating points or by approximating nonlinear static
mappings by piecewise linear functions), the closed-loop
consisting of the nonlinear plant model and the MPC
controller can be approximated by a PWA system as
well.

The explicit representation of the MPC controller dis-
cussed above is significant for several reasons. First of
all, it gives some insight into the mathematical struc-
ture of the controller which is otherwise hidden behind
the optimization formalism. Furthermore it offers an al-
ternative route to an efficient controller implementation,
opening up the route to use MPC in “fast” and “cheap”
systems where the on-line solution of a QP and espe-
cially an MILP is prohibitive. Finally, the fact that we
can represent the closed loop system in a PWA form al-
lows us to apply new tools for performance analysis as
discussed below.

Verification of MLD and PWA Systems

In this section we will briefly review the topic of veri-
fication and sketch the available algorithms. There are
numerous practical applications of verification, two of
which (checking the correctness of an emergency shut
down control system and performance analysis of MPC)
will be discussed in some detail.

The problem of verification of hybrid systems, or, in
system theoretical words, the reachability analysis of hy-
brid systems can be defined as follows:

Reachability Analysis Problem. Given a hybrid sys-
tem Σ (either in PWA form (1) or MLD (3)), a set of
initial conditions X(0), a collection of disjoint target sets
Z1, Z2, . . ., ZL, a bounded set of inputs U, and a time
horizon t ≤ Tmax, determine (i) if Zj is reachable from
X(0) within t ≤ Tmax steps for some input sequence
{u(0), . . . , u(t−1)} ⊆ U; (ii) if yes, the subset of initial
conditions XZj (0) of X(0) from which Zj can be reached
within Tmax steps; (iii) for any x1 ∈ XZj

(0) and x2 ∈ Zj ,
the input sequence {u(0), . . . , u(t− 1)} ⊆ U, t ≤ Tmax,
which drives x1 to x2.

We will denote by X(t,X(0)) the reach set at time t

Figure 5: Flowchart of the benchmark evaporator
system.

starting from any x ∈ X(0) and by applying any input
u(k) ∈ U, k ≤ t− 1.

Although finite time reachability analysis cannot an-
swer certain “liveness” questions (for instance, if Zi will
be ever reached), the reachability problem stated above
is decidable. The reason for focusing on finite-time reach-
ability is that the time-horizon Tmax has a clear mean-
ing, namely that states which are reachable in more than
Tmax steps are in practice unreachable. Many undecid-
able problems can be approximated by decidable ones
which are equivalent from a practical point of view. The
decidable algorithm shown in (Bemporad et al., 2000a)
for observability analysis, and the decidable stability
analysis proposed in (Bemporad et al., 2000) are other
examples of such a philosophy. Nevertheless, the prob-
lem is NP -hard.

Verification

Algorithm. Assume X(0) ⊂ Ci is a convex polyhe-
dral set. With the algorithm introduced in (Bemporad
et al., 2000) computing the evolution X(Tmax,X(0)) re-
quires: (i) the reach set X(t,X(0))

⋂
Ci, i.e., the set of

evolutions at time t in Ci from X(0); (ii) crossing de-
tection of the guardlines Ph , X(t,X(0))

⋂
Ch 6= ∅,

∀h = 0, . . . , i − 1, i + 1, . . . , s − 1; (iii) elimination of
redundant constraints and approximation of the poly-
hedral representation of the new regions Ph (approxi-
mation is desirable, as the number of facets of Ph can
grow linearly with time); (iv) detection of emptiness of
X(t,Ph) (emptiness happens when all the evolutions have
crossed the guardlines) and detection of X(t,Ph) ⊆ Zj ,
j = 1, . . . , L (these will be referred to as fathoming con-
ditions), (v) detection of X(t,Ph) ∩ Zj 6= ∅, j = 1, . . . , L
(reachability detection).
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Figure 6: Model of the controller as finite state ma-
chine.

Batch Evaporator Process Benchmark. In this
section we report on an application of the verifica-
tion algorithm outlined in the previous section to the
benchmark problem proposed within the ESPRIT-LTR
Project 26270 VHS (Verification of Hybrid Systems)2 as
case study 1. The full system consists of an experimen-
tal batch plant (Kowalewski, 1998). In this paper we
will focus only on the evaporator system, as proposed
in (Kowalewski and Stursberg, 1998), which is schemat-
ically depicted in Figure 5. The considered subsystem
consists of three parts: the upper tank 1 (labeled as B5
in Figure 5), the lower tank 2 (B7) and the condenser
(K1). Tank 1 is equipped with a heating system (H), and
is connected to tank 2 by a pipe and a valve (V15), while
the outlet of tank 2 is controlled by valve V18. Both the
heating system and the valves can only have two config-
urations: on (open) and off (closed). The levels h1, h2 of
the solution in the two tanks, and the temperature T of
tank 1 are detected by sensors. These provide four logic
signals: tank 1 empty, tank 2 empty, alarm, and crystal-
lization. A tank is considered as empty when its level is
lower than 0.01 m.

During normal operation of the plant, an aqueous solu-
tion of salt enters tank 1 to be concentrated. The exiting
steam flows through a condenser. When the concentra-
tion of salt has reached a certain level, the heating sys-
tem is switched off, valve V15 is opened, and the solution
flows to tank 2 for post-processing operations. The plant
is designed in such a way that more than one batch can
be produced at the same time, so that tank 1 and tank 2
can process different batches in parallel.

Here we want to analyze the exception handling
needed when the condenser does not work properly. Sup-
pose that for some reason (e.g. lack of cooling agent) the
condenser malfunctions. In this case, the steam cannot
be cooled down and the pressure rises in tank 1. The
heating system should be switched off to prevent dam-
ages to the plant due to over-pressure. On the other
hand, the temperature in tank 1 should not get lower
than a critical temperature Tc, otherwise the salt may
crystallize and expensive procedures would be needed to
restore the original functionality.

The plant is controlled by a PLC (programmable logic

2http://www-verimag.imag.fr/VHS/

controller). The finite state machine underlying the con-
trol code is described in Figure 6, where the event alarm
occurs when T ≥ Ta and crystallization when T ≤ Tc.

The control strategy can be explained as follows.
When a malfunctioning of the condenser is detected, the
controller enters the alarm mode and immediately opens
valve V18 to empty tank 2. During this phase, the heat-
ing is still on (heating state). When the temperature in
tank 1 reaches the alarm level Ta (alarm), the heating is
switched off and the controller enters the state cooling.
Finally, when tank 2 is empty, the controller gets in the
state draining, where valve V18 is closed and valve V15 is
opened, and the solution flows from the upper tank to
the lower one. From draining, the controller can either
switch to the state won if tank 1 gets empty, or to lost
if the temperature in tank 1 gets lower than the critical
value Tc.

The goal is to verify that the controller satisfies the
following safety requirements: (i) if a malfunctioning in
the cooling system of the condenser occurs, the heater
must be turned off quickly enough to prevent damages
to the condenser, (ii) the solution in tank 1 is drained
to tank 2 before it eventually solidifies, (iii) when the
valve 15 is open tank 2 is empty.

Certifying that the PLC code satisfies these specifica-
tions amounts to verify that from all the initial states in
a given set X0 the system never reaches the state lost,
or, equivalently, that the system always reaches the state
won

Modeling the Evaporator Benchmark in MLD
Form. In order to use the verification tools outlined
above, we need to obtain a hybrid model of the batch
evaporator process in MLD form. We consider the model
described in (Stursberg, 1999), which only takes into ac-
count the heights h1, h2 and the temperature T of tank 1.
The model is summarized in Table 2 (dynamic equations
associated with each logical state), and is based on the
following simplifying assumptions: (i) the pressure in-
crease during the evaporation in the heating phase is
neglected, (ii) the dynamics during the cooling phase is
the same for T ≷ 373 K, (iii) average constants replace
ranges of physical parameters.

After the piece-wise linear approximation of the square
root relation (three sections) the model can be readily ex-
pressed in the HYSDEL language (see Appendix ). The
MLD model generated by the compiler includes three
continuous states xc, three logic states x`, 19 Boolean
inputs δ and eight auxiliary variables z.

Verification Results. We aim at verifying that af-
ter an exception occurs, the PLC code based on the con-
trol logic of Figure 6 safely shuts down the plant to the
won state for any initial condition x(0) =

[ xc(0)
x`(0)

]
∈ X0 =

{T, h1, h2, x` : T = 373, 0.2 ≤ h1 ≤ 0.22, 0.28 ≤ h2 ≤
0.3, x` =

[ 0
0
0

]
}.
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Logic state Heating V15 V18 Dynamic behavior

Heating on closed open


∂T
∂t = k3(q − k4(T − te))
∂h1
∂t = 0

∂h2
∂t = −k2

√
h2

Cooling off closed open


∂T
∂t = k5(T − te)
∂h1
∂t = 0

∂h2
∂t = −k2

√
h2

Draining off open closed


∂T
∂t = k5(T − te)
∂h1
∂t = −k1

√
h1

∂h2
∂t = k2

√
h1

Won off closed closed


∂T
∂t = k5(T − te)
∂h1
∂t = 0

∂h2
∂t = 0

Lost off closed closed


∂T
∂t = k5(T − te)
∂h1
∂t = 0

∂h2
∂t = 0

Table 2: Hybrid model of the evaporator process.

Figure 7: Set evolution from X0 to the target set
Z1 (won) for Ta = 391 (same evolution, different
perspectives).

To this end, we apply the verification algorithm pre-
sented above, and label as target set Z1 the set of safe
states {x : x` =

[ 0
1
0

]
} (won), and as target set Z2 the set

of unsafe states {x : x` =
[ 0

1
0

]
} (lost). The results of the

algorithm are plotted in Figure 7, where the set evolu-
tion in the three-dimensional continuous state space h1,
h2, T from the initial conditions X(0) is depicted from
different view angles.

The tool can also easily perform parametric verifica-
tion if the vector of parameters θ enters the model lin-
early, and its range is a polyhedral set Θ (e.g. Θ is an
interval). Constant parameters can in fact be taken into
account by augmenting the state vector to

[
x
θ

]
, adding a

constant dynamics θ(t+1) = θ(t) for the additional state
θ, and setting the set of initial conditions to X(0) × Θ.
Vice versa, varying parameters with unknown dynamics
can be modeled as additional inputs to the system, i.e.,
as disturbances.

We use parametric verification for checking against
variations of the alarm temperature Ta in the range
383 K≤ Ta ≤ 393 K. As Ta is a constant parameter
of the PLC code, it is treated as an additional state.

The parametric verification produces the following re-
sult: for Ta ≥ 390.4902 the controller drives the plant to
the terminal state Z1 (won) for all the initial heights and
temperature in X0. The parametric verification requires
82 s to build the graph of evolution on a PC Pentium II
400 MHz running interpreted Matlab code.
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Performance Characterization

While there are many performance measures for linear
systems (ranging from the traditional Integral-Square-
Error to the modern Hinfty criterion) the performance
of systems with constraints under MPC is more difficult
to characterize in a compact meaningful manner. Obvi-
ously, as a minimum requirement the closed loop MPC
system must be stable. All the available MPC stability
results hold when the associated optimization problem
is feasible. Thus, a possible performance charcterization
would be to determine that region of the state space for
which all emanating trajectories lead to feasible opti-
mization problems as they evolve. To arrive at a more
quantitative measure we can define a region C0 around
the origin and determine that region DT (0) of the state
space for which all emanating trajectories lead into C0

in T time steps. This problem can also be solved by the
proposed verification algorithm as detailed below.

We aim at estimating the domain of attraction of the
origin, and the set of initial conditions from which the
state trajectory remains feasible for the constraints. As
mentioned in the previous section, the nominal MPC
closed-loop system is an autonomous PWA system. The
origin belongs to the interior of one of the sets of the
partition, namely the region where the LQ gain K is
asymptotically stabilizing while fulfilling the constraints,
which by convention will be referred to as C0. Denote by
D∞(0) ⊆ Rn the (unknown) domain of attraction of the
origin. Given a bounded set X(0) of initial conditions,
we want to characterize D∞(0)

⋂
X(0).

By construction, the matrix A0, associated with the
region C0, is strictly Hurwitz and f0 = 0 (in fact, in C0

the feedback gain is the unconstrained LQR gain F0 =
K, g0 = 0 (Bemporad et al., 2002)). Then we can com-
pute an invariant set in C0. In particular, we compute
the maximum output admissible set (MOAS) X∞ ⊆ C0.
X∞ is the largest invariant set contained in C0, which
by construction of C0 is compatible with the constraints
umin ≤ Kx(t) ≤ umax, xmin ≤ x(t) ≤ xmax. By (Gilbert
and Tan, 1991, Th.4.1), the MOAS is a polyhedron with
a finite number of facets, and is computed through a fi-
nite number of linear programs (LP’s) (Gilbert and Tan,
1991).

In order to circumvent the undecidability of stability,
we give the following

Definition 1 Consider the PWA system (1), and let the
origin 0 ∈

◦
C0 , {x : H0x < S0}, and A0 be strictly

Hurwitz. Let X∞ be the maximum output admissible set
(MOAS) in C0, which is an invariant for the linear sys-
tem x(t + 1) = A0x(t). Let T be a finite time horizon.
Then, the set X(0) ⊆ Rn of initial conditions is said to
belong to the domain of attraction in T steps DT (0) of
the origin if ∀x(0) ∈ X(0) the corresponding final state
x(T ) ∈ X∞.

(a) Closed-loop MPC.
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(b) Explicit solution.

Figure 8: Example 12.

Note that DT (0) ⊆ DT+1(0) ⊆ D∞(0), and DT (0) →
D∞(0) as T →∞. The horizon T is a practical informa-
tion about the speed of convergence of the PWA system
to the origin and thus about its dynamic performance.

Definition 2 Consider the PWA system (1), and let
Xinfeas , Rn\ ∪s

i=1 Ci. The set X(0) ⊆ Rn of initial
conditions is said to belong to the domain of infeasibility
in T steps IT (0) if ∀x(0) ∈ X(0) there exists t, 0 ≤ t ≤ T
such that x(t) ∈ Xinfeas.

In Definition (2), the set Xinf must be interpreted as a
set of “very large” states. Although instability in T steps
does not guarantee instability (for any finite T , a trajec-
tory might reach Xinf and converge back to the origin),
it has the practical meaning of labeling as “unstable”
the trajectories whose magnitude is unacceptable, for in-
stance because the PWA system is no longer valid as a
model of the real system.

Given a set of initial conditions X(0), we aim at finding
subsets of X(0) which are safely asymptotically stable
(X(0)

⋂
DT (0)), and subsets which lead to infeasibility in

T steps (X(0)
⋂

IT (0)). Subsets of X(0) leading to none
of the two previous cases are labeled as non-classifiable
in T steps. As we will use linear optimization tools, we
assume that X(0) is a convex polyhedral set (or the union
of convex polyhedral sets). Typically, non-classifiable
subsets shrink and eventually disappear for increasing
T .

An Example. Consider the system y(t) =
s+1

s2+s+2u(t), and sample the dynamics with T = 0.2 s.
The task is to regulate the system to the origin while ful-
filling the constraints −1 ≤ u(t) ≤ 1 and x(t) ≥

[−0.5
−0.5

]
.

To this aim, we design an MPC controller based on the
optimization problem

min
ut,ut+1

||xt+2|t||2P +

1∑
k=0

||xt+k|t||2 + .1||ut+k||2

subj. to −2 ≤ ut+k ≤ 2, k = 0, 1

xt+k|t ≥ xmin, xmin ,
[−0.5
−0.5

]
, k = 0, 1

(12)

where P is the solution to the Riccati equation (in this
example Q =

[
1 0
0 1

]
, R = 0.1, Nu = Ny = Nc = 2).
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Figure 9: Partition of initial states into safely stable,
and infeasible in T = 20 steps.

Note that this choice of P corresponds to setting ut+k =
Kxt+k|t for k ≥ 2, where K is the LQR gain, and min-
imizes

∑∞
k=0 x

′
t+k|txt+k|t + .01u2

t+k with respect to ut,
ut+1. The closed loop response from the initial condi-
tion x(0) = [1 1]′ is shown in Figure 8(a).

The solution to the mp-QP problem was computed by
using the solver in (Bemporad et al., 2002) in 0.66 s on
a PC Pentium III 650 MHz running Matlab 5.3, and the
corresponding polyhedral partition of the state-space is
depicted in Figure 8(b). The MPC law is linear in each
one of the four depicted regions.

Region #3 corresponds to the unconstrained LQR con-
troller, #1 and #4 to saturation at −1 and +1, respec-
tively, and #2 is a transition region between LQR control
and the saturation.

Note that the union of the regions depicted in Fig-
ure 8(b) should not be confused with the region of attrac-
tion of the MPC closed-loop. For instance, by starting at
x(0) = [3.5 0]′ (for which a feasible solution exists), the
MPC controller runs into infeasibility after t = 5 time
steps.

The reachability analysis algorithm described above
was applied to determine the set of safely stable initial
states and states which are infeasible in T = 20 steps
(Figure 9). The algorithm computes the graph of evolu-
tions in 115 s on a Pentium II 400 running Matlab 5.3.

Conclusions

The paper argues that many unsolved problems of prac-
tical interest involve systems where dynamics and logic
interact. A big subclass of such systems can be mod-
eled in discrete time as Mixed Logic Dynamical (MLD)
systems described by linear dynamic equations subject
to linear inequalities involving real and integer variables.
As an immediate benefit of the MLD description most

system analysis and synthesis tasks can be cast as mixed
integer optimization problems, for which many commer-
cial solvers exist.

Our group has concentrated on this model paradigm
and developed a wide variety of tools and techniques
(only a small fraction of which was discussed in this
paper), among them: HYSDEL, a modelling language
for the specification of MLD systems and a compiler to
generate the MLD models; a model predictive controller
with an explicit representation where the optimization
effort is entirely shifted off-line; an algorithm for the ver-
ification of MLD systems which is useful for a variety of
tasks ranging from checking the correctness of PLC code
to assessing the performance of MPC loops; several al-
gorithms to analyze the observability of MLD systems
essential for filter design, process monitoring and fault
detection; several filtering algorithms based on the mov-
ing horizon idea with rather general convergence guar-
antees.

In collaboration with different companies we have ap-
plied the tools to a range of problems including traction
control and gear shift/clutch operation on automotive
vehicles, power management for electrical utilities, fault
detection on a benchmark multi-tank system, optimal
operation of a gas supply system, blood pressure control
in anesthesia and analysis of an emergency shutdown
system for a pilot batch plant.

All the investigated theoretical problems are “hard”
in the mathematical sense (maybe all interesting prob-
lems are?), which implies—loosely speaking—that in the
worst case the computational effort grows exponentially
with the problem size. Thus the future challenge will
be to develop approximate methods which provide good,
if not optimal answers for problems with specific struc-
tures and where the computational effort grows only in
a polynomial fashion. Otherwise the applicability of the
developed tools will remain limited to small problems.

An extensive set of reports describing all aspects of
our work on hybrid systems is available from our web
site http://control.ethz.ch

Acknowledgments

The author wishes to thank Domenico Mignone who
helped in the preparation of the paper.

References

Acevedo, J. and E. N. Pistikopoulos, “A Multiparametric Program-
ming approach for linear process engineering problems under
uncertainty,” Ind. Eng. Chem. Res., 36, 717–728 (1997).

Alur, R., C. Courcoubetis, T. A. Henzinger, and P.-H. Ho, Hybrid
Automata: an algorithmic approach to the specification and
verification of hybrid systems, In R. L. Grossman, A. Nerode,
A. P. R. and H. Rischel, editors, Hybrid Systems, volume 736
of Lecture Notes in Computer Science, pages 209–229. Springer
Verlag (1993).

Asarin, A., O. Maler, and A. Pnueli, “On the Analysis of Dynam-



Hybrid System Analysis and Control via Mixed Integer Optimization 147

ical Systems having Piecewise-Constant Derivatives,” Theoreti-
cal Computer Science, 138, 35–65 (1995).

Bemporad, A. and M. Morari, “Control of Systems Integrating
Logic, Dynamics, and Constraints,” Automatica, 35(3), 407–
427 (1999).

Bemporad, A., P. Hertach, D. Mignone, M. Morari, and F. D. Tor-
risi, HYSDEL—Hybrid Systems Description Language, Techni-
cal Report AUT00-03, ETH Zurich (2000b).

Bemporad, A., G. Ferrari-Trecate, and M. Morari, “Observability
and Controllability of Piecewise Affine and Hybrid Systems,”
IEEE Trans. Auto. Cont., 45(10), 1864–1876 (2000a).

Bemporad, A., F. D. Torrisi, and M. Morari, Optimization-Based
Verification and Stability Characterization of Piecewise Affine
and Hybrid Systems, In Krogh, B. and N. Lynch, editors, Hy-
brid Systems: Computation and Control, Proceedings 3rd Inter-
national Workshop on Hybrid Systems, Pittsburgh, PA, USA,
Lecture Notes in Computer Science. Springer Verlag (2000).

Bemporad, A., M. Morari, V. Dua, and E. N. Pistikopoulos, “The
Explicit Linear Quadratic Regulator for Constrained Systems,”
Automatica, 38(1), 3–20 (2002).

Branicky, M. S., V. S. Borkar, and S. K. Mitter, “A unified frame-
work for hybrid control: model and optimal control theory,”
IEEE Trans. Auto. Cont., 43(1), 31–45 (1998).

Branicky, M. S., Studies in Hybrid Systems: Modeling, Analysis,
and Control, PhD thesis, Massachussets Institute of Technology
(1995).

Branicky, M. S., “Multiple Lyapunov functions and other analy-
sis tools for switched and hybrid systems,” IEEE Trans. Auto.
Cont., 43(4), 475–482 (1998).

Cavalier, T. M., P. M. Pardalos, and A. L. Soyster, “Modeling
and integer programming techniques applied to propositional
calculus,” Comput. Oper. Res., 17(6), 561–570 (1990).

Christiansen, D., Electronics Engineers’ Handbook, 4th edition.
IEEE Press/ McGraw Hill, Inc. (1997).

De Schutter, B. and B. De Moor, The Extended Linear Comple-
mentarity Problem and the Modeling and Analysis of Hybrid
Systems, In Antsaklis, P., W. Kohn, M. Lemmon, A. Nerode,
and S. Sastry, editors, Hybrid Systems V, volume 1567 of Lec-
ture Notes in Computer Science, pages 70–85. Springer (1999).

De Schutter, B. and T. van den Boom, Model predictive control
for max-plus-linear systems, In Proc. American Contr. Conf.,
pages 4046–4050 (2000).

Fletcher, R. and S. Leyffer, A mixed integer quadratic program-
ming package, Technical report, University of Dundee, Dept. of
Mathematics, Scotland, UK (1994).

Fletcher, R. and S. Leyffer, “Numerical Experience with Lower
Bounds for MIQP Branch-And-Bound,” SIAM J. Optim.,
8(2), 604–616 (1998). http://epubs.siam.org/sam-bin/dbq/

toclist/SIOPT.

Floudas, C. A., Nonlinear and Mixed-Integer Optimization. Oxford
University Press (1995).

Gilbert, E. G. and K. T. Tan, “Linear systems with state and con-
trol constraints: the theory and applications of maximal output
admissible sets,” IEEE Trans. Auto. Cont., 36(9), 1008–1020
(1991).

Grossmann, R. L., A. Nerode, A. P.Ravn, and H. R. (Eds.), Hybrid
Systems. Springer Verlag, New York (1993). no. 736 in LCNS.

Heemels, W. P. M. H., J. M. Schumacher, and S. Weiland, “Linear
Complementarity Systems,” SIAM J. Appl. Math., 60(4), 1234–
1269 (2000).

Heemels, W. P. M. H., B. De Schutter, and A. Bemporad, “Equiv-
alence of Hybrid Dynamical Models,” Automatica, 37(7), 1085–
1093 (2001).

Heemels, W. P. M. H., Linear complementarity systems: a study
in hybrid dynamics, PhD thesis, Dept. of Electrical Engineering,
Eindhoven University of Technology, The Netherlands (1999).

Johansson, M. and A. Rantzer, “Computation of Piecewise
Quadratic Lyapunov Functions for Hybrid Systems,” IEEE
Trans. Auto. Cont., 43(4), 555–559 (1998).

Johansson, K. H., M. Egerstedt., J. Lygeros, and S. Sastry, “On
the Regularization of Zeno hybrid automata,” Sys. Cont. Let.,
38, 141–150 (1999).

Kowalewski, S. and O. Stursberg, The Batch Evaporator: A
Benchmark Example For Safety Analysis Of Processing Systems
Under Logic Control, In 4th Int. Workshop on Discrete Event
Systems (WODES 98), Cagliari (Italy) (1998).

Kowalewski, S., Description of VHS Case Study 1 “Experimental
Batch Plant”, http://astwww.chemietechnik.uni-dortmund.

de/\symbol{126}vhs/cs1descr.zi%p (1998). Draft. University
of Dortmund, Germany.

Labinaz, G., M. M. Bayoumi, and K. Rudie, “A Survey of Modeling
and Control of Hybrid Systems,” Annual Reviews of Control,
21, 79–92 (1997).

Lazimy, R., “Improved algorithm for mixed-integer quadratic pro-
grams and a computational study,” Math Prog., 32, 100–113
(1985).

Lygeros, J., D. N. Godbole, and S. Sastry, A game theoretic ap-
proach to hybrid system design, In Alur, R. and T. Henzinger,
editors, Hybrid Systems III, volume 1066 of Lecture Notes in
Computer Science, pages 1–12. Springer Verlag (1996).

Lygeros, J., C. Tomlin, and S. Sastry, “Controllers for reachability
specifications for hybrid systems,” Automatica, 35(3), 349–370
(1999).

Nemhauser, G. L. and L. A. Wolsey, Integer and Combinatorial
Optimization. Wiley (1988).

Raman, R. and I. E. Grossmann, “Relation between MILP model-
ing and logical inference for chemical process synthesis,” Com-
put. Chem. Eng., 15(2), 73–84 (1991).

Roschchin, V. A., O. V. Volkovich, and I. V. Sergienko, “Mod-
els and methods of solution of quadratic integer programming
problems,” Cybernetics, 23, 289–305 (1987).

Sontag, E. D., “Nonlinear Regulation: The Piecewise Linear Ap-
proach,” IEEE Trans. Auto. Cont., 26(2), 346–358 (1981).

Sontag, E. D., Interconnected automata and linear systems: A
theoretical framework in discrete-time, In Alur, R., T. A.
Henzinger, and E. D. Sontag, editors, Hybrid Systems III—
Verification and Control, number 1066 in Lecture Notes in Com-
puter Science, pages 436–448. Springer-Verlag (1996).

Stursberg, O., The Batch-Evaporator Benchmark Example—A
simplified formulation (1999). http://astwww.chemietechnik.

uni-dortmund.de/~olaf/.

Tyler, M. L. and M. Morari, “Propositional logic in control and
monitoring problems,” Automatica, 35(4), 565–582 (1999).

van der Schaft, A. J. and J. M. Schumacher, “Complementarity
Modelling of Hybrid Systems,” IEEE Trans. Auto. Cont., 43,
483–490 (1998).

Williams, H. P., “Logical problems and integer programming,”
Bulletin of the Institute of Mathematics and Its Applications,
13, 18–20 (1977).

Williams, H. P., Model Building in Mathematical Programming.
John Wiley & Sons, Third Edition (1993).



148 Manfred Morari

Appendix

HYSDEL (HYbrid Systems DEscription Lan-
guage)

The derivation of the MLD model, i.e., a set of linear
difference equations and mixed-integer linear inequali-
ties, from an interconnection of components involving
continuous systems and logic is an involved tedious task
for all but the most simple example problems. There-
fore we have developed a HYbrid Systems DEscription
Language (HYSDEL) for the specification of such sys-
tems and a compiler which readily generates the equiv-
alent MLD form. The HYSDEL compiler is available
on-line at http://control.ethz.ch/~hybrid/hysdel.
Thanks to the equivalence between the various hybrid
system descriptions mentioned in the paper, the MLD
form can be used as an intermediate step to obtain the
corresponding PWA, LC, ELC, or MMPS counterpart.

In HYSDEL systems are viewed as the interconnec-
tion of basic objects. Each object admits an equivalent
representation as linear mixed-integer equalities and in-
equalities. The basic objects are:

• A/D (Analog-to-Digital) block. Can extract
logic facts from the activity level of linear thresh-
olds.A graphical representation is provided in Fig-
ure 10.

• D/A (Digital-to-Analog) block. Is the counter-
part of the A/D block. This block (see Figure 11)
is able to associate with the output different linear
expressions according to the different logic value of
the input.

• Automaton. Evolves according to the logic part of
the overall system input and the logic signals com-
ing out from the A/D blocks and from other au-
tomata. As the schematic representation depicted
in Figure 12 shows, the automaton typically makes
its internal state available to other components.

• Continuous dynamics. Is a Discrete-time Linear
Time Invariant (D-LTI) system and the different
modes of operation are obtained by connecting (see
Figure 13) the input to the output of a D/A block.

As an illustration the HYSDEL code for the batch evap-
orator example is shown in Figure 14.

A/D
Continuous

Input

Boolean

Output

Figure 10: A/D block—Continuous to logic conver-
sion.

D/A
Boolean

Input

Continuous

Output

Continuous

Input

Figure 11: D/A block—Logic to continuous conver-
sion.

Automaton
Boolean

Input

Boolean

Output

Internal State

Figure 12: Automaton.

D-LTI
Continuous

Input

Continuous

Output

Internal State

Figure 13: Discrete-time-invariant linear continuous
dynamics.
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/* VHS Esprit Project - Case Study 1 */

SYSTEM batchevaporator {
INTERFACE {

STATE {
REAL tmp,h1,h2,tal;
BOOL p1,p2,p3; }

OUTPUT {
REAL outreal1;
BOOL outbool1; }

PARAMETER {
REAL q = 5000; /* kW */

(other parameters are omitted for brevity)

}
}

IMPLEMENTATION {
AUX {

REAL zT, zh1a, zh1b, zh1c, zh2a, zh2b, zh2c, zh2d;

BOOL ti1,ti2,l1,l2,h,v18,v15,d1;
BOOL l1h1,l1h2; /* Linearization of sqrt */
BOOL da1,da2,da3,da4,da5,da6,da7; }

LOGIC {
h = ~p1&~p2&~p3;
v18 = ~p1&~p2&~p3 | ~p1&~p2&p3;
v15 = p1&~p2&~p3;
da1=v18&~l1&l1h1;
da2=v18&~l1&~l1h1;
da3=~v18&~l1;
da4=v15&~l2&l1h2;
da5=~v15&~l2&l1h2;
da6=v15&~l2&~l1h2;
da7=~v15&~l2&~l1h2; }

AD {
ti1 = -tmp+tal <= 0 [-Tmin+Talmax,-Tmax+Talmin,1e-2];
ti2 = tmp-338 <= 0 [Tmax-338,Tmin-338,1e-2];
l1 = h1-0.01 <= 0 [hmax-0.01,hmin-0.01,1e-6];
l2 = h2-0.01 <= 0 [hmax-0.01,hmin-0.01,1e-6];
l1h1 = h1-l1h1t <= 0 [hmax-l1h2t,hmin-l1h2t,1e-6];
l1h2 = h2-l1h2t <= 0 [hmax-l1h2t,hmin-l1h2t,1e-6]; }

DA {
zT = {IF h THEN atmp1*tmp+btmp1 [atmp1*Tmax+btmp1,atmp1*Tmin+btmp1,0]

ELSE atmp2*tmp+btmp2 [atmp2*Tmax+btmp2,atmp2*Tmin+btmp2,0] };
zh1a = {IF da1 THEN ah1a*h1+bh1a [ah1a*hmax+bh1a,ah1a*hmin+bh1a,0] };
zh1b = {IF da2 THEN ah1b*h1+bh1b [ah1b*hmax+bh1b,ah1b*hmin+bh1b,0] };
zh1c = {IF da3 THEN h1 [hmax,hmin,0] };
zh2a = {IF da4 THEN ahh2a*h1+h2+bhh2a [ahh2a*hmax+hmax+bhh2a,ahh2a*hmin+hmin+bhh2a,0]};
zh2b = {IF da5 THEN ah2a*h2+bh2a [ah2a*hmax+bh2a,ah2a*hmin+bh2a,0] };
zh2c = {IF da6 THEN ahh2b*h1+h2+bhh2b [ahh2b*hmax+hmax+bhh2b,ahh2b*hmin+hmin+bhh2b,0]};
zh2d = {IF da7 THEN ah2b*h2+bh2b [ah2b*hmax+bh2b,ah2b*hmin+bh2b,0] }; }

CONTINUOUS {
tmp = zT;
h1 = zh1a + zh1b + zh1c;
h2 = zh2a + zh2b + zh2c + zh2d;
tal = tal; }

AUTOMATA {
p1= (~p1&~p2&p3&l2) | (p1&~p2&~p3&~ti2&~l1);
p2= (p1&~p2&~p3&l1) | (p1&~p2&~p3&ti2) | (~p1&p2&~p3) | (~p1&p2&p3);
p3= (~p1&~p2&~p3&ti1) | (~p1&~p2&p3&~l2) | (p1&~p2&~p3&ti2) | (~p1&p2&p3); }

MUST {
~(ti1 & ti2); /* Excludes combination ti1,ti2=11 */
~(p1 & (p2 | p3)); /* Excludes logical states 101,110,111 */
~l1h1|~l1;
~l1h2|~l2; }

}
}

Figure 14: Example of HYSDEL code for the batch evaporator example.
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The need for improvement in process operations, logistics and supply chain management has created a great demand for
the development of optimization models for planning and scheduling. In this paper we first review the major classes of
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Introduction

The development of optimization models for planning
and scheduling of chemical processes has received signifi-
cant attention over the last 5-7 years. One major reason
has been the realization by industry that large poten-
tial savings can be achieved by improving the logistics of
manufacturing in chemical processes. Examples of sav-
ings include lower inventories, lower transition costs, and
reduction in production shortfalls. The interest in plan-
ning and scheduling has further increased with indus-
try’s goal of improving the management and dynamics
of their supply chains. Finally, major advances in large-
scale computation and mathematical programming have
promoted the interest in applying these techniques to
planning and scheduling problems.

The goal of this paper is to provide an overview of
the optimization based models for planning and schedul-
ing, review the solution strategies and mathematical pro-
gramming methods that are available for solving these
problems, and propose a conceptual model for integrat-
ing planning and scheduling. Finally, we present three
examples to illustrate the application of some of the tech-
niques discussed in this paper.

Review on Planning and Scheduling

Both planning and scheduling deal with the allocation
of available resources over time to perform a collection
of tasks. In the context of process systems, planning
and scheduling refer to the strategies of allocating equip-
ment and utility or manpower resources over time to ex-
ecute processing tasks required to manufacture one or
several products. The difference between planning and
scheduling is not always clear cut. However, in general
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grossmann@cmu.edu.

the difference is that planning deals with longer time
horizons (e.g. weeks, few months) and is largely con-
cerned with high level decisions such as investment in
new facilities and production levels. Scheduling on the
other hand deals with shorter time horizons (e.g. days,
few weeks) with the emphasis often being on the lower
level decisions such as sequencing of operations. Also,
in planning maximization of profit usually plays a ma-
jor role, while in scheduling the emphasis tends to be
on feasibility for fulfilling a given number of orders, or
on completing the required tasks in the shortest time.
Hence, economics tends to play a greater role in plan-
ning than in scheduling. It should be noted, however,
that the distinction between planning and scheduling is
becoming increasingly blurred by the capability of opti-
mizing simultaneous planning and scheduling decisions,
particularly in the context of supply chain optimization
problems.

Planning

A detailed review of planning and scheduling is out of the
scope of this paper. In this section we therefore focus on
pointing the reader to some useful papers covering both
specific planning problems and reviews on some prob-
lem classes, as well as a general discussion on the nature
of planning problems. While no review alone covers all
types of planning problems, some reviews can be found
in the operations research literature for specific types of
planning problems. Erengüç et al. (1999) review work
on the integrated production and distribution planning
of supply chains. They discuss the different stages of
the supply chain, give some general formulations and
critically evaluate the relevant literature from the oper-
ations research community. Other reviews discuss plan-
ning models for freight transportation (Crainic and La-
porte, 1997), optimization methods for electric utility
resource planning (Hobbs, 1995), and strategic facility

150
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location methods that consider either stochastic or dy-
namic problem characteristic (Owen and Daskin, 1998).
In the chemical engineering literature, a review on liter-
ature for single- and multi-site planning and scheduling
can be found in (Shah, 1998), while reviews on plan-
ning and scheduling literature for batch/semicontinuous
plants can be found in Reklaitis (1991, 1992) and Rippin
(1993).

Planning problems can mainly be categorized as
strategic, tactical or operational, depending on the deci-
sions involved and the time horizon under consideration.
Strategic planning covers the longest time horizons in
the range of one to several years and decisions cover
the whole width of the organization, while focussing
on major investments. Examples of strategic planning
problems include facility location problems (e.g. Maz-
zola and Neebe, 1999), hydrocarbon well platform in-
vestment planning (e.g. Iyer et al., 1998; Van den Heever
and Grossmann, 2000), and longterm planning of process
networks (e.g. Sahinidis et al., 1989) where it is essential
to consider the far future in making big investment de-
cisions. Tactical planning typically covers the midterm
horizon of between a few months to a year and deci-
sions cover issues such as production, inventory and dis-
tribution. Midterm production planning or supply chain
planning is a good example of tactical planning (e.g. Bok
et al., 2000; McDonald and Karimi, 1997; Perea et al.,
2000; Dimitriadis et al., 1997). Operational planning
usually covers a horizon of one week to three months and
involves decisions regarding the actual operations and re-
source allocation. Applications include the operational
planning of utility systems (e.g. Iyer and Grossmann,
1998b) and the planning of refinery operations (e.g. Moro
et al., 1998). On this level, planning decisions are often
closely related to scheduling decisions and it becomes
more important to integrate these. In the past plan-
ning and scheduling issues have mostly been addressed
separately or sequentially for reasons of complexity, and
only recently have simultaneous planning and schedul-
ing approaches emerged. Birewar and Grossmann (1990)
proposed a model for the simultaneous planning and
scheduling of multipurpose batch plants, while Shah and
Pantelides (1991) presented a model for simultaneous
campaign formation and planning. Papageorgiou and
Pantelides (1996a,b) address the issue in a two part ar-
ticle proposing a mathematical formulation and decom-
position approach for integrated campaign planning and
scheduling of multipurpose batch/semicontinuous plants.
We address the integration of planning and scheduling in
Section 4 through a generalized disjunctive model.

In terms of uncertainties, planning models have ei-
ther a deterministic or stochastic nature. Determinis-
tic models assume predictions for prices, demands and
availabilities to be known with certainty. These models
are often sufficient for short-term planning and schedul-
ing, but when longer time horizons are considered incor-

porating uncertainty directly becomes more important.
However, deterministic models are still useful even when
uncertainty needs to be incorporated, since they can be
used to analyze different scenarios for the uncertain pa-
rameters without the additional complexity associated
with stochastic models. In addition, deterministic mod-
els form the basis for stochastic models that include un-
certainty through scenarios. Stochastic models include
uncertainty either by explicit probability distributions
or by scenarios, and often require specialized solution
methods due to their complexity. A vast number of ar-
ticles have been published in the area of process plan-
ning under uncertainty and a complete list of all rele-
vant ones cannot be provided within the scope of this
paper. We therefore refer readers to some recent publi-
cations: Liu and Sahinidis (1996) proposed a two-stage
stochastic programming approach for process planning
under uncertainty. These authors first consider discrete
random parameters and develop a Benders-based decom-
position algorithm for the solution. They then continue
to show the applicability of their approach to contin-
uous random variables. Ierapetritou et al. (1996) dis-
cuss modeling issues in design and planning under un-
certainty and propose a decomposition algorithm for a
combined multiperiod/stochastic programming problem.
Clay and Grossmann (1997) consider planning problems
with uncertainty in both demands and cost coefficients,
and represent these uncertainties by finite discrete proba-
bility distribution functions. They also propose an itera-
tive aggregation/disaggregation algorithm that is highly
parallel for the solution of this two-stage stochastic pro-
gramming problem. Ahmed and Sahinidis (1998) pro-
pose a linear method of incorporating robustness of the
second stage decisions into two-stage models for process
planning under uncertainty and present a heuristic solu-
tion approach, but emphasize the need to exact solution
methods for this model. Rather than using a stochas-
tic optimization framework, Applequist et al. (2000)
proposed a risk measure for supply chain optimization.
Some significant progress has also been made in incorpo-
rating uncertainty into combined planning and schedul-
ing models. Petkov and Maranas (1997) extend the com-
bined planning and scheduling model first proposed by
Birewar and Grossmann (1990) to include demand un-
certainties, and express the stochastic elements in equiv-
alent deterministic forms to yield solution times com-
parable to pure deterministic models. A scenario-based
approach to incorporate uncertainty at the planning level
for an online scheduler of a multiproduct batch plant was
proposed by Sand et al. (2000). Their model has two hi-
erarchical levels, where uncertainty at the planning level
is incorporated explicitly in the upper level. While the
above mentioned approaches show significant progress in
incorporating uncertainty into large-scale planning and
scheduling models, the characterization of uncertainties
and development of efficient solution algorithms remain



152 Ignacio E. Grossmann, Susara A. van den Heever and Iiro Harjunkoski

(2) Mass balances

Lots (most methods) Network flow equations

(4) Transfer policies

Zero-Wait (ZW)
No Intermediate 
Storage (NIS)

Finite Intermediate 
Storage (FIS)

Unlimited Int. 
 Storage (UIS)

(5) Resource constraints

None (only equipment) ContinuousDiscrete

(6) Demand pattern

Variable (short term) Fixed rate (cyclic)

(3) Time representation

Discrete (fixed slots)
Continuous

Time slots Time events

(1) Plant Topology

Serial

Single stage Multiple stage

One unit 
per stage

Parallel  
units

One unit 
per stage

Parallel  
units

Network

“Arbitrary” topology

(7) Changeovers

None time 
dependent

frequency 
dependent

unit 
dependent

family 
dependent

sequence 
dependent  

Figure 1: Classification and road map scheduling
problems.

complex and challenging problems.

Scheduling

Comprehensive reviews on scheduling can be found in
Rippin (1993) who addresses the general status of batch
processing systems engineering with emphasis in design,
planning and scheduling. Reklaitis (1991, 1992) presents
a comprehensive review of scheduling and planning of
batch process operations. His main focus is to describe
the basic components of the scheduling problem and re-
view the existing solution methods. Pekny and Zent-
ner (1994) summarize the basic scheduling technology
with association to the advances in computer technol-
ogy. Grossmann et al. (1996) provide an overview of
mixed integer optimization techniques for the design and
scheduling of batch processes, with emphasis on general
purpose methods for mixed integer linear (MILP) and
mixed integer nonlinear (MINLP) problems. Pinto and
Grossmann (1998) present a classification of scheduling
problems, and characterize the major types of integer
and mixed-integer constraints that arise for the assign-
ment and sequencing decisions. Shah (1998) presents
an overview of single and multisite scheduling methods,
while Pekny and Reklaitis (1998) provide a review in
terms of the computational complexity that is involved
in scheduling problems.

A major difficulty that has been faced in the area of
scheduling is that there is a great diversity of problems
that have tended to prevent the development of uni-
fied solutions. To appreciate this issue, consider Fig-
ure 1 from Pinto and Grossmann (1998) that presents
a road map for classifying scheduling problems. Equip-
ment similarity and unit connectivity define the topol-
ogy of the plant. In serial plants, products follow the
same production path, therefore it is possible to recog-
nize a specific direction in the plant floor. Networks of
arbitrary topology tend to occur when products have
low recipe similarity and/or when equipment is inter-
connected. Most methods do not handle mass balances
explicitly; instead, production is represented by batches
(or lots). Products follow a series of tasks, which are col-
lections of elementary chemical and physical processing
operations. Note the close relationship between the plant
topology and the sequence of tasks for products: if all
products follow the same sequence of tasks it is usually
possible to define processing stages in the plant, defined
as processing equipment that can perform the same op-
erations. Moreover, lot sizes can be variables, such as in
the case of the lot-sizing problem, or fixed parameters.

A major issue in modeling scheduling problems con-
cerns the time domain representation. The most general
is a continuous time domain representation that makes
use of either time slots of variable length, or time events.
If a discrete time representation is adopted, slots have
equal and fixed duration. In this case there is the need
to use a sufficiently large number of slots in order to have
a suitable approximation of the original problem. An
advantage, however, with discrete time domain is that
it is much easier to handle resource constraints or track
inventory levels. In continuous time formulations it is
usually possible to postulate a much smaller number of
time slots or time events reducing the problem size, al-
though often at the expense of introducing nonlinearities
in the model.

Another major issue in plant scheduling deals with the
presence of intermediate storage. There are four differ-
ent transfer policies: Zero-Wait (ZW), No-Intermediate-
Storage (NIS), Finite-Intermediate-Storage (FIS) and
Unlimited-Intermediate-Storage (UIS) (Ku et al., 1987).
It is important to note that FIS corresponds to the most
general case. Nevertheless, the main advantage of the
remaining three cases is that there is no need to model
inventory levels. In the scheduling of a process plant,
processing tasks require utilities and manpower. Utili-
ties may include, for example, steam, electricity, cooling
water, etc. In some scheduling applications, apart from
equipment, finite resources that are limited are required
for these process tasks. Resource constrained scheduling
problems are inherently difficult, due to the fact that
besides the efficient allocation of units to meet prod-
uct demands, it is also necessary to consider the feasible
grouping of simultaneously executed tasks so as to utilize
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Figure 2: State-task network for numerical example.

resources within their availability limits.
Short term scheduling is relevant to plants that must

satisfy individual customer orders with varying demand
patterns. In this case, product requirements are given as
a set of orders, where each order has associated with it a
certain product, the amount and a due date. In contrast,
cyclic scheduling is relevant for plants operating with a
stable market in which the product demands are given as
constant rates. This allows a more simplified plant oper-
ation in which the same production sequence is executed
repeatedly with a fixed frequency. When switching be-
tween products, or even after one or more batches of the
same product, units may require cleaning and setup for
safety and/or product quality. Changeover requirements
depend on the nature of the units and the products in
the plant. Sequence dependent changeovers represent
the most general and difficult situation, in which every
pair of consecutive operations may give rise to different
time and/or cost requirements. The need for unit setup
may be expressed in terms of the frequency of utiliza-
tion. For instance, a changeover may be needed after
every batch or after a certain number of batches, regard-
less of the nature of the products. In the case of time
dependent cleaning, there is a maximum time interval
during which a unit may be utilized.

From all the scheduling models that have been pro-
posed in the chemical engineering literature, the most
general model is the one by Kondili et al. (1993), which
addresses short term scheduling of batch operations. Ma-
jor capabilities of this multiperiod MILP model include
the following: (a) assignments of equipment to process-
ing tasks need not be fixed, (b) variable size batches can
be handled with the possibility of mixing and splitting,
(c) different intermediate storage and transfer policies
can be accommodated, as well as limitations of resources.
In the work by Kondili et al. (1993) a major assumption
is that the time domain can be discretized in intervals
of equal size, which in practice often means having to
perform some rounding to the original data. In addi-
tion, changeover times are usually neglected since they
cannot be easily handled by this model. The key aspect
in the MILP model by Kondili et al. (1993), is the state-
task network (STN) representation. This network has
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Figure 3: Optimal schedule for network in Figure 2.

two types of nodes: (a) state nodes that correspond to
feeds, intermediates and final products; (b) task nodes
that represent processing steps. Figure 2 presents an
example of a state task network. It should be noted
that the equipment is considered separately. In general
it is assumed that each unit can perform several of the
tasks in the STN network. The resulting MILP model
determines the timing of the operations, assignments of
equipment to operations, and flow of material through
the network. The objective is to maximize a given profit
function. Figure 3 shows the results of the optimal sched-
ule of the example in Figure 2. It should be noted that
the reformulation by Shah et al. (1993) led to a signif-
icant improvement in the LP relaxation of the MILP,
with which fairly large problems can be solved. Fur-
thermore, Pantelides (1994) proposed the Resource Task
Network (RTN) representation, which leads to a more
compact model than the STN, although it is actually
equivalent. It is interesting to note that in the context
of Figure 1, both the STN and RTN models can han-
dle networks with arbitrary topology, can handle flow
equations for the mass balances, are based on discrete
time representation, can handle all types of transfers
and resource constraints, and deal with short term vari-
able demands. Continuous time versions of this model
have been proposed for instance by Zhang and Sargent
(1996), Mockus and Reklaitis (1996), and Ierapetritou
and Floudas (1998).

Mathematical Programming

Planning and scheduling problems generally give rise to
discrete/continuous optimization problems and we there-
fore find a discussion on the major mathematical pro-
gramming techniques appropriate in the current context.
When these optimization problems are represented in al-
gebraic form, they correspond to mixed-integer optimiza-
tion problems that have the following form:

minZ = f(x, y) (MIP)
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subject to

h(x, y) = 0
g(x, y) ≤ 0

x ∈ X, y ∈ {0, 1}m

where f(x, y) is the objective function (e.g. cost),
h(x, y) = 0 are the equations that describe the per-
formance of the system (material balances, production
rates), and g(x, y) ≤ 0 are inequalities that define the
specifications or constraints for feasible plans and sched-
ules. The variables x are continuous and generally cor-
respond to state variables, while y are the discrete vari-
ables, which generally are restricted to take 0-1 values
to define for instance the assignments of equipment and
sequencing of tasks. Problem (MIP) corresponds to a
mixed-integer nonlinear program (MINLP) when any of
the functions involved are nonlinear. If all functions are
linear it corresponds to a mixed-integer linear program
(MILP). If there are no 0-1 variables, the problem (MIP)
reduces to a nonlinear program (NLP) or linear program
(LP) depending on whether or not the functions are lin-
ear.

The formulation and solution of major types of math-
ematical programming problems can be effectively per-
formed with modeling systems such as GAMS (Brooke
et al., 1992), and AMPL (Fourer et al., 1992). While
these require that the model be expressed explicitly in
algebraic form, they have the advantage that they au-
tomatically interface with codes for solving the various
types of problems. They also perform automatic differ-
entiation and allow the use of indexed equations, with
which large scale models can be readily generated. It
should also be noted that these modeling systems are
now widely available on desktop PCs. We review the
major classes of mathematical programming models in
the following paragraphs.

Linear and Mixed-Integer Programming

These are without a doubt the types of models that are
most frequently encountered for planning and schedul-
ing. The reason is that these models involve in most
cases discrete time representations coupled with fairly
simple performance models. While in the past most
models were LPs, most of them are nowadays MILPs due
to the discrete decisions that are involved in investment,
expansion and operation for planning, and assignment
and sequencing decisions for scheduling.

Mixed-integer linear programming problems have the
general form:

minZ = aTx+ bT y (MILP)

subject to

Ax+By ≤ d

x ≥ 0, y ∈ {0, 1}m

For the case when no discrete variables y are involved,
the problem reduces to a linear programming (LP) prob-
lem. This is a special class of convex optimization prob-
lems for which the optimal solution lies at a vertex of
the polytope defined by the inequalities . The solution
of LP problems relies largely on the simplex algorithm
(Chvatal, 1983; Saigal, 1995), although lately interior-
point methods (Marsten et al., 1990) have received in-
creased attention for solving very large problems because
of their polynomial complexity. MILP methods rely
largely on simplex LP-based branch and bound meth-
ods (Nemhauser and Wolsey, 1988) that consists of a
tree enumeration in which LP subproblems are solved
at each node, and eliminated based on bounding prop-
erties. These methods are being improved through cut-
ting plane techniques (Balas et al., 1993), which pro-
duce tighter lower bounds for the optimum. LP and
MILP codes are widely available. The best known in-
clude CPLEX (ILOG Inc., 2000), OSL (IBM, 1992)
and XPRESS (Dash Associates, 1999), all which have
achieved impressive improvements in their problem solv-
ing capabilities. It is worth noting that since MILP
problems are NP-complete it is always possible to run
into time limitations when solving problems with a large
number of 0-1 variables, especially if the integrality gap
(difference between optimal integer objective and opti-
mal LP relaxation) is large.

Nonlinear Programming

NLP models have the advantage over LP models of be-
ing able to explicitly handle nonlinearities and are largely
used for real-time optimization. These models only in-
volve continuous variables and are fairly restrictive for
planning and scheduling, although they are important
subproblems in MINLPs. NLP problems correspond to
continuous optimization problems that can be expressed
as follows:

minZ = f(x) (NLP)

subject to

h(x) = 0
g(x) ≤ 0

x ∈ X

Provided the functions are continuous and differentiable,
and certain constraint qualifications are met, a local opti-
mum solution to problem (NLP) is given by the Karush-
Kuhn-Tucker conditions (Minoux, 1983). The solution
of NLP problems (Fletcher, 1987; Bazaraa et al., 1994),
relies either on the successive quadratic programming al-
gorithm (SQP) (Han, 1976; Powell, 1978; Schittkowski,
1981), or on the reduced gradient method (Murtagh and
Saunders, 1978, 1982). Major codes include MINOS
and CONOPT (Drud, 1992) for the reduced gradient
method, and OPT (Vasantharajan et al., 1990) for the
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SQP algorithm. These NLP methods are guaranteed to
find the global optimum if the problem is convex (i.e.
convex objective function and constraints). When the
NLP is nonconvex a global optimum cannot be guaran-
teed. One option is to try to convexify the problem,
usually through exponential transformations, although
the number of cases where this is possible is rather small.
Alternatively, one could use rigorous global optimization
methods, which over the last few years have made sig-
nificant advances. These methods assume that special
structures are present in the problem, such as bilinear,
linear fractional and concave separable functions. Al-
though this may appear to be quite restrictive, Smith
and Pantelides (1996) have shown that algebraic models
are always reducible to these structures, provided they
do not involve trigonometric functions. For a general re-
view on global optimization see Horst and Tuy (1993),
Horst and Pardalos (1995) and Floudas (2000). Re-
cent developments in chemical engineering can be found
in Grossmann (1996). Computer codes for global opti-
mization still remain in the academic domain, and the
best known are BARON by Sahinidis and Sahinids and
Ryoo (1995), and α-BB by Floudas et al. (1996). It
should also be noted that non-rigorous techniques which
have also become popular, such as simulated annealing
(Kirkpatrick et al., 1983) and genetic algorithms (Gold-
berg, 1989), do not make any assumptions on the func-
tions, but cannot guarantee rigorous solutions in a finite
amount of time. Furthermore, these methods do not
formulate the problem as a mathematical program since
they involve procedural search techniques that in turn
require some type of discretization, and the violation of
constraints is handled through ad-hoc penalty functions.

Mixed-integer Nonlinear Programming

MINLP models typically arise in planning and also in
scheduling when using continuous time representations,
particularly for cyclic policies and for nonlinear perfor-
mance models. The most common form of MINLP prob-
lems is a special case of problem (MIP), in which the 0-1
variables are linear while the continuous variables are
nonlinear:

minZ = cT y + f(x) (MINLP)

subject to

h(x) = 0
By + g(x) ≤ 0

x ∈ X, y ∈ 0, 1m

Major methods for MINLP problems include Branch and
Bound (BB) (Gupta and Ravindran, 1985; Borchers and
Mitchell, 1994; Stubbs and Mehrotra, 1996), which is a
direct extension of the linear case, except that NLP sub-
problems are solved at each node. Generalized Benders

Decomposition (GBD) (Benders, 1962; Geoffrion, 1972),
and Outer-Approximation (OA) (Duran and Grossmann,
1986; Yuan et al., 1988; Fletcher and Leyffer, 1994; Ding-
Mai and Sargent, 1992), are iterative methods that solve
a sequence of alternate NLP subproblems with all the 0-1
variables fixed, and MILP master problems that predict
lower bounds and new values for the 0-1 variables. The
difference between the GBD and OA methods lies in the
definition of the MILP master problem; the OA method
uses accumulated linearizations of the functions, while
GBD uses accumulated Lagrangean functions paramet-
ric in the 0-1 variables. The LP/NLP based branch and
bound by Quesada and Grossmann (1992) essentially in-
tegrates both subproblems within one tree search, while
the Extended Cutting Plane Method (ECP) (Wester-
lund and Pettersson, 1995) does not solve the NLP sub-
problems, and relies exclusively on successive lineariza-
tions. All these methods assume convexity to guaran-
tee convergence to the global optimum. Nonrigorous
methods for handling nonconvexities include the equal-
ity relaxation algorithm by Kocis and Grossmann (1987)
and the augmented penalty version of it (Viswanathan
and Grossmann, 1990). A review on these methods
and how they relate to each other can be found in
Grossmann and Kravanja (1997). The only commer-
cial code for MINLP is DICOPT (OA-GAMS), although
there are a number of academic versions (MINOPT by
Floudas and co-workers, α-ECP by Westerlund and co-
workers). (Tawarmalani and Sahinidis, 2000) have re-
cently expanded their BARON global optimization code
to MINLP problems through a number of extensions of
the above methods.

Logic-based Optimization

In recent years a new trend that has emerged is to for-
mulate and solve discrete/continuous optimization prob-
lems with logic-based optimization models and methods.
These methods, which facilitate problem formulation
and often reduce the combinatorial search, are starting
to have a significant impact in planning and scheduling
problems. The two major methods are Generalized Dis-
junctive Programming (GDP) (Raman and Grossmann,
1994) and Constraint Programming (Van Hentenryck,
1989).

Generalized Disjunctive Programming. The ba-
sic idea in GDP models is to use Boolean and continuous
variables, and formulate the problem with an objective
function, subject to three types of constraints: (a) global
inequalities that are independent of discrete decisions;
(b) disjunctions that are conditional constraints involv-
ing an OR operator; (c) pure logic constraints that in-
volve only the Boolean variables. More specifically, the
problem is given as follows:

minZ =
∑
k∈K

ck + f(x) (GDP)
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subject to

g(x) ≤ 0

∨
j∈Ik

 yjk

hjk(x) ≤ 0
ck = γjk

 k ∈ K

Ω(y) = True

x ∈ X, yjk ∈ {True, False}

where x are continuous variables and y are the Boolean
variables. The objective function involves the term f(x)
for the continuous variables (e.g. operating cost) and
the charges ck that depend on the discrete choices. The
equalities/inequalities g(x) ≤ 0 must hold regardless of
the discrete conditions, and hjk(x) ≤ 0 are conditional
constraints that must be satisfied when the correspond-
ing Boolean variable yjk is True for the jth term of the
kth disjunction. The set Ik represents the number of
choices for each disjunction defined in the set K. Also,
the fixed charge ck is assigned the value γjk for that
same variable. Finally, the constraints Ω(y) involve logic
propositions in sterms of Boolean variables.

Problem (GDP) represents an extension of disjunc-
tive programming (Balas, 1985), which in the past has
been used as a framework for deriving cutting planes for
the algebraic problem (MIP). It is interesting to note
that any GDP problem can be reformulated as an MIP
problem, and vice-versa. It is more natural, however, to
start with a GDP model, and reformulate it as an MIP
problem. This is accomplished by reformulating the dis-
junctions using the convex hull transformation (Türkay
and Grossmann, 1996) or with “big-M” constraints. The
propositional logic statements are reformulated as lin-
ear inequalities (Raman and Grossmann, 1991, 1994).
For the linear case of problem GDP, and when no logic
constraints are involved, Beaumont (1991) proposed a
branch and bound method that does not rely on 0-1 vari-
ables and branches directly on the equations of the dis-
junctions. This method was shown to outperform the so-
lution of the alternative algebraic MILP models. Raman
and Grossmann (1994) developed a branch and bound
method for solving problem GDP in hybrid form, i.e.
with disjunctions and mixed-integer constraints. For this
they introduced the concept of “w-MIP representabil-
ity” to denote those disjunctive constraints that can be
transformed into mixed-integer form without loss in the
quality of the relaxation. Hooker and Osorio (1997) de-
veloped a different branch and bound method which in a
way is a generalization of Beaumont’s method in that it
does not introduce 0-1 variables, and addresses problems
directly in the form of the GDP problem.

For the nonlinear case of problem (GDP), Lee and
Grossmann (1999) have developed reformulations and al-
gorithms that rely on obtaining the algebraic description
of the convex hull of the nonlinear convex inequalities.
The reformulations lead to tight MINLP problems, while
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Job j | |
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Earliest Latest
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Job j | |
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Earliest Latest

{Job j before Job i }

 

Figure 4: Edge finding technique for jobshop schedul-
ing.

the algorithms generally involve branch and bound meth-
ods where branching is performed on disjunctions. For
the case of process networks, Türkay and Grossmann
(1996) proposed a logic-based Outer-Approximation al-
gorithm. This algorithm consists of solving NLP sub-
problems in reduced space, in which constraints that do
not apply in the disjunctions are disregarded, with which
both the efficiency and robustness can be improved. In
this method the MILP master problems correspond to
the convex hull of the linearization of the nonlinear
inequalities. Also, several NLP subproblems must be
solved to initialize the master problem in order to cover
all the terms in the disjunctions. Penalties can also be
added to handle the effect of nonconvexities as in the
method by Viswanathan and Grossmann (1990). The
above methods have been implemented in the computer
prototype LOGMIP, a GAMS-based computer code de-
veloped by Vecchietti and Grossmann (1997).

Constraint Programming. This area, which has
emerged recently as a logic-based optimization tool, has
proved to be particularly successful for certain types of
scheduling problems. The basic idea in Constraint Pro-
gramming (CP) (Van Hentenryck, 1989; Puget, 1994)
is to use compact languages for expressing optimization
problems in terms of variables that are continuous, in-
teger, and/or Boolean, and constraints that can be ex-
pressed in algebraic form (e.g. h(x) = 0), as disjunctions
(e.g. [A1x ≤ b1] ∨ [A2x ≤ b2]), or as conditional logic
statements (e.g. If g(x) ≤ 0 then r(x) = 0). In addition
the language can support special implicit functions such
as the all different (x1, x2, . . . , xn) constraint for assign-
ing different values to the integer variables x1, x2, . . . , xn.
The language consists of C++ procedures, although the
recent trend has been to provide higher level languages
such as OPL. Other commercial CP software packages in-
clude ILOG Solver (ILOG Inc., 1999c), CHIP (Dincbas
et al., 1988), ECLiPSe (Wallace et al., 1997), and Pro-
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log IV. Rather than relying on traditional mathematical
programming methods, CP relies on a tree search using
implicit enumeration. The tree is normally enumerated
with a depth first search in which the lower bound is
given by partial solutions, and the upper bound by the
best feasible solution. At each of the nodes in the tree
search, constraint propagation is performed through do-
main reduction of the variables. This involves for in-
stance the reduction of bounds in the case of contin-
uous variables, and/or domains in the case of discrete
variables. The former uses procedures for tightening
bounds for linear and monotonic functions, while the lat-
ter is performed either by inference techniques, or by spe-
cial procedures. A good example is the “edge-finding”
method for jobshop scheduling. Figure 4 presents a sim-
ple example of such a method to resolve a disjunction
about the relative processing of jobs i and j.

A General Disjunctive Model for the In-
tegration of Planning and Scheduling

In the past, planning and scheduling models have largely
been solved separately due to the complexity associated
with including and solving both levels of decision mak-
ing in one model. Only very recently have simultane-
ous planning and scheduling models emerged (e.g. Papa-
georgiou and Pantelides, 1996a; Birewar and Grossmann,
1990). While the advances have shown progress towards
integration of planning and scheduling, these problems
remain in general intractable. This is due to the size
of the resulting problem, and the mismatch of the time
scales in planning and scheduling. This indicates that
there is a need to derive efficient models and algorithms
for integrated planning and scheduling. In this section
we present a model that reflects the hierarchy of deci-
sions that can be potentially exploited for an efficient
solution.

From the review in the previous section, it can be
concluded that LP and MILP methods, which are ex-
tensively used in planning and scheduling, have become
quite powerful. In addition, NLP methods are able to
tackle increasingly larger problems and are being ad-
vanced by rigorous global optimization algorithms. To-
gether, these developments facilitate faster solution of
MINLPs. A new exciting direction is logic based opti-
mization methods, such as Generalized Disjunctive Pro-
gramming and Constraint Programming, which promise
to facilitate problem formulation and improve the solu-
tion efficiency and robustness. In order to illustrate the
use of logic based methods, we present in this section a
general GDP model that also has the important feature
of integrating planning and scheduling for process net-
works in a single model. As will be seen the model gives
rise to a generalized disjunctive program that involves
embedded disjunctions that reflect the hierarchical na-
ture of decisions involved in the integration problem.

We use a discrete time representation for the planning
and the scheduling time domains. Also, we assume that
the scheduling model corresponds to the State Task Net-
work (STN) (Kondili et al., 1993). Consider optimizing a
given STN superstructure over a time horizon, H. Such
a superstructure consists of a set of units, J , capable of
performing a set of tasks, I. Feeds, intermediates and
products are represented by the set of states, S. In or-
der to integrate both planning and scheduling into the
optimization model, H is divided into a number of plan-
ning periods, t = 1, . . . , T , and a number of scheduling
periods, k = 1, . . . ,K. The length of a planning period
is typically in the order of weeks or a few months, while
the length of a scheduling period is typically in the order
of hours. We define the set Int(t, k) to denote which of
the scheduling periods, k, belong to planning period t.
The complete set, parameter and variable definitions are
as follows:
Sets:

S set of states (feeds, intermediates, products)

I set of tasks

J set of units

T set of time periods in the planning horizon

K set of time periods in the scheduling horizon

Int(t, k) set of scheduling time periods k belonging to
planning time period t

Indices:

s state in set S

i task in set I

j unit in set J

t time period in set T

k time period in set K

Parameters:

αjt variable expansion cost for unit j in period t

βjt fixed expansion cost for unit j in period t

γjt fixed operating cost for unit j in period t

cp
st cost associated with state s in planning time

period t

cs
sk cost associated with state s in scheduling time

period k

cr
ijk cost associated with resource usage for task i

on unit j in time period k

ηij fixed resource cost for task i on unit j

δij variable resource cost for task i on unit j

td
ij delay time associated with task i on unit j

Variables:
Binary decision variables:

yj selection of investment in unit j

wjt operation of unit j in period t

zjt capacity expansion of unit j in period t

vijk task i is performed on unit j in period k

Continuous decision variables:

Qjt capacity of unit j in period t

QEjt capacity expansion of unit j in period t

xt state variables in period t
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minZ =
∑

t

∑
j

(COjt + CEjt) +
∑

s

cpstx
p
st +

∑
k∈Int(t,k)

∑
i

∑
j

crijkRijk +
∑

k∈Int(t,k)

∑
s

csskx
s
sk

 (1)

subject to

gt(xt, xt−1) ≤ a ∀t (2)
fsk(xs

sk, x
s
s,k−1, x

s
s,k−td) ≤ b ∀s, k (3)

yj

wjt

hjt(Qjt, xt, xt−1) ≤ d (5)

COjt = γjt (6) zjt

Qjt = Qj,t−1 +QEjt (9)
CEjt = αjtQEjt + βjt (10)

 ∨
 −zjt

Qjt = Qj,t−1 (11)
CEjt = 0 (12)


 vijk

0 < Bijk ≤ Qjt (13)
Rijk = ηij + δijBijk (14)

 ∨
 −vijk

Bijk = 0 (15)
Rijk = 0 (16)

∀k ∈ Int(t, k)


∨

 −wjt

Djtxt = 0 (7)
COjt = 0 (8)





∀t



∨

 −yj

Djtxt = 0 (4)
∀t

∀j

yj⇒
T
∨

t=1
wjt ∀j, t (17), wjt⇒yj ∀j, t (18)

wjt⇒
t
∨

t=1
zjt ∀j, t (19), zjt⇒wjt ∀j, t (20)

wjt⇒
I
∨

i,k∈Int(t,k)
vijk ∀j, t (21), vijk⇒wjt ∀i, j, k ∈ Int(t, k) (22)

Ω1(y)=True (23), Ω2(v)=True (24)

CE,CO,Q,QE, x,R,B ≥ 0 (25), y, w, z, v ∈{True, False} (26)

Figure 5: GDP model.

xp
st subset of state variables for state s in planning

time period t

COjt operating cost of unit j in period t

CEjt expansion cost of unit j in period t

xs
sk subset of state variables for state s in

scheduling time period k

Rijk resource usage for task i on unit j in time
period k

Bijk batch size for task i on unit j in period k

Based on the above definitions, the GDP model is as
shown in Figure 5.

The objective (1) is to minimize costs over the whole
time horizon, and includes operating costs, expansion
costs, and costs associated with states over the planning
period, as well as resource costs and costs associated with
states over the scheduling period. Sales are included by
assigning negative values to the appropriate cost coeffi-
cients. Global constraints valid for a particular planning
period, such as mass balances over mixers, are repre-
sented by (2), while global constraints valid for a par-
ticular scheduling period, such as inventory constraints,
are represented by (3). Note that both (2) and (3) may
generally involve “pass-on” variables from the previous

period, giving rise to linking constraints. In addition,
the global scheduling constraints (3) may generally also
involve a scheduling time delay, td, due to processing
times, clean-up times, and changeover times.

Constraints (5–16) are grouped into a set of nested dis-
junctive constraints for each unit j. The outer disjunc-
tion represents the decision to include unit j in the design
or not, which is a strategic planning decision. If unit j is
included in the design, (yj = True), then the set of con-
straints on the left hand side of the disjunction is applied,
otherwise (yj = False), a subset of state variables asso-
ciated with unit j are set to zero for all periods through
the matrix Djt in (4). The middle disjunction represents
the decision to operate unit j in planning period t or not
and is only applied if yj = True. If the unit j operates
in period t, (wjt = True), which can be interpreted as
either an operational or tactical planning decision, then
constraints (5) and (6), as well as the two remaining
disjunctions representing expansion and scheduling de-
cisions, are applied. (5) represents constraints that are
valid for a given unit j in a particular planning period t,
such as unit input-output relationships, while the oper-
ating cost of unit j in planning period t is calculated in
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(6). If unit j does not operate in period t, (wjt = False),
a subset of state variables and the operating cost associ-
ated with unit j are set to zero for period t through (7)
and (8), respectively.

The two inner disjunctions are only applied if wjt =
True, and of these the first represents the decision to
expand unit j in planning period t or not. If unit j
is expanded in period t, (zjt = True), which is also a
planning decision, constraints (9) and (10) are applied.
(9) states that the capacity at the current period equals
the capacity at the previous period plus the capacity
expansion, while the expansion cost is calculated in (10).
If the decision is not to expand unit j in period t (zjt =
False), the capacity remains the same as in the previous
period, and the expansion cost is set to zero (see (11) and
(12)).

Unit specific scheduling decisions are represented by
the second inner disjunction. As pointed out in the
previous section there exists no real generalization of
scheduling models. We therefore focus on the ideas from
STN scheduling first proposed by Kondili et al. (1993),
since this formulation can be applied to arbitrary net-
work structures. Note that this inner disjunction is only
applied for scheduling periods k within the planning pe-
riod t, as denoted by the set Int(t, k). This disjunction
states that if task i is started on unit j in scheduling pe-
riod k, (vijk = True), then the batch size is limited by
the unit capacity in (13) and the resource usage is calcu-
lated in (14). If task i is not started on unit j in period
k, (vijk = False), the starting batch size and resource
usage are set to zero in (15) and (16) respectively.

Constraints (17) through (24) are logic propositions
representing logical relationships between the discrete
variables. (17) states that the inclusion of unit j in the
design implies that it must be operated in at least one
period t, while (18) states the converse, i.e. that oper-
ation of unit j in any period t implies the inclusion of
unit j in the design. Similarly, constraint (19) states
that operation of unit j in period t implies that it must
have been expanded at least once in a previous period,
while (20) states the converse that expansion of unit j
in period t implies that it will also be operated in that
period. Constraint (21) states that the operation of unit
j in planning period t implies that at least one task i
must be started on unit j in a scheduling period k be-
longing to planning period t. If a task i starts on unit j
in a scheduling period k belonging to t, then unit j must
be operated in period t as denoted by (22). Constraint
set (23) represents logic propositions relating the dis-
crete design variables, y, for the topology of the network
(which combinations are permitted). The relationships
among the discrete scheduling variables (v), for example
the condition that starting one task on unit j in period k
implies that no other task can be started on unit j until
task i is finished, are represented by the constraint set
(24). Finally, the domains of the variables are given in

(25) and (26).
The above represents a conceptual model that inte-

grates planning and scheduling decisions within one sin-
gle formulation. One advantage of this GDP model is
that special structures are revealed, for example the clear
hierarchy of decisions from design, operation, and expan-
sion of units to assignment of units and sequencing of
tasks. This facilitates the development of tailored algo-
rithms using techniques such as decomposition, as will
be discussed in the next section. Furthermore, a GDP
model allows the application of specialized logic-based
methods that have the effect of reducing non-convexities,
and yielding tighter relaxations and ultimately faster
solutions. It is also important to note that by fixing
some Boolean variables and eliminating subsets of dis-
junctions, the proposed model can easily be shown to
reduce to specific forms of planning or scheduling prob-
lems.

Solution Strategies

While moderately sized planning and scheduling mod-
els as presented in sections 2 and 4 can be solved with
the mathematical programming methods as discussed in
section 3, larger problem instances, which are these days
often required for accurate representation of the problem
characteristics, require some type of decomposition, ag-
gregation and/or the use of heuristics for their solution.
In this section we review some of these approaches that
are applicable to large-scale mixed integer linear or non-
linear problems in addition to the methods mentioned in
Section 3.

Decomposition

When choosing a decomposition method it is important
to consider how to exploit the structure of the model
most efficiently and also to choose a degree of decom-
position that allows solution in reasonable time while
still finding an optimal or near-optimal solution. Several
decomposition schemes have been proposed in the liter-
ature. Benders decomposition (Benders, 1962) and dual
decomposition or Lagrangean relaxation (see e.g. Fisher,
1981) exploit the primal and dual structures of the model
respectively. Cross decomposition (see e.g. Van Roy,
1983) exploits both the primal and dual structures and
is applicable to models where both the primal and dual
subproblems are easy to solve. Bilevel decomposition
(e.g. Iyer and Grossmann, 1998a) exploits the structure
of models that include different hierarchical levels, such
as the hierarchy from design, to planning, to scheduling.
Ruszczynski (1997) gives a comprehensive review on de-
composition methods for stochastic problems, including
cutting plane methods, augmented Lagrangean decom-
position, splitting methods and nested decomposition.
Below, we discuss only Lagrangean relaxation and bilevel
decomposition in further detail, since an in depth discus-
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sion of all decomposition methods is beyond the scope
of this paper. The discussion on bilevel decomposition
is motivated by its relevance to an example presented
in the next section as well as to combined planning and
scheduling models. The discussion on Lagrangean relax-
ation is motivated by its wide applicability to large-scale
optimization models and its ease of implementation in
practice.

Bilevel decomposition. One approach to exploit
the hierarchical structure of combined design, planning
and/or scheduling models is to decompose the model into
an upper level problem at the higher hierarchical level,
and a lower level problem at a lower hierarchical level.
Iyer and Grossmann (1998a) proposed such a bilevel de-
composition algorithm for an MILP design and planning
problem, where the upper level involves mainly design
decisions while the lower level involves mainly planning
decisions. Van den Heever and Grossmann (1999) ex-
panded this approach to MINLPs through the use of
GDP. Consider an original model (P) where superscript d
denotes design variables and superscript p denotes plan-
ning variables.

min f(xd, yd, xp, yp) (P)

subject to

h(xd, yd, xp, yp) ≤ 0
x ∈ <, y ∈ {0, 1}

To derive the upper level design problem (DP), all the
discrete planning variables are relaxed. This results in a
much smaller number of nodes in the branch and bound
search facilitating a faster solution. Also, some of the
constraints and/or variables may be aggregated at this
level, indicated by Λ.

min f(xd, yd, xp, yp) (DP)

subject to

Λh(xd, yd, xp, yp) ≤ 0
0 ≤ yp ≤ 1

x ∈ <, yp ∈ <, yd ∈ {0, 1}

After (DP) is solved, the discrete design variables are
fixed (indicated by the bar on yd) and the lower level
planning problem (PP) is solved for the fixed design.

min f(xd, ȳd, xp, yp) (PP)

subject to

h(xd, ȳd, xp, yp) ≤ 0
x ∈ <, yp ∈ {0, 1}

Subproblems (DP) and (PP) are solved iteratively
and design and integer cuts are added at each iteration
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Figure 6: Block diagonal structure.

to ensure an optimal solution. Note that even though
both (DP) and (PP) are in a reduced space, both con-
sider the design and planning model as a whole. A
further benefit of this approach is that it significantly
reduces the computational effort compared to solving
the combined problem as a whole, while still guaran-
teeing the optimal solution to the original combined
model in the convex case. Papageorgiou and Pantelides
(1996b) proposed a similar decomposition approach for
combined campaign planning and scheduling of multi-
purpose batch/semicontinuous plants. In their work, the
upper level problem concerns mainly campaign planning
decisions while the scheduling decisions are aggregated,
and the lower level problem is solved with some of the
campaign planning variables fixed. Again both levels
consider the problem as a whole. In the experience of the
authors, the bilevel decomposition approach works par-
ticularly well for large-scale industrial applications over
a long time horizon, especially when combined with the
aggregation of time periods as discussed in Example 1.

Lagrangean relaxation. This is an approach that is of-
ten applied to models with a block diagonal structure. In
such models, distinct blocks of variables and constraints
can be identified that are linked with a few “linking” con-
straints and variables (see Figure 6). Some applications
include scenario decomposition for planning under un-
certainty (Carøe and Schultz, 1999), unit commitment
in power plants (Nowak and Römisch, 1998), midterm
production planning (Gupta and Maranas, 1999), oil-
field investment planning (Van den Heever et al., 2000)
and combined transportation and scheduling (Equi et al.,
1997), to name but a few.

Consider a model (L) that has been partitioned into
blocks of constraints p = 1, . . . , P where the blocks are
linked by a constraint set h:

min
∑

p

fp(xp) (L)
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subject to

gp(xp) ≤ 0 ∀p
h(x1, . . . , xp) ≤ b

x ∈ X

The basic idea behind Lagrangean relaxation as ap-
plied to the decomposition of block diagonal structures,
is to dualize the linking constraint set, h, by removing
it and replacing it with a penalty in the objective func-
tion involving the associated Lagrangean multipliers, λ,
as seen in model (LR):

min
x

∑
p

fp(xp) + λ(h(x1, . . . , xp)− b) (LR)

subject to

gp(xp) ≤ 0 ∀p
x ∈ X

Model (LR) is now decomposable into P subproblems
and, for any choice of λ, also yields a lower bound to
the optimal solution of (L) if the constraints are convex.
The case where variables link the blocks can be dealt
with by introducing duplicates for each linking variable,
setting the duplicates equal, and dualizing this equality
constraint. This is referred to as Lagrangean decompo-
sition (Guignard and Kim, 1987). Obtaining the tight-
est lower bound to (L) requires the solution of the La-
grangean dual problem (LD):

max
λ

min
x

∑
p

fp(xp) + λ(h(x1, . . . , xp)− b) (LD)

subject to

gp(xp) ≤ 0 ∀p
x ∈ X

If all the constraints are convex and all the variables
are continuous, the optimum of (LD) will equal the op-
timum of (L). However, a duality gap might exist in the
presence of integer variables or other non-convexities,
which means that the optimal solution to the dual prob-
lem will be strictly less than the true optimum of (L).
Guignard (1995) and Bazaraa et al. (1994) give compre-
hensive graphical interpretations of the duality gap in
the case of integer variables and non-convex constraints
respectively. Solving (LD) can be difficult to implement
and time consuming, although Fisher (1981) reports on
some algorithms for this purpose. A code for solving the
dual was developed by Kiwiel (1993), but this code is not
widely available to the best of our knowledge. Solving
the dual to optimality is therefore often circumvented
by using an iterative heuristic approach where (LR) is
solved to generate lower bounds to (L) and a heuris-
tic method is used to generate feasible solutions to (L)

which are also upper bounds. λ is updated at each iter-
ation with some updating rule, for example a subgradi-
ent method (see e.g. Fisher, 1981). This decomposition
method reduces the computational effort by solving sev-
eral subproblems instead of the original problem, and
the associated algorithms lend themselves to paralleliza-
tion to reduce the computational effort even more. For a
thorough background on the application of Lagrangean
relaxation, we refer the reader to Guignard (1995) and
Fisher (1981, 1985).

Aggregation

For some models, decomposition alone is not enough to
obtain a good solution in reasonable time, and some form
of aggregation is required to further reduce the model
size. Rogers et al. (1991) give a good review on the use of
aggregation/disaggregation in optimization. These au-
thors define the major components of this framework,
namely aggregation analysis, disaggregation analysis and
error analysis. The first component involves determin-
ing which elements of the model to combine into a single
element and how to define the single element, while the
second component conversely involves deriving a more
refined model from the aggregate one. Error analysis
determines the error introduced by aggregation and dis-
aggregation. These three components can be addressed
sequentially or iteratively to reduce the computational
effort of solving the original problem, with the iterative
approach aiming at decreasing the error at each itera-
tion.

It should be noted that the solution to the aggregate
formulation is not necessarily feasible for the disaggre-
gate case. However, for certain models it may be pos-
sible to formulate the aggregation in such a way as to
yield a strict bound to the original problem, and to guar-
antee feasibility for the disaggregate level, as shown by
Iyer et al. (1998) for the aggregation of oil wells for oil
production planning One approach to reduce the num-
ber of constraints is to linearly combine some of them
into a surrogate constraint where the aggregation coef-
ficients are modified iteratively (see e.g. Ermoliev et al.,
1997). Wilkinson et al. (1996) use a constraint aggrega-
tion approach to solve a large-scale production and dis-
tribution planning problem for multiple production sites.
In their work an upper level aggregate model is solved
to set production targets and also yield a strict upper
bound to the original problem, after which the detailed
scheduling can be optimized for each site individually
with fixed targets thus decreasing the computational ef-
fort significantly. Wilkinson (1996) proposed aggregate
formulations for large-scale process scheduling problems
using ideas of approximation of difference equations, as
well as decomposition approaches for solving these mod-
els. In the case of multiperiod models, an approach that
works well is to aggregate the time periods. This is es-
pecially true when the model involves two hierarchical



162 Ignacio E. Grossmann, Susara A. van den Heever and Iiro Harjunkoski

time levels, such as combined design and planning or
combined planning and scheduling. Van den Heever and
Grossmann (2000) combined the bilevel decomposition
approach mentioned above with the aggregation of time
periods by aggregating time in the upper level problem
with subsequent disaggregation in the lower level plan-
ning problem. An additional subproblem is solved af-
ter each iteration to determine the best new aggregation
scheme (which periods should be grouped together) and
information from the aggregation subproblem is used at
each iteration to eliminate variables in the lower level
problem. It was found that the error introduced by the
aggregation of the time periods was very small, mainly
due to the optimal aggregation subproblem. Other ag-
gregation schemes include the aggregation of products
into families of similar products for the scheduling of
multiproduct plants (Kondili et al., 1993). Where uncer-
tainty is incorporated through a scenario-based model,
scenario aggregation can speed up the solution time sig-
nificantly. The scenario aggregation approach was ap-
plied to a mixed-integer linear multiproduct production
planning problem by Jorsten and Leisten (1994) who
exploited the coupling between continuous and integer
planning variables to allow application of the scenario-
aggregation algorithm originally proposed by Rockafeller
and Wets (1991) for continuous models.

Apart from decomposition and aggregation tech-
niques, some other heuristic approaches address the so-
lution of large-scale planning and scheduling problems.
One such heuristic is a capacity shifting heuristic pre-
sented by Ahmed and Sahinidis (2000) for a class of pro-
cess planning problems. These authors show that the er-
ror of their heuristic algorithm vanishes asymptotically
as the problem size increases. This is a very nice re-
sult, considering that the solution time increases expo-
nentially with the number of time periods for an exact
solution algorithm.

Examples

In this section we present three examples that illustrate
some of the main points covered in this paper. Exam-
ple 1 deals with a planning problem that gives rise to a
large-scale multiperiod MINLP model, and that requires
the use of a decomposition/aggregation strategy. Ex-
ample 2 describes an MILP scheduling model for steel
manufacturing that is also tackled through a special de-
composition approach. Finally, example 3 describes a
hybrid CP/MILP model for a parallel scheduling prob-
lem, which demonstrates the advantage of a combined
approach as opposed to pure CP or MIP.

Example 1. Hydrocarbon Field Infrastructure
Planning

The operation and investment planning involved in the
design of hydrocarbon field infrastructures is a challeng-
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Figure 7: Configuration of fields, well platforms and
production platforms.

ing problem that involves several complexities such as a
long time horizon, nonlinear reservoir behavior, and com-
plex fiscal rules leading to a multiperiod MINLP model
with several discrete and continuous variables. In this
example (for details see Van den Heever and Grossmann,
2000) we consider the design, planning and scheduling of
an offshore oilfield infrastructure over a planning horizon
of 6 years divided into 24 quarterly periods where deci-
sions need to be made. The infrastructure under consid-
eration consists of one Production Platform (PP), 2 Well
Platforms (WP), 25 wells and connecting pipelines (see
Figure 7). Each oilfield (F) consists of a number of reser-
voirs (R), while each reservoir in turn contains a number
of potential locations for wells (W) to be drilled. Design
decisions involve the capacities of the PPs and WPs, as
well as decisions regarding which WPs to install over
the whole operating horizon. Planning decisions involve
the production profiles in each period, as well as deci-
sions regarding when to install PPs and WPs included
in the design, while scheduling decisions involve the se-
lection and timing of drilling of the wells. This leads to
an MINLP model with 9744 constraints, 5953 continuous
variables, and 700 0-1 variables.

An attempt to solve this model with a commer-
cial package such as GAMS (Brooke et al., 1992)
(using DICOPT (Viswanathan and Grossmann, 1990)
with CPLEX 6.6 (ILOG Inc., 2000) for the MILPs
and CONOPT2 (Drud, 1992) for the NLPs on an
HP9000/C110 workstation), results in a solution time
of 19386 CPU seconds. To overcome this long solution
time, Van den Heever and Grossmann (2000) developed
an iterative aggregation/disaggregation algorithm which
solved the model in 1423 CPU seconds. This algorithm
combines the concepts of bilevel decomposition, time ag-
gregation and logic-based methods. The original design
and planning problem is decomposed into an upper level
design problem and a lower level planning problem. Both
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Figure 8: Production profile over 6 year horizon.

Item Period Invested

PP Jan. 1999

WP1 Jan. 1999

Reservoir Well

2 4 Jan. 1999

3 1 Jan. 1999

5 3 Jan. 1999

4 2 Apr. 1999

7 1 Jul. 1999

6 2 Oct. 1999

1 2 Jan. 2000

9 2 Jan. 2000

10 1 Jan. 2000

Table 1: The optimal investment plan.

subproblems are formulated as disjunctive models. The
upper level design problem is solved in aggregate time,
after which a design is fixed, time periods are disaggre-
gated and the lower level planning problems is solved.
This result is then used to determine a new time aggrega-
tion through a dynamic programming subproblem, inte-
ger cuts are added to the design problem, aggregation pa-
rameters are updated, and the iteration is repeated until
the termination criteria are reached. Thus the applica-
tion of combined decomposition and aggregation leads to
an order of magnitude reduction in solution time, while
the same optimal net present value of $68 million is found
as with DICOPT. For this specific model, the large de-
crease in computational effort is mainly due to the ag-
gregation/decomposition, while the disjunctive program-
ming formulation contributed mainly towards reducing
non-convexities due to zero flows and to the clarity of
representation. However, for different planning models
the disjunctive programming approach may reduce the
computational effort significantly in addition to the ben-
efits mentioned here, as shown by Van den Heever and
Grossmann (1999) for the case of process network design
and planning and the retrofit of batch plants.

Figure 8 shows the total oil production over the 6 year

Furnace #2

Casting

Furnace #1

Decarburization Treatment

Figure 9: Processing steps in steel manufacturing.

horizon, while Table 1 shows the optimal investment plan
obtained. Note that only 9 of the 25 wells were chosen
in the end. This solution resulted in savings in the order
of millions of dollars compared to the heuristic method
used in the oilfield industry that specify almost all the
wells being drilled.

In Van den Heever et al. (2000), the concept of hy-
drocarbon field infrastructure planning was expanded to
include complex fiscal rules such as royalties, tariffs and
taxes. This resulted in a model for which no solution
could be found by GAMS in more than 5 days. To ad-
dress this problem, a heuristic solution procedure based
on Lagrangean decomposition was proposed that pro-
duces several good solutions in a day. This method can
potentially be parallelized and combined with the ag-
gregation of time periods to speed up the solution even
more.

Example 2. An MILP Approach to Steel Manu-
facturing

In this section, an MILP approach to produce a pro-
duction schedule for a steel-making process is discussed.
As seen in Figure 9 the steel-making process consists
of two furnaces, where the melt steel is combined with
scrap and thereafter taken to decarburization and ladle
treatment units. Finally the melt steel is solidified in a
continuous caster under strictly constrained conditions.
There are several complicating factors in the problem
such as sequence dependent setup times, maintenance
of equipment and production time limitations. Further-
more, temperature and purity issues are critical to the
production that also includes low-carbon steel grades.
Other problems arising from the metal chemistry as well
as plant geometrics are not directly considered in the
model. The production steps are illustrated in Figure 9,
where the possible paths of the products are shown.

A continuous time representation for modeling a large-
scale scheduling problem is applied. The proposed de-
composition strategy consists of first positioning the or-
ders into blocks, each of which is optimized as a job-
shop scheduling problem. Next the blocks are opti-
mally scheduled as a flowshop problem and finally an
LP and/or MILP method is used to properly account
for setup times and to optimize the allocation of some
parallel equipment. This type of approach allows some
of the more complicated constraints to be either isolated
in a subproblem or inserted as parameters between two
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Figure 10: Solution strategy for steel scheduling.

solution steps. While this decomposition strategy is not
guaranteed to yield the global optimal schedule it allows
the solution of very large-scale problems. The strategy
is illustrated in Figure 10.

The decomposition strategy is motivated by the fact
that heats with similar product properties can be
grouped into sequences in a preprocessing step. These
sequences are then treated as independent blocks by first
optimizing their internal production order and there-
after finding the optimal sequence between the blocks.
In a postprocessing step, the heats are again treated as
individual products with fixed ordering and the gaps,
caused by the grouping, are closed by solving an LP-
problem. The solution can furthermore be improved by
solving a final MILP. This example forms an interesting
approach where a problem is both decomposed and re-
joined through optimization and thus one large MILP is
replaced by a number of smaller and solvable subprob-
lems. Also, the modularity of the procedure makes it
possible to solve only parts of the problem when changes
occur. Table 2 shows the results that were obtained from
solving a one week problem containing 81 products. The
optimization was performed on a Linux-platform using
XPRESS-MP in GAMS.

The 81 product problem is not solvable with stan-
dard MILP methods, as seen from the failure in solv-
ing even the 10-product jobshop-example in reasonable
time (the makespan is the best one obtained at 10,000
CPU seconds). The proposed strategy solves the com-
plete problem in less than 20 CPU minutes. Even though
the decomposition strategy is not expected to result into
a global optimal solution, the maximum deviation of the
makespan with respect to a theoretical optimum is only
2% and the makespan is reduced from one week to 5 days
and 12 hours.

Job 1

Job i

Job n

Machine 1

Machine j

Machine m

MILP CP

Figure 11: Scheduling of parallel machines.

Example 3. A Hybrid MILP/CP Approach for
Parallel Scheduling

In this example, a strategy of decomposing a scheduling
problem into a CP and MILP part is discussed. The ba-
sic idea is to combine the two methods such that their
complementary strengths can be exploited. The problem
is a single stage scheduling problem with parallel units
reported by Jain and Grossmann (2000). In the decom-
position strategy a relaxed MILP is solved at the mas-
ter level and a feasibility subproblem is solved with CP.
The relaxed MILP excludes the complicating constraints
which in this case are the sequencing inequalities. Those
are reformulated as a feasibility CP subproblem. The
strategy consists of two main steps: the relaxed MILP
is first solved to its global optimal solution to obtain
a feasible assignment and thereafter a feasibility check
is performed by solving a CP sequencing problem with
fixed assignment (see Figure 11).

If the sequencing problem is infeasible, cuts are added
to the next relaxed MILP to exclude the previous infea-
sible assignment. The procedure continues solving alter-
nate CP and MILP problems until a feasible sequence is
found. The communication between the solution steps is
done through fixing assignment variables and generating
integer cuts.

This strategy requires that the problem be decom-
posed into two subproblems of which the MILP (the as-
signment problem) provides a tight LP-relaxation and
contains the objective function variables, and the CP
(the sequencing problem) has no objective function vari-
ables and includes the constraints with poor relaxations.
This ensures an efficient assignment of machines and that
the first feasible sequence found is optimal. As can be
seen in the following mathematical formulation, equiv-
alence relations are also needed to join the variables in
the two subproblems due to some structural differences.
Here we will only present the main elements of the hy-
brid formulation. For more details, we refer to Jain and
Grossmann (2000).

min
∑
i∈I

∑
m∈M

Cimxim (27)
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Problem Products Groups CPU-s Makespan Integer Gap
Proposed decomposition 81 19 1035.3 132h 6 min 2%
Conventional jobshop 10 1 >10,000 19h 7min 52%

Table 2: Comparison of results between proposed approached and conventional jobshop model.

Problem 1 2 3 4
Machines/Jobs 3/7 3/12 5/15 5/20
MILP 0.58 164.92 528.86 >40,000
CP 0.04 3.35 590.9 11666.4
HYBRID 0.49 5.27 0.56 35.64

Table 3: Computational results in parallel scheduling
problem.

subject to

tsi ≥ ri ∀i ∈ I (28)

tsi ≤ di −
∑

m∈M

pimxim ∀i ∈ I (29)∑
m∈M

xim = 1 ∀i ∈ I (30)∑
i∈I

ximpim ≤ max
i
{di} −min

i
{ri} ∀m ∈M (31)

if (xim = 1) then (zi = m) ∀i ∈ I,m ∈M (32)
i.start ≥ ri ∀i ∈ I (33)

i.start ≤ di − pzi
∀i ∈ I (34)

i.duration ≤ pzi
∀i ∈ I (35)

i requires tzi
∀i ∈ I (36)

tsi ≥ 0 (37)
xim ∈ {0, 1} ∀i ∈ I,m ∈M (38)

zi ∈M ∀i ∈ I (39)
i.start ∈ Z ∀i ∈ I (40)

i.duration ∈ Z ∀i ∈ I (41)∑
i∈I

aj
imxim ≤

∑
i∈I

aj
im − 1 ∀m ∈M (42)

The assignment MILP problem is defined by (27–31).
The objective function (27) minimizes the processing
costs for all jobs. The binary variable, xim, equals one
if job i is assigned to machine m, else it is zero. Con-
straint (28) and (29) ensure that processing of a job i
starts after the release date and is completed before the
duedate. Each job needs exactly one machine as is stated
in (30) and the last MILP constraint (31) tightens the
LP-relaxation. After solving the MILP problem the fixed
assigments are transferred to the CP model using (30).

The sequencing CP problem, given in (33–36), is then
solved separately for each machine. In the formulation,
i is an activity (job), the start time of which is specified
in (33) and (34) and duration in (35). It should be noted

that it is possible to use a variable as an index in CP and
pzi refers to the processing time of job i in the assigned
equipment. In constraint (36) the special construct re-
quires enforces that job i needs a unary recourse from
the set of resources t. If a machine cannot be scheduled,
a cut of the form (42) is added to the next assignment
MILP problem.

In Table 3, the problems are solved using complete
MILP and CP formulations, as well as the hybrid model,
with modified data given in Harjunkoski et al. (2000)
where the original release dates, due dates and dura-
tions (Jain and Grossmann, 2000) have been arbitrar-
ily changed and roughly multiplied by a factor of 10 to
test the robustness of the method. The problems were
solved on a Sun workstation with OPL Studio (ILOG
Inc., 1999a) using CPLEX 6.5 and ILOG Solver (ILOG
Inc., 1999c) and Scheduler (ILOG Inc., 1999b). In the
following table the CPU times are listed for the four test
problems.

In the hybrid formulation, most of the CPU time is
consumed by the MILP. Even though CP overperforms
the hybrid approach in the smallest problems the results
clearly show that both CP and MILP suffer from com-
binatorial explosion, but the combination of these two
methods performs very well even for the largest prob-
lem. It should be pointed out that the hybrid strategy
does not compromise the global optimality.

Conclusions

This paper has presented an overview of planning and
scheduling. It has been shown that these problems lead
to discrete optimization models for which the associated
mathematical programming problems correspond to in-
teger programming problems, which can exhibit expo-
nential behavior in their computation. Logic-based opti-
mization techniques offer the potential of not only simpli-
fying the formulations, but also decreasing the computa-
tional requirements. We have illustrated the use of logic
based optimization as a modeling tool through a novel
Generalized Disjunctive Program, that integrates plan-
ning and scheduling for process networks, and where the
scheduling is represented with the STN model. We have
also given a brief overview of decomposition strategies
since these are essential in tackling large scale industrial
problems. Finally, we have presented three examples,
planning of oilfields, scheduling of steel manufacturing
and scheduling of parallel machines, to illustrate the ap-
plication of new techniques that are making possible the
solution of problems that were essentially unsolvable a
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few years ago.
While the integration of planning and scheduling re-

mains a major challenge due to the potentially large size
of the resulting optimization problem, another major
challenge that has not been covered in this paper is the
integration of planning and scheduling with control. This
is essentially virgin territory in which very little work has
been reported. The reader is referred for instance to the
work by Bose and Pekny (2000), Perea et al. (2000), and
Vargas-Villamil and Rivera (2000) who have addressed
the incorporation of model predictive control in schedul-
ing, and the dynamics and control of supply chains. At
present, however, these works have addressed only spe-
cific applications due to the lack of a general framework,
which possibly might be achieved through the use of hy-
brid systems (Kowalewski, 2001; Morari, 2001).
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Abstract
Within the process industries there is a significant installed base of regulatory and multivariable model predictive con-
trollers. These controllers in many cases operate very poorly. This paper documents the current state of industrial con-
troller performance, identifies the sources and ramifications of this poor performance, and discusses required attributes
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Introduction

In an oil refinery, chemical plant, paper mill, or other
continuous process industry facility there are typically
between five hundred and five thousand regulatory con-
trollers. As shown in Table 1, there are over eight thou-
sand of these facilities in the United States alone (US
Department of Energy, 1997).

There are somewhere between two thousand and three
thousand multivariable model predictive control (MPC)
applications installed world-wide, based on data from
Qin and Badgwell (1997), with the market growing at a
compound annual rate of approximately 18% (ARC Ad-
visory Group, 1998, 2000b). Although use of MPC is
now widespread, proportional-integral-derivative (PID)
is by far the dominant feedback control algorithm. There
are approximately three million regulatory controllers in
the continuous process industries (based on data from
Industrial Information Resources (1999); ARC Advisory
Group (2000a) and an estimated ten thousand process
control engineers (the latter estimate is based on data
from Desborough et al. (2000) indicating the typical con-
trol engineer is responsible for between two and four hun-
dred regulatory controllers).

When MPC is implemented, its manipulated variables
are typically the setpoints of existing PID controllers.
At the regulatory control level there has been little im-
pact from other control algorithms. The importance of
PID controllers certainly has not decreased with the wide
adoption of MPC. Based on a survey of over eleven thou-
sand controllers in the refining, chemicals and pulp and
paper industries (Desborough et al., 2000), 97% of reg-
ulatory controllers utilize a PID feedback control algo-
rithm.

Several trends are appearing that suggest the gap
between desired and actual controller performance is
widening:

• Competitive, environmental, and societal pressures
are expected to require more changes in manufac-

∗Lane.Desborough@Honeywell.com
†Randy.Miller@Honeywell.com

Facility Type Total
Oil Refineries 246
Pulp and Paper Mills 584
Chemical Plants 2994
Power Generating Stations 3043
Primary Metal Industries 1453
Total 8320

Table 1: Continuous process manufacturing facilities
in the United States.

turing facilities in the next 20–30 years than has
occurred in the last 70 years (Katzer et al., 2000;
American Petroleum Institute, 2000).

• When manufacturing sites are large enough to war-
rant a dedicated control engineer, their time is in-
creasingly being diluted across implementing and
maintaining advanced control technologies, display
building, process historian support, and traditional
PID controller maintenance.

• Process control application engineers often lack pro-
cess control troubleshooting and time series / spec-
tral analysis training and experience.

• Studies have shown that only about one third of
industrial controllers provide an acceptable level of
performance (Ender, 1993; Bialkowski, 1993). Fur-
thermore, this performance has not improved in the
past seven years (Miller, 2000), even though many
academic performance measures have been devel-
oped in that time (Harris et al., 1999).

Outline of the Paper

Practical control performance monitoring is a complex
subject. In an attempt to explain the current state and
articulate future research directions, a control metaphor
has been adopted (Figure 1):

Minimize the deviation between measurements (cur-
rent control performance) and setpoints (business ob-
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Figure 1: Control metaphor describing structure of the paper.

jectives) by implementing a controller (Process Con-
trol Monitoring System or PCMS) which is subject to
constraints (current control technology). The PCMS
changes the final control element (work activities of the
control engineer) which in turn influences the plant (cur-
rent facilities) and adapts to disturbances (changes in
industry).

The outline of the paper is as follows:

• Section 3: Current Control Performance
(Measurements)—the current control perfor-
mance in industry is discussed based on a large
worldwide sample of controllers.

• Section 4: Business Objectives (Setpoints)—
the current business drivers within the continuous
process industries are discussed.

• Section 5: Current Control Technology (Con-
straints)—the limitations of installed control sys-
tems and process models / testing are discussed.

• Section 6: Workforce (Final Control Ele-
ment)—roles, responsibilities, and activities of in-
dustrial control engineers and other stakeholders are
reviewed.

• Section 7: Current Facilities (Plant)—
measurement types, facility uniqueness, and other
issues are discussed.

• Section 8: Changes in Industry (Distur-
bances)—business, technology, people, and facili-
ties factors expected to influence the direction of
industrial control performance monitoring over the
next decade are given.

• Section 9: Process Control Monitoring Sys-
tem (Controller)—the capabilities and charac-
teristics of a Process Control Monitoring System
(PCMS) are discussed.

Section 10 provides two industrial examples. In Sec-
tion 11, research directions are suggested.
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Figure 2: Global multi-industry performance demo-
graphics.

Current Control Performance (Measure-
ments)

Performance demographics of twenty six thousand PID
controllers collected over the last two years across a large
cross sample of continuous process industries are shown
in Figure 2 (Miller, 2000). An algorithm combining a
minimum variance benchmark and an oscillation met-
ric tuned for each measurement type (flow, pressure,
level, etc.) was used to classify performance of each con-
troller into one of five performance categories. These
classifications were refined through extensive validation
and industry feedback to reflect controller performance
relative to practical expectations for each measurement
type. Unacceptably sluggish or oscillatory controllers
are generally classified as either “fair” or “poor” while
controllers with minor performance deviations are clas-
sified as “acceptable” or “excellent”. A level controller’s
performance is difficult to classify without knowing its
objective—regulation, servo control, or most commonly
surge attenuation. The above analysis assumes that level
controllers have a surge attenuation objective, meaning
they receive a “poor” classification if they transfer exces-
sive variability to the manipulated variable (e.g. the flow
out of the surge vessel). Controllers receive an “open
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Figure 3: Site wide performance distribution.

loop” classification if they are in manual mode or the
output is saturated (stuck at a limit) for more than 30%
of the dataset (five thousand samples at the dominant
time constant).

Only one third of the controllers were classified as ac-
ceptable performers and two thirds had significant im-
provement opportunity. Some controllers classified as
open loop are truly in their normal mode, for example,
a bypass flow controller used only during startup. How-
ever, many of the controllers under manual control are
obsolete or cannot be closed due to an operability prob-
lem.

Business Objectives (Setpoint)

The major US process industries spend about thirty bil-
lion dollars annually on energy (see the Appendix) and
over one hundred billion dollars on facility maintenance
(Industrial Information Resources, 1999). Even a 1%
improvement in either energy efficiency or improved con-
troller maintenance direction represents hundreds of mil-
lions of dollars in savings to the process industries.

Businesses are measured by macroscopic metrics such
as share price and customer orders. These are in turn
affected by key performance indicators (KPI’s) such as
product quality, product consistency, throughput, en-
ergy efficiency, and lost time injuries. The majority of
all business decisions in a continuous process facility are
implemented by changing the signal to a control valve,
almost always through the action of a regulatory con-

troller. Thus regulatory control has a profound impact
on key performance indicators and ultimately business
value. Understanding the operational context of a par-
ticular controller is key to the success of a control per-
formance monitoring work practice. Relating controller
performance to KPI’s requires a system-level view of reg-
ulatory control:

1. impact—does a particular subset of controllers im-
pact bleach plant brightness more than others? Of-
ten these impacts are qualitative, descriptive, or im-
measurable.

2. mode—is the facility in high production, startup,
shutdown, or energy efficiency mode? Mode can of-
ten have profound impact on controller performance
and vice-versa, as different procedures employ differ-
ent controllers. As an example, MPC is not usually
used in startup and shutdown mode because it often
has a low turndown ratio.

3. grade—is the facility running heavy versus light
crude or making newsprint instead of catalog pa-
per? Differences in the active constraint set, ob-
jective function and process model from one grade
to the next can significantly affect controller perfor-
mance.

4. objective—does the tight tuning of level controllers
in surge vessels accentuate rather than attenuate
destabilizing unit-to-unit interactions? Controller
objectives include servo control, regulatory control,
constraint control, and surge attenuation.

The above-mentioned extrinsic effects of the controller
are as important for a PCMS to address as the intrinsic
controller performance itself. By tying individual con-
troller performance to the effect that performance causes,
the process control engineer can make an informed de-
cision as to the priority of resolution. There will always
be more work to be done than time available to do it.

Controller performance is often defined narrowly as
the ability of the controller to transfer the proper amount
of variability from the controlled variable (CV) to the
manipulated variable (MV). While variability transfer
is a very important contributor to a controller’s perfor-
mance, there are others as well:

• Alarms—almost every industrial PID controller or
multivariable controller is configured with alarms to
alert the operator when an unacceptable process de-
viation has occurred. Commonly configured alarms
include process value high, low, rate of change, ma-
nipulated variable high, low, or frozen, and off nor-
mal control mode. These alarms are presented in
a special alarm summary page on the control sys-
tem’s user interface, on panel-mounted enunciator
boards, or as audible sirens or bells. Due to the
ease with which alarms can be configured, there
has been a tendency to build too many alarms, or
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alarms with inappropriate limits. When a true inci-
dent occurs, an “alarm flood” is precipitated and the
operator becomes unable to determine root cause
and choose the correct path to resolution. Inci-
dents traced to abnormal situations and the result-
ing alarm flood have resulted in over forty billion
dollars in losses in the petrochemical industry alone
(Campbell Brown, 1999). Measuring the number of
“bad actors” or chattering alarms helps control en-
gineers proactively manage and prioritize controller
alarm performance.

• Interventions—process operators are responsible for
the daily operation of the plant. Their princi-
pal means of effecting process change is to inter-
vene in the operation of the MPC and regulatory
controllers. Interventions include changing a con-
troller’s setpoint, changing its mode from automatic
to manual, directly changing the output to the valve,
or changing an MPC’s constraint limits or cost func-
tion inputs. Operators spend their entire shift re-
acting to stimuli and making hundreds of interven-
tions to the control system. These interventions can
and do result in inappropriate variability transfer,
often resulting in an easier to operate plant but
one further from its economic optimum operating
point. For instance, almost thirty percent of sam-
pled PID controllers are in open loop, meaning the
operator has intervened to remove any automatic
control action. Some operating companies track
and report operator interventions as an element of
controller performance (Takada, 1998). The situ-
ation is equally acute in MPC, with as many as
30% of controllers inoperative and a similar num-
ber rendered effectively inoperative by the operator
through clamped-down move limits and constraints.

• Configuration Changes—controller performance can
be affected when a change is made in the feedback
algorithm tuning, the transmitter, or the final con-
trol element. In one customer example (Desborough
and Nordh, 1998), an environmental emissions team
with a portable gas probe went from valve to valve,
measuring for fugitive hydrocarbon emissions. Find-
ing a leaky valve, they would tighten the actuator
packing. Weeks later, the operator would complain
to the control engineer about sluggishness and hys-
teresis (resulting in oscillations), and the control en-
gineer would instruct the valve technician to loosen
the actuator packing.

Most alarm, intervention, and configuration change
events are recorded in the control system’s event log,
and are available for analysis.

Consider a typical scenario: an operator on the night
shift makes a change in a controller’s gain to improve
the variability transfer performance while operating in
maximum throughput mode (it’s cooler at night so there

 1 
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Figure 4: Decision support workflow.

are fewer cooling water temperature constraints). On
the following day shift, the new operator, who has not
been apprised of this tuning change and is now trying
to operate the plant in energy conservation mode, ac-
knowledges multiple alarms coming from the controller
indicating high rate of change on the measured variable.
He ultimately places the controller in manual so that
its variability transfer problem is attenuated but in do-
ing so sacrifices some energy efficiency. Through the re-
mainder of his shift, he is forced to make multiple man-
ual changes to the controller, which distracts him from
his other duties. When the control engineer performs
the troubleshooting activities surrounding why the day
shift had difficulty running in energy conservation mode,
five elements are involved: the energy conservation mode
operating context, the variability transfer performance,
the alarm performance, the operator intervention perfor-
mance, and the configuration change management.

Without an understanding of how the various con-
troller performance measures (variability transfer,
alarms, and operator interventions) relate to the busi-
ness KPI’s, the control engineer will not be able to
focus their finite work effort on the most important
problems, and instead will be forced to take subjective
work direction from others who are more closely aligned
with business performance.

Fighter pilots are taught to observe, orient, decide, and
act—the so-called OODA Loop (Boyd, 1987). Similarly,
the Six Sigma quality process teaches the DMAIC pro-
cess improvement methodology: Define, Measure, Ana-
lyze, Improve and Control (Pyzdek, 2000). In oil refiner-
ies, paper mills, and other process industry facilities a
similar workflow is followed by various stakeholders in
controller performance (Figure 4). Managers, operators,
process control engineers, and to a lesser extent mainte-
nance technicians orient, decide, act, and improve con-
troller performance:

• Orient—system-wide identification of specific prob-
lems, preferably automated “has the performance
changed?”

• Decide—determine problem’s causes / effects
through analysis of facts / further investigation and
decide on resolution “what should I do about the
performance change?”
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Figure 5: DCS installed systems and median age.

• Act—take action on problem through mitigation, in-
vestigation, or repair

• Improve—assess improvement in orient, decide and
act processes

Although it is primarily the control engineer’s job to
orient, decide, and act on controller performance, often
regulatory controls are not looked at unless there is a
problem identified by the operator, or if it is a part of an
MPC application. Control engineers are very busy with
many responsibilities other than regulatory control.

Control Technology (Constraints)

In order to appreciate the issues surrounding practical
industrial control performance monitoring, it is impor-
tant to understand the system constraints present:

• Real time, high frequency time series data collection
and automatic analysis is difficult and time consum-
ing

• Legacy control systems weren’t designed for perfor-
mance monitoring hence many are not up to the
task from a computing horsepower perspective

• Getting data from the legacy control system to a
more powerful computing platform is limited by the
available bandwidth

• Dynamic process models are unavailable for the vast
majority of controllers, and would be prohibitively
expensive to obtain

• The PID control algorithm dominates the continu-
ous process industries

One of the biggest issues with practical controller
performance assessment is data access and computing
power. Based on a sampling of all US oil refinery and
power plant distributed control systems, the median dis-
tributed control system (DCS) age is seven years and
increasing (Figure 5) (Industrial Information Resources,
1999). Many plants have control systems which are fif-
teen years old.

The vast majority of distributed control systems oper-
ating in the world today were simply never designed to

easily provide high frequency time series data (one sam-
ple per second) or perform complex calculations. Typ-
ically less than one thousand measurement parameters
can be transferred per second to Windows-based com-
puting platforms.

Dynamic process models are extremely expensive to
obtain, either empirically or from first principles. Based
on hundreds of Honeywell control projects, engineering
costs typically range from $250–$1000 per single-input,
single-output model. These costs include experimental
design, plant testing, dynamic model identification, and
model validation, but do not include software, hardware,
or training. They also do not include the cost of pro-
cess disruption as the plant is perturbed away from its
economic operation conditions. About the only place
the cost of dynamic modeling is ever warranted is dur-
ing MPC implementation. Due to the significant costs
involved, models exist for far less than one percent of
all processes controlled by regulatory controllers. Even
where these models have been created, they are typically
very poorly documented or are out of date (models de-
veloped for MPC are the exception, as this is usually
done as a well-documented project).

In a survey conducted by Honeywell (Desborough
et al., 2000) of 11,600 regulatory controllers across eigh-
teen facilities, the PID control algorithm was used almost
exclusively. The site median for PID feedback control al-
gorithm use was over 97% percent (Table 2).

There are at least three reasons for the predominance
of the PID algorithm:

1. The PID algorithm works very well in the vast ma-
jority of applications. For the rare case of com-
plex dynamics or significant time delays, other algo-
rithms are occasionally used but it is more common
to instead implement cascade control to facilitate
dynamic decoupling.

2. The PID algorithm is easy to understand. A vast
body of literature exists on PID implementation and
tuning, and a number of software packages are avail-
able which facilitate PID tuning.

3. The PID algorithm is pre-programmed in every con-
trol system. Implementing a non-PID feedback con-
trol algorithm involves programming custom logic
and could take as much as one hundred times the
effort of implementing a PID algorithm, not count-
ing the intangible lifecycle costs including documen-
tation, support, and troubleshooting.

Commercially available multivariable model predic-
tive controllers are implemented almost exclusively as
constraint-pushing optimizers (see Sorensen and Cut-
ler, 1998; Anderson et al., 1998; Hardin et al., 1995,
for a representative sample). They tend to act more
like dynamic optimizers than multivariable regulatory
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1st decile average median 9th decile
Feedback Control—PID 94.7% 97.3% 97.7% 99.7%
Feedback Control—non-PID 0.0% 1.7% 0.6% 4.8%
non- Feedback Control 0.0% 1.0% 0.6% 3.1%

Table 2: Use of PID in continuous manufacturing facilities world-wide.

Control Engineers spend a great deal of their time troubleshooting problems

People Control Engineers don’t spend much time on regulatory control performance

Instrument technicians don’t use computers for passive data analysis

Many problems with controller performance are due to external process problems

Process MPC problems are usually caused by operability instead of model mismatch / tuning

Problems are resolved via tuning only a small proportion of the time

Operators are the control engineer’s most important source of information

Different groups have conflicting objectives which impact control performance, e.g.
tighter valve packing reduces hydrocarbon emissions but increases stiction.

Tools Information needed for diagnosis:
• High frequency trend data
• Process insight and other non-quantitative data

Past internal attempts to develop a PCMS have failed

Table 3: Voice of the customer summary.

controllers and are rarely square. This has very im-
portant implications for control performance monitor-
ing, as metrics commonly associated with controller per-
formance such as minimum variance have virtually no
relevance for a controller whose objective is not regu-
lation, but constrained optimization. There are a sur-
prisingly high number of these controllers operating so
tightly constrained that the optimizer is ineffective and
the system is essentially open-loop. In the experience of
many users (Desborough and Nordh, 1998), performance
of these controllers has more to do with the way the op-
erator sets the various MV and CV constraints than the
degree of MV / CV variability and variability transfer.
This suggests a need for improved user interfaces, train-
ing, and diagnostics for operators so they won’t constrain
the controller so tightly.

Workforce (Final Control Element)

In April 1998, Honeywell visited eight customer sites
around the world asking “What are the past, current,
and future needs of those persons responsible for main-
taining controllers in continuous process industry fa-
cilities such as pulp mills, oil refineries, and ethylene
plants?” Over twenty managers, control engineers, and
instrument technicians were interviewed. The “Voice of
the Customer” (VOC) methodology (Burchill and Hep-
ner Brodie, 1997) was followed. The VOC trip resulted

in over 900 “voices” from customers. These were cat-
egorized and organized into a spreadsheet from which
product requirements were identified (Desborough and
Nordh, 1998). These are summarized in Table 3.

The most important and often heard requirements
were to a) make the technology simple and easy to use,
b) allow the user to find information quickly and easily,
and c) be simple to setup and maintain.

Further, it was identified that the user interface
should:

• incorporate time series trends to assist in the diag-
nosis of problems

• present a prioritized list of controllers that are not
meeting performance criteria

• present information in a “push” fashion, for example
a problem could be highlighted in an email to the
control engineer, versus the engineering having to
sort through additional reports.

In the fall of 1998, Honeywell sent out a 200 question
survey and received approximately 35 responses from
control engineers. In summary the following PCMS re-
quirements were identified:

• Easy configuration
• PC platform
• Single page summaries
• Time series trends
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• Client-server architecture

• Cost-effective

• Standard data formats

• PID instead of MPC performance monitoring ini-
tially

• On-demand analysis

Some additional results from the VOC trip and cus-
tomer survey will now be discussed. Control engineers,
operators, instrument technicians, and managers are
usually co-located in the plant and have a good rela-
tionship. They have shared objectives of ensuring the
safe and economic operation of the facility. Quite of-
ten these objectives are explicitly set through KPI’s. As
well, KPI’s are often used directly as inputs to individual
compensation.

A controller is a capital asset, and as with any cap-
ital asset it has a well-documented lifecycle within an
organization starting with its purchase and ending with
its disposal. The control engineer is involved with virtu-
ally every aspect of the controller’s lifecycle. Delivery of
the controller to a usable state is facilitated through HA-
ZOP and engineering design, plant testing, model identi-
fication, commissioning, and operator training activities
carried out by the control engineer. The current under-
graduate control curriculum addresses some but not all
of these activities—notable exceptions are troubleshoot-
ing, spectral analysis, statistics, and experimental de-
sign. Operators are the primary users of controllers.
During a controller’s useful life, the process control en-
gineer plays a supporting role through the monitoring,
diagnosis, and resolution of performance problems. Con-
trollers are commissioned very infrequently, usually only
during major plant expansions or during new plant con-
struction. The control engineer thus spends the majority
of their time monitoring and maintaining controllers and
other applications resident on the DCS.

Control engineers have formal and on-the-job edu-
cation in process control. Typically they divide their
time between regulatory control troubleshooting and ad-
vanced control. They also maintain the alarm system
used by operators. Their typical responsibilities are
listed in Table 4 (Desborough et al., 2000). Informally,
they can act as focal points for instrumentation, IT,
operations, and process engineering. Their daily tasks
are widely varied, generally consisting of meetings, trou-
bleshooting, and new development. They use DCS en-
gineering tools, multivariable control design tools, and
standard office software such as Microsoft Word and Ex-
cel. They interact primarily with operators. Control
engineers have survived decades of downsizing and out-
sourcing. They want to be rewarded by interesting work
and are often frustrated by mundane operator-initiated
troubleshooting tasks. MPC implementation and sup-
port are considered high-valued control engineer activi-

ties. Tuning skills required to maintain regulatory con-
trol are not perceived as unique or tremendously valu-
able. Control engineers are goal driven and usually have
a very good understanding of the business and process
objectives of the facility. Control engineers are the im-
plementers and in many cases the maintainers of the con-
trollers, but they are not the end users of the controllers
that they implement—the operators are. It is important
to note that many plants don’t have a dedicated control
engineer.

Operators are the users of the controllers. They are
responsible for the day-to-day safe and economic opera-
tion of the facility. Operators control the plant, usually
by changing modes or setpoints of regulatory and MPC
controllers or giving instructions to outside operators,
and they act as a focal point for anything which might
affect the plant. They have a practical understanding
of process operation, sometimes supplemented by formal
education such as a two year technology certificate from
a trade college. Operators interact with other operators,
maintenance technicians, process engineers, and control
engineers, typically via face-to-face discussions, but also
via log books or other reporting mechanisms.

Instrument technicians are usually very responsive to
the needs of operators and control engineers and spend
most of their time maintaining the electronic and me-
chanical elements of the controller. Often they do not
have access to PCs where they are doing their work (in
the field). Their focus tends to be on the resolution
rather than the identification of instrument problems.
They are very task driven and only the best technicians
have an understanding of the business and process ob-
jectives impacted by their work.

Managers are concerned with the economic operation
of the facility. They have a wide range of experience, but
are typically promoted from operations, maintenance, or
engineering. They are responsible for making sure the
people and groups within the facility work in a manner
consistent with business objectives. They read reports
and attend meetings. They use a variety of communi-
cation and office tools. They interact with control engi-
neers, operators, and maintenance technicians.

Current Facilities (Plant)

Unlike a head position controller on a computer hard
disk, where the same control algorithm and tuning pa-
rameters can be reused in thousands of identical units,
every process in the continuous process industries is in
some way unique and as a result every controller imple-
mentation is a custom activity. Nominally identical pa-
per machines or ethylene furnaces will have subtly differ-
ent dynamics, operating objectives, feedstocks, or prod-
uct grades, requiring each controller to be individually
commissioned and tuned to suit the particular business
context. As a result there are few economies of scale.
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1st decile average median 9th decile
PID feedback control 152 332 289 576
non-PID feedback control 0 3.9 5.3 22.0
non-feedback control 0 2.5 2.0 7.7
Calculations / other 31 70 59 184
APC 1.5 6.3 5.0 13.5

Table 4: Control engineer responsibilities.

1st decile average median 9th decile
Composition 0% 2% 3% 6%
Flow 22% 39% 37% 46%
Level 12% 20% 19% 30%
Pressure 16% 20% 20% 26%
Temperature 14% 19% 17% 36%

Table 5: Regulatory control measurement types.

Higher performance algorithms are rejected in lieu of the
PID algorithm, which for reasons outlined in Section 5
is easier to implement and support.

Another reason the PID algorithm is so commonplace
is that the vast majority of process measurements have
fast dynamics with minimal process delay. One excep-
tion is composition control, which is often based on mea-
surements from a slow analyzer with long delay such as
a gas chromatograph. Table 5 shows a distribution of
regulatory control measurement types from a sample of
over ten thousand controllers at eighteen sites in multiple
process industries (Desborough et al., 2000).

In the authors’ experience, non-minimum phase pro-
cesses are seldom encountered, usually on less than one
in a hundred loops (typically boiler water level control
or cold-hydrocarbon fed exothermic reactors). Even in a
boiler where the boiler water level is subject to shrink-
swell non-minimum phase behavior, the level controller
is but one of the controllers required to operate the boiler
effectively, and the other controllers do not exhibit non-
minimum phase behavior.

Changes in Industry (Disturbances)

There are several profound changes that are expected
to influence control performance expectations and chal-
lenge industry’s ability to meet those expectations. The
trend of tighter environmental regulations will continue,
as evidence of the effect of CO2 emissions on climate
grows (Meszler, 1999), creating new constraints lay-
ered on new economic objectives. As stated by the
American Petroleum Institute (1999), “The petroleum
industry of the future will be environmentally sound,
energy-efficient, safe and simpler to operate. It will be
completely automated, operate with minimal inventory,
and use processes that are fundamentally understood.”

There will be higher expectations on control systems to
reduce process variability that influence emissions and
waste.

Fewer new plants are being built to meet increasing
demand. For example, no new refineries were built in
United States in the 1990’s while capacity increased by
120,000 b/d in 1999 alone (Chang, 1999). The number
of refineries in United States has actually decreased since
the 1980’s (American Petroleum Institute, 2000). Even
the time between shutdowns is being challenged by de-
velopments in heat transfer fouling mitigation (Panchal
and Ehr-Ping, 1998).

Competitive pressures, mergers and acquisitions have
had the effect of increasing the responsibilities of each
control engineer. The total number of engineers em-
ployed in the United States has been in decline since 1987
(http://stats.bls.gov/oco/ocos027.htm). Several
sites that the authors communicate with are report-
ing skill shortages to meet the demand of maintaining
MPC and regulatory control applications (Desborough
and Nordh, 1998). To have any impact on industry, con-
troller performance monitoring must be automated and
intuitive to the average Bachelor’s level engineer.

Instrumentation technology advancements will have a
positive impact on variability and reliability. As instru-
ments and valve positioners fail they are generally re-
placed with digital or smart devices that improve preci-
sion of control and provide self-diagnostic information.

One other important trend in the area of data ac-
cess is the move to OPC (OLE for Process Control),
an open standard for data access. OPC will make data
access ubiquitous. All major control vendors have devel-
oped OPC support for their legacy systems and indus-
trial users are aggressively moving to OPC (Studebaker,
1999).
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Process Control Monitoring System (Con-
troller)

The high-level goal of a Process Control Monitoring Sys-
tem (PCMS) is to provide plant control engineers with
enhanced capabilities to identify problems for many con-
trollers while minimizing additional effort or expense.
By combining the computer’s ability to rapidly gather
and analyze large quantities of data with the control en-
gineer’s abilities to recognize patterns and understand
complex relationships, controller performance can be im-
proved while simultaneously freeing the control engineer
to spend more time on high-valued activities.

A PCMS collects data, computes metrics, and presents
these metrics in a form suitable for the user to take the
appropriate action. Results from the Honeywell VOC
trip and survey indicate that users seek the answers to
two fundamental questions:

1. Has the controller performance changed?

2. What should I do about the performance change?

A PCMS must facilitate the orient-decide-act-improve
workflow for business, operational, engineering, and
maintenance stakeholders. It must include a mecha-
nism for computing metrics and a framework for guid-
ing users through appropriate diagnostic actions so they
can choose the proper course of action. It should track
changes in configuration and operations context.

Metrics

A metric is defined as a standard measure to assess per-
formance. Controller performance metrics fall into three
broad domains:

• Business metrics—is the controller meeting its busi-
ness objectives? Examples include LP objective
function for an MPC / optimizer, and product qual-
ity variation. These metrics help to indicate if the
controller is meeting its business objectives.

• Operational metrics—is the controller being used ef-
fectively by the operator? Examples include uptime
/ service factor, and MV limit constraint shadow
costs. These metrics help to indicate if the operator
is interacting with the controller in a way that helps
to fulfill the business objectives.

• Engineering metrics—is the controller meeting its
engineering objectives? Examples include dynamic
model accuracy and minimum variance benchmarks.
These metrics help to diagnose engineering deficien-
cies within the controller.

Different users, because of their roles and responsibil-
ities, have different metrics needs (Table 6). A PCMS
must be able to meet the needs of each type of user, with
a special emphasis on the control engineer.

According to Trimble (2000), there are two types of
metrics:

• performance metrics—high-level measures of over-
all performance, usually focused on the effect of the
asset’s performance on the wider system or busi-
ness. Business metrics and operational metrics tend
to fall into this category. Performance metrics are
primarily used to orient the user to the presence of
a problem. It is preferable for these metrics to be
computed and presented automatically so as not to
burden users with additional tasks.

• diagnostic metrics—measures which indicate why
performance is unacceptable, usually focused on the
asset’s internal workings. Engineering metrics tend
to fall into this category. Diagnostic metrics help
the user decide which action to take once a prob-
lem has been identified. These metrics quite often
involve interactive data visualization, invasive test-
ing, or other manual activities.

It was identified in Section 5 (Constraints) that the
vast majority of controllers lack any kind of process
model. Also, most control systems are poor providers
of time series data and event data, making collection
difficult and time consuming, and therefore expensive.
Metrics that require special data may be extremely ex-
pensive to compute (Table 7).

Any metric that requires any kind of model or data
which is difficult to obtain must have an informational
benefit well in excess of the cost of model creation (in-
vasive plant tests, model identification, documentation,
etc) and collection of special data.

There are a number of criteria to consider when defin-
ing controller performance metrics. Trimble (2000) as-
serts that metrics must be SMART (Specific, Measur-
able, Actionable, Relevant, and Timely). Caplice and
Sheffi (1994) similarly propose the following metric cri-
teria: validity, robustness, usefulness, integration, econ-
omy, compatibility, level of detail, and behavioral sound-
ness, which are described further in Table 8.

Metric Presentation

Due to the wide scope of responsibility for the control en-
gineer and other stakeholders, it is important to collect
and present metrics across a wide breadth of responsi-
bility at the appropriate analysis depth, ranging from
overall facility performance metrics to individual valve
diagnostic metrics. A single metric with a narrow or shal-
low scope will not help users answer the basic questions
posed at the beginning of this section and summarized in
Table 9. Instead, a PCMS must contain an appropriate
balance of detailed individual controller diagnostic met-
rics and overall performance metrics within a presenta-
tion environment which allows user to overview, zoom
and filter, and finally obtain details on demand.
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User
Business
Metrics

Operational
Metrics

Engineering
Metrics

Manager 60% 30% 10%
Operator 10% 80% 10%
Control Engineer 10% 30% 60%

Table 6: Metrics needs by user.

Data Type Comment
high frequency time series data shorter than 5 second sampling period
event data alarms, operator interventions, controller configuration changes
invasive process testing designed experiments to obtain dynamic models
manually-entered data configuration or economic data
continuous data collection an automobile’s odometer is only useful if it is collecting data all

of the time

Table 7: Special data types.

Criterion Description
Validity The metric accurately captures the events and activities being mea-

sured and controls for any exogenous factors.
Robustness The metric is interpreted similarly by all users, is comparable across

time, location and organizations, and is repeatable.
Usefulness The metric is readily understandable by the decision maker and

provides a guide for action to be taken.
Integration The metric includes all relevant aspects of the process and promotes

coordination across functions and divisions.
Economy The benefits of using the metric outweighs the costs of data collec-

tion, analysis, and reporting.
Compatibility The metric is compatible with the existing information, material

and cash flow systems in the organization.
Level of Detail The metric provides a sufficient degree of granularity or aggregation

for the user.
Behavioral Soundness The metric minimizes incentives for counter-productive acts or

game-playing and is presented in a useful form.

Table 8: Metrics criteria.

Has the controller
performance

changed?

What should I do about
the performance

change?
Workflow: Orient Decide / Act
Information level: Overview First Details on Demand
Metric type: Performance Metrics Diagnostic Metrics
Data gathering Automatic Human-Facilitated
Result presentation: Automatic Push Manual Pull
Invasiveness Non-invasive Invasive
Breadth: Wide Narrow
Depth: Shallow Deep
Focus: Broaden Focus Narrow Focus

Table 9: Basic process control monitoring questions.
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Figure 6: Hydrocracker unit throughput in response
to control improvements.

Case Studies

BP Grangemouth Refinery, Scotland

Grangemouth Refinery is an integrated 210,000 BPD re-
finery complex. The hydrocracking unit of the refinery
consists of four reactors: two series-flow reactors which
hydrotreat the fresh feed, a first stage hydrocracking
reactor which converts part of the feed, and a second
stage hydrocracking reactor which receives feed from the
fractionator bottoms/mild vacuum column (unconverted
oil). The second stage reactor completes the conversion
of feed to lighter material by cracking unconverted oil
in the recycle feed stream. The hydrocracking reaction
is highly exothermic. Both safety and throughput de-
pend on tight temperature control to meet and push
constraints.

A first generation MPC and a feed maximizing opti-
mizer that were implemented in 1994 were upgraded to
current technology in 1998. As is common in such up-
grades, no new step tests or modeling were performed.
During 1998 the feed source and product mix objectives
shifted and a temperature oscillation manifested itself in
the second stage reactor bed outlet temperatures. This
cycle propagated throughout the entire recycle controller
and ultimately to the main fractionator, mild vacuum
column and the second stage reactor. Because of this cy-
cle in reactor temperatures, the reactor weighted average
bed temperature MPC was often fully constrained and
thus could not achieve its objective. The feed maximizer
could not run safely under these conditions, resulting in
significant lost opportunity.

A complete step test and controller redesign were un-
desired due to the cost, workload of on-site staff, and the
length of time required for a redesign. A vendor consul-
tant, who is an expert on hydrocracking processes and
MPC applications, examined active constraints, operat-
ing data, and MPC tuning closely. A restricted bump
test was conducted to update a small fraction of the
MPC models. A systematic controller assessment of the
unit was also conducted that showed four key PID con-
trollers were poorly tuned (Fedenczuk et al., 1998). In
addition to PID tuning and updating a few models, sev-
eral changes were made to temperature constraints and
profiles. Figure 6 shows the increased throughput of the

unit when the feed maximizer was enabled.
This is a typical MPC maintenance problem—complex

and multifaceted, requiring a holistic diagnostic ap-
proach. Problems that are more subtle are often more
difficult to diagnose. Reducing reliance on a human ex-
pert requires quantitative assessment of model adequacy,
MPC constraints, MPC tuning, and alignment of MPC
objectives with process objectives.

Engen Petroleum Durban Refinery

Engen Petroleum Durban refinery is a medium scale
(nominal 100,000 BPD) refinery in South Africa. The
only opportunity to service most control valves is during
shutdowns, which are planned every two or three years.
While it is important to correctly identify poor perform-
ing control valves that need maintenance, it is both ex-
pensive and time consuming to invasively test all control
valves. To this end, a comparative test of a commercial
non-invasive controller performance service and invasive
valve tests was performed.

Results of non-invasive tests and invasive valve tests
of seven problem controllers are listed in Table 10. Valve
stick—slip is defined as the resolution in actual stem
travel. Dead band is defined as the minimum change in
the valve input signal before the stem will move. Non-
invasive tests were based on qualitative pattern analysis
of the process variable and controller output time se-
ries data in normal closed loop operation by a human
expert. The Entech control valve dynamic specification
(valve stick—slip plus deadband) cites a value of one per-
cent as the threshold for nominal control valves (EnTech,
1998). Using this criterion, all valves in Table 10 fail the
test and should be maintained. However, the validated
problem resolution suggests that only three of the seven
valves actually had a valve-limiting performance prob-
lem.

In the non-invasive assessment, only the valve stick-
slip and dead band relevant to closed loop performance
is significant, which proved to be more reliable in this
comparison. Dependence on a human expert is however
a strong condition that will be influenced by individual
biases and experience.

New Research Directions

Many issues still need to be addressed before a reliable,
comprehensive PCMS can be developed that meets the
needs of the industrial user. The extent of industrial con-
troller monitoring adoption will be strongly influenced by
closing the gaps between the industrial user needs and
the current state of the art (subject to the constraints
already discussed).

First, general recommendations for performance met-
rics and diagnostic metrics will be given, covering a
diverse set of new research directions. Next, a much
smaller subset of the most important research directions
will be addressed in greater detail.
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Loop Controller Behavior
Problem

Non-invasive
Valve Analysis

Invasive Test Problem
Resolution

Resolution
Consistent With:

stick-
slip

dead
band

non-
invasive

test
invasive

test
1 Oscillating severe stiction 1.40% 2.33% Valve yes yes
2 Low σ2, not oscillating valve OK 1.80% 1.39% Tuning yes no
3 Oscillating moderate stiction 0.40% 2.33% Valve yes yes
4 Saw-tooth pattern moderate stiction 0.50% 0.57% Valve / Tuning yes yes
5 High σ2, not oscillating valve OK 1.50% 0.40% Tuning yes no
6 Oscillating valve OK 1.20% 0.30% Tuning yes no
7 High σ2, not oscillating valve OK 0.30% 1.75% Tuning yes no

Table 10: Comparison of invasive and non-invasive valve analysis.

General Research Directions

Performance Metrics. Performance metrics are
designed to broaden rather than narrow the user’s cur-
rent focus, and help them orient to the presence of prob-
lems on controllers they wouldn’t otherwise be examin-
ing. They are high-level measures of overall performance,
usually focused on the effect of the asset’s performance
on the wider system or business. In general they require
minimal user configuration effort. They are based on
available data and their computation can be performed
automatically. Their presentation should be automatic
and intuitive to the average user. Performance metrics
should ultimately help the user shift their current work
activities to a more important area. A summary of rec-
ommended performance metric research directions is pre-
sented in Table 11.

Diagnostic Metrics. Diagnostic metrics are de-
signed to narrow the user’s current focus, and help them
to decide which action to take to resolve a problem on a
specific asset. They are often detailed measures of per-
formance, usually focused on the asset’s internal work-
ings or inputs. They may require user configuration ef-
fort and quite often have a cost associated with them,
either in terms of user effort or process disruption. They
often require new data to be gathered, and computa-
tions and analysis usually require human intervention.
Their presentation requires user interaction. Diagnostic
metrics should ultimately help the user select the proper
action to resolve a specific asset’s problem. A summary
of recommended diagnostic metric research directions is
presented in Table 12.

Specific Research Directions

Knowledge Capture and Continuous Improve-
ment. There is a need to establish a knowledge infras-
tructure founded on consistent models and representa-
tions of controller performance, much analogous to the fi-

nancial community’s standardized set of accounting met-
rics and practices:

• Benchmarking standards (facility-wide, MPC, regu-
latory control, valve)

• Alarm, operator intervention, and variability trans-
fer performance tracking

• Probabilistic categorization of performance faults
• Normalization and scaling (for comparison to other

controllers and protection of proprietary data)
• Weibull analysis—equipment failure; what drives

controllers to fail and can this be generalized / pre-
dicted? (e.g. is there a relationship between posi-
tioner life and degree of oscillation?)

• Rigorous actuator nonlinear modeling

Automated Non-invasive Control Valve Stick-
Slip Detection. Control valve problems account for
about one third of the 32% of controllers classified as
“poor” or “fair” in the industrial survey (Miller, 2000).
Faults in control valves are often intermittent and are
often misdiagnosed with simple minimum variance ra-
tios and spectral analysis. An abundance of literature
exists for invasive analysis of control valve performance
that requires stroking the valve when either in-service or
out-of-service (Fitzgerald, 1988, 1990; Ancrum, 1996a,b;
Boyle, 1996; Wallen, 1997; Sharif and Grosvenor, 1998).
With invasive tests, the amount of change in signal re-
quired to move the valve stem (stick) and the amount
it moves when stem friction is overcome (slip) is eas-
ily quantified. However, except for the cross-correlation
work of Horch (1998), no non-invasive methods have ap-
peared in the literature. It is neither cost-effective nor
practical to detect valve faults using invasive approaches
across an entire site. A passive method that can reliably
and automatically classify valve performance in closed
loop is a desperately needed component in the orienta-
tion phase.
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Scope Research Direction
Facility-wide

1. Behavior clustering (common oscillations)
2. Automated model-free causal analysis
3. Performance change detection (changes from target, past history, industry norm)
4. Control performance analysis for specific processes:

• sheet-forming processes (e.g. paper machine cross-direction / machine direction
control)

• processes with tight heat / material integration (e.g. ethylene plants)
• processes with high degrees of government regulation (e.g. biotech, food and

beverage, nuclear power, pharmaceuticals industries)
5. Business impact analysis of controller performance

MPC
1. Constraint and objective function representation
2. Operability (by operating shift, mode, grade, and objective)

Regulatory
Control 1. Alarm, operator intervention, configuration, and variability transfer performance rep-

resentation
2. Performance categorization based on measurement type / control objective (especially

level control)

Valves
1. Non-invasive automated actuator stick-slip detection with only PV, SP, OP data

Table 11: Research Directions for performance metrics.

A valve technician usually carries out invasive valve
analyses with an objective of comparing the open loop
valve performance with the manufacturer’s specifica-
tions. This is a valve-centric view of performance. The
authors have noted several instances where the invasive
analysis conflicts with a graphical analysis of the closed-
loop time series. Quite often the valve is operating within
its specification but still causes a significant stick-slip be-
havior in the process variable.

Several motivating examples are now given to illus-
trate a few validated patterns of control valve problems.
The first example (Figure 7) shows an obvious valve-
induced oscillation that is approximately symmetrical.
The PV versus OP plot is characterized by a rectangu-
lar pattern tilted to the left. According to Horch (1998),
valve-induced oscillations have a zero cross-correlation
at zero lag while tuning-induced oscillations produce a
minimum or maximum at zero lag. This first example
has a cross-correlation of nearly zero at zero lag.

The second example (Figure 8) has an asymmetrical
time series confounded by significant setpoint changes.
A rectangular pattern tilted to the left with a shifting
centroid can be seen in the PV versus OP plot. Here the
cross-correlation is about half way between zero and the
minimum, which is inconclusive.

In the third example (Figure 9), a large filter constant
was applied in the DCS in an attempt to compensate

for the valve behavior. The resulting pattern in the PV
versus OP plot shows a wedge-shaped object tilted to
the left. The cross-correlation is again inconclusive.

In the fourth and final example (Figure 10), an in-
termittent valve stick-slip can be seen where the slip is
of different magnitudes. The patterns in the PV versus
OP plot are still rectangular objects tilted to the left.
Cross-correlation fails to identify this as a valve problem
because the time series is not repeating. In each of these
examples the trained human eye can quickly verify the
existence of valve stick-slip.

Performance-Impact Prioritization. A con-
troller is implemented with the objective of changing
the final control element to ultimately achieve a business
objective. Specifically, it causes the final control element
to move from its current value to a value it wouldn’t
have otherwise pursued. By the same token, a PCMS
(controller) has the same effect on the workforce (final
control element)—causing the workforce to change their
current set of work activities from what they otherwise
would have done. The work activities of the control
engineer should be prioritized based on making changes
to the worst-performing controllers which have the
greatest impact on business objectives.

Prioritizing controller repair activities based on per-
formance alone could result in an economically unimpor-
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Scope Research Direction
Facility-wide

1. Multivariable time series-based model-free root cause analysis (e.g. subspace methods)
2. Time series feature extraction and pattern matching aligned along specific tuning and

actuator failure modes using visual query language (VQL) techniques such as dynamic
time warping (DTW) (Kassidas et al., 1998)

3. Causality analysis between infrequently collected data (e.g. lab samples, KPIs) and
frequently collected data

MPC
1. Constraint handling ability
2. Identification of individual model(s) contributing to overall MPC instability using for

example subspace methods, singular value analysis, or relative gain array (RGA) and
its extensions

3. Dynamic model quality analysis (precision and accuracy, linearity, etc)
4. Inferred property bias, updating, and dynamic compensation problem diagnosis

Regulatory
Control 1. Constraint handling (SISO MV saturation)

2. Oscillation characterization (waveforms, PV-OP bivariate analysis)
3. Identification of obvious tuning problems

• Tight tuning causing oscillation
• Loose tuning causing sluggishness
• Inappropriate gain / integral / derivative values
• Inappropriate PV filtering

4. Loop pairing analysis

Valves
1. Leveraging of new diagnostic information which is becoming available from smart valves
2. Trim wear detection
3. Low flow controllability characterization
4. Air supply problem detection

Table 12: Research Directions for diagnostic metrics.

tant controller being repaired before a better performing
but economically important controller. Likewise priori-
tization based solely on impact will tend to narrow the
focus to the small subset of controllers known (or rather
perceived) to be economically important, which then re-
ceive attention whether their performance is poor or not.
For example, a twenty-four inch gas flow service with a
butterfly valve on an ethylene plant refrigeration system
will have vastly different performance characteristics and
business impact than a two-inch liquid flow service with
a cage valve on a boiler condensate return line, yet if the
repairs are prioritized based on performance measures
alone, economic improvements may not be realized. If
the objective of a PCMS is to change the priority of the
control engineer’s activities, then that priority should be
based on metrics which consider both performance and
impact.

Today, assessing controller impact requires expert
knowledge of the process as well as qualitative experi-
ence with the controller’s impact and interactions with

other controllers and key business objectives. Only by
understanding the actual role of each controller relative
to unit and site objectives can controller impact be set.
There is great benefit in simply combining today’s avail-
able performance metrics with controller impact assess-
ment. More work is needed, however, in the area of auto-
matic detection of causal relationships between business
objectives and individual controller performance so that
performance-impact prioritization can be performed au-
tomatically.

Performance-impact prioritization is an important re-
search area. Examples of possible applications include
estimation of benefits or loss due to poor performance,
shutdown planning, HAZOP assessments, and equip-
ment reliability assessment.

Multivariate Assessment. Most multivariable
control performance assessment research has focused
on variability transfer performance (Harris et al., 1996;
Huang and Shah, 1996, 1997). Multivariable variability
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Figure 7: Control valve example 1.

transfer has turned out to be a complex subject and
has not found its way to mainstream commercial
controller monitoring applications. As stated in Section
5 (Constraints), most model predictive controllers are
implemented as constraint-pushing optimizers. Reg-
ulation becomes an issue when the controller is fully
unconstrained, which is rarely if ever the case. An area
that has not been studied in much detail is multivariable
control assessment in the context of economic optimiza-
tion subject to constraints. Operators and engineers
need better metrics to identify and diagnose MPC
controllers that are failing to meet economic objectives
in a safe manner (i.e. by satisfying mechanical and
operability constraints). The primary methods at
the operator’s disposal to improve the economics of
the controller are to change 1) the constraint limits
and 2) the active set of controlled and manipulated
variables. Performance and diagnostic metrics which
help the operator decide when to make these changes
would be of great value. The primary methods at the
control engineer’s disposal to improve the economics
and dynamic operability of the controller are to change

1) the controller aggressiveness through tuning and
2) one or more of the dynamic models in the control
matrix. Performance and diagnostic metrics which help
the control engineer decide when to make these changes
would be of great value.

Non-regulatory Objectives and Integrating
Processes. About two thirds of level controllers have
a surge attenuation objective. Failure to recognize
the true objective of level controllers is common, often
resulting in overly-aggressive tuning that propagates
process variability downstream of the surge vessel. Most
of the metrics available are either not appropriate or
limited to non-integrating processes. In the authors’
experience, there is currently a disproportionate fraction
of assessment error in level control compared with other
measurement types. Even if the operating objective
and context of the controller is known, automated
assessment of level controllers is challenging. In most fa-
cilities, vessel geometry is only documented on P&ID’s,
PFD’s, or paper specification sheets—if at all. The
effort of obtaining this information is non-trivial. A
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Figure 8: Control valve example 2.

level performance assessment solution that does not
require a model or vessel geometry is far more likely
to be adopted in industry. Research that specifically
assesses level controllers and non-regulatory objectives
is therefore of practical value.

Valve faults in level controllers are also very difficult
to diagnose because the process is generally integrating.
The same time series and PV versus OP patterns that
clearly show valve problems for flow and pressure con-
trollers are unclear in level processes (Figures 11 and
12).

Summary and Conclusions

Studies have shown that only about one third of indus-
trial controllers provide an acceptable level of perfor-
mance (Ender, 1993; Bialkowski, 1993). Furthermore,
this performance has not improved in the past seven
years (Miller, 2000), even though many academic perfor-
mance measures have been developed in that time (Har-
ris et al., 1999).

Over the past three years the authors have gathered

input from hundreds of industrial practitioners of con-
troller performance assessment and in many cases have
directly observed their work practices and current Pro-
cess Control Monitoring Systems. The authors have also
developed a successful commercial PCMS designed to
address the needs identified by industrial practitioners
(Loop ScoutTM).

The current landscape of industrial process control
contains some key considerations for developers of Pro-
cess Control Monitoring Systems:

• Practicing control engineers desire a PCMS which
is simple to setup, maintain, and use, and allows
information to be found quickly and easily;

• Real time, high frequency time series data collection
and automatic analysis is difficult and time consum-
ing;

• Legacy control systems weren’t designed for perfor-
mance monitoring hence many are not up to the
task from a computing horsepower perspective;

• Getting data from the legacy control system to a
more powerful computing platform is limited by the
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Figure 9: Control valve example 3.

available bandwidth;

• Dynamic process models are unavailable for the vast
majority of controllers, and would be prohibitively
expensive to obtain;

• Every process in the continuous process industries
is in some way unique and as a result higher-
performance algorithms are rejected in lieu of the
PID algorithm which is easier to implement and sup-
port, and as a result is used 97% of the time;

• MPC is usually implemented with the objective of
constraint-pushing optimization rather than multi-
variable regulation;

• MPC performance problems are usually caused by
the way the controllers are operated;

• Typical MPC maintenance problems are complex
and multifaceted, requiring a holistic diagnostic ap-
proach, often relying on process insight and other
tacit knowledge.

Although there has been a great deal of academic work
in the area of controller performance assessment (see

Harris et al., 1999, and the references contained therein),
there is still a great deal of work to be done. In partic-
ular, the following areas deserve special emphasis and
consideration:

• A PCMS must facilitate the orient-decide-act-
improve workflow for business, operational, engi-
neering, and maintenance stakeholders, but espe-
cially the process control engineer;

• Of the four phases of the orient-decide-act-improve
workflow, orientation has received the least amount
of research attention but is actually the most im-
portant to the industrial process control engineer;

• A passive method that can reliably and automat-
ically classify valve performance in closed loop is
a desperately needed component in the orientation
phase;

• More work is needed in the area of automatic detec-
tion of causal relationships between business objec-
tives and individual controller performance so that
performance-impact prioritization can be performed
automatically;
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Figure 10: Control valve example 4.
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Figure 11: Level control example 1.
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Figure 12: Level control example 4.

• Operators and engineers need better metrics to iden-
tify and diagnose MPC controllers that are failing to
meet economic objectives in a safe manner (i.e. by
satisfying mechanical and operability constraints);

• Research that specifically assesses level controllers
and other controllers with non-regulatory objectives
is required.

In summary, the industrial process control engineer is
in an unenviable position. There will always be more
work for them to do than time available to do it; time
is their most precious resource. Process Control Moni-
toring Systems which automatically orient engineers to
the likely location of the most economically important
controller problems and then facilitate diagnosis and res-
olution of that controller’s problems will play a vital role
in increasing their effectiveness and hence their facility’s
effectiveness.
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Glossary

DCS distributed control system

DTW dynamic time warping (Kassidas et al., 1998)

HAZOP Hazard and Operability Assessment

KPI key performance indicator

LP linear program

MV manipulated variable

MPC model predictive control

OLE object linking and embedding

OPC OLE for Process Control

OP output of controlled variable; signal sent to final
control element (e.g. valve)

parameter an instance of a measurement associated
with a point, e.g. TC101.PV or a configured at-
tribute of that point, e.g. TC101.GAIN

PCMS Process Control Monitoring System

point database entity containing associated informa-
tion about a controller, e.g. TC101

PFD process flow diagram

PID proportional, integral, derivative control algo-
rithm

P&ID process and instrumentation diagram

PV process value of controlled variable—typically ex-
pressed in engineering units, e.g. kg/hr

RTO real time optimization

SP setpoint of controlled variable—typically ex-
pressed in engineering units, e.g. kg/hr

tagname see point

VOC voice of the customer
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Appendix

Energy Savings from Improved Controller Per-
formance

1. 1994 United States energy consumption statistics:

SIC
code

Industry Trillion
BTU/yr

Number of
Facilities

26 Paper and
Allied Products

2665 584

28 Chemicals and
Allied Products

5328 2994

2911 Petroleum
Refining

6263 246

33 Primary Metal
Industries

2462 1453

Total 16718 5277

Source: US DOE, 1994 http://www.eia.doe.gov/
emeu/mecs/mecs94/consumption/mecs5.html
A conservative estimate is that these indus-
tries in 1999 consumed 15×109 MBTUs of
energy.

2. In 1996, on a dollars-per-million-Btu basis,
petroleum was the most expensive fossil fuel
($3.16), natural gas was second ($2.64), and coal
was least expensive ($1.29).
Source: http://www.eia.doe.gov/neic/
infosheets96/Infosheet96.html
A conservative estimate is that energy in
1999 cost $2/MBTU.

3. It is very common to quote energy savings of 1–
4% through implementation of advanced control and
other process control technologies
Source: http://www.foxboro.com/industries/
gas/
A conservative estimate is that improvement
of existing controllers through enhanced Pro-
cess Control Monitoring Systems could re-
duce energy costs in the process industries
by 1%.

4. Process Industry Energy Savings

= Energy Consumption × Energy Cost × Energy
Savings from Improved Control

= 15E9 MBTU/yr × $2/MBTU × 1%
= 300 Million Dollars per Year
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Abstract
This paper provides a tutorial introduction to the role of the time-delay or the interactor matrix in multivariate minimum
variance control. Minimum variance control gives the lowest achievable output variance and thus serves as a useful
benchmark for performance assessment. One of the major drawbacks of the multivariate minimum variance benchmark is
the need for a priori knowledge of the multivariate time-delay matrix. A graphical method of multivariate performance
assessment known as the Normalized Multivariate Impulse Response (NMIR), that does not require knowledge of the
interactor, is proposed in this paper. The use of NMIR as a performance assessment tool is illustrated by application
to two multivariate controllers. Two additional performance benchmarks are introduced as alternatives to the minimum
variance benchmark, and their application is illustrated by a simulated example. A detailed performance evaluation of
an industrial MPC controller is presented. The diagnosis steps in identifying the cause of poor performance, e.g. as due
to model-plant mismatch, are illustrated on the same industrial case study.

Keywords
Multivariate minimum variance control, Time delay, Normalized multivariate impulse response, Model predictive control,
Model-plant mismatch

Introduction

The area of performance assessment is concerned with
the analysis of existing controllers. Performance assess-
ment aims at evaluating controller performance from
routine data. The field of controller performance as-
sessment stems from the need for optimal operation of
process units and from the need of getting value from
immense volumes of archived process data. The field
has matured to the point where several commercial al-
gorithms and/or vendor services are available for process
performance auditing or monitoring.

Conventionally the performance estimation procedure
involves comparison of the existing controller with a the-
oretical benchmark such as the minimum variance con-
troller (MVC). Harris (1989) and co-workers (1992; 1993)
laid the theoretical foundations for performance assess-
ment of single loop controllers from routine operating
data. Time series analysis of the output error was used
to determine the minimum variance control for the pro-
cess. A comparison of the output variance term with
the minimum achievable variance reveals how well the
controller is doing currently. Subsequently Huang et al.
(1996; 1997) and Harris et al. (1996) extended this idea
to the multivariate case. In contrast to the minimum
variance benchmark, Kozub and Garcia (1993), Kozub
(1997) and Swanda and Seborg (1999) have proposed
user defined benchmarks based on settling times, rise
times, etc. Their work presents a more practical method
of assessing controller performance. A suitable reference
settling time or rise time for a process can often be cho-
sen based on process knowledge.

∗sirish.shah@ualberta.ca
†Matrikon Consulting Inc., Suite 1800, 10405 Jasper Avenue,

Edmonton, Canada , T5J 3N4

The increasing acceptance of the idea of process and
performance monitoring has also grown from the aware-
ness that control software, and therefore the applica-
tions that arise from it, should be treated as capital
assets and thus maintained, monitored and revisited rou-
tinely. Routine monitoring of controller performance en-
sures optimal operation of regulatory control layers and
the higher level advanced process control (APC) appli-
cations. Model predictive control (MPC) is currently
the main vehicle for implementing the higher level APC
layer. The APC algorithms include a class of model
based controllers which compute future control actions
by minimizing a performance objective function over a fi-
nite prediction horizon. This family of controllers is truly
multivariate in nature and has the ability to run the pro-
cess close to its limits. It is for the above reasons that
MPC has been widely accepted by the process indus-
try. Various commercial versions of MPC have become
the norm in industry for processes where interactions
are of foremost importance and constraints have to be
taken into account. Most commercial MPC controllers
also include a linear programming stage that deals with
steady-state optimization and constraint management.
A schematic of a mature and advanced process control
platform is shown in Figure 1. It is important to note
that the bottom regulatory layer consisting mainly of
PID loops forms the typical foundation of such a plat-
form followed by the MPC layer. If the bottom layer
does not perform and is not maintained regularly then
it is futile to implement advanced control. In the same
vein, if the MPC layer does not perform then the benefits
of the higher level optimization layer, that may include
real-time optimization, will not accrue.

The main contribution of this paper is in its general-
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Figure 1: The control hierarchy.

ization of the univariate impulse response (between the
process output and the whitened disturbance variable)
plot to the multivariate case as the ‘Normalized Mul-
tivariate Impulse Response’ plot. A particular form of
this plot, that does not require knowledge of the pro-
cess time-delay matrix, is proposed here. Such a plot
provides a graphical measure of the multivariate con-
troller performance in terms of settling time, decay rates
etc. Simple time and frequency domain measures such
as multivariate autocorrelation and spectral plots are
used to illustrate the interactions arising in multivari-
able control systems. Two relatively new multivariate
performance evaluation ideas are also explored in de-
tail: (1) the use of LQG as a benchmark based on the
knowledge of the open loop process and noise models
for the soft-constrained performance assessment problem
(Huang and Shah, 1999) and (2) the use of the design
performance as a benchmark (Patwardhan, 1999; Pat-
wardhan et al., 2001). Both of these benchmarks can be
applied to any type of controller. The LQG benchmark
applies to all class of linear controllers, irrespective of the
controller objective function, and is of use when input
and/or output variance is of concern. The LQG bench-
mark represents the ‘limits of performance’ for a linear
system, is more general and has the minimum variance
as a special case. However, it needs a model of the linear
process. The design objective function based approach
can be applied to constrained MPC type controllers and
is therefore a practical measure. However, it does not
tell you how close the performance is relative to the low-
est achievable limits. Issues related to the diagnosis of
poor performance are discussed in the context of MPC
controllers. Performance assessment of the general MPC
is as yet an unresolved issue and presents a challenging
research problem. A constrained MPC type controller
is essentially a nonlinear controller, especially when op-
erating at the constraints. Conventional MVC or lin-
ear controller benchmarking is infeasible and alternative

techniques have to be developed. The development of
new MPC performance monitoring tools thus represents
an area of future challenges. The challenges associated
with MPC performance evaluation are illustrated by con-
sidering an industrial case study of a 7× 6 problem.

This paper is organized as follows. The next section
provides a tutorial introduction to the concept of the
time-delay matrix or the interactor. This is an impor-
tant entity, particularly if one wants to evaluate MPC
performance using multivariate minimum variance as a
benchmark. The following two sections, respectively, dis-
cuss the tools required in the analysis of multivariate
control loops such as the normalized multivariate im-
pulse response, and alternative benchmarks for multi-
variate performance assessment. Applications are used
to demonstrate the proposed techniques in each section.
A discussion on the challenges in performance analysis
and diagnosis and issues in MPC performance evalua-
tion are outlined in the penultimate section, followed by
a detailed industrial case study of an industrial MPC
evaluation.

The Role of Delays for Univariate and
Multivariate Processes

Time delays play a crucial role in performance assess-
ment particularly when the minimum variance bench-
mark is used. The concept of the multivariate delay is
explained below in a tutorial manner by first defining the
univariate delay term and then generalizing this notion
to the multivariate case.

Definition of a Delay Term for a Univariate Pro-
cess:

The time-delay element in a univariate case is character-
ized by several different properties. For example, it rep-
resents the order of the first, non-zero (or non-singular)
impulse response coefficient (also characterized by the
number of infinite zeros of the numerator portion of the
transfer function). It is important to fully understand
the definition of a delay term for the univariate case in
order to generalize the notion to a multivariate system.
From a system theoretic point, the delay for a univariate
system is characterized by the properties listed below.
Consider a plant with the discrete transfer function or
an impulse response model given by:

G(q−1) =
q−dB(q−1)
A(q−1)

= 0q−1 + 0q−1 + · · ·+ 0q−d+1

+ hdq
−d + hd+1q

−d−1 + hd+2q
−d−2

+ · · ·

The delay term for such a univariate system is defined
by:
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• the minimum integer r such that

lim
q−1→0

qr

(
q−dB(q−1)
A(q−1)

)
= k 6= 0

(i.e. a non-singular coefficient) which in the case
considered above, for r = d gives:

lim
q−1→0

qr

(
q−dB(q−1)
A(q−1)

)
= hd 6= 0

Note that for the univariate case, the number of
infinite zeros of the process as obtained by setting
the numerator of the process transfer function to
zero, i.e. q−dB(q−1) = 0, also yields d infinite zeros
and n finite zeros given by the roots of B(q−1) = 0.

• the static or steady-state value of the delay term
should be equal to 1, i.e. at steady-state (when
q−1 = 1), q−d = 1.

Definition of a Delay Matrix for a Multivariate
Process:

Analogous to the univariate case, it is possible to factor-
ize the open-loop transfer matrix into two elements: the
delay matrix, D(q−1)−1 containing all the infinite zeros
of the system, and the ‘delay-free’ transfer-function ma-
trix, T ∗(q−1), containing all the finite zeros and poles.

T (q−1) = D(q−1)−1 · T ∗(q−1)

= H1q
−1 +H2q

−2 + · · ·
+Hdq

−d +Hd+1q
−d−1 + · · ·

where Hi are the impulse response or Markov matrices
of the system parallel to the definition of the univariate
delay, the multivariate delay matrix is defined by:

• Fewest number of linear combinations of the impulse
response matrices that give a nonsingular matrix,
i.e. (a finite and nonsingular matrix)

lim
q−1→0

D(q−1)(D(q−1)−1 · T ∗(q−1)) = K

(a finite and nonsingular matrix)

Unlike the univariate case, a nonzero Hi may not
necessarily indicate the delay order. Instead, for the
multivariate case, it is the fewest linear combination
of such non-zero Hi to give a non-singluar K that
defines the delay matrix, D(q−1)−1. Applying this
idea to the univariate case will reveal that K = hd,
which is the first or leading non-zero coefficient of
the impulse response or the Markov parameter of
the scalar system. Such an interpretation makes the
choice of D(q−1)−1, as a multivariate generalization
of the univariate delay term, a very meaningful one.
Note that det(D(q)) = cqm, where m is the number
of infinite zeros of the system and c is a constant.

For the multivariate case the number of infinite zeros
may not be related to the order d of the time-delay
matrix.

• DT (q−1)D(q) = I (As compared to the univariate
case where q−dq = 1). This is known as the uni-
tary interactor matrix. This unitary property pre-
serves the spectrum of the signal, which leads us
to the result that the variance of the actual out-
put and the interactor filtered outputs are the same,
i.e. E(Y T

t Yt) = E(Ỹ T
t Ỹt), where Ỹt = q−dDYt (see

Huang and Shah, 1999).

Example. Consider the following transfer function
matrix and its impulse response or Markov parameter
model:

T (q−1) =


q−2

1− q−1

q−3

1− 2q−1

q−2

1− 3q−1

q−3

1− 4q−1


=
[

0 0
0 0

]
q−1 +

[
1 0
1 0

]
q−2

+
[

1 1
.33 1

]
q−3 +

[
1 0.5

0.109 0.25

]
q−4

+ · · ·

Note that even though H2 6= 0, a linear combination of
H1 and H2 does not yield a nonsingular matrix. In this
example, at least three impulse response matrices are
required to define the delay matrix for this system. The
delay matrix that satisfies the properties listed above, is
given by:

D(q−1)−1 =
[
−0.707q−2 −0.707q−3

−0.707q−2 0.707q−3

]
The order of the delay is 3, i.e. a linear combination of
at least 3 impulse response matrices is required to have
a non-singular K.

Remark 1. The interactor matrix D(q) can be one
of the three forms as described in the sequel. If D(q) is
of the form: D(q) = qdI, then the process is regarded
as having a simple interactor matrix. If D(q) is a di-
agonal matrix, i.e., D(q) = diag(qd1 , qd2 , . . . , qdn), then
the process is regarded as having a diagonal interactor
matrix. Otherwise the process is considered to have a
general interactor matrix.

To factor the general interactor matrix, one needs to
have a complete knowledge of the process transfer func-
tion or at least the first few Markov matrices of the mul-
tivariate system. This is currently the main drawback in
using this procedure. Huang et al. (1997) have provided
a closed loop identification algorithm to estimate the first
few Markov parameters of the multivariate system and
thus compute the unitary interactor matrix. However,
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this rank determination procedure is prone to errors as
it requires one to check if a linear combination of ma-
trices is of full rank or not. Ko and Edgar (2000) have
also proposed the use of the first few Markov matrices
for multivariate performance assessment based on the
minimum variance benchmark. The factorization of the
diagonal interactor matrix requires only time delays be-
tween each pair of the input and output variables. A
diagonal interactor matrix by no means implies that the
process has a diagonal transfer function matrix or that
the process has no interaction. But the converse is true,
i.e. a diagonal process transfer function matrix or a sys-
tem with weakly interacting multivariate loops (a diago-
nally dominant system) does have a diagonal interactor
matrix. In fact, experience has shown that many ac-
tual multivariable processes have the structure of the di-
agonal interactor, provided the input-output structuring
has been done with proper engineering insight. This fact
greatly simplifies performance assessment of the multi-
variate system.

The Multivariate Minimum Variance
Benchmark

In a univariate system, the first d impulse response coef-
ficients of the closed loop transfer function between the
control error and the white noise disturbance term deter-
mine the minimum variance or the lowest achievable per-
formance. In the same way, the first d impulse response
matrices of the closed loop multivariate system are use-
ful in determining the multivariate minimum variance
benchmark, where d denotes the order of the interactor.

Performance assessment of univariate control loops is
carried out, by comparing the actual output variance
with the minimum achievable variance. The latter term
is estimated by simple time series analysis of routine
closed-loop operating data and knowledge of the pro-
cess time delay. The estimation of the univariate min-
imum variance benchmark requires filtering and corre-
lation analysis. This idea has been extended to mul-
tivariate control loop performance assessment and the
multivariate filtering and correlation (FCOR) analysis
algorithm has been developed as a natural extension of
the univariate case (Huang et al., 1996, 1997; Huang and
Shah, 1999). Harris et al. (1996) have also proposed a
multivariate extension to their univariate performance
assessment algorithm. Their extension requires a spec-
tral factorization routine to compute the delay free part
of the multivariate process and thus estimate the multi-
variate minimum variance or the lowest achievable vari-
ance for the process. The FCOR algortihm of Huang
et al. (1996), on the other hand, is a term for term gen-
eralization of the univariate case to the multivariate case
and also requires the knowledge of the multivariate time-
delay or interactor matrix. Figure 2 summarizes the
steps required in computing the mutivariate performance

index. A quadratic measure of multivariate control loop
performance is defined as:

J = E(Yt − Y sp
t )T (Yt − Y sp

t )

(where Yt represnts an n dimensional output vector).The
lower bound or the quadratic measure of the multivariate
control performance under minimum variance control is
defined as

Jmin = E(Yt − Y sp
t )T (Yt − Y sp

t )|mv

It has been shown by Huang et al. (1997) that the
lower bound of the performance measure Jmincan be es-
timated from routine operating data. In Huang et al.
(1997), the multivariate performance index is defined as

η =
Jmin

J

and is bounded by 0 ≤ η ≤ 1. In practice, one may
also be interested in knowing how each individual out-
put (loop) of the multivariate system performs relative
to multivariate minimum variance control. Performance
indices of each individual output are defined as ηY1

...
ηYn

 =

 min(σ2
y1

)/σ2
y1

...
min(σ2

yn
)/σ2

yn

 = diag(Σ̃mvΣ̃−1
Y )

where Σ̃mv = diag(Σmv) and Σ̃Y = diag(ΣY ); ΣY is the
variance matrix of the output Yt and Σmv = min(ΣY )
is the covariance matrix of the output Yt under multi-
variate minimum variance control. It has been shown by
Huang et al. (1997) that Σmv can also be estimated using
routine operating data, and knowledge of the interactor
matrix.

To summarize, a multivariate performance index is a
single scalar measure of multivariate control loop perfor-
mance relative to multivariate minimum variance con-
trol. Individual output performance indices indicate per-
formance of each output relative to the loop’s perfor-
mance under multivariate minimum variance control. If
a particular output index is smaller than other output
indices, then some of the other loops may have to be
de-tuned in order to improve this poorly tuned loop.

Alternative Methods for Performance
Analysis of Multivariate Control Systems

Autocorrelation Function:

The autocorrelation function (ACF) plots may be used to
analyze individual process variable performance. A typi-
cal example of the ACF plots for the two output variables
of the simulated Wood-Berry (Wood and Berry, 1973)
column control system is shown in Figure 3. A decen-
tralized control system comprising two PI controllers was
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Figure 2: Schematic diagram of the multivariate FCOR algorithm.

used on the Wood-Berry column. The diagonal plots are
autocorrelations of each output variable, while the off-
diagonal plots are cross-correlation plots. The diagonal
plots typically indicate how well each loop is tuned. For
example, a slowly decaying autocorrelation function im-
plies an under-tuned loop, and an oscillatory ACF typi-
cally implies an over-tuned loop. Off-diagonal plots can
be used to trace the source of disturbance or the inter-
action between each process variables. Figure 3 clearly
indicates that the first loop has relatively poor perfor-
mance while the second loop has very fast decay dy-
namics and thus good performance. Interaction between
the two loops can also be observed from the off-diagonal
subplots. Note that the autocorrelation plot of the mul-
tivariate system is not necessarily symmetric.

Spectral Analysis:

Frequency domain plots provide alternative indicators of
control loop performance. They may be used to assess
individual output dynamic behavior, interactions and ef-
fects of disturbances. For example, peaks in the diagonal
plots typically imply oscillation of the variables due to
an over-tuned controller or presence of oscillatory distur-
bances. Frequency domain plots also provide informa-
tion on the frequency ranges over which the oscillations
occur and the amplitude of the oscillations. Like time
domain analysis, off-diagonal plots provide one with in-
formation on the correlation or interaction between the
loops. Figure 4 is the power spectrum and the cross-
power spectrum plot of the simulated Wood-Berry col-
umn. The first diagonal plot indicates that there is a
clear mid-frequency harmonic in the 1st output. This
could be due to an overtuned controller. Off-diagonal
plots show a peak in the cross-spectrum at the same fre-
quency. The poor performance of loop 1 can then be
attributed to significant interaction effects from loop 2
to loop 1. In other words, the satisfactory or good perfor-
mance of loop 2 could be at the expense of transmitting
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Figure 3: Autocorrelation function of multivariate
process.

disturbances or upsets to loop 1 via the interaction term..
The power spectrum plots of a multivariate system are
symmetric.

Normalized Multivariate Impulse Response
(NMIR) Curve as an Alternative Measure of
Performance:

As shown in Figure 2, the evaluation of the multivari-
ate controller performance has to be undertaken on the
interactor filtered output and not on the actual output.
The reason for this is that the interactor filtered output
vector, Ỹt = q−dDYt, is a special linear combination of
the actual output, lagged or otherwise, and this fictitious
output preserves the spectral property of the system and
facilitates simpler analysis of the multivariate minimum
variance benchmark.

This new output ensures, as in the univariate case,
that the closed loop output can be easily factored into
two terms, a controller or feedback-invariant term and
a second term that depends on the controller parame-
ters. In the ensuing discussion, we consider an alter-
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Figure 4: Frequencey response of multivariate pro-
cess.

native graphical measure of multivariate performance as
obtained from the interactor filtered output. So unless
specified otherwise, the reader should assume that the
operations elucidated below are on the interactor filtered
output, Yt.

An impulse response curve represents dynamic rela-
tionship between the whitened disturbance and the pro-
cess output. This curve typically reflects how well the
controller regulates stochastic disturbances. In the uni-
variate case, the first d impulse response coefficients are
feedback controller invariant, where d is the process time-
delay. Therefore, if the loop is under minimum vari-
ance control, the impulse response coefficients should be
zero after d − 1 lags. The Normalized Multivariate Im-
pulse Response (NMIR) curve reflects this idea. The
first d NMIR coefficients are feedback controller invari-
ant, where d is the order of the time-delay matrix or the
interactor. If the loop is under multivariate minimum
variance control, then the NMIR coefficients should de-
cay to zero after d − 1 lags. The sum of squares under
the NMIR curve is equivalent to the trace of the covari-
ance matrix of the data. In fact the NMIR is a graphical
representation of the quadratic measure of the output
variance as given by:

E(Y T
t Yt) = E(Ỹ T

t Ỹt)

= tr(F0ΣaF
T
0 ) + tr(F1ΣaF

T
1 ) + · · ·

where

Ỹt = F0at + F1at−1 + · · ·+ Fd−1at−d+1 + Fdat−d + · · ·

is an infinite series impulse response model of the inter-
actor filtered output with respect to the whitened distur-
bance and matrices Fi represent the estimated Markov
matrices of the closed loop multivariate system. In the
new measure, the first NMIR coefficient is given by√
tr(F0ΣaFT

0 ), the second NMIR coefficient is given by

√
tr(F1ΣaFT

1 ), and so on. The multivariate performance
index is then equal to the ratio of the sum of the squares
of the first d NMIR coefficients to the sum of squares of
all NMIR coefficients (see top plot in Figure 5). Care has
to be taken when interpreting the normalized impulse re-
sponse curve. The NMIR represents a compressed scalar
metric for a multi-dimensional system. It is a graphi-
cal representation of the weighted 2-norm multivariate
impulse response matrix and provides a graphical inter-
pretation of the multivariate performance index in much
the same way as the univariate impulse response gives
an indication of the level of damping afforded to a unit
impulse disturbance.

The NMIR as outlined above and first described by
Huang and Shah (1999) requires a priori knowledge of
the interactor matrix. Since this NMIR curve is suitable
for obtaining a graphical measure of the overall closed-
loop response, we suggest an alternative measure that
does not require knowledge of the interactor. We propose
to use a similar normalized multivariate impulse curve
without interactor filtering to serve a similar purpose.
The NMIR without interactor filtering is calculated as
before by computing the correlation coefficients between
the pre-whitened disturbance and the actual output with
lags 0, 1, 2, . . . , d− 1, d, d+ 1, . . ..

E(Y T
t Yt) = tr(E0ΣaE

T
0 ) + tr(E1ΣaE

T
1 ) + · · ·

where

Yt = E0at + E1at−1 + · · ·+ Ed−1at−d+1 + Edat−d + · · ·

Note that unlike the original NMIR measure as pro-
posed by Huang and Shah (1999), the new measure pro-
posed here does not require interactor filtering of the
output, i.e. an explicit knowledge of the interactor is
not required in computing the new graphical and quali-
tative measure. From here onwards this new measure is
denoted as NMIRwof .

In the new measure, the first NMIRwof coefficient is
given by

√
tr(E0ΣaET

0 ), the second NMIRwof coefficient
is given by

√
tr(E1ΣaET

1 ), and so on. Note that the
NMIRwof measure (without interactor filtering) is sim-
ilar to NMIR with interactor filtering in the sense that
both represent the closed-loop infinite series impulse re-
sponse model of the output with respect to the whitened
disturbance, one for the actual output and the other one
for the interactor filtered output respectively. The newly
proposed NMIRwof is physically interpretable, but does
not have the property that the first d coefficients are
feedback control-invariant. The main rationale for using
the newly proposed NMIRwof is that the following two
terms are asymptotically equal:

lim
n→∞

{
tr(E0ΣaET

0 ) + tr(E1ΣaET
1 ) + · · ·+ tr(EnΣaET

n )
}

={
tr(F0ΣaF T

0 ) + tr(F1ΣaF T
1 ) + · · ·+ tr(FnΣaF T

n )
}
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This follows from the equality: E(Y T
t Yt) = E(Ỹ T

t Ỹt)
(Huang and Shah, 1999). It is then clear that the NMIR
curves with and without filtering will coincide with each
other for n sufficiently large. Alternately, the cumulative
sum of the square of the impulse response coefficients can
also be plotted and as per the above asymptotic equality,
one would expect that the two terms will coincide for a
sufficiently large n. These curves are reproduced here for
the illustrative Wood-Berry column example. The ordi-
nate in the bottom plot in Figure 5 gives the actual out-
put variance when the curves converge for a sufficiently
large n. Note that, unlike the NMIR curve with interac-
tor filtering (solid line in Figure 5), the NMIRwof curve
(dashed line in Figure 5) can not be used to calculate
a numerical value of the performance index. However,
it has the following important properties that are useful
for assessment of multivariate processes:

1. The new NMIRwof represents the normalized im-
pulse response from the white noise to the true out-
put.

2. The new NMIRwof curve reflects the predictability
of the disturbance in the original output. If the
impulse response decays slowly, then this is clear in-
dication of a highly predictable disturbance (e.g. an
integrated white noise type disturbance) and rela-
tively poor control. On the other hand a fast decay-
ing impulse response is a clear graphical indication
of a well-tuned multivariate system (Thornhill et al.,
1999).

3. The new NMIRwof also provides a graphical mea-
sure of the overall multivariate system performance
with information regarding settling time, oscillation,
speed of response etc.

NMIRs with and without interactor filtering are calcu-
lated for the simulated Wood-Berry distillation column
with two multiloop PI controllers. With sampling period
0.5 second, the interactor matrix of the process is found
to have a diagonal structure and is given by

D(q) =
[
q3 0
0 q7

]
Since the order of the interactor is 7 sample units, the
first 7 NMIR coefficients are feedback control invariant
and depend solely on the disturbance dynamics and the
interactor matrix. The sum of squares of these 7 coef-
ficients is the variance achieved under multivariate min-
imum variance control. In fact as shown in Figure 6,
the scalar multivariate measure of performance is equal
to the sum of squares of the first 7 NMIR coefficients
divided by the total sum of squares. Notice that for suf-
ficiently large n or prediction horizon, the two curves,
as expected, coincide with each other. In this simula-
tion example, observe that the NMIR and the NMIRwof

curves decay to zero relatively quickly after 7 sample
units, indicating relatively good control performance.

Industrial MIMO Case study 1: Capacitance
Drum Control Loops at Syncrude Canada Ltd.
Capacitance drum control loops of Plant AB in Syn-
crude Canada Ltd. were analyzed for this study. The
primary objective of Plant AB is to further reduce the
water in the (Plant A) diluted bitumen product prior
to it reaching the next plant (Plant B) storage tanks.
As the grade of the feed entering plant A reduces, the
water required to process the oilsands increases propor-
tionately. A large portion of this excess water ends up
in the Plant A froth feed tank and ultimately increases
the % volume of water in the Plant A product. Aside
from degrading the quality of the product, the increased
volume of water means reduction in the amount of bi-
tumen that can be piped to the diluted bitumen tanks.
In addition, the higher water content means more of the
chloride compound present in the oilsands is dissolved
and finds its way to the diluted bitumen tanks and even-
tually to plant B. The higher chloride concentration in-
creases the corrosion rate of equipment in the Upgrading
units. Plant AB was developed as a means of reducing
the water content, and ultimately, the chlorides sent to
Upgrading. This reduction is achieved by centrifuging
the Plant A Product.

All product from plant A is directed to the Plant AB
feed storage tank. The IPS portion of the product is
routed through 5 Cuno Filters prior to entering the Plant
AB feed storage tank. Feed from the feed storage tank is
then pumped through the feed pumps to the Alfa Laval
centrifuges. The Alfa Laval centrifuges remove water and
a small amount of solids from the feed. Each centrifuge
has its own capacitance drum and product back pressure
valve. This arrangement allows for individual centrifuge
“E-Line” control and a greatly improved product quality.
Heavy phase water from plant A is used as Process Water
in plant AB.

The cap drum pressure controller controls the capaci-
tance drum pressure by adjusting the nitrogen flow into
the drum. The Cap Drum Primary level controller main-
tains the cap drum water level by adjusting water ad-
dition into the drum. Control of these two variables
is essential to maintain the E-Line in the centrifuges.
Currently these two loops are controlled by multiloop
PID controllers. The two process variables, pressure and
level, are highly interacting. The objective of the perfor-
mance assessment is to evaluate the existing multiloop
PID controllers’ performance, and to identify opportuni-
ties, if any, to improve performance by implementing a
multivariate controller

Discussion of Performance Analysis. Process data
with a 5-second sampling interval are shown in Figure 7 .
These are typical (representative) process data encoun-
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Figure 6: Normalized multivariate impulse response.

tered in this process. By assuming that both pressure
and level loops have no time delay except for the delay
induced by the zero-order-hold device, a scalar multi-
variate performance index was calculated as 0.022 and
individual output indices are shown in Figure 8 . Based
on these indices, one may conclude that controller per-
formance is poor and may be improved significantly by
re-tuning the existing controllers or re-designing a multi-
variate controller. However, since the exact time delays
for these loops are unknown, further analysis of perfor-
mance in both time domain and frequency domain is
necessary. For example, the NMIRwof response shown
in Figure 9 does indicate that the disturbance persists
for about 50 samples before it is compensated by the
feedback controllers. Overall the decay in the NMIRwof

curve is rather slow indicating a predictable disturbance
and generally ineffective regulatory control in dealing
with such disturbances. This is equivalent to a settling
time of 4 minutes for the overall system. To check which
loop causes such long settling time, one can look at the
auto- and cross-correlation plots.

The individual loop behavior can be observed from the
auto and cross correlation plots shown in Figure 10 . It
is observed that the pressure response does not settle
down even after 40 samples. This is clearly unaccept-
able for a pressure loop. In addition some oscillatory re-
sponse is observed in the level response as evident from
the spectrum plot shown in Figure 11. Notice that the
peak (oscillation) appears in both the pressure and level
responses as well as in the cross spectrum plot. This in-
dicates that both loops interact and oscillate at the same
frequency. Thus, this analysis indicates that 1) the exist-
ing multiloop controller has relatively poor performance
primarily due to the long settling time and oscillatory
behavior or presence of oscillatory disturbances; 2) the
two loops are strongly interacting and a multivariate con-
troller may be able to improve performance significantly.

The final recommendation for this system was that
performance of the two loops individually as well as a
multivariate system is relatively poor. For predictable
disturbances, there is insufficient integral action in the
pressure loop resulting in a slowly decaying ACF plot as
noticeable in the top left hand plot in Figure 10 . The
performance is poor mainly due to interaction between
the two loops. Because of the interaction, the multiloop
retuning exercise may be futile. If however only a simple
control solution is desired then the level loop can be de-
tuned and the pressure loop can have larger gains with
smaller integral action to reduce oscillations. If the sys-
tem warrants, then a multivariate control loop could be
designed.

As would be evident from the above discussion and
case study, there remains much to be desired in obtaining
practically meaningful measures of multivariate control
performance. The minimum variance control is a useful
benchmark as it requires little a priori information about
the process. If however, more detailed performance mea-
sures are desired then, as would be expected, more pro-
cess information is needed. For example, it would be de-
sirable to include the control ‘cost’ or effort in the perfor-
mance evaluation of a controller or answers to questions
such as the following may be required: What is the best
available control subject to soft constraints on the con-
troller output variance. Two relatively new benchmarks
are presented next as alternative measures of practical
multivariate controller performance.

LQG Benchmarking

Preliminary results on the LQG benchmark as an alter-
native to the minimum variance benchmark were pro-
posed in Huang and Shah (1999). These results are re-
viewed here and a new benchmark that takes the control
cost into account is proposed. The main advantage of
the minimum variance benchmark is that other than the
time-delay, it requires little process information. On the
other hand if one requires more information on controller
performance such as how much can the output variance
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Figure 7: Pressure and level data with sampling in-
terval 5 seconds.

be reduced without significantly affecting the controller
output variance then one needs more information on the
process. In short it is useful to have a benchmark that
explicitly takes the control cost into account. The LQG
cost function is one such benchmark. This benchmark
does not require that an LQG controller be implemented
for the given process. Rather the benchmark provides
the ‘limit of performance’ for any linear controller in
terms of the input and output variance. As remarked
earlier, it is a general benchmark with the minimum vari-
ance as a special case. The only disadvantage is that the
computation of the performance limit curve as shown in
Figure 12 requires knowledge of the process model. For
MPC type controllers these models may be readily avail-
able. Furthermore the benchmark cannot handle hard
constraints, but it can be used to compare the perfor-
mance of unconstrained and constrained controllers (see
Figure 13).

In general, tighter quality specifications lead to smaller
variations in the process output, but typically require
more control effort. Consequently one may be interested
in knowing how far away the control performance is from
the “best” achievable performance with the same effort,
i.e., in mathematical form the resolution of the following
problem may be of interest:

Given that E(u2) ≤ α, what is the lowest
achievable E(y2)?

The solution is given by a tradeoff curve as shown in
Figure 12. This curve can be obtained by solving the
LQG problem (Kwakernaak and Sivan, 1972), where the
LQG objective function is defined by:

J(λ) = E(y2) + λE(u2)

By varying λ, various optimal solutions of E(y2) and
E(u2) can be calculated. Thus a curve with the optimal
output variance as ordinate, and the incremental manip-
ulative variable variance as the abscissa can be plotted
from these calculations. Boyd and Barratt (1991) have
shown that any linear controller can only operate in the
region above this curve. In this respect this curve de-
fines the limit of performance of all linear controllers, as
applied to a linear time-invariant process, including the
minimum variance control law. If the process is modelled
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as an ARIMAX process then the resulting LQG bench-
mark curve due to the optimal controller will have an
integrator built into it to asymptotically track and reject
step type setpoints and disturbances respectively. Five
optimal controllers may be identified from the tradeoff
curve shown in Figure 12. They are explained as follows:

• Minimum cost control: This is an optimal controller
identified at the left end of the tradeoff curve. The
minimum cost controller is optimal in the sense that
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it offers an offset-free control performance with the
minimum possible control effort. It is worthwhile
pointing out that this controller is different from
the open-loop mode since an integral action is guar-
anteed to exist in this controller.

• Least cost control: This optimal controller offers
the same output error as the current or existing
controller but with the least control effort. So if
the output variance is acceptable but actuator vari-
ance has to be reduced then this represents the low-
est achievable manipulative action variance for the
given output variance.

• Least error control: This optimal controller offers
least output error for the same control effort as the
existing controller. If the input variance is accept-
able but the output variance has to be reduced then
this represents the lowest achievable output variance
for the given input variance.

• Tradeoff controller: This optimal controller can be
identified by drawing the shortest line to the tradeoff
curve from the existing controller; the intersection is
the tradeoff control. Clearly, this tradeoff controller
has performance between the least cost control and
the least error control. It offers a tradeoff between
reductions of the output error and the control effort.

• Minimum error (variance) control: This is an op-
timal controller identified at the right end of the
tradeoff curve. The minimum error controller is op-
timal in the sense that it offers the minimum pos-
sible error. Note that this controller may be dif-
ferent from the traditional minimum variance con-
troller due to the existence of integral action.

The challenges with respect to the LQG benchmark
lie in the estimation of a reasonably accurate process
model. The uncertainty in the estimated model then
has to be ‘mapped’ onto the LQG curve, in which case
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Figure 12: The LQG tradeoff curve with several op-
timal controllers.

it would become a fuzzy trade-off curve. Alternately the
uncertainty region can be mapped into a region around
the current performance of the controller relative to the
LQG curve (see Patwardhan et al., 2000).

An Alternative Method for Multivariate Perfor-
mance Assessment Using the Design Case as a
Benchmark

An alternative approach is to evaluate the controller per-
formance using a criterion commensurate with the actual
design objective(s) of the controller and then compare
the achieved performance. This idea is analogous to the
method of Kammer et al. (1996), which was based on
frequency domain comparison of the achieved and design
objective functions for LQG. For a MPC controller with
a quadratic objective function, the design requirements
are quantified by:

Ĵ(k) =

p∑
i=1

(ysp(k + i|k)− ŷ(k + i|k))T

Γk,i(ysp(k + i|k)− ŷ(k + i|k))

+

M−1∑
i=1

∆u(k + i− 1)T Λ∆u(k + i− 1)

where

ŷ(k+i|k) is the i-step ahead predictor of the outputs
based on the process model
ysp(k + i|k) is the setpoint trajectory
∆u(k + i− 1) are the future moves of the inputs
Γk,i are the output weightings that, in general, can
depend upon the current time and the prediction
horizon

Details of the model predictive control calculations can
be found in any standard references (Garcia et al., 1989;
Mayne et al., 2000; Qin and Badgwell, 1996). Here we re-
strict ourselves to the performance assessment aspects.
The model predictive controller calculates the optimal
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control moves by minimizing this objective function over
the feasible control moves. If we denote the optimal con-
trol moves by ∆u∗(k), the optimal value of the design
objective function is given by

Ĵ∗(k) = Ĵ(∆u∗(k))

The actual output may differ significantly from the
predicted output due to inadequacy of the model struc-
ture, nonlinearities, modeling uncertainty etc. Thus the
achieved objective function is given by:

Ĵ(k) =
p∑

i=1

(ysp(k + i|k)− y(k + i|k))T

Γk,i(ysp(k + i|k)− y(k + i|k))

+
M−1∑
i=1

∆u(k + i− 1)T Λ∆u(k + i− 1)

where y(k) and ∆u(k) denote the measured values of the
outputs and inputs at corresponding sampling instants
appropriately vectorized. The inputs will differ from the
design value in part due to the receding horizon nature
of the MPC control law. The value of the achieved objec-
tive function cannot be known a priori, but only p sam-
pling instants later. A simple measure of performance
can then be obtained by taking a ratio of the design and
the achieved objective functions as:

η(k) =
Ĵ∗(k)
J(k)

This performance index will be equal to one when
the achieved performance meets the design requirements.
The advantage of using the design criterion for the pur-
pose of performance assessment is that it is a measure of
the deviation of the controller performance from the ex-
pected or design performance. Thus a low performance
index truly indicates changes in the process or the pres-
ence of disturbances, resulting in sub-optimal control.
The estimation of such an index does not involve any
time series analysis or identification. The design ob-
jective is calculated by the controller at every instant
and only the measured input and output data is needed
to find the achieved performance. The above perfor-
mance measure represents an instantaneous measure of
performance and can be driven by the unmeasured dis-
turbances. In order to get a better overall picture the
following measure is recommended:

αk =

k∑
i=1

Ĵ∗(i)

k∑
i=1

J(k)

α(k) is the ratio of the average design performance to
the average achieved performance up to the current sam-
pling instant. Thus α(k) = 1 implies that the design
performance is being achieved on an average. α(k) < 1
means that the achieved performance is worse than the
design. This alternative metric of multivariate controller
performance has been applied towards the evaluation of
a QDMC and another MPC controller. Further details
on the evaluation of this algorithm can be found in (Pat-
wardhan, 1999).

The motivation for a lumped performance index is that
the MPC controllers in the dynamic sense, attempt to
minimize a lumped performance objective. The lumped
objective function and subsequently the performance in-
dex, therefore does reflect the true intentions of the con-
troller. The motivation for this idea was to have a per-
formance statistic for MPC that is commensurate with
its constrained and time-varying nature. The idea of
comparing design with achieved performance has been
common place in the area of control relevant identifica-
tion (also known as iterative identification and control,
identification for control)—see the survey by Van den
Hof and Schrama (1995). Performance degradation is
measured as a deviation from design performance and
becomes the motivation for re-design/re-identification.

Simulation Example: A Mixing Process. The
above approach was applied to a simulation example.
The system under consideration is a 2×2 mixing process.
The controlled variables are temperature (y1) and water
level (y2) and the manipulated inputs are inlet hot water
(u1) and inlet cold water (u2) flow rates. The following
model is available in discrete form,

P (z−1) =

 0.025z−1

1− 0.8607z−1

−0.1602z−1

1− 0.8607z−1

0.2043z−1

1− 0.9827z−1

0.2839z−1

1− 0.9827z−1


A MPC controller was used to control this process in
the presence of unmeasured disturbances. The controller
design parameters were:

p = 10, ,m = 2, , λ = diag([1, 4]), Γ = diag([1, 2])

White noise sequences at the input and output with co-
variance equal to 0.1I served as the unmeasured distur-
bances. First the LQG benchmark was found, and the
performance of a constrained and unconstrained MPC
was evaluated against this benchmark (see Figure 13).
Constraints on input moves were artificially imposed in
order to activate the constraints frequently. The uncon-
strained controller showed better performance, compared
to the constrained controller, with respect to the LQG
benchmark.

A plot of the LQG objective function compared to the
achieved objective function is shown in Figure 14. A per-
formance measure of Jlq/Jach = 0.467/0.71 = 0.6579 was
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with the LQG objective function.

LQG α(k)
Unconstrained 0.6579 0.8426
Constrained 0.4708 1.00

Table 1: Effect of constraints on MPC performance.

obtained for the unconstrained controller. Performance
assessment of the same controller using the design case
benchmarking approach yields contrasting results (Table
1). For the unconstrained controller a performance in-
dex 0.8426 revealed satisfactory performance while the
imposition of constraints led to a performance index of
1. The constrained controller showed improvement ac-
cording to one benchmark and deterioration with respect
to the LQG benchmark. The design case approach in-
dicates that the controller is doing its best under the
given constraints while the LQG approach which is based
on comparison with an unconstrained controller shows a
degradation in performance.

-0.02
-0.01 0 0.01 0.02

-0.01

0

0.01

du2

du1

Figure 15: The input moves for the constrained con-
troller during the regulatory run.

Figure 15 shows the input moves during the regula-
tory run for the constrained controller. The constraints
are active for a large portion of the run and are limiting
the performance of the controller in an absolute sense
(LQG). On the other hand the controller cannot do any
better due to design constraints as indicated by the de-
sign case benchmark.

Challenges in Performance Analysis and
Diagnosis: General Comments and Issues
in MPC Performance Evaluation

A single index or metric by itself may not provide all
the information required to diagnose the cause of poor
performance. Considerable insight can be obtained by
carefully interpreting all the performance indices. For
example, in addition to the minimum variance bench-
mark performance index, one should also look at the
cross-correlation plots, normalized multivariate impulse
response plots, spectrum analysis, etc., to determine
causes of poor performance. As an example, if the pro-
cess data is ‘white’ then the performance index will al-
ways be close to 1 irrespective of how large the variance
is. On the other hand, if the data is highly correlated
(highly predictable), then the performance index will be
low irrespective of how small the output variance is. In
this respect the performance index plus the impulse re-
sponse or the auto-correlation plot would provide a com-
plete picture of the root cause of the problem. (The
auto-correlation plot would have yielded information on
the predictability of the disturbance). In summary then,
each index has its merits and its limitations. Therefore,
one should not just rely on any one specific index. It
would be more appropriate to check all relevant indices
that reflect performance measures from different aspects.

As mentioned earlier, the multivariate extension of
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the minimum variance benchmark requires a knowledge
of the time-delay or the interactor matrix. This re-
quirement of a priori information on the interactor has
been regarded by many as impractical. However, from
our experience this benchmark, when applied with care,
can yield meaningful measures of controller performance.
Yet, many outstanding issues remain open before one
can confidently apply MIMO assessment techniques for a
wide-class of MIMO systems. Some of the issues related
to the evaluation of multivariate controllers are listed
below:

1. To calculate a general interactor matrix, one needs
to have more a priori information than just the time
delays. However, experience has shown us that a
significant number of MIMO processes do have the
diagonal interactor structure. In fact, a properly de-
signed MIMO control structure will most likely have
a diagonal interactor structure (Huang and Shah,
1999). A diagonal interactor depends only on the
time delays between the paired input and output
variables.

2. Since models are available for all MPC based con-
trollers, a priori knowledge of the time delay matrix
is surely not an issue at all.

3. A more important issue in the analysis and diag-
nosis of control loops is the accuracy of the mod-
els and their variability over time. How does the
model uncertainty affect the calculation of perfor-
mance index? This question has not been answered
so far. It is a common problem in both MIMO and
SISO performance assessment. Therefore, one of the
many outstanding issues remaining is the robustness
of performance assessment, i.e. how to transfer the
model uncertainty onto the uncertainty in the cal-
culation of the performance index? This issue has
been addressed to some extent in Patwardhan (1999;
2001), where SISO and MIMO examples, relating
modeling uncertainty to uncertainty in performance
measures, are given.

Industrial MPC is a combination of a dynamic part
and a steady state part, which often comprises a linear
programming (LP) step. The dynamic component con-
sists of unconstrained minimization of a dynamic cost
function, comprising of the predicted tracking errors and
future input moves, familiar to academia. The steady
state part focuses on obtaining economically optimal tar-
gets, which are then sent to the dynamic part for tracking
as illustrated in Figure 16. This combination of the dy-
namic and steady state parts and constraint handling via
the linear programming or the LP step renders the MPC
system as a nonlinear multivariate system. Patward-
han et al. (1998) have illustrated the difficulties caused
by the LP step on an industrial case study involving a
demethanzier MPC (see Figure 17). In that particular
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Figure 16: Schematic of a typical commercial MPC
with a blended linear programming module that sets
targets for the controlled and manipulative variables.

application as in a number of other MPC applications,
when the LP stage is activated fairly routinely, signifi-
cant correlation exists between the LP targets and the
measurements that the LP relies upon. In such instances
when the LP stage is activated at the same frequencies
as the control frequencies, the controller structure is no
longer linear. Situations such as these preclude the use of
conventional performance assessment methods such the
LQ or the minimum variance benchmark. We believe
that the variable structure nature of industrial MPC can
be captured by the objective function method since it
takes into account the time varying nature of the MPC
objective. Patwardhan (1999) has applied this method
successfully on an industrial QDMC application. Even
though one may argue that QDMC is devoid of the LP
step, it is a variable structure MIMO controller that al-
lows different inputs and outputs to swap into active and
inactive states relative to the active constraint set. In
this respect, the lumped objective function and subse-
quently the performance index proposed here does ‘mea-
sure’ the true intentions of the controller relative to the
design case. It thus provides a useful performance met-
ric. The only limitation being that the access to the
actual design control objective has to be available in the
MPC vendor software.

Establishing the root causes of performance degrada-
tion in industrial MPCs is indeed a challenging task. Po-
tential factors include models, inadequately designed LP
in that the LP operates at the control frequencies, in-
appropriate choice of weightings, ill-posed constraints,
steady-state bias updates etc. In practice, these factors
combine in varying degrees to give poor performance.
Thus the issues and challenges related to the diagno-
sis aspects of MPC performance assessment are many.
Some of these issues are listed below and one ‘quan-
tifiable’ diagnosis issue related to model-plant mismatch
is discussed. The diagnosis stage for poor performance
involves a trial and error approach (Kesavan and Lee,
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Figure 17: An example of the interaction between
the steady state optimization and the dynamic layer
in industrial MPC. Note that setpoints have higher
variation compared to controlled variables!

1997). For example, the diagnosis or the decision support
system has to investigate the cause of poor performance
as being due to:

• Poor or incorrect tuning.

• Incorrect controller configuration, e.g. choice of
MVs may not be correct.

• Large disturbances, in which case the sources of
measured disturbances have to be identified and po-
tential feedforward control benefits should be inves-
tigated.

• Engineering redesign , e.g. is it possible to reduce
process time delays?

• Model-plant mismatch in the case of MPC con-
trollers and how does model uncertainity affect the
calculation of the performance index (e.g. if the
index has been obtained from an uncertain interac-
tor).

• Poor choice of constraint variables and constrained
values.

Some of the above referenced issues have been already
dealt with in the literature, e.g. (ANOVA analysis to
investigate the need for feedforward control by Desbor-
ough and Harris (1993), Vishnubhotla et al. (1997), and
Stanfelj et al. (1993); others are open problems. The
diagnosis issues related to the model-plant mismatch is
briefly discussed below in a theoretical framework and
illustrated on an industrial MPC evaluation case study
that follows. A discussion of the poor performance diag-
nosis steps leading to guidelines for tuning and controller
design issues is beyond the scope of this paper.

Model-Plant Mismatch

MPC controllers rely heavily on process models. In par-
ticular an accurate model is required if the process is

Controller Plant
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Figure 18: Schematic of a closed loop system in
which the prediction error is monitored.

to be regulated very tightly. On the other hand perfor-
mance can be detuned in favour of robustness if an accu-
rate model is not available or should the process change
over a period of time. The extent of MPM can not be
easily discerned by simply examining the closed loop pre-
diction error. As shown in Figure 18, the prediction error
under closed loop conditions is a function of the MPM,
setpoint changes and measured and unmeasured distur-
bances. Thus the cause of large prediction errors may
not necessarily be attributed to a large MPM. Consider
Figure 18, where the prediction error is denoted as e.

Under open loop conditions, the prediction errors is:
e = (P − P̂ )u+ d. Under closed loop control the predic-
tion error expression is:

e =

(
(P − P̂ )C
1 + CP

)
ysp +

(
1 + CP̂

1 + CP

)
d

It is clear from the above expression that a large
prediction error signal could be due to a large MPM
term, or a large disturbance term or setpoint changes.
Thus the question of attributing a large prediction er-
ror as being due to model-plant-mismatch needs careful
scrutiny. Huang (2000) has studied the problem of de-
tecting significant model plant mismatch or process pa-
rameter changes in the presence of disturbances.

Industrial MIMO Case study 2: Analysis
of Cracking Furnace Under MPC Control

This section documents the results of the controller per-
formance analysis carried out on an ethane cracking fur-
nace. The control systems comprises of (1) a regulatory
layer and (2) an advanced MPC control layer. The first
pass of performance assessment revealed some poorly
performing loops. Further analysis revealed that these
loops were in fact well tuned but were being affected by
high frequency disturbances and setpoint changes. The
furnace MPC application considered here, however, is
unlike conventional MPC applications. The steady state
limits were set in such a way that the setpoints for the
controlled variables were held constant, i.e. the focus of
the evaluation was on the models and the tuning of the
dynamic part.

The MPC layer displays satisfactory performance lev-
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els when there are no rate changes. During rate changes,
the MPC model over predicts thus causing poor perfor-
mance. Re-identification of the model gains was found
to be necessary to improve MPC performance.

Control Strategy Overview

The purpose of the Furnace MPC controllers is to main-
tain smooth operation, maximize throughput and mini-
mize energy consumption to the furnaces while simulta-
neously honoring all constraints. There is one MPC con-
troller per furnace. The conversions, the total dry feed,
the wet feed bias, the steam/feed ratio and the oxygen to
fuel ratio is controlled by MPC. These variables are ma-
nipulated by moving the north and south fuel gas duty
setpoints, the north and south wet feed flow setpoints,
the steam pressure setpoint, the fan speed controller set-
point and the induced fan draft. Thus there are 6 pri-
mary controlled variables and 7 manipulated variables.
There are a number of secondary controlled variables,
which MPC is required to maintain within a constraint
region. These secondary CVs include valve constraints,
constraints on critical variables such as the coil average
temperatures (COTS). Considering the degrees of free-
dom (MVs) available, it may not always be possible to
satisfy all the constraints. In such cases, a ranking mech-
anism decides what constraints are least important and
could be let go.

A critical component of the MPC controllers is the
model describing the relationships between the MVs and
the CVs—primary as well as secondary. These mod-
els are developed on the basis of open loop tests. Step
response curves are used to parameterize the models.
These models are used by MPC to predict the future
process response. A portion of the step response model
matrix is shown in Figure 19.

Performance analysis of the furnace control loops was
conducted in two stages. Phase one loop analysis was
performed on the lower regulatory layer. With the ex-
ception of a few loops, the first pass of performance
assessment revealed satisfactory performance of most
loops. The higher level MPC performance assessment
commenced next.

Multivariable Performance Assessment for MPC. Ta-
ble 2 summarizes the performance statistics. A diagonal
interactor was used, based on the knowledge of the pro-
cess models.

The performance metrics indicated satisfactory perfor-
mance on all the variables except for tags 4 and 6. The
closed loop settling time is approximately the same as
the open loop settling time, which indicates a conserva-
tively tuned application. Part of the reason for the slow
response in control of tags 4 and 6 could be the presence
of a measurement delay. During January 2000, the ser-
vice factor for MPC was low due to some communication
issues, which have been since resolved. This meant that
there was an opportunity to compare the furnace per-

Description PI

Closed-
Loop

Settling
Time (min) Status

Tag 1 0.95 8
Tag 2 0.94 1
Tag 3 0.76 15
Tag 4 0.44 15 LOW
Tag 5 0.71 15
Tag 6 0.49 15 LOW
Tag 7 0.88 10
Multivariable PI 0.71

Table 2: Summary of MPC performance.

formance with and without MPC. Based on data from
Jan 14-16 when MPC was shut off for part of the time,
performance metrics were obtained to compare the two
control systems—MPC and conventional PID controls.
The statistics indicate that the overall control is only
slightly better with MPC turned on.

MPC Diagnostics

Is MPC doing its best? Can we improve the current
performance levels of the furnace MPC controller? These
questions lead us to two issues that are closely related to
each other:

1. How good are the models used for predicting the
process response?

2. How well tuned is the multivariable controller?
“Tuning” includes a whole range of different of
parameters—weightings, horizons, constraints,
rankings . . .

We will try to illustrate a case where the model pre-
dictions can mislead the controller and hence cause poor
performance. This Furnace was showing poor MPC per-
formance, especially during rate changes. This moti-
vated us to look more closely at the model prediction
accuracy.

Before evaluating the current predictions, we establish
a baseline when the open loop tests were conducted. Fig-
ures 21–23 compare the conversion predictions for the
open loop case as conducted before commissioning the
MPC. The model accuracy is reasonable. The average
prediction error, for this data set was 3.18.

Average
Prediction

Error
=

1
N

N∑
k=1

Ny∑
i=1

{yi(k + 1)− ŷi(k + 1|k)}2

The predictions for other variables—COTs, Feed Flow
and Bias, S/F ratio also fared well. The remaining vari-
ables are not shown for the sake of brevity.
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Figure 19: A portion of the step response models used by MPC.

The model accuracy can then be compared with the
current predictions. There were two rate changes during
this period, due to furnace decokes.

An average prediction error of 175.7 was observed dur-
ing this period. The tags 3 to 6 predictions were much
worse than the rest. Taking a closer look at the tags 3-6
predictions revealed that the models were over predicting
by a factor of 2. Based on a combination of statistical
analysis and process knowledge it was decided that the
model gains were incorrect.

Improving MPC Performance

The main stumbling block to improving MPC perfor-
mance was its model accuracy. The models causing the
large mismatch were identified. One of the reasons for
the model plant mismatch is the fact that open loop tests
were carried out in a operating region which is quite
different from the current operating conditions (higher
rates, conversions, duties). Fairly routine plant test,
were used to identify the suspected changes in steady
state gains. These tests were conducted under closed

0

0.2

0.4

0.6

0.8

1

1.2

Tag 1 Tag 2 Tag 3
.

Tag 4 Tag 5 Tag 6 Tag 7

MPC ON

MPC OFF

Figure 20: Comparison of performance, with and
without MPC.

loop conditions and the gain mismatch has now been
fixed with satisfactory MPC performance. The newly
identified gains were indeed found to be significantly dif-
ferent from the earlier gains.

To illustrate the effect of the MPM on cracking effi-
ciency, conversion control on the 3 furnaces was com-
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Figure 21: The predictions (green) and the North
conversion measurements (blue) are shown in the top
graph. The bottom graph shows the changes in fuel
duty during this period.

Figure 22: The scaled conversion predictions for Feb
11-15.

pared and is shown in Figure 24. Furnace 3 with the
older models takes almost 45 minutes more to settle out,
compared to furnaces 1 and 2, which have the updated
models. The overshoot for Furnace 3 is 2.5%, as opposed
to 1.5% on Furnace 1 and 2 (a significant 40% decrease).
Thus the performance and subsequent diagnosis analysis
of this MPC application illustrates the value in routine
monitoring and maintenance of MPC applications.

Concluding Remarks

In summary, industrial control systems are designed and
implemented or upgraded with a particular objective in
mind. We hope that the new controller loop performance
assessment methodology proposed in the literature and
illustrated here, will eventually lead to automated and
repeated monitoring of the design, tuning and upgrading

Figure 23: The scaled conversion predictions—
apparent gain mismatch.

Figure 24: Comparison of Furnace control with up-
dated models.

of the control loops. Poor design, tuning or upgrading
of the control loops will be detected, and repeated per-
formance monitoring will indicate which loops should be
re-tuned or which loops have not been effectively up-
graded when changes in the disturbances, in the process
or in the controller itself occur. Obviously better design,
tuning and upgrading will mean that the process will op-
erate at a point closer to the economic optimum, leading
to energy savings, improved safety, efficient utilization
of raw materials, higher product yields, and more con-
sistent product qualities. Results from industrial appli-
cations have demonstrated the applicability of the multi-
variate performance assessment techniques in improving
industrial process performance.

Several different measures of multivariate controller
performance have been introduced in this paper and
their applications and utility have been illustrated by
simulation examples and industrial case studies. The
multivariate minimum variance benchmark allows one to
compare the actual output performance with the mini-
mum achievable variance. However it requires knowledge
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of the process time-delay matrix or the interactor. On
the other hand the newly proposed NMIRwof measure of
performance provides a graphical ‘metric’ that requires
little or no a priori information about the process and
gives a graphical measure of mutivariate performance in
terms of settling time, rate of decay etc.. The challenges
related to MPC performance evaluation are illustrated
by an industrial case study of an ethylene cracker. It is
shown how routine monitoring of MPC applications can
ensure good or ‘optimal’ control. The lumped objective
function based method of monitoring MPC performance
is shown to work well on the industrial case study. The
study illustrates how controllers, whether in hardware
or software form, should be treated like ‘capital assets’;
how there should be routine monitoring to ensure that
they perform close to the economic optimum and that
the benefits of good regulatory control will be achieved
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Abstract
In the past several years there has been considerable commercial and academic interest in methods for analyzing the
performance of univariate and multivariate control systems. This focus is motivated by the importance that control
systems have in enabling companies to achieve goals related to quality, safety and asset utilization. Control system
performance cannot be adequately described by simple statistics, such as the mean and variance of manipulated and
controlled variables, the percentage of time that constraints are satisfied, and the on-stream time. Although these are
important performance measures, a comprehensive approach for controller performance monitoring usually includes the
following elements: i) determination of the capability of the control system, ii) development of suitable statistics for
monitoring the performance of the existing system, and iii) development of methods for diagnosing the underlying causes
for changes in the performance of the control system. In this paper, recent developments related to these items will be
reviewed for both univariate and multivariate systems. Some multivariate time series methods helpful in supporting these
controller performance assessment techniques in practice will be discussed, and an industrial example will be provided.
Finally, the future direction of commercial applications of controller performance assessment will be briefly discussed, as
will the issue of whether controller performance assessment is destined to be offered as a product or a service.

Keywords
Controller performance, Minimum variance control, Multivariable systems, Subspace methods, Vector autoregressions

Introduction

Early interest in theory and methods for the on-line anal-
ysis of control systems can be traced to papers by Åström
(1967) and De Vries and Wu (1978). Since that time
work in this area has continued, with considerable de-
velopment taking place during the 1990s. Reviews and
critical analyses of several approaches for assessing con-
trol loop performance can be found in Huang and Shah
(1999), Harris et al. (1999), and Qin (1998). Control
system capability statistics based on the performance
benchmark of minimum variance control for single-input
single-output (SISO) systems were the initial underlying
concept for much of this work. Regulation of stochas-
tic and deterministic disturbances, setpoint tracking, ex-
tensions to multiple-input-single-output (MISO) systems
(i.e., single output systems with feedforward variables)
are readily accommodated in this framework, and these
aspects have been described in the aforementioned ref-
erences. Recently, Ko and Edgar (2000a) have extended
these ideas to evaluate cascade control systems. Horch
and Isaksson (1999) have proposed a modification to
the basic performance measures to more closely connect
the monitoring and control objectives. Thornhill et al.
(1999) provide comprehensive guidelines for the applica-
tion of control loop assessment and Miller and Desbor-
ough (2000) describe a commercial product/service for
control loop assessment.

Extensions of minimum variance performance as-
sessment techniques to multiple-input-multiple-output
(MIMO) systems for general time delay systems was ini-

∗harrist@post.queensu.ca

tially considered by Harris et al. (1996), and Huang et al.
(1997b). The challenges in evaluating a multivariate con-
trol system (as opposed to analyzing single loops in a
complex control system) are considerable. These chal-
lenges arise primarily from: i) the requirement for a pri-
ori knowledge of the time delay structure of the process,
ii) the time-varying nature of control loops which arises
from the constraint handling requirements of multivari-
ate controllers, and iii) the requirement to use sophisti-
cated identification methods to obtain meaningful esti-
mates of the closed loop impulse weights. There are a
considerable number of challenges, both theoretical and
practical, in the assessment of multivariate schemes.

The purpose of this paper is to provide: i) a concise
summary of results in univariate performance monitor-
ing, ii) an overview of challenges and recent develop-
ments in the assessment of multivariate control systems,
and iii) a brief discussion on the future direction of indus-
trial applications of controller performance assessment,
including the role of supporting technologies (including
an industrial example), and the consumer’s perspective
on commercial performance assessment solutions—are
they products or services?

Univariate Performance Assessment

Process Description

To introduce the concepts of control performance moni-
toring and assessment, consider a process whose behav-
ior about a nominal operating point can be modeled by

208



Recent Developments in Controller Performance Monitoring and Assessment Techniques 209

a linear transfer function with an additive disturbance:

Yt =
ω(q−1)q−b

δ(q−1)
Ut +Dt (1)

where Yt denotes the difference between the process vari-
able and a nominal operating point. Ut denotes the dif-
ference between the manipulated variable and its nom-
inal value, and ω(q−1) and δ(q−1) are polynomials in
the backshift operator, q−1. b whole periods of delay
elapse between making a change in the input and first
observing its effect on the process output. The process
disturbance, Dt, is represented by an Autoregressive-
Integrated-Moving-Average (ARIMA) time series model
of the form:

Dt =
θ(q−1)

∇dφ(q−1)
at (2)

where θ(q−1) and φ(q−1) are stable polynomials in the
backshift operator, and ∇ is a shortcut notation for
(1 − q−1). The integer d denotes the degree of differ-
encing (0 ≤ d ≤ 2 in most applications). at denotes
a sequence of independently and identically distributed
random variables with mean zero and variance σ2

a. This
disturbance structure is capable of modeling commonly
occurring stochastic and deterministic disturbances.

The process is controlled by a linear feedback con-
troller of the form:

Ut = Gc(q−1)(Ysp − Yt) (3)

where Gc(q−1) is the controller transfer function and
Ysp denotes the deviation of the setpoint from its refer-
ence value. We will assume that these values are equal;
the general case is considered in Desborough and Harris
(1992). With these assumptions, the closed loop is given
by:

Yt =

 1

1 + ω(q−1)q−b

δ(q−1) Gc(q−1)

Dt (4)

Substituting Equation 2 for Dt in Equation 4 and sim-
plifying allows the closed-loop to be written in rational
transfer function form as follows:

Yt =
α(q−1)
β(q−1)

at = ψ(q−1)at (5)

The closed-loop impulse response coefficients are given
by:

ψ(q−1) = 1 + ψ1q
−1 + ψ2q

−2 + · · · (6)

Convergence of the series in Equation 6 is guaranteed if
the closed-loop is stable; the expansion is valid for com-
putation of the impulse weights, ψj . Tyler and Morari
(1996) present a useful discussion on the duality between
the impulse weights ψj and other classic measures of con-
troller performance including settling time, decay rate,
and desired reference trajectories.

Minimum Variance Performance Bounds and
Performance Measures

If one were to design a controller to minimize the variance
of the output, the impulse response coefficients beyond
the process deadtime, ψj , j = b, b + 1, . . . , would equal
zero. The output variance would equal (Åström, 1967,
1970; Box and Jenkins, 1976):

σ2
y = σ2

mv = (1 + ψ2
1 + · · ·+ ψ2

b−1)σ
2
a. (7)

If the minimum variance performance fails to meet the
controller’s design objectives, then reductions in the out-
put variance can only be achieved by modifying the pro-
cess to change the disturbance characteristics or by re-
ducing the deadtime. Because σ2

mv provides a funda-
mental lower bound on performance, simply retuning the
controller, or implementing a more sophisticated linear
controller with the same manipulated variable and con-
trol interval, will not reduce process variability. This
bound depends only on the process delay and is other-
wise independent of the dynamic characteristics of the
controller.

Implementation of a minimum variance controller that
achieves the bound described in Equation 7 requires that
the polynomials ω(q−1) and δ(q−1) and be stable. When
these conditions are not satisfied, it is still possible to
design a controller that minimizes the variance of the
output subject to stability of both the closed-loop and
manipulated variable. The output variance will, by ne-
cessity, exceed that described by Equation 7. This topic
is discussed further in a subsequent section.

Desborough and Harris (1992), Stanfelj et al. (1993),
Kozub and Garcia (1993) and Kozub (1996) have intro-
duced a number of performance indices to provide an
indication of the departure of the current performance
from minimum variance control. Typical performance
measures are:

ξ(b) =
σ2

y

σ2
mv

(8)

and

η(b) = 1−
1 + ψ2

1 + · · ·+ ψ2
b−1

1 + ψ2
1 + · · ·+ ψ2

b−1 + ψ2
b + · · ·

= 1− σ2
mv

σ2
y

(9)

where ξ(b) ≥ 1 and 0 ≤ η(b) ≤ 1. The performance
index ξ(b) corresponds to the ratio of the actual vari-
ance to that which could theoretically be achieved under
minimum variance control. The normalized performance
index, η(b), is a number between 0 (minimum variance
performance) and 1 (far from minimum variance perfor-
mance) that reflects the inflation of the output variance
over the theoretical minimum variance bound. As indi-
cated in Desborough and Harris (1992), it is more useful
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to replace σ2
y by the mean square error of yt, thereby

accounting for offset.
Note that the normalized performance index is in-

dependent of the magnitude of the disturbance driving
force (at in Equation 2). It may happen that η(b) = 0,
i.e., the system is operating at minimum variance con-
trol performance, yet σ2

y still exceeds process or product
requirements. In this case the process—not the control
system—is not capable.

Estimation of Minimum Variance Performance
Bounds and Performance Measures

It is possible to calculate the minimum variance perfor-
mance bound, σ2

mv, by estimating a process plus dis-
turbance model obtained from a designed experiment.
This performance bound can then be used to determine
the process capability. If the performance bound fails to
meet process specifications, then the process modifica-
tion remedies described above must be sought to rectify
the situation. Such an approach would severely limit the
usefulness of this bound because obtaining a process and
disturbance model is labour intensive and intrusive, i.e.,
it requires a perturbation signal to be introduced. Fur-
thermore, the disturbance structure may change during
the period of data collection, potentially changing the
results of the analysis.

Why then, has the minimum variance performance
benchmark in Equation 7 proven to be so useful in prac-
tice? Its usefulness stems from two important properties:

1. Autocorrelation Test: Under minimum variance
control, the autocorrelations of the y’s are zero be-
yond lag (b−1) since the closed-loop is a moving av-
erage process of order (b−1), or an ARIMA(0, 0, b−
1) process (Åström, 1967, 1970; Box and Jenkins,
1976). Conversely, if any (stable) controller results
in a closed-loop, which is an ARIMA(0, 0, b−1) pro-
cess, then the controller is a minimum variance con-
troller. If the controller is unstable, except for the
presence of p integrators, then the observed closed-
loop may appear to be a moving average process of
order less than (b−1), (Foley and Harris, 1992). Ex-
cept in these rare cases, the sample autocorrelation
function of the y’s, or a portmanteau test on the au-
tocorrelations of y can be used to provide a simple,
convenient, and useful method for testing whether
any SISO controller is giving minimum variance per-
formance (Harris, 1989; Stanfelj et al., 1993; Kozub
and Garcia, 1993; Kozub, 1996).

2. Invariance Property: σ2
mv can, under mild con-

ditions, be estimated from routine operating data
when the time delay is known (Harris, 1989). It
is straightforward to show that the first (b − 1) ψj

coefficients of the closed-loop equal the first (b− 1)
impulse coefficients of the disturbance transfer func-
tion. The remaining coefficients are functions of the

controller, process, and disturbance transfer func-
tions. Since the first (b − 1) ψj coefficients are not
affected by any feedback controller they can collec-
tively be interpreted as a system invariant (Harris,
1989; Tyler and Morari, 1996). These can be esti-
mated by fitting a time series model to the closed
loop error:

α(q−1)(yt − ȳ) = β(q−1)at (10)

where α(q−1) and β(q−1) are stable polynomials in
the backshift operator, of order na and nb, respec-
tively. The term ȳ accounts for non-zero mean data.
The coefficients of the polynomials and their orders
can be estimated using standard time series analysis
techniques. Once these parameters have been esti-
mated, the impulse weights are calculated by long
division of α(q−1) into β(q−1). Computational de-
tails, and variants, are discussed in Harris (1989),
Desborough and Harris (1992) and Huang et al.
(1997b).

It is important to note that the calculation of σ2
a and

σ2
mv does not require separate identification of the pro-

cess transfer function and disturbance transfer functions
since η(b) corresponds to the fraction of the output vari-
ance reduction that can be achieved by implementing a
minimum variance controller. As a result of the above
properties, σ2

mv and η(b) can be estimated from routine
operating data if the delay is known.

Exact distributional properties of the estimated per-
formance indices are complicated, and not amenable to a
closed-form solution. Desborough and Harris (1992) ap-
proximated first and second moments for the estimated
performance indices and resorted to a normal theory to
develop approximate confidence intervals. Asymptoti-
cally, the performance indices are ratios of correlated
quadratic forms, and as such the distributions of the per-
formance indices are non-symmetric. Refinements to the
confidence intervals developed in Desborough and Harris
(1992) can be obtained with little extra computational
effort, by resorting to the extensive statistical literature
on the distributional properties of quadratic forms (Har-
ris, 2001).

Extensions and Modifications

The development thus far has been based on the simple
process description given by Equation 4. Performance
monitoring and assessment methods have been extended
to include variable setpoints (Desborough and Harris,
1992), feedforward/feedback systems (Desborough and
Harris, 1993; Stanfelj et al., 1993), processes with inter-
ventions (Harris et al., 1999), and cascade systems (Ko
and Edgar, 2000a).

The performance bounds described above have been
presented under idealized assumptions. The actual, as
opposed to lower bound on performance, is also lim-
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ited by the presence of non-invertible zeros, the require-
ment for smooth-manipulated variable movement, and
the presence of hard constraints on the manipulated vari-
able. A number of modifications have been proposed to
accommodate these issues, and these will be reviewed in
the following paragraphs.

Non-invertible systems. When the process trans-
fer function is non-invertible, it is possible to design a
modified minimum variance controller using spectral fac-
torization methods (Bergh and MacGregor, 1987; Harris
and MacGregor, 1987). This modified minimum vari-
ance controller has the lowest variance among all stable
controllers. The following identities hold:

σ2
a ≤ σ2

mv ≤ σ2
mv? ≤ σ2

Ȧström
(11)

where σ2
mv? denotes the variance of the modified mini-

mum variance controller and σ2
Ȧström

denotes the closed-
loop variance of a simple pole placement algorithm pro-
posed by (Åström, 1970). This latter controller is par-
ticularly easy to design; the limitation being that the
non-invertible zeros of the process transfer function can-
not be canceled. With this design the process output is
a moving average process of order (b− 1+n?), where n?

is the number of zeros of ω(q−1), in q, outside the unit
circle. When the location of the non-invertible zero is
known, in addition to the time delay, σ2

mv? can be esti-
mated from routine operating data (Harris et al., 1996;
Tyler and Morari, 1995; Huang and Shah, 1999). These
latter results use linear-quadratic-control theory to de-
termine the achievable performance bound. The perfor-
mance results can be sensitive to the location of the non-
invertible zero (Tyler and Morari, 1995). Estimation of
σ2

mv? requires considerably more process knowledge than
is required to estimate σ2

mv. Although not as rigorous,
a number of alternate approaches, which retain the sim-
plicity of the minimum variance bounds and calculations,
can be used. These are discussed in subsequent sections.
Recently, Ko and Edgar (2000c,b) have used fundamen-
tal results of Furuta and Wongsaisuwan (1993, 1995) to
show how algorithms such as Dynamic Matrix Control
(DMC) can be used to obtain several different perfor-
mance bounds. This approach will be discussed further
in the multivariate performance assessment section.

Excessive control action and robustness con-
cerns. Minimum variance controllers may call for un-
acceptably large changes in manipulated variable action.
This happens when the process is sampled “quickly” rel-
ative to its dominant time constant. In these circum-
stances minimum variance controllers (or deadbeat con-
trollers) may be sensitive to process model mismatch
(Åström, 1970; Bergh and MacGregor, 1987). In these
instances, it has been found useful to modify the per-
formance indices so that the latter more closely reflects
the controller design requirements. Two modified con-
troller performance indices have been proposed to deal

with these issues: The extended horizon performance in-
dex and the user-defined benchmark performance index.

Extended-horizon performance index. Desbor-
ough and Harris (1992, 1993), Kozub (1996), Harris et al.
(1996), and Thornhill et al. (1999) utilize an extended
horizon performance index defined as:

η(b+h) = 1−
1 + ψ2

1 + · · ·+ ψ2
b−1 + · · ·+ ψ2

b+h−1

1 + ψ2
1 + · · ·+ ψ2

b−1 + ψ2
b + · · ·

(12)

This normalized performance index gives the proportion
of the variance arising from non-zero impulse coefficients
ψj , j > b + h. η(b + h) can also be interpreted as the
square of the correlation between the current error and
the least squares estimate of the prediction made (b+h)
control periods in the past (Harris et al., 1999). The
extended horizon predictor closely matches control ob-
jectives of model based control strategies, such as Dy-
namic Matrix Control (DMC). It is important to note
that when h > 0, the prediction error variance is af-
fected by the structure and tuning of the feedback con-
troller (in contrast to the case when h = 0). The use of
the extended horizon performance index indirectly ac-
knowledges the fact that minimum variance control may
not be desirable or feasible. One obvious advantage of
using η(b+h) instead of η(b) is that the former does not
require a precise estimate of the process delay. Kozub
(1996) and Thornhill et al. (1999) indicate that many
problems in diagnosing the performance of controllers
can be solved by estimating both η(b) and η(b+ h).

User-defined benchmark performance index.
Recently, Horch and Isaksson (1999) have introduced a
normalized performance index:

ξmod(b) =
σ2

y

σ2
mod

(13)

where:

σ2
mod =

(
1 + ψ2

1 + · · ·+ ψ2
b−1 + ψ2

b−1

υ2

1− υ2

)
σ2

a (14)

and 0 ≤ υ < 1. The motivation for this modified per-
formance index is very simple; a minimum variance con-
troller can be interpreted as a requirement that all of
the closed-loop system poles be placed at the origin. If
instead, one of the closed-loop poles is moved to a loca-
tion specified by the designer, then the variance of the
closed-loop is given by σ2

mod in Equation 13. Horch and
Isaksson (1999) show that this design is equivalent to
a requirement that the closed-loop have an exponential
decay to target rather than the dead-beat response re-
quired of minimum variance control. With this interpre-
tation, specification of υ is not difficult. Horch and Isaks-
son call the modified performance index a user-defined
benchmark. They point out that the basic simplicity of
the original performance index is retained, while offer-
ing greater flexibility. The authors do not require that
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the controller be designed using this technique; rather
they point out that the analysis of closed-loop data is fa-
cilitated by the choice of υ. Statistical properties of the
performance index are proposed, and the relationship be-
tween the modified index and specifications on the au-
tocorrelation function (suggested in Kozub and Garcia
(1993) Huang and Shah (1998)) are also discussed.

Note the following properties of this modified con-
troller performance index: i) if the process is operating
at the desired user-defined benchmark, ξmod(b) = 1 ii) if
the performance is “better” than the user-defined bench-
mark, ξmod(b) < 1, iii) if the process variance exceeds
the user-defined benchmark, then ξmod(b) > 1, and iv)
ξmod(b) ≥ 1− υ2. These properties provide a convenient
“normalization” for the performance index.

Hard constraints. When the manipulated variable
is at a hard constraint, the closed-loop is no longer de-
scribed by Equation 4. However, it is possible to es-
timate σ2

mv from routine data by including inputs and
outputs in the time series model (Desborough and Har-
ris, 1992). It is necessary to keep record of when the
constraints are active, so that the model structure prop-
erly reflects the status of the control system. Manipu-
lated variable constraints usually result in offset between
controlled variables and their setpoint. Under such con-
ditions, controller performance assessment can still be
possible if the output(s) of interest are part of a mul-
tivariate predictive control scheme. A working solution
in this case is to substitute the reachable target asso-
ciated with the constrained output, say Y ?

sp,t, for the
setpoint in the calculation of the closed-loop error, i.e.,
yt = Y ?

sp,t − Yt. The reachable target is internally cal-
culated by the control algorithm and is simply a feasible
value for the output of interest conditional on the ac-
tive constraints. The estimates of σ2

mv derived under
such conditions may be suspect due to the influences
of other input variables. In this situation, inspection
of the closed-loop impulse response coefficients, which
provide dynamic information on the output’s tracking
of the reachable target is recommended. In any case,
when a controller is regularly switching between differ-
ent sets of active constraints, benchmarking the dynamic
performance may not be as important as monitoring how
well the controller is meeting its overall design objectives,
e.g., output prioritization and the distribution of offset.

Performance assessment with fixed controller
structure. Most controllers employ a fixed structure,
i.e., a Proportional-Integral-Derivative (PID) controller.
It is of interest to develop performance monitoring and
performance assessment methods for these widely used
systems. Isaksson (1996), Ko and Edgar (1998) and Har-
ris et al. (1999) have investigated these topics. Perfor-
mance limitations arising from a fixed controller struc-
ture can only be determined if a process model is avail-
able. If opportunities for significant performance im-
provements are indicated using the minimum-variance

methods, then one can determine the achievable limita-
tions that arise from using a particular controller struc-
ture only by identifying a process and disturbance model.
The use of previously identified models for assessment in
a predictive control environment is discussed in a later
section.

Detection of oscillations, valve stiction and
other maladies. A number of researchers and prac-
titioners have indicated that more realistic estimates of
the achievable performance are obtained when one de-
tects, diagnoses and “removes” the effect of oscillations
(Owen et al., 1996; Owen, 1997; Horch, 2000). Meth-
ods for detecting oscillation and stiction are described in
Hãgglund (1995), Bittanti et al. (1997), Horch and Isaks-
son (1998, 1999), Seborg and Miao (1999), and Forsman
(2000). Oscillations and valve stiction can be viewed as
faults. There are other faults that beset control loops;
the purpose of this paper is not to review this exten-
sive literature (Isermann and Ballé, 1997). Rather, we
indicate that automated procedures for control loop as-
sessment using the methods proposed here, or descriptive
statistics, must have proper data segmentation so that
the presence of faults do not lead to improper interpre-
tations or conclusions.

Nonlinear and time varying processes. In de-
riving the minimum variance controller, we assumed
the process admits the description given in Equations 1
and 2. When the process is described by a nonlinear
difference equation, either for the dynamics or distur-
bances, development of the nonlinear minimum variance
controller may be very difficult or essentially impossi-
ble. This of course depends upon the structural form of
the nonlinearity. For those descriptions which admit a
nonlinear description and closed-form expressions for the
minimum variance control law, it is possible to construct
examples that show that the feedback invariance prop-
erty does not exist. To ascertain performance bounds
from routine operating data, one must assume that the
process admits a local linear representation. The perfor-
mance assessment results are “locally” valid. If changes
in operating point cause changes in the process model,
then the data must be properly segmented prior to anal-
ysis. Methods for detecting changes in model structure
are discussed in Basseville (1998). If the disturbances
are time-varying or consist of a mixture of stochastic
and deterministic type disturbances, which is often the
case, then the process description in Equations 1 and 2
must be expanded to account for this behavior. Again,
methods for detecting these interventions must be part
of the data analysis. The performance assessment tech-
niques reviewed in this paper can then be applied to
these types of processes (Harris et al., 1999).

Discussion

We point out that σ2
mv may often not be a realizable

performance bound due to the practical limitations de-
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scribed above. It has been pointed out by a number
of authors (Desborough and Harris, 1992; Huang et al.,
1997b,c) that if σ2

mv < σ2
y there may be opportunities to

reduce the output variance. However, a diagnosis of the
control system is required to investigate the cause(s) of
variance inflation. If it suspected that non-invertible ze-
ros or restrictions on the manipulated variables are limit-
ing performance, then a process plus disturbance model
must be identified to calculate σ2

mv? , σ2
Ȧström

, or any
other performance measure which requires knowledge of
the process dynamics and disturbances. Alternatively,
a number of the modified performance indices described
above can be used to aid in the diagnosis of performance
and detect changes in performance from a specified tar-
get value (Kozub, 1996).

Although the performance bounds and performance
measures described in this section were originally intro-
duced to ascertain how far the current performance was
from minimum variance, they have found widespread
use as a component of a more comprehensive perfor-
mance monitoring and assessment methodology. Typi-
cally, industrial controller performance monitoring pack-
ages include some minimum variance-based performance
statistics but also elementary descriptive statistics (such
as mean, standard deviation, % uptime), histograms,
power spectra, autocorrelation functions, impulse re-
sponse functions and even non-linear valve diagnostics.
Continuous performance monitoring applications also
have significant information technology requirements
such as access to historized data, dedicated servers,
scheduling algorithms, and rule-based event notification
and exception reporting (Jofriet et al., 1996). Guide-
lines for implementing univariate performance monitor-
ing methods in practice are discussed in the references
contained in Harris et al. (1999), Vishnubhotla et al.
(1997), Thornhill et al. (1999), and Miller and Desbor-
ough (2000).

Multivariate Performance Assessment

The extension of performance assessment to multivari-
able systems has been studied by Harris et al. (1996),
Huang et al. (1997a,b,c), and Huang and Shah (1998,
1999). Assessment of minimum variance performance
bounds arising from deadtimes in MIMO systems re-
quires knowledge of the interactor matrix. The inter-
actor matrix allows a multivariate transfer function to
be factored into two terms; one having its zeros located
at infinity and another containing the finite zeros. To
introduce this concept, consider a linear time-invariant
process with n outputs and m inputs having transfer
function T (q−1). The interactor is a square matrix poly-
nomial having the following properties (Dugard et al.,
1984):

lim
q →∞ ξ(q)T (q−1) = K (15)

and
|ξ(q)| = qB (16)

where K is a non-singular matrix and B is the number
of zeros of the transfer function located at infinity. In
the univariate case, ξ(q) = qb and B = b. Other prop-
erties of the interactor matrix are discussed in Dugard
et al. (1984), Goodwin and Sin (1984), Tsiligiannis and
Svoronos (1988), Mutho and Ortega (1993), and Mutho
(1995). It is important to note that the interactor matrix
is not unique, and that it cannot always be constructed
solely from knowledge of the delay structure. The in-
teractor matrix can be constructed using linear alge-
bra techniques from the process transfer function in the
aforementioned references and Rogozinski et al. (1987).
Huang et al. (1997a) have shown that the interactor ma-
trix can be estimated from the Markov parameters of the
process transfer function.

It is convenient to define the inverse-interactor matrix
as follows:

ξ−1(q−1) = [ξ(q)]−1 = ξkq
−k + · · ·+ ξdq

−d (17)

where k is the minimum delay in the first row of the pro-
cess transfer function, and d is not less than the maxi-
mum delay in the transfer function. Note that the bound
on k shows that the interactor matrix is not unique; it
can be altered by re-ordering the inputs and outputs.

Using the inverse interactor matrix, the process may
be represented in right matrix fraction form as follows:

Yt = L(q−1)R−1(q−1)Ut +Dt

= ξ−1(q−1)L̃(q−1)R−1(q−1)Ut +Dt

(18)

where ξ−1(q−1) represents the inverse interactor matrix
and Dt represents the process disturbance, which can
often be modeled by a multivariate ARIMA process.

Once the interactor matrix is known, the multivari-
ate extension of the univariate performance bounds can
be established. Several methods can be used, all lead-
ing to equivalent results. Harris et al. (1996) define the
performance bound:

η = 1− E[Y T
mvWYmv]

E[Y T
t WYt]

(19)

where E[·] denotes mathematical expectation and
E[Y T

mvWYmv] denotes the weighted multivariate min-
imum variance performance. W is a positive definite
weighting matrix, which allows for differential weights
on specific outputs. Determination of the multivariate
minimum variance control performance requires that
an all-pass representation of the interactor matrix be
constructed. There are two general approaches for
performing this: spectral factorization and construction
of a spectral interactor.
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Spectral Factorization

The spectral factor of the interactor matrix, γ(q−1), is
defined as the solution to the spectral factor equation:

γT (q)Wγ(q−1) = ξ−T (q)Wξ−1(q−1). (20)

Since ξ−1(q−1) is unimodular, the spectral factor γ(q−1)
is also unimodular. A property of a unimodular spec-
tral factor is that γ−1(q−1) exists, and is a finite poly-
nomial in q−1. Efficient methods for the construction
of the spectral factor involve solution of a bilinear set
of equations, for which iterative application of Cholesky
decompositions are very efficient (Kucera, 1979; Harris
and Davis, 1992). These algorithms have quadratic con-
vergence in a finite number of iterations when the poly-
nomial matrix for which the spectral factor is to be ob-
tained is unimodular.

Construction of the Spectral Interactor Matrix

Huang et al. (1997b) exploit the fact that the interactor
matrix is not unique. They use a spectral interactor,
ξ̃−1(q−1) , introduced by Peng and Kinnaert (1992) and
Bittanti et al. (1994) having the property:

ξ̃−T (q)ξ̃−1(q−1) = I. (21)

Linear algebra techniques can be used to construct the
spectral interactor from the process transfer function or
Markov parameters.

Once the all-pass filter representation has been ob-
tained, it is possible to express the closed-loop system
in the following form (Harris et al., 1996; Huang et al.,
1997b):

St = Ψ1(q−1)at + q−(d−1)Ψ2(q−1)at (22)

where St is a filtered output, having the property that
E[ST

t WSt] = E[Y T
t WYt]. The terms Ψ1(q−1)at and

q−(d−1)Ψ2(q−1)at are uncorrelated. The first term on
the right hand side of Equation 22 is a function only of
the disturbance and the all-pass interactor matrix, and
is otherwise independent of the dynamics of the process.
This term is the multivariate equivalent of the system
invariant, (1 + ψ1q

−1 + · · · + ψb−1q
−(b−1))at, encoun-

tered in univariate performance assessment. The term
Ψ1(q−1)at represents the dynamics of the multivariate
minimum variance controller. The second term in Equa-
tion 22 is a function of the controller, the process trans-
fer function and the disturbances. In the derivation of
Equation 22, it was assumed that a linear time-invariant
controller was used.

Once the decomposition in Equation 22 has been af-
fected, it is possible to calculate the performance index
from Equation 19 as follows:

η = 1−
Tr
(
W
∑d−1

j=0 ΨjΣAΨT
j

)
Tr
(
W
∑∞

j=0 ΨjΣAΨT
j

) (23)

The two important properties encountered in the uni-
variate case, namely the autocorrelation test and the
invariance property, are also found in the multivariate
extension. Once the spectral factor is obtained, one can
also construct a portmanteau test for multivariate mini-
mum variance control that is similar to the autocorrela-
tion function (Harris et al., 1996). Performance bounds
can be determined regardless of the number of inputs and
outputs; there is no need that the process be “square”. In
the multivariate case it can also be shown that the min-
imum variance performance can be estimated from rou-
tine operating data if the interactor matrix is known, and
there are several different methods for calculating the
minimum variance performance bounds (Harris et al.,
1996; Huang et al., 1997b). In the process of calculating
the performance bound, it is necessary to fit a multi-
variate time series to the observations (when a linear
controller is used). When constraints are active it is nec-
essary to fit a predictive model to both the inputs and
outputs. Haarsma and Nikolaou (2000) tested several
identification methods in an application of multivariate
performance assessment in the food processing industry.
Other examples of the application of multivariate perfor-
mance assessment and monitoring are given Harris et al.
(1996), Huang et al. (1997a,b,c), Huang and Shah (1998,
1999), Miller and Huang (1997), and Huang et al. (2000).

The minimum variance controller described in Good-
win and Sin (1984) Dugard et al. (1984) is a sequential
minimum variance controller that is dependent on the
order of the inputs and outputs and choice of interactor
representation. The construction of the all-pass filter
representation of the interactor matrix leads to a “true”
minimum variance controller, which is independent of
these factors.

Remarks

1. Univariate and multivariate performance assess-
ment are conceptually similar, however in the lat-
ter case knowledge of the time delay structure alone
does not guarantee that the performance bounds can
be calculated. Knowledge of the interactor matrix
is an impediment to using multivariate techniques.
Huang et al. (1997a) have shown that the interac-
tor matrix may be calculated from the impulse co-
efficients of the process transfer function and have
proposed a technique to estimate this from process
data. This is akin to estimating the delay in an on-
line fashion for SISO systems. However, this method
requires that a dither signal be added to the process
during the period of data collection. Furthermore,
the method assumes that a linear, time-invariant
controller be used during the period of data collec-
tion.

2. In the SISO case, an extended prediction horizon
can be used for performance monitoring (Equa-
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tion 12). This extended horizon serves two purposes:
i) it provides an indication of the sensitivity of the
performance index to the selection of delay, and ii)
it indirectly addresses the issue that minimum vari-
ance control may not be the desired control objec-
tive. In multivariate analysis, one can also use a
similar concept (Harris et al., 1996). Essentially, one
replaces the interactor matrix by the term ξp+hI,
where p is an estimate of the maximum order of the
inverse-interactor matrix and h > 0. This approach
does not enable calculation of the lower bound on
performance; rather it is more useful in monitoring
changes in the predictive structure of the process.

3. The performance bounds calculated using the inter-
actor matrix are not restricted to those processes
for which there are an equal number of inputs and
outputs. In most cases, multivariable controllers are
used where constraints are a factor. In these cases,
the structure of the time-series model changes as
constraints are engaged. One can adapt the struc-
ture of the time series model to reflect the evolv-
ing constraint set structure. There can be rather
dramatic changes in the minimum variance perfor-
mance bound when the set of constraint variables
changes. The utility of the minimum variance per-
formance bounds in these instances has yet to be de-
termined. One can imagine that other performance
measures may be more appropriate.
Ko and Edgar (2000c,b) have proposed several
methods to address performance assessment in the
presence of constraints. Their work is based on the
fundamental results of Furuta and Wongsaisuwan
(1993, 1995) who show that a receding horizon con-
troller, with input and output weightings, i.e., soft
constraints, can be used to obtain the solution to the
infinite horizon linear quadratic controller. In these
papers, Furuta and Wongsaisuwan use the Markov
parameters of the controller and disturbance (i.e.,
the impulse coefficients) to design the controller. Ko
and Edgar (2000c,b) have used these results to pro-
vide a number of performance bounds. The method
requires that an input/output model relating Y and
U be available; a step response model used in the de-
sign of a predictive controller would suffice for this
purpose. As usual, it is assumed that this model
adequately describes the process. Given a record of
{Yt, Ut}, t = 1..N , the process disturbance can be
reconstructed from the measurements as follows:

Dt = Yt − T (q−1)Ut. (24)

A time series model is then fit to the D’s. Once this
time-series model has been determined, a number
of performance bounds can be determined using the
results of Furuta and Wongsaisuwan (1993, 1995).
By applying zero weight to the inputs, Ko and Edgar

(2000c,b) demonstrate that the minimum variance
performance bound that corresponds to solution of
the unconstrained linear quadratic minimum vari-
ance bound discussed in Harris et al. (1996) can be
estimated. This bound equals the bound obtained
from using the interactor matrix when the process
transfer function has no non-invertible zeros, other
than those associated with the time delay.
By using a time series model for the disturbance,
it is possible to simulate a generalized predictive
controller, over the data set used to estimate the
disturbance. By applying the same inputs and out-
put constraints used in the actual controller, as well
as the same prediction horizons for the inputs and
outputs, an estimate of the performance using the
identified disturbance structure is obtained. Recall
that most receding horizon controllers assume that
the disturbance is adequately modeled by a multi-
variate random walk. This bound correctly accounts
for the presence of constraints.
Both of these approaches, and other variations
which can be derived from this approach, enable one
to use a previously identified process model as part
of the multivariate performance assessment process.
A fundamental assumption is that this model is ac-
curate, and that the disturbance model identified
from Equation 24 has no model mismatch compo-
nent.

4. When a more comprehensive model identification is
undertaken it is possible to use more sophisticated
performance measures. Kendra and Çinar (1997)
have developed a frequency domain identification
and performance assessment procedure for closed-
loop multivariable systems. A priori information,
such as design stage transfer function specifications,
can be incorporated into the analysis. This allows
model mismatch to be assessed, and makes possi-
ble comparisons of current operating performance
to design specifications for the sensitivity and com-
plementary sensitivity functions. External excita-
tion must be provided in the form of a dither sig-
nal to enable identification of the sensitivity func-
tions. Gustafsson and Graebe (1998) have devel-
oped a procedure to ascertain whether changes in
closed-loop performance arise from changes in dis-
turbance structure or changes in the process trans-
fer function. A test signal must be applied for this
analysis.

5. Intervention analysis provides a framework to incor-
porate variable setpoint changes, feedforward vari-
ables and deterministic disturbances in the univari-
ate case. Analogous methods for the multivariable
case have not been developed extensively.

One possible criticism of recent research developments
in controller performance assessment is that too much
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Figure 1: A time series plot showing the CV errors
for the feed flow loop, the bottoms flow loop, the
reboiler level loop, and the reflux level loop for the
industrial distillation column. The trend plots show
roughly five-thousand samples of one-minute data for
each variable.

effort has been focused on estimating system invariants.
While this is certainly one of the most interesting and
challenging problems from an academic perspective, it is
really only one of the many tools that an engineer might
effectively use to monitor and/or analyze control system
performance. The use of system invariants for multivari-
ate performance assessment is a significant barrier to use
due to the information requirements and the level of ex-
pertise needed to apply the methodology and interpret
the results. Comprehensive methods for analyzing the
interaction structure of the closed-loop are essential for
diagnosing multivariate systems. In the next section we
will demonstrate some analysis methods that can be de-
rived using multivariable time series methods.

Example of Multivariate Process Analysis

In this section we will apply multivariate time series tech-
niques to analyze an industrial data set. The objective
of the analysis is to provide a qualitative and quanti-
tative analysis of the closed-loop behavior. Our inter-
est extends beyond the question as to whether or not
the control system is operating at a desired performance
benchmark.
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Figure 2: Univariate CV error impulse response func-
tions. Clockwise, from the top left: the bottoms flow,
the reboiler level, the feed flow, and the reflux drum
level.

Process Description

In this example, multi-output impulse response analysis
will be used to study the dynamic relationships between
four controlled variable (CV) error variables sampled
from an industrial distillation column. The CV error
vector was calculated from setpoint and output observa-
tions sampled at one-minute intervals from the following
control loops on the column: the feed flow controller,
the bottoms flow controller, the reboiler level controller,
and the reflux drum level controller. Time series plots of
these variables are shown in Figure 1. It is assumed that
no prior information is available concerning the multi-
variable delay structure. Note, all of the modeling meth-
ods used in this section are standard results that have
been adapted from the multivariate time series analysis
literature (Hamilton, 1994; Lütkepohl, 1991).

Univariate Impulse Response Analysis

The first step was to estimate the closed-loop impulse
weights, Equation 6, for each of the process variables.
This was accomplished by fitting a univariate autore-
gressive model (using a least squares approach) to each
variable and calculating the impulse weights by long di-
vision. The estimated impulse response plots are shown
in Figure 2. The time horizon for the plots has been
set to twenty minutes for the flow controllers (column
one), and seventy minutes for the level controllers (col-
umn two).

Some deductions regarding the dynamic performance
of each of these control loops can be made from the uni-
variate impulse response functions. For example, strong
cyclical behavior is observed in all the tracking error vari-
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ables except for the feed flow. There is a one hour cycle
in the reflux drum level, a seven minute cycle in the
bottoms flow, and a seven minute cycle combined with
another, slower, response in the reboiler level. The feed
flow controller seems reasonably well tuned; it is free
from overshoot or cycles, and damps out quickly. These
are all valid observations, but no information regarding
possible interactions between these loops can be made
unless a multivariate analysis is performed. With the ex-
ception of the feed flow, none of the variables is close to
their individual minimum variance performance bounds.

Multi-Output Impulse Response Analysis

An impulse response plot is simply a graphical rep-
resentation of a time series model in moving average
form. The displayed impulse response coefficients are the
weights that describe the dynamic relationship between
the input and the output. When the input is assumed
to be a unit impulse, the impulse response plot shows
the predicted output response. In the multi-output case,
the (i, j)th entry in the (n× n) impulse response matrix
gives the model weights between input driving force j
and output i.

Note that in the current context of analyzing CV error
dynamics, the multi-output impulse response estimates
are based on routine operating data. In contrast, step
response data to be used for identification is collected
under experimental conditions where input variables are
manipulated. So while models based on the latter ap-
proach can be considered causal, the same is not true
for the former. If the underlying data has not been col-
lected during an experiment, the tracking error impulse
response plots simply help the analyst interpret the cor-
relation structure between the tracking error trends, not
the true causal relationships.

Modeling Control Error Trends—Vector Time
Series Approach

Multi-output control error trends can be considered a
group of univariate control error trends of equal length
that all share the same time stamp. Rather than being a
scalar at time t, a multi-output control error trend is an
n dimensional vector at time t, with one element for each
of the n controlled variable (CV) error trends. Define the
following vector time series:

yt = Ysp,t −Yt (25)

where yt, Ysp,t, and Yt are vectors representing the
control error, the output, and the setpoint, respectively.
In practice, one would typically be working with y, an
(N × n) array of CV error data, based on N samples of
n CV error trends.

Treating the dynamic analysis of multi-output control
error trends as an endogenous estimation problem with
no a priori information has been explored by Seppala
(1999). Linear dynamic approximations of endogenous

system behavior with no a priori information and no as-
signed input/output structure had been previously used
in the field of applied econometrics. The simplest multi-
variate dynamic model that can represent yt is a vector
autoregressive (VAR) model which is written as follows:

Φ(q−1)yt = at (26)

where at is a vector of driving forces, and Φ(q−1) is an
autoregressive matrix polynomial defined as:

Φ(q−1) = In + Φ1q
−1 + · · ·+ Φpq

−p (27)

where each Φi is an (n × n) coefficient matrix. The ex-
panded form of Equation 26 is clearly analogous to a
scalar autoregressive model; each variable in yt is ex-
pressed as a function of lagged values of itself and the
other (n− 1) variables in yt:

yt = −Φ1yt−1 − · · · − Φpyt−p + at (28)

where p is the autoregressive model order. The driving
force covariance matrix, Σa, is given by:

Σa = E[ataT
t ]. (29)

The diagonal elements of Σa are the driving force vari-
ances, and the off-diagonal elements are the driving force
covariances.

To find the multi-output impulse responses, one pro-
ceeds in much the same fashion as in the univariate case.
If the autoregressive matrix polynomial in Equation 27
is stable, then the VAR model for yt may be expressed
in vector moving average (VMA) form:

yt = Θ(q−1)at

= (1 + Θ1q
−1 + · · ·+ Θrq

−r)at

=
r∑

i=0

Θiat − i

(30)

where Θ(q−1) is the vector moving average matrix poly-
nomial, defined such that Φ(q−1)Θ(q−1) = In . The Θi’s
can be found using the recursion:

Θi =
i∑

j=1

Θi−jΦj (31)

where i = 1, 2, . . . , and Θ0 = In. The Θi coefficient
matrices contain the multi-output impulse response co-
efficients.

The VMA model for yt in Equation 30 is not unique;
a property of many types of multivariate models. To
illustrate the non-uniqueness property, consider any non-
singular matrix P : the Θi matrices can be replaced by
Ψ = ΘiP , and the driving forces can be replaced by
vt = Pat, resulting in the following equivalent model for
yt:

yt =
r∑

i=0

ΘiPP
−1at−i =

r∑
i=0

Ψivt−i (32)
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Figure 3: Multi-output CV error impulse response
plot matrix for the four variable system consisting of
the bottoms flow, the feed flow, the reboiler level and
the reflux level. These responses were computed from
an eighth order VAR model converted to orthogonal
innovations form VMA via a Cholesky factorization
of the covariance matrix. This plot shows the first
seventy steps of the response.

The models in Equations 30 and 32 are equivalent in the
sense that they produce identical estimates of the k-step
ahead forecast error covariance. The non-uniqueness
property of the VMA model can be used to choose a par-
ticular P that orthogonalizes the driving forces, thereby
simplifying multi-output impulse response analysis and
variance calculations. A common choice is to select P so
that it is the Cholesky factor of the driving force covari-
ance matrix, resulting in orthogonalized driving forces
vt. When one interprets the impulse response coefficient
matrices, the Ψi’s, one can consider the effects of shocks
to the driving force processes one-at-a-time because they
are orthogonal. This topic and other methods for ana-
lyzing multi-output control systems are discussed in Sep-
pala et al. (2001) and Seppala (1999).

Results of Multivariate Analysis

An eighth order VAR model was found to adequately
model the control error data in Figure 1, i.e., Equation 28
was used with n = 4 and p = 8. Standard residual anal-
ysis showed the model to be adequate, and the residu-
als themselves to be nearly orthogonal. The impulse re-
sponse form of the multivariate model for the distillation
column data is shown in Figure 3 with a time horizon of
seventy minutes, and in Figure 4 with a time horizon of
twenty minutes. In these figures, the rows (from top to
bottom) represent the four CV error variables (bottoms
flow, feed flow, reboiler level, and reflux level) and the
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Figure 4: Multi-output CV error impulse response
plot matrix for the four variable system consisting of
the bottoms flow, the feed flow, the reboiler level and
the reflux level. These responses were computed from
an eighth order VAR model converted to orthogonal
innovations form VMA via a Cholesky factorization
of the covariance matrix. This plot shows the first
twenty steps of the response.

columns represent the system’s driving forces. Because
the driving forces are essentially orthogonal, the driving
force in column i can be interpreted as a deviation from
setpoint or disturbance in variable i, and the coefficients
plotted in position (i, i) of the impulse response matrix
can be considered the endogenous component of the re-
sponse for variable i.

Non-significant interactions. The responses in the
subplots labeled A and/or G in Figures 3 and 4 contain
non-significant relationships because the 95% confidence
intervals for the responses contain zero across the entire
time horizon. This can be interpreted as a lack of sig-
nificant correlation between a deviation from setpoint or
a disturbance in variable i and the presence of any cor-
responding response in variable j. From Figures 3 and
4 it can be seen that the model shows non-significant
interactions along the dynamic pathways from: i) the
bottoms flow to the feed flow, ii) the bottoms flow to the
reflux level, iii) the reboiler level to the feed flow, iv) the
reboiler level to the reflux level, and v) the reflux level
to any other system variable.

The feed flow error. Inspection of the second row of
plots in Figures 3 and 4 reveals that only driving force
v2 (recall, v2 is interpreted as an impulse-like upset in
the feed flow) has a significant effect on the feed flow.
This aspect of the model makes sense physically because
in this example, only upstream properties affect the feed
flow controller. If v2 is the only driving force significantly
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correlated with the feed flow control error, then the uni-
variate and multivariate impulse response plots should
be similar for the feed flow tracking error.

How do the other system variables respond to a shock
in the feed flow loop? The plots labeled C show that
after a couple of units of delay, the bottoms flow and
the reboiler level both show significant responses with
a strong cyclical component at seven minutes. The plot
labeledH shows that a shock in the feed flow has a small,
perhaps negligible, effect on the reflux level.

The reflux level error. The reflux level tracking
error exhibits a dominant cycle with a period of about
60 minutes. Since all the responses labeled G in Figures
3 and 4 are non-significant, it can be deduced that the
reflux level control error is unrelated to the other three
tracking error variables over the period of data collec-
tion. Note also that the impulse response plot in pane D
is essentially identical to the univariate impulse response
plot for the reflux level in Figure 2. The multi-output
impulse response plots in column four provide statistical
evidence that errors in the reflux level controller are un-
related to dynamics in the other three loops during the
period of data collection.

The reboiler level/bottoms flow pair. In Figures
3 and 4, the rows showing the responses for the bottoms
flow (row 1) and the reboiler level (row 3) indicate that
there is a strong seven minute cycle shared by both CV
error variables in this cascaded pair. The multivariate
model that has been estimated shows that an upset in
any of the CV error variables except the reflux level error
is related to this statistically significant response in the
bottoms flow/reboiler level pair. As mentioned above,
deductions regarding causality are out of the question,
but the analysis shows that a common cycle exists be-
tween the reboiler level error and the bottoms flow error,
and that the error in at least one external loop (the feed
flow) is correlated with this pair.

Industrial Perspectives

At CPC V, controller performance monitoring was cat-
egorized as a new direction for academic research. Since
then, there has been considerable research in this area,
with a significant focus of this work directed towards de-
veloping controller performance monitoring (CPM) tech-
niques for multivariable systems. Most of the work in
this area has focused on developing multivariable system
invariants, with more recent work addressing incorpora-
tion of constraints. There are other topics requiring at-
tention, and we shall indicate a few that are of industrial
interest.

As CPM matures as a technology, and as its accep-
tance becomes more widespread, the question of how
to affect CPM solutions arises. Since 1996, a number
of commercial products and services for CPM have ap-
peared. There are an enormous number of challenges in

developing, supporting and ensuring that these packages
are used effectively. We will provide a short discussion
of these challenges. Finally, a brief discussion on the rel-
ative merits of CPM solutions as vendor products or as
vendor services is included.

New Areas for Research

Multivariate predictive controllers have an optimization
layer in the form of a linear or quadratic program, and
some plants have real time optimization (RTO) systems
downloading targets to Multivariable Predictive Con-
trollers (MPCs) or to the base level control system.
What is there to be learned by monitoring the behavior
of these targets? On the time scale of control systems,
can this data be considered dynamic? RTO targets ar-
rive on the order of hours and can be considered static;
however, over-active optimization targets that cannot be
considered static from the point of view of the control
system have been observed. What effect does would the
latter have on one’s perception of control system perfor-
mance?

The use of dynamic analysis of variance (ANOVA),
i.e., studying the correlation and quantifying the vari-
ance propagation between key control system variables
was used by Desborough and Harris (1993) to analyze
multiple-input-single-output controlled systems. Ideally,
one would use ANOVA methods to identify process vari-
ables that are chiefly responsible for variance inflation
of key controlled variables. The technical challenges
are well-known: causal ordering of upstream variables,
the effects of feedback and recycle, collinearity of dis-
turbances, and a dealing with the component of vari-
ance propagation due to invariants. Further study of
this topic is warranted.

Several methods for modeling multivariate dynamic
and/or static data have matured to the point where pow-
erful software packages are now available for their appli-
cation. A couple of examples well known in the control
engineering community are: ADAPTX (Subspace ID),
Simca-P (PCA/PLS), and the host of data analysis tools
available for the Matlab(R) environment. In combina-
tion with process knowledge, these data analysis pack-
ages can be very useful for analysis and diagnosis. Note,
however, that batches of control system data that have
been gathered because they came from a previously iden-
tified problem area are good for analysis, but this does
not count as monitoring. True performance monitor-
ing requires constant, scheduled contact with the plant
information system, and this has been known for some
time. There are many practical challenges with real-time
applications: data integrity, fault-detection, robust algo-
rithms, data visualization and presentation, to name a
few.
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CPM in the Field: A Product or A Service?

Many practicing control specialists are now at least fa-
miliar with controller performance monitoring. A num-
ber of prototype industrial controller performance mon-
itoring systems have been described in the open liter-
ature, Harris et al. (1999). Commercial products are
available from Honeywell, Matrikon and Control Arts to
name a few. When one considers purchasing CPM ca-
pabilities for a plant, besides the obvious issues of the
level of technology required, the issue of whether to buy
a CPM product, or a CPM service emerges. Using a
CPM product would be like using any other piece of in-
stalled software; essentially one has access to on-line help
and product support. Pursuing a CPM service could in-
volve engineers visiting the site to perform control per-
formance audits, service providers consulting on difficult
CPM problems, or an electronic exchange of raw data
for loop performance reports (Miller and Desborough,
2000).

CPM products and services will both be costly, and
both will require support from the provider. Without
trying to answer the question of which model is better,
CPM as a product or CPM as a service, some of the
important issues will be outlined below.

Whether CPM is used as a product or a service, proper
training is required if plant operation going to benefit
from CPM. One of the frustrations with applications of
CPM, and other quality monitoring methods, is the level
of training for individuals who are asked to use these
methods. Although CPM technology is not as wide in
scope or as complex as multivariate predictive control,
the availability of training in the latter area far exceeds
that which is available for CPM. As with most statistical
methods, attention must be paid to the length of data
and sampling interval used for analysis, the type of fil-
tering used prior to analysis (such as compressed data)
and other aspects of data integrity.

Process knowledge has long been known to be an es-
sential ingredient to successful application of CPM in the
field (Jofriet and Bialkowski, 1996; Haarsma and Niko-
laou, 2000; Horch, 2000). In order to integrate CPM
into engineers’ work practices, regular hands-on expe-
rience with CPM is required to develop skills. CPM
products are best suited for this, because the product
becomes just another tool, one that does not rely on a
third party to use successfully. A particular challenge is
that advanced multivariate techniques, which require a
priori structural information and advanced system iden-
tification techniques, may only be successful when used
by experts in CPM. Widespread use by control engineers
requires automation of most of the methodology, with an
emphasis placed on interpretation and analysis. These
requirements are not different than those encountered in
applications of multivariate statistical process control.
Finally, we note that control engineers working in en-

vironments where constraints on available funds, time,
and support personnel are limiting, are the least likely
to get involved in CPM. In this situation, if CPM is to be
implemented at all, then the service model is probably
more appropriate.

Conclusions

The use of controller performance monitoring and assess-
ment tools in industrial settings has grown considerably
in the past several years. Extensions and variations of
minimum variance based methods have been used ex-
tensively, primarily due to ease of understanding, robust
computational methods, and minimal requirements for a
priori knowledge. Industrial versions of these packages
are available as both products and services.

Since CPC V, there has been considerable develop-
ment of the underlying theory for multivariable con-
troller performance assessment methods. Two main ap-
proaches to multivariate controller performance assess-
ment have emerged thus far. The first method requires
the use of extensive a priori process knowledge. In par-
ticular, the use of previously identified process models,
which enables constraint handling to be addressed in a
logical and straightforward fashion. The outcome of en-
ables one to ascertain performance bounds and thus to
subsequently monitor changes in these bounds over time.
Of course, the results of the analysis are interpreted pre-
suming that the process model is correct. The second
approach largely dispenses with the requirement for a
priori knowledge. Empirical models are built and used
to analyze the predictive structure of the data. In partic-
ular, process interactions, and variance-decompositions
over time can be used to help diagnosis process inter-
actions. With such an approach, one is not restricted
to using time series models; many multivariate statis-
tical methods can be used if they are modified to in-
clude lagged data to account for serial correlation. The
two approaches share common features, and it is clear
that they are non-trivial generalizations of the univari-
ate measures. It remains to be shown whether the more
demanding and complex multivariate methods can be
successfully integrated into a plant-wide monitoring and
assessment strategy.

Most approaches for performance assessment use data
collected in a passive mode or use data generated when
significant events occur (Isaksson et al., 2000; Stanfelj
et al., 1993). This is one of the key attributes of the
performance measures—one performs the analysis with
representative data. When poor performance is detected,
a combination of statistical tools and process knowledge
is required to analyze and diagnose the underlying prob-
lems. The role of designed experiments, in either closed-
loop or open-loop, to aid in the diagnosis and analysis
is an area requiring attention. Preliminary results have
been reported by Kendra and Çinar (1997) and Gustafs-
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son and Graebe (1998). Since many of the proposed
methods for accommodating constraints require that the
process transfer function model be known, on-line and
off-line methods for model validation are essential for
these techniques to be used with confidence. The devel-
opment of diagnostics for model-based control is an open
area for research (Kesavan and Lee, 1997).

The focus of much of this paper has been on the per-
formance measures themselves. Large-scale industrial
applications require incorporation of such performance
measures into a plant-wide monitoring and performance
assessment package. Industrial experience indicates that
many of the challenges to broader application of perfor-
mance measures lie in the successful development and
maintenance of such systems.
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Abstract
In this paper, we overview recent advances towards the integration of process design, process control and process oper-
ability in separation and reaction/separation systems that were developed within our group at Imperial College. Based
on novel mixed integer dynamic optimization algorithms, a simultaneous strategy is presented featuring high fidelity
dynamic models, explicit consideration of structural process and control design aspects (such as number of trays, pairing
of manipulated and controlled variables) through the introduction of 0-1 variables, and explicit consideration of time-
varying disturbances and time-invariant uncertainties. The application of this strategy to two typical (a separation and
a reactive separation) systems is discussed.
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Introduction

The need to consider operability issues at an early phase
of process design is now becoming widely accepted in
both academia and industry. As a result of this, in recent
years, a number of methodologies and tools have been
reported for taking account of the interactions between
process design and process control, with well over fifty
publications since 1982 plus several international work-
shops and dedicated conference sessions (see Van Schi-
jndel and Pistikopoulos, 2000). Despite these develop-
ments, however, it is observable that a large proportion
of the work in this field:

• has concentrated on the application of metrics (e.g.,
condition number) that provide some measure of
a system’s controllability, but may not relate di-
rectly and unambiguously to real performance re-
quirements;

• relies on steady-state or simple, usually linear dy-
namic models for processes;

• does not account for the presence of both time-
varying disturbances and time-invariant (or rela-
tively slowly varying) uncertainties; and

• does not involve selection of the best process design
and the best control scheme, taking into account
both discrete and continuous decisions.

Van Schijndel and Pistikopoulos (2000) also put forward
a number of key challenges that lie ahead in the area
of Process Design for Operability. One such challenge
is the need for a rigorous and efficient solution of the
underlying optimization problem, which is at the heart
of the mathematical representation of the simultaneous
process and control design problem.

∗Tel: +44 20 7594 6620. Fax: +44 20 7594 6606. E-mail:
e.pistikopoulos@ic.ac.uk

The aim of this paper is to give a brief overview of
some recent advances, towards this endeavor, and its ap-
plication to typical separation and reactive separation
problems, carried out whithin our group at Imperial Col-
lege.

Simultaneous Design and Control Under
Uncertainty Framework

As discussed in Van Schijndel and Pistikopoulos (2000),
the problem of the integration of process design, pro-
cess control and process operability can be conceptually
posed as follows:

minimize Expected Total Annualized Cost (P)

subject to

Differential-Algebraic Process Model
Inequality Path Constraints
Control Scheme Equations
Process Design Equations
Feasibility of Operation (over time)
Process Variability Constraints

To determine Process and Control Design

A general, algorithmic framework for solving (P) was
proposed by Mohideen et al. (1996). Its steps, schemat-
ically shown in Figure 1, can be summarized as follows:

Step 1. Choose an initial set of scenarios for the un-
certain parameters.

Step 2. For the current set of scenarios, deter-
mine the optimal process and control design by solving
the (multi-period) mixed-integer dynamic optimization

223
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(MIDO) problem:

min
d,y,

u1
v,u2

v,...,uns
v

ns∑
i=1

wi.φ
(
ẋi(tf ),xi(tf ), zi(tf ),ut

i(tf ),

uv
i,νi(tf ),θi,d,y, tf

)
(1)

subject to

f
(
ẋi(t),xi(t), zi(t),ut

i(t),uv
i,νi(t),θi,d,y

)
= 0

c
(
xi(t), zi(t),ut

i(t),uv
i,νi(t),θi,d,y

)
= 0

g
(
ẋi(t),xi(t), zi(t),ut

i(t),uv
i,νi(t),θi,d,y

)
≤ 0

i = 1, ..., ns

where d includes the continuous process design variables
and controllers’ tuning parameters; y comprises the bi-
nary variables for the process and the control struc-
ture (corresponding to whether a manipulated variable
is paired with a particular controlled variable or not); uv

is the set of time-invariant operating variables; i is the
index set for the scenarios of the uncertain parameters θ;
ns is the number of scenarios; wi, i = 1, ..., ns, are dis-
crete probabilities for the selected scenarios (

∑ns
i=1 wi =

1); φ is a cost function; x(t) is the vector of differen-
tial states; z(t) is the vector of algebraic variables; ut(t)
denotes the set of time-varying manipulated (control)
variables; ν(t) represents the time-varying disturbances;
f = 0 and c = 0 represent the differential and algebraic
equations (DAEs), respectively, for the process and con-
trol system, for which consistent initial conditions are
given; and g ≤ 0 represents the set of constraints (end,
point and path) that must be satisfied for feasible oper-
ation.

Step 3. Test the process and control design from
Step 2 for feasibility over the whole ranges of the uncer-
tain parameters by solving the dynamic feasibility test
problem:

χ (d,y) = max
θ

min
uv

max
l∈L, t∈[0,tf ]

gl (·) (2)

subject to

f (ẋ(t),x(t), z(t),ut(t),uv,ν(t),θ,d,y) = 0

c (x(t),xa(t),ut(t),uv,ν(t),θ,d,y) = 0

If χ (d,y) ≤ 0, feasible operation can be ensured dy-
namically for all values of θ within the given ranges. In
this case, the algorithm terminates; otherwise, the so-
lution of Equation 2 identifies a critical scenario that is
added to the current set of scenarios before returning to
Step 2.

Remarks
1. If the active set formulation of Grossmann and

Floudas (1987) is used to solve (2), as proposed by

Design and Control Scheme
Optimal and Operable

Feasible

Infeasible

Initialization

Assume critical scenarios
for uncertain parameters

Determine Optimal Process and
Control Strucutre Design

Fix design and
control scheme

SolveTest for Feasibility over 
the Whole Ranges of the

Uncertain Parameters

Update
Critical

Scenarios

Figure 1: Decomposition algorithm of Mohideen
et al. (1996).

Dimitriadis and Pistikopoulos (1995) and Mohideen
et al. (1996), then the problem, like (1), corresponds
to a MIDO problem.

2. The formulation (P) is an exact closed-loop, dy-
namic analogue of the steady-state problem of op-
timal design with fixed degree of flexibility (Pis-
tikopoulos and Grossmann, 1988).

3. The solution strategy shown in Figure 1 and de-
scribed above, is a closed-loop dynamic analogue
of the flexible design algorithm of Grossmann and
coworkers (see Biegler et al., 1997, chapter 21).

4. Different control design criteria can be used for ex-
ample, decentralized PI-control, as discussed in Mo-
hideen et al., multivariable PI-control as discussed
in Kookos and Perkins (2000) or Q-parameterization
methods, as discussed in Swartz et al. (2000).

5. To date, the framework has been applied to single-
and double-effect (heat integrated) distillation sys-
tems (Mohideen et al., 1996), to rigorously modeled
double-effect systems (Bansal et al., 2000c), and an
industrial two column system (Ross et al., 1999),
but with control model simplifications, fixed discrete
decisions and simplification in the treatment of un-
certainty.

6. The integrated design and control problem requires
the solution of MIDO problem. Until recently, there
were no reliable methods for dealing with such prob-
lems. Therefore, it is still imperative to develop
rigorous theory and efficient methods to accomplish
this.

7. The proposed decomposition scheme, as shown in
Figure 1, requires the repetitive solution of two
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MIDO problems in the design and the feasibility
stage. It would be theoretically and computation-
ally advantageous to avoid this iterative procedure,
by solving in a single stage first, the feasibility prob-
lem and subsequently, the design problem, as it has
been done for steady state systems by Bansal et al.
(2000a). Currently, an endeavor is made towards
adopting such a conceptual approach for the inter-
actions of design and control under uncertainty and
any progress in that area will be reported in the
future.

In the next section an algorithm for solving mixed in-
teger dynamic optimization problems is outlined. This
algorithm is utilized in the simultaneous process and con-
trol design in the general case, where discrete decisions
about the design and control structure are considered.

Mixed-Integer Dynamic Optimization
(MIDO)

Optimal Control with the incorporation of binary vari-
ables, hence, Mixed Integer Dynamic Optimization
(MIDO), plays a key role in methodologies that address
the interactions of Design and Control (Mohideen et al.,
1996; Schweiger and Floudas, 1997; Bahri et al., 1997;
Kookos and Perkins, 2000). The simultaneous design
and control framework described in the previous section
involves the solution of MIDO problems in Steps 2 and
3. Moreover, MIDO is also encountered in several other
modeling and optimization applications of chemical and
process systems engineering. Avraam et al. (1999) used
MIDO for addressing the issue of optimization on hy-
brid systems and recently, Barton et al. (2000) discuss
the application of MIDO on the same area. Narraway
and Perkins (1994) posed the Control Structure Selection
problem in a Mixed Integer optimal control formulation.
MIDO has also been employed for the design of batch /
semi batch processes (Allgor and Barton, 1999; Barton
et al., 1998; Sharif et al., 1998), dynamic optimization
under uncertainty (Dimitriadis and Pistikopoulos, 1995;
Samsatli et al., 1998) and for the reduction of kinetic
mechanism models (Androulakis, 2000).

A number of algorithms have very recently started to
appear in the open literature for solving MIDO prob-
lems. A common approach is to decompose directly the
MIDO problem into a series of primal problems (up-
per bounds on the solution) and master problems (lower
bounds on the solution). The primal problems cor-
respond to continuous dynamic optimization problems
where the values of the binary variables are fixed. These
are commonly solved using control vector parameteriza-
tion (CVP) techniques, where only the time-varying con-
trol variables are discretized. According to those tech-
niques the differential system is initially integrated and
then the gradients are calculated either via parameter
perturbations or more accurately by integrating the sen-

sitivity (Vassiliadis et al., 1994) or adjoint (Sargent and
Sullivan, 1977) DAE system. The size of the sensitivity
equations is proportional to the optimization parameters
whereas the size of the adjoint system is approximately
proportional to the number of constraints.

The MIDO algorithms that employ CVP for the
primal problems mainly differ in how they construct
the master problems, where the latter correspond to
mixed-integer linear programs (MILPs) or non-linear
programs (MINLPs) whose solutions give new sets of bi-
nary values for subsequent primal problems. Generalized
Benders’ Decomposition-based (GBD-based) approaches
(Mohideen et al., 1997; Ross et al., 1998; Schweiger
and Floudas, 1997), Outer Approximation-based (OA-
based) approaches (Sharif et al., 1998), approaches based
on “screening models” (Allgor and Barton, 1999) and
“steady state models” (Kookos and Perkins, 2000) have
been developed. These MIDO algorithms tend to depend
on a particular type of method for integrating the DAE
system in the primal problems and require the solution
of a complex intermediate problem in order to construct
the master problem. In the case of Allgor and Barton
(1999) the method is case study-specific whereas the ap-
proach of Kookos and Perkins (2000) cannot in general
be applied to intrinsic dynamic systems such as batch
or semi-batch processes. In our approach, a variant of
the Generalized Benders decomposition (Geoffrion, 1972;
Floudas, 1995) method is employed for formulating the
master problem. This is described next.

Generalized Benders Decomposition Ap-
proach for the Solution of MIDO Prob-
lems

Consider a general MIDO formulation:

min
u,d,y

φ(ẋ(tf ), x(tf ), z(tf ), u(tf ), d, y, tf ) (3)

subject to

0 = f(ẋ(t), x(t), z(t), u(t), d, y, t)
0 = c(x(t), z(t), u(t), d, y, t)
0 = r(x(t0), ẋ(t0), z(t0), u(t0), d, y, t0)
0 ≥ g(ẋ(t), x(t), z(t), u(t), d, y, t)
0 ≥ q(ẋ(tf ), x(tf ), z(tf ), u(tf ), d, y, tf )

to ≤ t ≤ tf

Here, x ∈ <nx , z ∈ <nz are the vectors of the differen-
tial states and the algebraic variables respectively. The
vectors u ∈ <nu , d ∈ <nd represent the control and the
time-invariant design variables, whereas y ∈ {0, 1}ny is
the vector of the discrete binary variables. The functions
f , c and r represent the differential equations, the alge-
braic equations and their initial conditions respectively.
The objective function is denoted by φ and the path and
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end point constraints by g and q respectively. The bi-
nary variables y participate only in a linear form in the
objective function, the differential system and the con-
straints, since this is a necessary condition for applying
GBD to a mixed integer optimization problem.

The primal problem is constructed by fixing the bina-
ries to a specific value y = yk. Then the problem given
by Equation 3 becomes an optimal control problem that
is solved with control vector parameterization. The con-
trol variables u are discretized to time-invariant param-
eters. From now on, the new total set of optimization
variables will be denoted as v and includes the design
and the parameterized controls v = {u1, u2, .., uNu

, d}
v ∈ <nu·Nu+nd . The path constraints are converted to
end-point constraints by introducing additional differen-
tial equations (e.g., Sargent and Sullivan, 1977) and state
variables.

In GBD-based approaches the master problem is con-
structed using the dual information of the primal at the
optimum solution. The dual information is embedded
in the Lagrange multipliers µ of the constraints q and
the adjoint time-dependent variables λ(t), p(t) that are
associated with the differential system of equations, i.e.
f ,c. Despite the fact that the Lagrange multipliers are
calculated directly from the primal problem solution, the
evaluation of the adjoint variables requires an extra inte-
gration of the so-called adjoint DAE system. This differ-
ential system has the form (Bryson and Ho, 1975; Vas-
siliadis, 1993):

−
d{[∂f

∂ẋ ]T · λ(t)}
dt

= −[
∂f

∂x
]T · λ(t)− [

∂c

∂x
]T · p(t)

0 = −[
∂f

∂z
]T · λ(t)− [

∂c

∂z
]T · p(t)

(
∂f

∂ẋ
)T
tf
· λ(tf ) = −{(∂φ

∂x
)T
f + (µ)T · ( ∂q

∂x
)T
f

+ [(
∂f

∂x
)T (

∂c

∂x
)T ]f · ωf}

(4)

Equation 4 involves a backwards integration and can
be computationally expensive. After the adjoint func-
tions are calculated the master problem is constructed
and has the following form:

min
y,η

η (5)

subject to

η ≥ φ+ (µk)T · q

+ (ωk
f )T ·

[
f
c

]
f

+ (ωk
0 )T

[
f
c

]
o

+ (ρk)T · r

+
∫ tf

to

[
λk(t)
pk(t)

]T

·
[
f
c

]
t

dt

k = 1,K k ∈ K

ρ, ωf and ω0 are multipliers that are evaluated from
the first order optimality conditions of the optimal con-
trol primal problem (Vassiliadis, 1993). The master
problem is a relaxation of the equivalent to the MIDO,
dual problem (Bazaraa et al., 1993) since the dual mul-
tipliers (Lagrange µ and adjoints λ, p) and the non-
complicating continuous variables (x,z,v) remain fixed.
The consecutive solutions of the master problem gener-
ate a series of supporting functions to the overall problem
under several convexity assumptions (Floudas, 1995). If
those assumptions do not hold the relax master problem
might rule out parts of the feasible region where several
local optima could lie decreasing the probability of de-
tecting the global minimum. Nevertheless, the method
ensures local optimality in the sense that when the in-
tegers are fixed the primal problem converges to a local
solution in the space of continuous variables (primal ≡
valid upper bound).

The only variables that vary in the master problem are
the binaries and the objective. The binaries participate
in a linear form in the primal and master problems. As
a result the master problem is an MILP and its solution
apart from being lower bound to the MIDO problem also
provides a new integer realization. If the lower bound
evaluated at the master and the upper bound calculated
in the primal cross then the solution is found and is equal
to the upper bound, whereas if they do not cross the new
integer set is augmented to the primal problem and the
algorithm recommences.

The extra computationally demanding adjoint integra-
tion (Equation 4) limits the applicability of the method
and renders the algorithm difficult to implement. Mo-
hideen et al. (1997); Ross et al. (1998) employed a special
numerical integration procedure for the primal dynamic
optimization problem that brings some benefits in the
adjoint calculation. However, these approaches restrict
considerably the choice of primal solution techniques.

Recent developments in our group (Bansal et al.,
2000b) show that the adjoint DAE system solution pro-
cedure can be eliminated by introducing an extra set of
continuous optimization variables yd, in the primal prob-
lem, that are fixed according to the equality constraint:
yd − yk = 0. This gives rise to the following primal op-
timal control problem:

min
v,yd

φ(ẋ(tf ), x(tf ), z(tf ), v, yd, tf ) (6)

subject to

0 = f(ẋ(t), x(t), z(t), v, yd, t)
0 = c(x(t), z(t), v, yd, t)
0 = r(x(t0), ẋ(t0), z(t0), v, yd, t0)
0 ≥ q(ẋ(tf ), x(tf ), z(tf ), v, yd, tf )

0 = yd − yk

to ≤ t ≤ tf
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The master problem is constructed in a similar mode:

min
y,η

η (7)

subject to

η ≥ φ(ẋk(tf ), xk(tf ), zk(tf ), vk, yk
d , tf )

+ (µk)T · q(ẋk(tf ), xk(tf ), zk(tf ), vk, yk
d , tf )

+ (ωk
f )T ·

[
f
c

]
f

+ (ωk
0 )T

[
f
c

]
o

+ (ρk)T · r

+
∫ tf

to

[
λk(t)
pk(t)

]T

·
[
f
c

]
t

dt

+ Ωk(yk
d − y)

k = 1,K k ∈ K

In the new primal formulation, Equation 6, the differ-
ential algebraic equations and the constraints do not in-
clude binaries any longer. Therefore at the master prob-
lem their associated terms are equal to zero due to the
exact satisfaction of the DAE system and the comple-
mentarity conditions that apply to the constraints. By
removing then those terms the master problem is simpli-
fied to the equation:

min
y,η

η (8)

subject to

η ≥ φ(ẋk(tf ), xk(tf ), zk(tf ), vk, yk
d , tf )

+ Ωk(yk
d − y)

k = 1,K k ∈ K

In the modified equivalent master problem, Equa-
tion 8, all the terms are calculated at the solution of
the primal problem and no adjoint calculations are re-
quired. Additionally, the formulation of the problem is
considerably simplified compared to the original master
problem structure of Equation 5.

However, the additional continuous optimization vari-
ables and the additional constraints may increase the
computational effort for solving the primal problem while
they may also introduce extra model complexity. There-
fore, initially the primal is solved in its original form
(Equation 3 with fixed binaries) and then a resolve ses-
sion precedes the master problem where one additional
optimization iteration is performed on the modified pri-
mal (Equation 6).

If the primal problem is infeasible the constraints are
relaxed and a feasibility optimization problem is solved.
The corresponding master problem is modified accord-
ingly (Floudas, 1995; Mohideen, 1996). Integer cuts in
the master problem formulation can also be included to
exclude previous primal integer solutions.

The steps of the algorithm are briefly summarized be-
low:

• Fix the values of the binary variables, y = yk,
and solve a standard dynamic optimization prob-
lem (Equation 3, kth primal problem). An upper
bound, UB, on the solution to the MIDO problem
is obtained from the minimum of all the primal so-
lutions obtained so far.

• Re-solve the primal problem at the optimal solution
(Equation 6) with additional constraints of the form
yd − yk = 0, where yd is a set of continuous search
variables and yk is the set of (complicating) binary
variables. Convergence is achieved in one iteration.
Obtain the Lagrange multipliers, Ωk, corresponding
to the new constraints.

• Construct the kth relaxed master problem from the
kth primal solution, φk, and the Lagrange multi-
pliers, Ωk (Equation 8). This corresponds to the
mixed-integer linear program (MILP) The solution
of the master, ηk, gives a lower bound, LB, on the
MIDO solution. If UB−LB is less than a specified
tolerance ε, or the master problem is infeasible, the
algorithm terminates and the solution to the MIDO
problem is given by UB. Otherwise, set k = k + 1,
yk+1 equal to the integer solution of the master, and
return to step 1.

The main advantage of the algorithm is that, even when
the binary variables y participate within the DAE sys-
tem (as they do for the distillation example presented
later in this paper), the master problem does not require
any direct dual information with respect to the DAE sys-
tem and so no intermediate adjoint problem is required
for its construction. The master problem, Equation 8,
also has a very simple form compared to when adjoint
variables are required (Mohideen et al., 1997; Schweiger
and Floudas, 1997). Furthermore, the MIDO approach
is independent of the type of method used for solving the
dynamic optimization primal problems.

It should be noted, however, that since the algorithm
is based GBD principles, shares the limitations of most
decomposition methods. In particular, although a locally
optimal solution is guaranteed when the integer variables
are chosen as the complicating variables, the convexity
conditions required for the algorithm to converge to the
global optimum will not be satisfied by most process en-
gineering problems. Investigation into the quality of so-
lutions obtained from such MIDO algorithms is a current
active research area.

Illustrative example
The application of the mentioned algorithm for solv-
ing Mixed Integer Dynamic Optimization problems is
demonstrated through a process example that is taken
from the MINOPT User’s Guide (Schweiger et al., 1997).
The case study examines a distillation column (Figure 2)
that has a fixed number of trays and the objective is to
determine the optimal feed location (discrete decision),
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Figure 2: Illustrative example.

No Iterations 1 2 3 4
Primal
Feed Loc. 20 26 24 25
V (kmol/min) 1.223 1.783 1.411 1.543
R (kmol/min) 0.684 1.243 0.871 1.002
ISE 0.1991 0.1827 0.183 0.1817
UB 0.1991 0.1827 0.1827 0.1817
Master
Feed Loc. 26 24 25 23
LB 0.158 0.1813 0.1815 0.185
Equivalent Number of Simulations 298

Table 1: Results on illustrative MIDO example.

vapor boil-up, reflux flow rate (continuous decisions) in
order to minimize the integral square error (ISE) be-
tween the bottoms and distillate compositions and their
set-points. Several model assumptions are made in the
model, such as: (i) constant liquid hold ups, (ii) constant
relative volatility, (iii) no pressure drops, (iv) negligible
vapor hold-ups. The system is initially at steady state
and the dynamics are caused by a stepwise variation in
the feed composition. Additionally, two constraints are
necessary to be satisfied at the end of the time hori-
zon, these being on the top and bottoms compositions
(xd ≥ 0.98, xb ≤ 0.02). The proposed algorithm was ap-
plied in this example (Bansal, 2000) and produced the
same results as Schweiger et al. (1997) that appear in
Table 1.

Two more algorithms for solving MIDO problems are
discribed in the Appendix. The first one also employs
the GBD principles and aims at reducing even further
the computational requirements of the MIDO approach
whereas the other is based on Outer approximation for
dealing with the binary variables and is expected to
converge in less iterations between primal and master
problems. However, it should be noted that those algo-

rithms are still under development from an implementa-
tion point of view, therefore, they have not been applied
to the simultaneous process and control design problem.

Process Examples

Next, two examples are presented that illustrate the
characteristics of the framework for the integration for
process and control design. The first one includes pro-
cess and control discrete decisions and for that reason it
utilizes extensively the developed MIDO approach. In
the second example discrete degrees of freedom are not
considered.

Distillation System—(Benzene Toluene)

Here, an example is presented for demonstrating the
features of the simultaneous process and control de-
sign framework and the utilization of mixed integer dy-
namic optimization within this framework. This exam-
ple has been solved by Bansal et al. (2000b). The sys-
tem under consideration, adapted from one presented by
Viswanathan and Grossmann (1999), is shown in Fig-
ure 3. A mixture of benzene and toluene is to be sep-
arated into a top product with at least 98 mol% ben-
zene and a bottom product with no more than 5 mol%
toluene. The system is subject to uncertainty in the feed
flow rate and the cooling water inlet temperature (where
the latter can be described dynamically by a slow sinu-
soid representing diurnal, ambient variations), as well
as a high-frequency sinusoidal disturbance in the feed
composition. The objective is to design the distillation
column and its required control scheme at minimum to-
tal annualized cost (comprising capital costs of the col-
umn, internals and exchangers, and operating costs of
the steam and cooling water utilities), capable of fea-
sible operation over the whole of a given time horizon,
where feasibility is defined through the satisfaction of
constraints such as product quality specifications; mini-
mum column diameter requirement due to flooding; frac-
tional entrainment limit; temperature driving forces in
the reboiler and condenser; limit on the heat flux in the
reboiler; limit on the cooling water outlet temperature;
above atmospheric pressure operation for the column;
limits on the liquid levels in the reflux drum and re-
boiler; and limits on the flow rates of steam and cooling
water. Solution of the problem thus requires the determi-
nation of (i) the optimal process design, in terms of the
number of trays and feed location (discrete decisions),
and the column diameter, condenser and reboiler surface
areas (continuous decisions); and (ii) the optimal con-
trol design, in terms of the pairings of manipulated and
controlled variables (discrete decisions), and the tuning
parameters for the given control structure (continuous
decisions).
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Figure 3: Distillation example.

Modeling Aspects. Due to the complexity and
highly constrained nature of the problem described
above, it is likely that a simplified dynamic model using
“traditional” assumptions (such as constant molal over-
flow, relative volatility, liquid and vapor hold-ups) will
be inadequate for realistically portraying the operabil-
ity characteristics of the distillation system over time.
A rigorous model is thus developed along similar lines
to that used by Bansal et al. (2000c); however here, bi-
nary variables yfk and yrk are incorporated in order to
account for the locations of the feed and reflux trays, re-
spectively, where yfk = 1 if all the feed enters tray k, and
is zero otherwise, and yrk = 1 if the reflux enters tray
k, and is zero otherwise. This leads to a mixed-integer
dynamic distillation model that is considerably more de-
tailed than those that have already been reported (Mo-
hideen et al., 1996; Schweiger and Floudas, 1997). The
principal differential-algebraic equations (DAEs) for the
trays are given below. A full list of nomenclature, values
of the parameters, details of the DAEs for the reboiler,
condenser and reflux drum, cost correlations for the ob-
jective function and inequality path constraints, can be
found in Bansal (2000).

For k = 1, ..., N , where N is an upper bound on the
number of trays required, and i = 1, ..., NC, where NC
is the number of components:

Component molar balances:

 N∑
k′=k

yrk′

 · dMi,k

dt
= Lk+1 · xi,k+1 + Vk−1 · yi,k−1

+ Fk · zi,f +Rk · xi,d − Lk · xi,k − Vk · yi,k.

Molar energy balances: N∑
k′=k

yrk′

 · dUk

dt
= Lk+1 · hl

k+1 + Vk−1 · hv
k−1

+ Fk · hf +Rk · hl
d − Lk · hl

k − Vk · hv
k.

Component molar hold-ups:

Mi,k = M l
k · xi,k +Mv

k · yi,k.

Molar energy hold-ups:

Uk = M l
k · hl

k +Mv
k · hv

k − 0.1 · Pk · V oltray.

Volume constraints:

M l
k

ρl
k

+
Mv

k

ρv
k

= V oltray.

Definition of Murphree tray efficiencies:

yi,k = yi,k−1 + Effi,k ·
(
y∗i,k − yi,k−1

)
.

Effi,k = ai,k + (1− ai,k) ·
k∑

k′=1

yrk′ .

Equilibrium vapor phase composition:

Φv
i,k · y∗i,k = Φl

i,k · xi,k.

Mole fractions normalization:

NC∑
i=1

xi,k =
NC∑
i=1

yi,k = 1.

Liquid levels:

Levelk =
M l

k

ρl
k ·Atray

.

Liquid outlet flow rates:

Lk = 110.4 · ρl
k · Lengthweir · (Levelk −Heightweir)

1.5
.

Pressure driving force for vapor inlet:

Pk−1 − Pk = 1e− 5 ·

 N∑
k′=k

yrk′


·
(
α · vel2k−1 · ρ̃v

k−1 + β · ρ̃l
k · g · Levelk

)
.

Vapor velocities:

velk−1 =
1
60
·
(

Vk−1

ρv
k−1 ·Aholes

)
.

Fractional entrainment for 80% flooding factor:

entk = 0.224e− 02 + 2.377 · exp
(
−9.394 · FLV 0.314

k

)
.
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Sherwood flow parameter:

FLVk =
L̃k

L̃k

·
(
ρ̃v

k

ρ̃l
k

)0.5

.

Flooding velocity:

velflood
k = 60 ·

(
σl

k

20

)0.2

·K1k ·
(
ρ̃l

k − ρ̃v
k

ρ̃v
k

)0.5

.

Empirical coefficient:

K1k = 0.0105+0.1496·Space0.755·exp
(
−1.463FLV 0.842

k

)
.

Minimum allowable column diameter and area:

Dmin
col,k =

(
4 ·Amin

col,k

π

)0.5

.

Amin
net,k = 0.9 ·Amin

col,k.

Amin
net,k =

Vk

ρv
k · Floodfrac · vel

flood
k

.

Feed and reflux flow rates to each tray:

Fk = F · yfk.

Rk = R · yrk.

Only one tray each receives feed and reflux; feed must
enter below reflux:

N∑
k=1

yfk =
N∑

k=1

yrk = 1.

yfk −
N∑

k′=k

yrk′ ≤ 0.

The complete distillation model constitutes a
system of [N (7NC + 27) + 15NC + 56] DAEs in
[N (7NC + 27) + 15NC + 64] variables (after specifi-
cation of the feed and utilities’ inlet conditions), of
which [N(NC + 1) + 3NC + 5] are differential state
variables. For the case study in this paper with N = 30
and NC = 2, there are 1316 DAEs in 1324 variables
(101 states). The remaining eight variables consist of
the three continuous design variables for optimization
(column diameter, surface areas of the reboiler and the
condenser), and the five manipulated variables (reflux,
distillate, cooling water, steam and bottoms flow rates),
whose values are determined by the tuning parameters
of the control scheme used.

Application of the Framework.

Step 1. An initial set of two scenarios, [6, 6.6], is cho-
sen with weights [0.75, 0.25]. These correspond to the
nominal and upper values, respectively, of the feed flow
rate.

Step 2. Since the distillation column does not op-
erate at very high purity, advanced control techniques
are not required, and so multi-loop proportional-integral
(PI) controllers are considered. For the purposes of this
study, the control structure is considered to be a square
system of measured and manipulated variables. The pos-
sible manipulated variables are: the reflux flow, R, the
distillate flow, D, the cooling water flow, Fw, the steam
flow, Fs and the bottoms flow, B. The set of the mea-
sured variables consists of: the distillate composition,
xd, the liquid level in the reflux drum, Leveldrum, the
pressure of the condenser, Pcond and the bottoms com-
position, xb. The pairing between those variables, how-
ever, which is not known a priori, is treated as a discrete
decision about the control design and is left to be deter-
mined through the optimization. One integer variable,
yk, is assigned to each possible control pairing and the
modeling of the control structure selection is carrying
out similarly to Narraway and Perkins (1994).

The MIDO problem (1) for this example consists of
approximately 2700 DAEs and 216 inequality path con-
straints, with 85 binary search variables (thirty for the
feed, thirty for the reflux location and twenty five for
the control structure selection) and 18 continuous search
variables (column diameter, surface areas of the reboiler
and condenser, and gains, reset times and set-points for
each of the five control loops). The problem was solved
using the algorithm outlined in the section Mixed Inte-
ger Dynamic Optimization, with gPROMS/gOPT (PSE,
1999) used for solving the dynamic optimization primal
problems and GAMS/CPLEX (Brooke et al., 1992) for
the MILP master problems.

Step 3. In this example there are no time-invariant
operating variables, and so the dynamic feasibility test,
Equation 2, reduces to a conventional dynamic optimiza-
tion problem with a single maximisation operator in the
objective. Testing the design and control system result-
ing from Step 2 gives χ = 0, indicating that there are no
more critical scenarios, so the algorithm terminates.

Table 2 shows the iterations carried out between the
Primal & the Master Problems. The economically opti-
mal process and control design that gives feasible opera-
tion for all feed flow rates in the range 6-6.6 kmol min−1

is summarized in Tables 3 and 4. Table 3 also compares
the process design with the optimal steady-state, but dy-
namically inoperable, nominal and flexible designs. The
latter was obtained through application of the analogous,
steady-state algorithm to that described in §2 (Biegler
et al., 1997). It can be seen that in order to accommodate
feed flow rates above the nominal value of 6 kmol min−1

requires more over-design when the dynamic behavior of
the system is accounted for than when only steady-state
effects are considered. This illustrates a weakness of con-
sidering design and control in a sequential manner.

Figures 4 and 5 show the dynamic simulations of the
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Iteration Number 1 2 3 4 5
Primal Problem Solution

Discrete decisions
No. of Trays 25 24 23 22 24
Feed Tray 15 14 13 13 13

Control Scheme∗ 2 1 1 1 1
Process design
Dcol (m) 2.03 1.99 1.99 2.00 2.00
Sreb (m2) 127.6 134.2 140.0 138.9 138.0
Scond (m2) 91.45 85.03 84.13 84.02 85.78

Controllers’ gains
Kt,1 (x1,d) 6.70 33.74 48.85 70.00 32.10
Kt,2 (Ld) -105.0 -41.29 -18.64 -24.55 -25.39
K3,3 (Pc)† -28.00 -31.44 -29.24 -26.57 -36.16
Kt,4 (x1,b) 9.71 -2.22 -2.38 -3.37 -0.93
Kt,5 (L0) -1042 -600.0 -560.1 -580.5 -550.0
Reset times

τt,1 160.0 87.3 100.0 143.2 77.2
τt,2 530.0 568.2 568.9 568.9 684.5
τt,3 9935 3483 3615 5032 2809
τt,4 2325 59.8 66.3 61.7 150.6
τt,5 663.6 693.7 662.1 664.2 695.2

Set-points
set1,1 0.9883 0.9849 0.9843 0.9835 0.9853
set1,2 0.5368 0.0668 0.0773 0.0746 0.0703
set1,3 1.1944 1.2800 1.3022 1.3164 1.2694
set1,4 0.0182 0.0223 0.0250 0.0293 0.0179
set1,5 0.6002 0.8995 0.8994 0.8980 0.8995
Costs

($100k yr−1)
Capital 1.941 1.883 1.858 1.823 1.894

Operating(1)‡ 6.367 6.268 6.287 6.334 6.269
Operating(2)§ 7.220 7.122 7.136 7.194 7.097

Expected 8.521 8.364 8.357 8.372 8.370
UB 8.521 8.364 8.357 8.357 8.357

Master Problem Solution
No. of Trays 24 23 22 24 22
Feed Tray 14 13 13 13 11

Control Scheme 1 1 1 1 1
LB 8.242 8.282 8.341 8.355 8.357

UB − LB ≤ 1e− 4 No No No No Yes
STOP

∗Control scheme 1: R− x1,d, D − Leveld, Fw − Pc, Fs − x1,b, B − Level0.
∗Control scheme 2: R− x1,d, D − Leveld, Fw − Pc, B − x1,b, Fs − Level0.
†For K3,3, the cooling water flow rate is scaled (0.01 Fw).
‡Nominal feed flow F = 6kmolmin−1.
§Feed flow upper bound F = 6.6kmolmin−1.

Table 2: Progress of iterations for the multi-period MIDO design and control problem.
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Figure 4: Controlled distillate composition at feed
flow rate of 6.6 kmol min−1.
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Figure 5: Controlled bottoms composition at feed
flow rate of 6.6 kmol min−1.

controlled compositions, that are given as part of the so-
lution of the MIDO problem. Notice how one of the com-
positions, in this case the distillate, is tightly controlled
relative to the other (in fact, the bottoms composition
loop is open—see Table 4). This effect of controlling both
compositions with one tight loop and one loose loop is
due to the negative interaction of the two control loops,
and is a common feature of distillation control reported
in the literature (Kister, 1990).

Variable
SS

nominal
SS

flexible Dynamic

No. of trays 23 23 26
Feed location 12 12 14
Dcol (m) 1.82 1.91 1.99
Sreb (m2) 113 116 134
Scond (m2) 83 83 88

Capital cost 169 175 195
Operating cost 591 607 641
Total ($ k yr−1) 760 782 836

Table 3: Steady-state vs. dynamically operable de-
sign.

Loop K τ (min) Set-point
R− xd 5.10 25.69 0.9867
D − Leveldrum -39.29 566.41 0.5187
Fw − Pcond -44.81 7766.61 1.2183
Fs − xb 0 250 0.0110
B − Levelreb -501.93 663.96 0.8997

Table 4: Control design from simultaneous frame-
work.

Reactive Distillation System—(Production of
ethyl-acetate)

Here the problem that is considered is the production of
ethyl acetate from the esterification of acetic acid and
ethanol, as shown in Figure 6 (Georgiadis et al., 2000,
2001). The saturated liquid mixture is fed at a rate
of 4885 mol/h in order to produce a top product with
at least 0.52% ethyl acetate composition and a bottom
product of no more than 0.26% ethyl acetate. Reaction
takes place in all 13 trays of the column. The objective
is then to design the column and the control scheme at
minimum total cost, able to maintain feasible operation
over a finite time horizon of interest (24 hours); sub-
ject to (i) high-frequency sinusoidal disturbances in the
acetic acid inlet composition; (ii) “slow-moving” distur-
bance in the cooling water inlet temperature; (iii) prod-
uct quality specifications; (iv) flooding, entrainment and
minimum column diameter requirements; (v) thermody-
namic feasibility constraints for the heat exchangers and
(vi) operating pressure limits for the column.

The basis of the detailed model has been presented
in our previous work (Schenk et al., 1999). The model
includes details that are normally neglected, such as:

• Detailed flooding and entrainment calculations for
each tray and ’subsequent’ calculation of ’critical’
points in the column and the minimum allowable
column diameter.

• Equation for the pressure drop for each tray
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Figure 6: Schematic illustration of the reactive dis-
tillation system.

• Liquid hydraulics and liquid level on each tray and
in the auxiliary units by using modified Francis weir
formulae.

• The liquid-vapour equilibrium has been represented
accurately using non-ideal models.

The model and its steady-state analogue have been im-
plemented within gPROMS (PSE, 1999).

Sequential Design. A systematic sequential design
and control approach is first carried out. The nominal
and flexible steady-state designs are initially obtained via
an optimization based approach. The nominal column
design obtained is not feasible for the whole range of un-
certain cooling water temperatures. The flexible design
is obtained by applying a steady-state multiperiod ap-
proach that corresponds to equation (1). Three degrees
of freedom (reflux ratio, steam flow rate and cooling wa-
ter flow rate) can, in principle, be adjusted to offset the
effects of the uncertainty. The following cases were con-
sidered (i) all three degrees of freedom allowed to vary
(“best-case” design) and (ii) no degrees of freedom al-
lowed to vary (“worst-case” design). The different opti-
mal designs and resulting annual costs for the nominal
and the two cases considered are shown in Table 5. Note
that D refers to column diameter and S refers to the sur-
face area of the heat exchange coil in the reboiler, Reb,
or the condenser, Cond.

Both, the “best-case” and the “worst-case” flexible
designs were dynamically tested in the presence of the
sinusoidal feed composition disturbance and the “slow-
moving” profile for the cooling water inlet temperature
which ranges between suitable lower and upper bounds.
As expected, there were a large number of constraints
violations for both designs, and so they both require a

Design Variable Nominal Case 1 Case2

D (m) 6.09 6.09 6.12
SReb(m

2) 280 286 325
SCond(m2) 417 458 498

Capital Cost ($ myr−1) 0.45 0.46 0.47
Operating Cost ($ myr−1) 3.95 3.99 4.35
Total Cost ($ myr−1) 4.40 4.45 4.82

Table 5: Comparison of different designs for the re-
active distillation example.

control scheme in order for feasibility to be maintained.
The control structure considered here has been proven to
be stable and exhibit satisfactory performance. The con-
trol loops are (R−Xd), (Fstream−Xb) and (Fwater−Pc)
where R is the reflux ratio, Fstream is the steam flowrate
and Fwater the cooling water flowrate. Finally, xd and xb

are the distillate and bottom compositions and the pres-
sure in the condenser. The dynamic equations of the
PI controllers are properly incorporated into the model.
No set of controller’s tuning parameters (gains, reset
times, set-points and biases) could be found for either
design that would enable all the system constraints to
be satisfied over the entire time horizon. In particular
the “best-case” design produced large constraint viola-
tions whereas the “worst-case” design exhibit the major
operability bottleneck in the minimum column diame-
ter requirements that are related to flooding. Then only
the minimum column diameter was modified accordingly
and a new steady-state flexible design was obtained.

The next step in the sequential design approach is to
identify the optimal tuning of the controller’s gains, reset
times, set-points and biases keeping the modified “worse
case” design fixed and optimizing the total annualized
cost of the system over a fixed time-horizon. The oper-
ating variables obtained with that procedure along with
the process design variables calculated in the previous
step, i.e. column diameter, heat exchange areas comprise
the results of the sequential design depicted in Table 6.

Simultaneous Process and Control Design. The
sequential strategy outlined above has illustrated that in-
teractions do exist between process design and process
control. However, a more systematic approach for ex-
ploiting these interactions is to also include the process
design variables as optimization variables whilst optimiz-
ing the controller settings. The framework presented in
§2 is adopted. However, all the features of the general
approach were not exploited fully, i.e. the design and
control structural decisions remained fixed. The opti-
mization variables are the design variables (column di-
ameter and heat exchanger areas) and the gains, reset
time, set points and biases of the controllers. The prob-
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Quantity Sequential Simultaneous
D (m) 6.3 6.37
SReboiler (m2) 325 315
SCondenser (m2) 498 425

PI1 Controller (top compositions control)
Gain 747 181
Reset Time 1 0.59
Set-Point 0.54 0.527

PI2 Controller (bottom compositions control)
Gain 1959 4573
Reset Time 12000 7294
Set Point 0.1 0.22

PI3 Controller (Condenser pressure control)
Gain -9500 -10400
Reset Time 0.603 1.32
Set-Point 1.023 1.023
Capital Cost ($ Million) 0.48 0.48
Operating Cost
($ Million) 4.37 4.17
Total Cost ($ Million) 4.85 4.63

Table 6: Results on the reactive distillation example.

lem is again solved as a large scale dynamic optimization
problem with 12 optimization variables and a number of
path and end-point inequality constraints describing the
feasible operation of the process.

The optimal design, controller tuning parameters and
associated costs are shown in Table 6 and compared with
the results obtained using the sequential strategy with
optimally tuned controllers. The simultaneous strategy
has the same capital costs and lower operating costs lead-
ing to a 5% total annual cost savings ($220,000 per year).
It is interesting to note that the simultaneous approach
is able to give a fully operational system with an annual
cost in between the costs of the “best-case” and “worst
case” while the sequential approach gives a system which
is more expensive than the “worst-case” optimal flexi-
ble design. This clearly demonstrates how a simultane-
ous approach can exploit the interactions between design
and control to give process designs that are cheaper and
more easily controlled than those found by even state-of
the-art sequential approaches. It is also interesting to
observe the different control settings adopted by the two
approaches. As can be seen from Table 6 the simultane-
ous approach gives tighter bottom product composition
that is closer to the constraint boundary; also tighter
top product control and almost identical pressure con-
trol. The economic impact of this control action is the
reduction in the operating costs.

Conclusions

This paper demonstrates the progress that has been
made in simultaneous process and control design under
uncertainty. A well-established decomposition frame-
work for that purpose is reviewed. This framework in
its general form requires the repetitive solution of mixed
integer dynamic optimization problems. An algorithm
for MIDO that has been recently developed by our group
for that purpose is outlined.

Two process examples are considered that demon-
strate the applicability and the benefits of the developed
methods in the context of the integration of process de-
sign, process control and process operability. The first
example considers the separation of a binary mixture
and utilizes the novel MIDO algorithm for treating con-
trol, design and discrete structural decisions. The second
example studies the process and control design of a re-
active distillation system and does not take into account
discrete decisions.

Future work will mainly focus on improving the con-
vergence properties of the current MIDO methodologies
and developing a more efficient single-stage approach for
dealing with the inevitable presence of the uncertainty
as opposed to the current decomposition (two-stage) ap-
proach. Also other control technology will be considered,
such as multivariable PI controllers (Kookos and Perkins,
2000), as opposed to decentralized PI controllers that are
almost exclusively used so far and in addition, an effort
will be made to address synthesis issues that have not
been fully considered within a mixed integer dynamic
optimization framework.
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Appendix

Adjoint Based Algorithm on Mixed Integer Dy-
namic Optimization

From the discussion on mixed integer dynamic optimiza-
tion the conclusion drawn is that an efficient adaptation
of Generalized Benders Decomposition in MIDO requires
the simplification of the master problem construction
and the reduction or possible elimination of the dual in-
formation calculations. An algorithm for achieving that
is presented in the main document and here an alterna-
tive approach is outlined aiming at reducing the com-
putational requirements of the linked subproblems. The
details of this approach can be found in Sakizlis et al.
(2001).

According to the original GBD-approach in MIDO
(Schweiger and Floudas, 1997; Mohideen et al., 1997)
after the solution of the primal optimal control problem
an additional subproblem has to be solved that involves
the backwards integration of the so-called adjoint DAE
system, Equation 4. Since this can be computationally
expensive, a method is developed for eliminating the ex-
tra calculations by adapting an adjoint-based approach
for evaluating the gradients of the constraints and the
objective function of the primal optimal control prob-
lem. This provides at the optimal solution of the pri-
mal a set of vectors of adjoint variables that are asso-
ciated with the constraints and the objective function,
denoted as [λφ(t) pφ(t)], [λq(t) pq(t)] respectively. Those
adjoint functions are given by the same linear DAE sys-
tem as the adjoint functions that are necessary for the
master problem construction. However, [λφ(t) pφ(t)],
[λq(t) pq(t)] are given by different final conditions as op-
posed to [λ(t), p(t)]. Their final conditions are:

[
∂f

∂ẋ
]Ttf
· λφ(tf ) = −[(

∂φ

∂x
)T
f + [(

∂f

∂x
)T (

∂c

∂x
)T ]f · (ωf )φ]

[
∂f

∂ẋ
]Ttf
· λq(tf ) = −[(

∂q

∂x
)T
f + [(

∂f

∂x
)T (

∂c

∂x
)T ]f · (ωf )q]

The linear properties of the adjoint differential system
and its boundary conditions, enable the evaluation of the
adjoint variables required for the master problem [λ, p]
as a function of [λφ pφ], [λq pq] from the equation:[

λ(t)
p(t)

]
=
[
λφ(t)
pφ(t)

]
+ µT ·

[
λq(t)
pq(t)

]
(9)

Equation 9 can be proved using the transition matrix
theory. Using that approach, the rigorous adjoint inte-
gration for the master problem derivation is not required
any more after the primal has terminated and the deriva-
tion of the dual information is reduced exclusively to
Equation 9.

Even if the easily obtained time-dependent functions
λ(t), p(t) are supplied to the master problem many cal-
culations are still required due to the presence of the

time integral in Equation 5 and the usually complicated
non-linear functions involved in the DAE system. In or-
der to simplify further the master problem equations f ,c
are decomposed in terms of the binary and continuous
variables:

f = f ′(ẋ, x, z, v, t) + fy(ẋ, x, z, v, t) · y
c = c′(x, z, v, t) + cy(x, z, v, t) · y
r = r′(ẋo, xo, zo, v, to) + ry(ẋo, xo, zo, v, to) · y

(10)

fy, cy, ry are a matrices of dimensions nx × ny, nz × ny,
nx×ny respectively. This separation is allowed, since the
binaries participate in the DAE in a linear form (variant-
2 of GBD). At the primal solution though:

f = 0 c = 0 r = 0 (11)

So, (f ′)k can be written as:

(f ′)k = −(fy)k · yk (12)

Similarly for c′, cy, r′, ry. Finally we have:

f = (fy)k · (y − yk)

c = (cy)k · (y − yk)

r = (ry)k · (y − yk)

(13)

Once Equation 13 is substituted in Equation 5 the mod-
ified master problem becomes:

min
y,η

η (14)

subject to

η ≥ φ+ (µk)T · q + {(ωk
f )T ·

[
(fy)k

(cy)k

]
f

+ (ωk
0 )T

[
(fy)k

(cy)k

]
o

+ (ρk)T · (ry)k

+
∫ tf

to

[(λk)T (pk)T ] ·
[

(fy)k

(cy)k

]
t

dt} · (y − yk)

In this manner, the size of the master problem formula-
tion is significantly reduced. The multiplier of the binary
terms y − yk corresponds to a time dependent vector of
size equal to the dimensions of the binaries ny. This
vector does not contain any integer terms and hence, it
remains fixed throughout the master problem solution.
In order to evaluate the components of that vector it
suffices to transform the contained integrals to an ODE
system of size ny introducing differential states of zero
initial conditions. Then by solving numerically the ODE
system the construction of the master problem is com-
pleted. Alternatively, if the formulation of Equation 5
was retained, every equation that contains a binary term
would have to be integrated. So the size of that corre-
sponding ODE system would be of order of magnitude
O(nx + nz)>> ny.
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From an implementation point of view, Equation 14 is
easier to construct than Equation 5 because the matrices
fy, cy, ry are the Jacobians of the DAE with respect to
the binaries and are simply generated (numerically or
analytically) using well-established commercial codes or
algorithms.

The master optimization problem consists of the bi-
nary variables and the continuous objective. The other
variables are fixed. Since the optimization variables par-
ticipate in a linear form, the problem is an MILP and it
is solved with the current well-established methodologies
(e.g. branch and bound algorithm).

The steps of the algorithm are summarized as follows:

1. Fix the values of the binary variables, y = yk, and
solve a standard dynamic optimization problem (kth

primal problem). An upper bound, UB, on the so-
lution to the MIDO problem is obtained from the
minimum of all the primal solutions obtained so far.

2. At the solution of the primal problem, using Equa-
tion 9, obtain the adjoint functions λ(t), p(t).

3. Use the problem variables x(t), z(t), v, the adjoint
functions λ(t), p(t) and the Lagrange multipliers of
the constraints µ to construct the kth relaxed mas-
ter problem, Equation 14, from the kth primal solu-
tion. The Master problem corresponds to a Mixed
-integer linear program (MILP), that its solution
provides the lower bound, LB, on the MIDO so-
lution. If UB-LB is less than a specified tolerance
ε, or the master problem is infeasible, the algorithm
terminates and the solution to the MIDO problem
is given by UB. Otherwise, set k = k + 1 and yk+1

equal to the integer solution of the master problem
and return to step 1.

This alternative algorithm eliminates completely the
adjoint evaluation and does not require any resolve ses-
sion after the primal problem is solved. It also manages
to simplify considerably the master problem construc-
tion. Moreover, descpite the fact that it is restricted
to using only an adjoint based gradient evaluation pro-
cedure for the primal optimal control problem it is not
confined to a particular type of DAE integrator as in
Mohideen et al. (1997); Ross et al. (1998).

An Outer Approximation Based Method for
Mixed Integer Dynamic Optimization

The algorithms presented on Mixed Integer dynamic op-
timization are based on Generalized Benders decompo-
sition for obtaining the lower bound to the problem.
Therefore, the results that they will produce will be
equivalent. Despite the benefits of GBD, that among
others are the simple modeling of the discrete decisions
and the straight forward formulation of the master prob-
lem, the lower bounds that are generated are relatively

relaxed since in every master problem, only a single con-
straint is added to the iterative procedure. This can in-
crease the number of the subsequent problem solutions
deteriorating the convergence properties. A desired re-
duction in the primal-master iterations can be achieved
by adapting another decomposition approach for con-
structing the master problem based on Outer Approxi-
mation (Duran and Grossmann, 1986). An outline of the
concepts that enable the application of OA to MIDO is
presented here.

The application of OA to an MINLP problem requires
the participation of the integer variables in the equali-
ties, inequalities and objective in a linear and separable
form. The translation of this condition to MIDO makes
imperative the removal of the binary variables from the
DAE system. The reason being that even if the binaries
participate linearly in the DAE their implicit contribu-
tion to the objective and the constraints is non-linear
due to the non-linearities introduced by the dynamics.
The removal of the binaries from the dynamic system is
done in a way similar to the one presented in the main
document. Namely, an extra set of continuous search
variables yd is introduced in the primal problem, that
are fixed according to the double inequality constraint:
yd − yk ≥ 0,yd − yk ≤ 0. This gives rise to the following
primal optimal control problem:

min
v,yd

φ(ẋ(tf ), x(tf ), z(tf ), v, yd, tf ) (15)

subject to

0 = f(ẋ(t), x(t), z(t), v, yd, t)
0 = c(x(t), z(t), v, yd, t)
0 = r(x(t0), ẋ(t0), z(t0), v, yd, t0)
0 ≥ q(ẋ(tf ), x(tf ), z(tf ), v, yd, tf )

0 ≤ yd − yk

0 ≥ yd − yk

to ≤ t ≤ tf

The master problem that aims to generate a lower bound,
is constructed by linearizing the constraints and the ob-
jective around the primal optimal point only in the space
of the search variables (v, yd). The resultant master
problem is:

min
y,yd,v,η

η (16)
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subject to

η ≥ φ(ẋk(tf ), xk(tf ), zk(tf ), vk, yk
d , tf )

+
dφ

dv
· (v − vk) +

dφ

dyd
· (yd − yk

d)

0 ≥ q(ẋk(tf ), xk(tf ), zk(tf ), vk, yk
d , tf )

+
dq

dv
· (v − vk) +

dq

dyd
· (yd − yk

d)

0 ≤ yd − y

0 ≥ yd − y

In this master formulation in every kth iteration a set of
inequality constraints equal to the number of the original
constraints plus one is added. Therefore, if the number of
constraints is relatively high the lower bounds generated
by OA will be tighter than the ones produced from GBD,
hence the algorithm convergence will be achieved in less
iterations.

A summary of the steps of the OA algorithm are pre-
sented below:

1. Fix the values of the binary variables, y = yk, and
solve a standard dynamic optimization problem (kth

primal problem). An upper bound, UB, on the so-
lution to the MIDO problem is obtained from the
minimum of all the primal solutions obtained so far.

2. At the solution of the primal problem add the extra
set of continuous search variables yd and the inequal-
ity constraints: yd − yk ≥ 0,yd − yk ≤ 0. Resolve
the primal problem at the optimal solution. Conver-
gence is achieved in one iteration and the gradients:
dφ
dyd

, dφ
dyd

, dq
dv and dq

dyd
are evaluated via numerical in-

tegration of the sensitivity (Vassiliadis et al., 1994)
or the adjoint DAE system (Sargent and Sullivan,
1977).

3. Use the problem continuous optimization variables
and the corresponding gradients for formulating the
master problem, Equation 16. The Master prob-
lem corresponds to a Mixed -integer linear program
(MILP), that its solution provides the lower bound,
LB, on the MIDO solution. If UB-LB is less than
a specified tolerance ε, or the master problem is in-
feasible, the algorithm terminates and the solution
to the MIDO problem is given by UB. Otherwise,
set k = k+ 1 and yk+1 equal to the integer solution
of the master problem and return to step 1.

This presented algorithm for MIDO has the potential
of providing tighter (higher) lower bounds to the over-
all problem thus accelerating the MIDO solution conver-
gence.
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Abstract
Chromatographic separations are an expanding technology for the separation of Life Science products, such as pharma-
ceuticals, food, and fine chemicals. The simulated moving bed (SMB) process as a continuous chromatographic separation
is an interesting alternative to conventional batch chromatography, and gained more and more impact recently. The SMB
process is realized by connecting several single chromatographic columns in series. A countercurrent movement of the
bed is approximated by a cyclic switching of the inlet and outlet ports in the direction of the fluid stream. Because
of its complex dynamics, the optimal operation and automatic control of SMB processes is a challenging task. This
contribution presents an integrated approach to the optimal operation and automatic control of SMB chromatographic
separation processes. It is based on computationally efficient simulation models and combines techniques from mathe-
matical optimization, parameter estimation and control theory. The overall concept and the realization of the elements
are explained, and the efficiency of the proposed approach is shown in a simulation study for the separation of fructose
and glucose on an 8-column SMB plant.
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Introduction

The chemical process industry is currently undergoing
a substantial restructuring: the classical bulk business
is more and more substituted by Life Science products
with higher profit margins. In this area, particularly in
the development and production of pharmaceuticals, it is
of the utmost importance to be ahead of the competitors
in the race to the market. This requires a detailed and
integrated process design already in the product devel-
opment phase. In this context, product separation and
purification is the critical element in many cases.

Chromatographic processes provide a versatile tool
for the separation of substances which have different
adsorption affinities. They are especially suitable for
temperature-sensitive compounds and substances with
similar molecular structure and physico-chemical prop-
erties. Chromatography is well established in the field
of the chemical analysis, but in recent years it gained
more and more importance on the preparative scale
as a highly efficient, highly selective separation pro-
cess. Due to their origin and the close relation to the
instruments from chemical analysis (i.e. HPLC and
gas chromatographic analyzers), chromatographic sep-
aration processes are mainly operated in the classical
batch elution mode. To improve the economic viability,
a continuous countercurrent operation is often desirable,
but the real countercurrent of solids—such as the ad-
sorbent in chromatographic processes—leads to serious
operating problems. Therefore, the simulated moving
bed (SMB) process is an interesting alternative since it
provides the advantages of a continuous countercurrent

∗K.-U. Klatt and G. Dünnebier are presently with Bayer AG,
D-51368 Leverkusen, Germany.

unit operation while avoiding the technical problems of
a true moving bed.

The SMB process was first realized in the family of
SORBEX processes by UOP (Broughton and Gerhold,
1961) and is increasingly used in a wide range of in-
dustries. Currently, the main applications of continu-
ous chromatographic separations can be divided into two
groups: the large-scale industrial production of relatively
cheap specialty products, like xylene production or sugar
separation, and the separation of high-value products in
small amounts, which very often exhibit separation fac-
tors near unity (e.g. enantiomer separations in the phar-
maceutical industry). The separation costs in both cases
are very high in relation to the overall process costs and
easily dominate those. An optimal design and opera-
tion might therefore be the only possibility to exploit
the economic potential of the process and to make its
application feasible.

In practice, the SMB process is nowadays mainly
realized by connecting several single chromatographic
columns in series. The countercurrent movement is then
approximated by a cyclic switching of the feed stream
and the inlet and outlet ports in the direction of the
fluid flow. Thus, the process shows mixed continuous
and discrete dynamics with complex interactions of the
corresponding process parameters. If the SMB process is
operated close to its economic optimum, high sensitivi-
ties to disturbances and changes in the operating param-
eters result. Furthermore, concentration measurements
are expensive and can only be installed at the outlet of
the separation columns. Therefore, the control of SMB
chromatographic separation processes in order to ensure
a safe and economical operation while guaranteeing the
product specifications at any time is a challenging task.
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Currently, most processes are operated at some distance
from the optimum to avoid off-spec production and to en-
sure sufficient robustness margins. In order to exploit the
full economic potential of this increasingly applied tech-
nology, model-based optimization and automatic control
of SMB processes are required.

Several publications on both process optimization and
feedback control of SMB processes can be found in the
literature but they predominantly do not treat optimiza-
tion and control in an integrated manner. The purpose
of this contribution is to propose such an integrated ap-
proach based on a rigorous dynamic process model. The
overall concept and the realization of the elements are ex-
plained in the remainder of this paper. In each section,
we review the state of the art and refer to related work
of other authors. We start from a short description of
chromatographic separations and SMB chromatography
in particular, and then explain the generation and im-
plementation of sufficiently accurate and computation-
ally efficient process models, which are the essential pre-
requisite for model-based optimization and control. We
proceed with the issue of determining the optimal oper-
ating regime of the process, followed by the description of
the overall control concept and its components. The fea-
sibility and the capabilities of the proposed approach are
then demonstrated on an application example, the sepa-
ration of fructose and glucose on an 8-column SMB lab-
oratory plant. We finalize with some conclusions, high-
lighting unresolved issues and future research directions.

Process Description

Chromatography is a separation technique which is
based on the preferential adsorption of one component.
In adsorption, the solutes are transferred from a liquid
or gas mixture to the surface of a solid adsorbent, where
they are held by intramolecular forces. Desorption is the
reverse process whereby the solute, called adsorbate, is
removed from the surface of an adsorbent. By the use
of a suitable stationary phase, components that are dif-
ficult to separate by other methods can be obtained in
very high purities. In comparison to other thermal sepa-
ration methods, e.g. distillation, less energy is consumed.
Chromatography is particularly useful for the separation
of temperature-sensitive components because it can of-
ten be performed at room temperature (Hashimoto et al.,
1993; Adachi, 1994).

The classical implementations of chromatographic sep-
arations are batch processes in elution mode (see Fig-
ure 1). A feed pulse, containing the components to be
separated, is injected into a chromatographic column
filled with a suitable adsorbent, alternating with the sup-
ply of pure solvent. On its way along the column, the
mixture is gradually separated and the products can be
fractionated at the column outlet. One of the major
drawbacks of this method is the high amount of solvent
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Figure 1: Batch elution chromatography.
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Figure 2: Simulated moving bed chromatography.

needed to perform the separation. This also leads to a
high dilution of the products. During the migration of
the components along the column, only a small part of
the adsorbent is used for the separation. Another disad-
vantage is the batch operation mode of the process. In
industrial applications, processes with continuous prod-
uct streams are preferred.

These drawbacks led to the development of continuous
countercurrent adsorption processes. The main advan-
tage of such an arrangement is the countercurrent flow,
as in heat exchangers or distillation columns, that max-
imizes the average driving force. Thus, the adsorbent
is used more efficiently. However, the movement of the
solid particles is very difficult to realize. One reason is
the inevitable back-mixing of the solid that reduces the
separation efficiency of the columns. Another problem
is the abrasion of the particles which is caused by the
movement.

The invention of the Simulated Moving Bed process
overcame these difficulties, providing a profitable alter-
native mainly for the separation of binary mixtures. The
countercurrent movement of the phases is approximated
by sequentially switching the inlet and outlet valves of in-
terconnected columns in the direction of the liquid flow.
According to the position of the columns relative to the
feed and the draw-off nodes, the process can be divided



Optimal Operation and Control of Simulated Moving Bed Chromatography: A Model-Based Approach 241

C C

C C

Time [s x 1.0e04] Time [s x 1.0e04]

Elution profile (comp. A)

Axial concentration profile

Elution profile (comp. B)

0.01

2.9 2.93.0 3.03.1 3.12.95 2.953.05 3.05

0.01

0.02 0.02

0.03 0.03

0.04 0.04

Figure 3: Cyclic steady state of the simulated moving
bed process. Top: axial concentration profile (end of
period), Bottom: elution profiles.

into four different sections (see Figure 2). The flow rates
are different in every section and each section has a spe-
cific function in the separation of the mixture. The sep-
aration is performed in the two central sections where
component B is desorbed and component A is adsorbed.
The desorbent is used to regenerate the adsorbent by
desorption of component A in the first section, and com-
ponent B is adsorbed in the fourth section to regenerate
the desorbent. The net flow rates of the components
have different signs in the central sections II and III,
thus component B is transported from the feed inlet up-
stream to the raffinate outlet with the fluid stream and
component A is transported downstream to the extract
outlet with the “solid stream”.

The stationary operating regime of the SMB process
is a cyclic steady state (CSS), in which in each section
an identical transient takes place during each period be-
tween two valve switches. This periodic orbit is practi-
cally reached after a certain number of valve switches.
The upper part of Figure 3 represents the axial concen-
tration profile at the end of a switching period while
operating in cyclic steady state. The resulting elution
profiles below represent the time history of the product
concentrations and highlight the periodic nature of the
process dynamics.

Modeling and Simulation

Modeling of the SMB Process

The modeling and simulation of SMB processes has been
a topic of intensive research in recent years. An overview
can be found e.g. in Ruthven and Ching (1989), Ganet-
sos and Barker (1993), Zhong and Guiochon (1998) and
Klatt (1999). The modeling approaches can be divided
into two classes. In the first class, a rigorous SMB model

is assembled from dynamic process models of the single
chromatographic columns under explicit consideration of
the cyclic switching operation. Alternatively, an equiva-
lent solid velocity is deduced from the switching time and
the balance equations for the corresponding true moving
bed (TMB) are used.

By neglecting the cyclic port switching, the model is
distinctly simplified, and can be solved very efficiently.
It can be shown that the steady state solution of a de-
tailed TMB model reproduces the concentration profile
of a SMB model reasonably well in case of three or more
columns per zone and linear adsorption behavior, which
justifies the use of this type of model for the design of
such units (Storti et al., 1988; Lu and Ching, 1997; Pais
et al., 1998). However, many of the recent applications
of the SMB process, especially in the area of fine chemi-
cals and pharmaceuticals, are operated with less columns
per zone and at higher concentrations with nonlinear
adsorption equilibrium for economic reasons. In these
cases, the accuracy of the TMB approximation becomes
poor. Furthermore, only the dynamic SMB model cor-
rectly represents the complete process dynamics, which
is essential for an optimization of the operating policy
and for model-based control.

The rigorous dynamic SMB model is closely related to
the real process and directly describes the column inter-
connection and the switching operation. It mainly con-
sists of two parts: the node balances to describe the con-
nection of the columns combined with the cyclic switch-
ing, and the dynamic simulation models of the single
chromatographic columns. The node balances are used
to calculate the inlet flows and inlet concentrations of
the four zones of the process based on the mass balances
at the corresponding nodes (Ruthven and Ching, 1989):
Desorbent node:

QIV +QD = QI

cout
i,IV QIV + ci,DQD = cini,IQI

(1)

Extract node:
QI −QEx = QII

cout
i,I = cini,II = ci,Ex

(2)

Feed node:

QII +QF = QIII

cout
i,IIQII + ci,FQF = cini,IIIQIII

(3)

Raffinate node:

QIII −QRaf = QIV

cout
i,III = cini,IV = ci,Raf

(4)

with Qi being the respective flow rate in each of the
four zones, QD the desorbent flow rate, QF the feed flow
rate, QEx the extract flow rate, and QRaf the raffinate
flow rate. The switching operation can, from a math-
ematical point of view, be represented by shifting the
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Figure 4: Classification of column models.

initial or boundary conditions for the single columns.
Using the node model, the dynamic models of the sin-
gle columns are interconnected. This modular approach
allows the use of different column models which are ap-
propriate for the problem at hand.

Modeling of a Chromatographic Column

Modeling and simulation of chromatographic separation
columns has been a topic of research since the 1950s.
An overview can be found in Guiochon et al. (1994), an
interesting presentation of the phenomenological back-
ground is given by Tondeur (1995). Mostly, apart from
few outdated approaches using a stage model, the model
is formulated by a differential mass balance on a cross
section of the chromatographic column. Many different
modeling approaches can be found in the literature, and
those can be classified by the phenomena which they in-
clude and by their level of complexity (see Figure 4).

The simpler modeling approaches in the bottom of
Figure 4 can partly be solved analytically, and there-
fore they can be evaluated very efficiently (see e.g. Rhee
et al., 1989; Helfferich and Whitley, 1996; Zhong and
Guiochon, 1996; Dünnebier and Klatt, 1998; Dünnebier
et al., 1998). However, the idealistic assumptions on
which they are based are very unrealistic for most real
systems. For optimal operation and control, a model
which is both accurate and computationally efficient is
essential. The more complex process models mainly re-
quire an appropriate numerical solution strategy. The
models consist of a set of partial differential equations of
the convection-diffusion (or hyperbolic-parabolic) type.
Some properties of this type of equations, like shock lay-
ers and almost discontinuous solutions, make the appli-
cation of many standard discretization procedures dif-
ficult. A lot of research has been devoted to the de-
velopment of suitable spatial discretization schemes for
chromatography column models in order to transform
the PDEs to a set of ODEs (see e.g. Kaczmarski et al.,
1997; Kaczmarski and Antos, 1996; Strube and Schmidt-
Traub, 1996; Poulain and Finlayson, 1993; Ma and Guio-
chon, 1991; Spieker et al., 1998). Common to most of the

known approaches is the need for large computational
power which makes it difficult, even with modern com-
puters, to perform simulations substantially faster than
real time.

Therefore, the first objective of our research on model-
based control of chromatography processes was the for-
mulation and implementation of suitable process models.
We followed a bottom up strategy, proceeding from the
ideal model and increasing the complexity as far as nec-
essary in order to achieve sufficient accuracy. From a
mathematical point of view, it is useful to distinguish
chromatographic processes by the type of adsorption
isotherms, which describe the thermodynamic equilib-
rium of the separation system. Processes with a linear
relation between the fluid phase concentration ci and the
solid phase concentration qi (Henry’s law)

qi = KH,i · ci (5)

lead to systems of decoupled differential equations which
are easier to solve than those with coupled nonlinear ad-
sorption behavior, described for instance by competitive
Langmuir isotherms

qi =
ai

1 +
n∑

j=1

bjcj

· ci . (6)

Van Deemter et al. (1956) have shown that in case of a
linear isotherm the effects of axial dispersion and mass
transfer resistance are additive and can be incorporated
into a single parameter, the apparent dispersion coef-
ficient Dap. This results in the following quasi-linear
parabolic partial differential equation for the fluid phase
concentration of each component

γi
∂ci
∂t

+ uL
∂ci
∂x

−Dap,i
∂2ci
∂x2

= 0 (7)

The parameter γ is defined as

γi = 1 +
1− ε

ε
KH,i (i = A,B)

where ε represents the column void fraction, and the in-
terstitial velocity uL is assumed to be constant. Lapidus
and Amundsen (1952) proposed a closed form solution
of this type of equation for a set of general initial and
boundary equations by double Laplace transform. From
this, the dynamic SMB model can be generated by con-
necting the solutions for each single column by the re-
spective node model (see Dünnebier et al., 1998, for
details of the implementation). We denote this imple-
mentation as the DLI model (dispersive model for linear
isotherms). It was shown that simulation times two or-
ders of magnitude below real-time can be achieved while
reproducing both the results obtained with more com-
plex simulation models and experimental results very ac-
curately.
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In order to generate both an accurate and computa-
tionally efficient dynamic model also in the case of gen-
eral nonlinear adsorption isotherms we first followed the
same approach as in the linear case by analyzing a model
where the non-idealities are lumped into a single param-
eter. However, a closed-form solution is no longer possi-
ble in the nonlinear case and the numerical solution using
standard techniques for the spatial discretization did not
improve the computational efficiency substantially. For-
tunately, there exists a very effective numerical solution
for the detailled general rate model

∂ci
∂t

−Dax
∂2ci
∂x2

+ uL
∂ci
∂x

+
3(1− ε)kl,i

εrp
(ci − cp,i(rp)) = 0

(1− εp)
∂qi
∂t

+ εp
∂cp,i

∂t
− εpDp,i

[
1
r2

∂

∂r

(
r2
∂cp,i

∂r

)]
= 0

(8)
with complex nonlinear isotherms proposed by (Gu,
1995). Here, Dax represents the axial dispersion coef-
ficient, cp,i the concentration within the particle pores,
and qi the solid phase concentration which is assumed
to be in equilibrium with the pore-phase concentration.
rp denotes the particle radius, εp the particle poros-
ity, kl,i the respective mass transfer coefficient, and Dp,i

the diffusion coefficient within the particle pores. A fi-
nite element formulation is used to discretize the fluid
phase, and orthogonal collocation for the solid phase.
We applied this formulation to SMB processes result-
ing in a superb accuracy and simulation times almost
two orders of magnitude below real time (Dünnebier and
Klatt, 2000). Due to the favorable numerical properties,
this certain implementation of the complex general rate
model in terms of computational efficiency even outper-
forms the state of the art simulation models for SMB pro-
cesses (equilibrium transport dispersive model—second
layer of complexity in Figure 4) which follow a linear
driving force approach with a lumped mass transfer rate
(e.g. Strube and Schmidt-Traub, 1996; Kaczmarski and
Antos, 1996; Kaczmarski et al., 1997). Furthermore, in
terms of physical consistency the general rate model is
more exact, because the lumping of the different mass
transfer phenomena is strictly valid only for systems with
linear isotherms and incorrect for substances with large
molecules (as they appear e.g. in bioseparations).

Optimal Operating Regime

State of the Art

Most of the known approaches for the determination of
operating parameters for simulated moving bed separa-
tion processes are not based on mathematical optimiza-
tion methods and rigorous dynamic process models. Two
main approaches can be distinguished: The first is to de-
rive short-cut design methodologies based on the equiva-
lent TMB process. The second type of work uses heuris-
tic strategies combined with experiments and dynamic

simulation of the SMB model.
By transforming the switching time τ into an equiva-

lent solid flow rate

QS =
(1− ε)Vcol

τ
(9)

the operating parameters of a SMB process can be ex-
pressed in terms of the operating parameters of the cor-
responding TMB process. In case of the ideal model
and linear adsorption isotherms according to Equation 5,
the TMB model can be solved in closed form. On the
basis of this solution Nicoud (1992) and Ruthven and
Ching (1989) introduced new operating parameters βi

and stated bounds for which the desired separation can
be achieved:

QF = QS(KH,A/βIII −KH,BβII)
QEx = QS(KH,AβI −KH,BβII)
QD = QS(KH,AβI −KH,B/βIV )

QIV = QS(KH,B/βIV +
ε

1− ε
)

1 ≤ βi ≤

√
KH,A

KH,B
, KH,B < KH,A

(10)

The β-variables were originally intended as slack vari-
ables to formulate the conditions for proper operation of
the separation unit as a set of inequalities. The bounds
on those variables result from retaining the adsorption
and desorption fronts in the appropriate zone of the unit,
i.e. the β’s are safety factors for the ratio of the net mass
flow rate of the solid and the liquid phase. A detailled
exposition of this subject can be found in Zhong and
Guiochon (1998).

As the objective function in this framework, the mini-
mization of the specific desorbent consumption QD/QF

or the maximization of the throughput QF can be used.
Both objective functions lead to the same solution in
the idealistic case, which is QD = QF at the bound-
ary of the feasible region with βi = 1 and QD/QF = 1.
The maximum feed inflow QF is bounded by the maxi-
mum allowed internal flow rates, which are limited by the
pressure drop or the efficiency of the adsorbent. Storti
et al. (1993), Mazzotti et al. (1997), and Migliorini et al.
(1998) derived a graphical short-cut design methodology
based on these ideas, the so-called triangle theory and
extended the theory to systems with nonlinear adsorp-
tion isotherms. This methodology is currently state of
the art and has been applied to a large number of sepa-
rations. Due to the unrealistic assumptions of the ideal
model, the triangle theory can only give initial guesses
for a feasible operating point of the process because it
does not permit a reliable prediction of the product puri-
ties which are the most important operating constraints.

To overcome the limitations of the ideal model, Ma
and Wang (1997) and Wu et al. (1998) presented a stand-
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ing wave design approach based on an equilibrium disper-
sive transport model of the TMB process. However, in
case of systems with dominant mass transfer or diffusion
effects the minimization of the desorbent consumption
and the maximization of the throughput become conflict-
ing. Additionally, as already mentioned, the quality of
the prediction of the TMB model in general is only suffi-
cient for a restricted range of applications. It is therefore
necessary to develop design strategies based on rigorous
dynamic SMB process models. The operating points de-
termined with the triangle theory or the standing wave
design can be used as initial guesses for the computation
of an optimal operating point.

Strube et al. (1999) describe a heuristic design strat-
egy based on the dynamic simulation of a SMB process
model. The optimization objective is formulated in a set
of competing and partly contradictory targets which are
approached by parameter variation based on a heuristic
strategy. The major advantage of this method is the use
of a realistic process model, the disadvantage is the need
for extensive manual simulation without any guarantee
to determine the optimum, and the need for an experi-
enced user.

From the shortcomings and the limitations of the pre-
viously described approaches, a list of desired properties
for a model-based optimization strategy for simulated
moving bed chromatographic processes can be stated as
follows:

1. The algorithm has to be based on a realistic and
efficient dynamic SMB process model.

2. The objectives for the optimization must be formu-
lated in a single objective function avoiding compet-
ing and contradictory targets.

3. The product quality has to be included explicitly
in the formulation since this is the most relevant
constraint for the operation.

4. The strategy has to be based on a mathematical op-
timization procedure. This is the only way to ensure
that, in combination with suitable initial guesses, a
solution at least close to the optimum can be ob-
tained in finite time and without requiring too much
costly expertise.

5. The procedure should be as general as possible, so
that it can be applied to a broad variety of SMB
processes with linear or nonlinear adsorption equi-
librium, any number of columns and any size of
equipment.

A New Model-Based Optimization Strategy

To the best of our knowledge, there are only two ap-
proaches documented in the literature which treat the
calculation of the optimal operating regime in a rigor-
ous mathematical formulation: the strategy suggested
by Kloppenburg and Gilles (1998), and the approach

proposed in the sequel which is explained in detail in
Dünnebier and Klatt (1999); Dünnebier et al. (2000).

We here consider the case where the plant design is
fixed and the feed inflow is pre-specified, e.g. by the
outflow of an upstream unit. In this case, the desorbent
inflow QD constitutes the only variable contribution to
the processing costs. By defining ck as the axial con-
centration profile at the end of a switching period, and
by expressing both the process dynamics between two
switching operations and the switching operation itself
by the operator Φ

ck+1 = Φ(ck) (11)

we can write the following condition for the cyclic steady
state:

‖Φ(ck)− ck‖ ≤ δcss (12)

The purity requirements for the products in the extract
and raffinate stream are formulated as inequality con-
straints. Besides that, the efficiency and functionality of
most adsorbents is only guaranteed up to a maximum
interstitial velocity, which results in a constraint Qmax

for the flow rate in the first section of the process. The
optimization problem can then be stated as follows:

min
Qj ,τ

QD (13)

subject to

‖Φ(ck)− ck‖ ≤ δcss∫ τ

0

cA,Ex(t)
cA,Ex(t) + cB,Ex(t)

dt ≥ PurEx,min∫ τ

0

cB,Raf (t)
cA,Raf (t) + cB,Raf (t)

dt ≥ PurRaf,min

QI ≤ Qmax

Although the values for the optimization variables are
constant during the switching periods, the optimization
problem is inherently a dynamic one, because the oper-
ating regime of a SMB process is a periodic orbit and
not a steady state. From a mathematical point of view,
this is due to the dynamic nature of Equation 12 which is
a system of partial differential equations with switching
initial and boundary conditions, constituting the crucial
constraint of the formulation given in Equation 13.

The natural choices of the degrees of freedom for the
calculation of the optimal operating regime are the desor-
bent flow rate QD, the extract flow rate QEx, the switch-
ing time τ and the recycle flow rate QIV . Due to the
complex interactions, this results in a strongly coupled
system dynamics, since each of the independent variables
affects every zone of the process. Furthermore, it is im-
possible to formulate explicit and independent bounds
on those variables, and the optimization problem is not
well-conditioned from a numerical point of view.
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We therefore exploit the results of the analysis for the
ideal process model in case of linear isotherms. Equa-
tion 10 sets up a transformation where the “natural de-
grees of freedom” QD, QEx, QIV , and τ are replaced by
the variables βi. Due to the physical meaning of the βi

(safety margins for stable process operation), the feasi-
ble region for the optimization problem is well-defined in
terms of the bounds for the transformed variables given
in Equation 10. Furthermore, due to the scaling effect
and based on the feature, that any of the variables βi

mainly affects one zone of the process, the variable trans-
formation results in a more favorably structured opti-
mization problem. In case of nonlinear isotherms, the
slope of the isotherm is concentration dependent and
can no longer be represented by the constant Henry-
coefficient KH . In order to extend Equation 10 to the
nonlinear case, we thus chose a reference concentration
to formulate the transformation:

QS =
QF

∂gA

∂cA
(cF )/βIII −

∂gB

∂cB
(cF )βII

=
(1− εb)AL

τ

QEx = QS

(
∂gA

∂cA
(cF )βI −

∂gB

∂cB
(cF )βII

)
QD = QS

(
∂gA

∂cA
(cF )βI −

∂gB

∂cB
(cF )/βIV

)
QIV = QS

(
∂gB

∂cB
(cF )/βIV +

ε

1− ε

)
(14)

where

gi = εpcp,i + (1− εp)qi(cA, cB) (i = A,B)

and describes the equilibrium isotherm. The feed con-
centration is a simple and suitable choice to calculate the
slopes. The bounds on the variables βi as given in Equa-
tion 10 are based on stability considerations for the ideal
model and linear adsorption equilibrium and can there-
fore not simply be transferred to more complex systems.
In case of nonlinear isotherms the bounds have to be re-
laxed suitably, and in terms of the triangle theory, the
region limited by these bounds can be seen as a hull for
the shaped triangle. However, the transformation Equa-
tion 14 helps to scale, structure and reduce the search
space.

The crucial point in the solution of the optimization
problem (13) is the efficient and reliable computation of
the cyclic steady state. The solution of the associated
fix-point problem given by Equation 12 corresponds to
a mathematically similar formulation for pressure swing
adsorption (PSA), the dynamics of which shows some
similarities to SMB processes. Three main approaches
have been identified and examined in the literature.
Firstly, the solution can be achieved by direct dynamic
simulation (Picard iteration). Alternatively, Equation 12
can be solved by a Quasi-Newton scheme (Unger et al.,
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Figure 5: Optimization algorithm.

1997; Kvamsdal and Hertzberg, 1997; Croft and Le Van,
1994), or by discretizing the equations in space and time
and solving the resulting system of algebraic equations
(Nilchan and Pantelides, 1998; Kloppenburg and Gilles,
1998).

Even though there are many analogies between the
SMB chromatography and PSA processes, the conver-
gence of the direct dynamic simulation approach is much
faster in the SMB case. For realistic SMB chromatogra-
phy processes, the cyclic steady state is reached after a
few hundred switching periods at the latest, whereas in
the PSA case possibly several thousand cycles have to
be evaluated. The inherent dynamics of the process are
therefore much faster. On the other hand, especially for
systems with nonlinear adsorption behavior and reaction
kinetics, the system becomes very stiff and a very fine
grid is needed, which makes the application of a global
discretization approach difficult. We therefore choose
the direct dynamic simulation as the most robust and
efficient way for the calculation of the cyclic steady state
within our optimization algorithm, which is schemati-
cally shown in Figure 5.
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Original Run 1 Run 2
PurEx [%] 99.5 99.5 98.0
PurRaf [%] 98.3 98.3 98.0
rel. QD [%] 100 60.9 41.7
QD [cm3/s] 0.8275 0.5043 0.3452
QF [cm3/s] 0.2500 0.2500 0.2500
QEx [cm3/s] 0.77989 0.4683 0.3489
QIV [cm3/s] 0.2695 0.1489 0.1423

τ [s] 1337.4 2096.7 2675.2

Table 1: Optimization results for the separation of
phenylalanine and tryptophan.

We follow a staged sequential approach for the solu-
tion of the dynamic optimization problem. The degrees
of freedom βi are chosen by the optimizer in an outer
loop and are then transformed back into flow rates and
switching times according to Equation 14. In the inner
loop, the cyclic steady state is then calculated by direct
dynamic simulation of the rigorous SMB process model.
The purity constraints are evaluated by integration of
the elution profiles for the cyclic steady state. The non-
linear program in the outer loop is small and can be
solved by a standard SQP algorithm, while the required
gradients are evaluated by perturbation methods. The
results of the optimization are the optimal cyclic oper-
ating trajectory (CSS), the minimum desorbent inflow
for the specified product purities, and the corresponding
operating parameters.

The optimization algorithm was tested for a number
of different separation systems with both linear and non-
linear adsorption equilibrium. One impressive example
is shown in Table 1, the separation of phenylalanine and
tryptophan. Estimated model parameters and the ref-
erence operating conditions were taken from Wu et al.
(1998), where the original operating point was optimized
by a standing wave design. Because of the nonlinear ad-
sorption equilibrium (Langmuir isotherms), the general
rate model was used within our optimization algorithm.
The convergence to the cyclic steady state was achieved
after 75 switching periods in the average, and the SQP
solver in the outer loop converged after 12-15 steps de-
pending on the initial point. This resulted in approx. 6-8
hours CPU time for each run on a 400 MHz PentiumII
PC. In the first run, the purities for the operating point
obtained by Wu et al. (1998) were taken as constraints.
It can be seen, that compared to the operating regime
determined by the standing wave design technique, the
desorbent requirement was cut down by almost 40% us-
ing the proposed optimization approach. Furthermore,
the purity requirements can be directly specified. The
results for run 2 show the economical impact of a reduc-
tion of the purity specifications to 98% each.

Control Concept

In real applications, plant/model mismatch and distur-
bances will lead to more or less pronounced deviations
from the optimal trajectory. However, the online op-
timization under real-time requirements is not possi-
ble with the computational power currently available.
Therefore, a feedback control strategy based on suitable
dynamic models and on-line measurement information is
required in order to keep the process close to the optimal
trajectory.

Only few publications can be found in the open lit-
erature which treat the automatic control of simulated
moving bed chromatographic processes. Ando and Tan-
imura (1986), Cohen et al. (1997), Hotier and Nicoud
(1996), and Hotier (1998) deal with the basic control of
the internal flow rates, which itself is a difficult task and
forms the basis for the more advanced control strate-
gies. The concepts described in Holt (1995), Cansell
et al. (1996), and Couenne et al. (1999) propose feed-
back control for certain operating variables (e.g. prod-
uct purity, system yield) based on some concentration
measurements. They are predominantly applied to the
separation of aromatic hydrocarbons where on-line Ra-
man spectroscopy (Marteau et al., 1994) can be utilized
to measure the specific concentration of the compound
at the outlet of the chromatographic columns. Those
as well as the geometric nonlinear control concepts de-
scribed in Kloppenburg and Gilles (1999) and Benthabet
et al. (1997) are mainly based on a model for the cor-
responding true moving bed (TMB) process, where the
cyclic port switching is neglected, and thus rely heavily
on the applicability of the TMB model as a simplified
model for the SMB process. This is particularly critical
for SMB processes with a low number of columns—which
are more and more utilized in industrial applications in
order to reduce the investment costs—where the core-
spondence between the SMB dynamics and the TMB
approximation may become poor. In a recent publica-
tion, Natarajan and Lee (2000) suggest to apply repet-
itive model predictive control on a reduced order linear
state space model of the SMB process. They optimize
the product yield for a given constraint on the purities
using the reduced linear model for the control calcula-
tions. This approach definitely follows the right objec-
tive, i.e. the control of the process in the vicinity of an
optimal operation point. However, in case of the SMB
process, yield optimization even when considering the
purity constraints does neither generically imply the eco-
nomic optimum nor guarantee a stable process operation
in the long run. Furthermore, the range of validity for
the linear approximation and its impact on the control
performance is not explicitly considered.

In order to overcome some of the shortcomings and
limitations mentioned above, we proposed a two-layer
control architecture which is shown schematically in Fig-
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Figure 6: Control concept for SMB processes.

ure 6 (Klatt et al., 2000). The top layer features the
off-line calculation of the optimal operating trajectory
as described in the previous section, combined with an
on-line estimation of the respective model parameters
based on inline concentration measurements. The pur-
pose of this estimation algorithm is twofold: It provides
actual and reliable values for the model parameters, and
together with the dynamic simulation model, it enables
the monitoring of the complete axial concentration pro-
file which is not directly measurable in the interior of the
separation columns. If there is a too large discrepancy
between the actual parameters and the parameter values
used in the trajectory optimization (e.g. caused by ag-
ing of the adsorbent material), a new optimization run is
initiated. The remaining control task then is to keep the
process along the calculated nominal trajectory despite
disturbances and plant/model mismatch, caused e.g. by
small and non-persistent perturbations of the system pa-
rameters. This task is performed by the bottom layer
where identification models based on simulation data of
the rigorous process model along the optimal trajectory
are combined with a suitable local controller. The real-
ization of the remaining elements of the proposed control
structure is explained below.

The model-based parameter estimation utilizes on-line
measurement data from measurement devices located in
the product outlets or in the connecting pipelines be-
tween the columns. Because of the high costs of on-
line concentration measurements, measurements located
after each single column will generally not be feasible.
Typically, up to four measurement points can be found
in real plants, if online measurement is employed at all.
The devices are system specific and use either spectro-
scopic methods or combined measurement techniques to
determine the concentration of each single species.

Starting from a complete set of model parameters de-
termined in a priori experiments, the objective of the
online estimation is to fit the model to the real process.
The model parameters can be categorized in kinetic pa-
rameters (describing mass transfer, diffusion, dispersion)

and adsorption parameters (constituting the adsorption
isotherms). Due to the limited measurement informa-
tion available, we solve a reduced parameter estimation
problem, where one crucial parameter per class and com-
ponent is adapted by optimizing a quadratic cost func-
tional

min J =
∫ t2

t1

(ci,meas(t)− ci,sim(t))2dt, i = A,B

(15)
where the measured outlet concentrations ci,meas are
compared to the outlet concentrations ci,sim which are
determined by the solution of the simulation model. The
number and arrangement of the measurement devices
depend on the mixture to be separated. In Zimmer
et al. (1999) a measurement setup and estimation algo-
rithm was proposed for systems with linear adsorption
isotherms which is briefly sketched in the application ex-
ample below.

The rigorous dynamic SMB model, consisting of PDEs
(eqs. (7) and (8)) with switching initial and boundary
conditions, is not well suited for a standard controller
design. Thus, we base the trajectory control on a lo-
cal model. In order to get rid of the hybrid system
dynamics in the bottom layer of the control concept,
we consider the reduced model as a discrete time model
with the sampling interval equal to one switching period.
The model predicts one characteristic parameter of the
concentration profile per switching period, and therefore
does not require the consideration of the discontinuities
introduced by the switching operation.

Because of the favorable properties of the nonlinear
transformation of the input space (14) which is utilized
in the trajectory optimization, the variables βi, resp. the
deviations from their values on the nominal trajectory,
are also chosen as inputs of the reduced model. This al-
lows a variable switching time which is essential in case of
inflow disturbances because feed flow-rate changes can be
completely compensated only by a corresponding adap-
tation of the virtual solid stream. Furthermore, with an
appropriate choice of outputs, the nonlinear transforma-
tion helps to create a nearly decoupled system dynamics,
particularly for SMB separation processes with linear ad-
sorption equilibrium.

One characteristic indicator of the separation perfor-
mance of a SMB unit is the axial position of the adsorp-
tion and desorption fronts of the two components at a
certain moment, e.g. at the end of a switching period (see
Figure 3). They are referred to as front positions pi in
the sequel. Extensive simulation studies showed that the
front positions do not only provide a suitable indicator
for the long term stability of the system, but addition-
ally exhibit an excellent correspondence with the product
purities which are the relevant output variables. How-
ever, from a system dynamics point of view, the product
concentrations are ill-suited as controlled variables due
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to their strongly delayed response and their lack of sen-
sitivity to changes in the manipulated variables. Thus,
the deviations of the front positions from their nominal
values on the optimized trajectory are chosen as outputs
of the local model.

The axial concentration profile is not directly mea-
surable, but assuming an on-line concentration measure-
ment at the end of each column, an approximation of
the complete axial concentration profile can be obtained
by connecting all measurements of the elution profiles
during one switching period. We call this representation
the Assembled Elution Profile (AEP). If the system is at
its cyclic steady state, the AEP can also be obtained by
using the information of a single measurement over ncol

switching periods. In case of a disturbed system, the
AEP obtained from a system with less than ncol mea-
surements becomes in some respect time variant, since
the parts of the AEP are recorded at different instants
during the transition, and the AEP constructed depends
on the location of the measurements in the loop. Nev-
ertheless, a reduction of the number of measurements
below ncol is possible to a certain extent, and the ef-
fect on the AEP is comparable to a low pass filter. The
required number and the exact location of the measure-
ment devices depend on the specific system dynamics.

Three different methods for the calculation of the front
positions from the AEP were evaluated:

I. Functional approximation of the fronts, followed by
the calculation of the inflection point of this func-
tion.

II. Surface quadrature to calculate the center of gravity
of the fronts.

III. Wavelet analysis to determine the inflection points
of the fronts.

For method I, a variation of the Gauss error function
proved to supply a good approximation for the fronts
of SMB separation processes with linear and moderately
nonlinear adsorption isotherms. The desorption fronts
are approximated by

f(t) =
1
2

[
1 +

2√
π

∫ k(t−z)

0

e−θ2
dθ

]
, (16)

the adsorption fronts by

f(t) =
1
2

[
1− 2√

π

∫ k(t−z)

0

e−θ2
dθ

]
. (17)

The two parameters of the function, k and z are calcu-
lated by a least-squares fit to the available measurements
which is updated in each switching period, and the in-
flection point of the function which represents the front
position is determined analytically afterwards.

In the second method, an upper and lower bound for
the concentration front is assumed first. Then the front

upper bound

lower bound

front position

A1

A2

Figure 7: Evaluation by surface quadrature.

position is defined as the point where A1 = A2 (see Fig-
ure 7). The integration is approximated by a summation
over the available measurement points.

Wavelet analysis (III) is based on scale and position
dependent coefficients of the form

C(a, k) =
∫ ∞
−∞

f(t)Ψ(a, k, t)dt (18)

and allows the multi-scale analysis and representation
of arbitrary time series. It also enables the direct iden-
tification of inflection points from noisy data (see, e.g.
Daubechies, 1992). The method of choice mainly de-
pends on the characteristics of each different separation
process, i.e. the shape and the position of the adsorp-
tion and desorption fronts. The different methods have
to be evaluated trading off the computational require-
ments for the calculation, the robustness against noise,
and the physical meaning of the calculated positions.

Having defined the inputs and outputs, the structure
of the local model and the input signal for the identifica-
tion need to be specified. In our work, we utilize the
Matlab System Identification Toolbox (Ljung, 1995)
to perform the necessary computations. To obtain the
necessary data for identification, the rigorous simulation
model is excited around the nominal operation regime
with a random binary signal. For MIMO identification,
non-correlated signals in the different channels are to be
preferred, which can be achieved with a slight modifica-
tion of the Pseudo Random Binary Signal, the Pseudo
Random Multistep Signal (Isermann, 1992). We tested
prediction error models as well as subspace state space
identification methods and found both approaches suit-
able for the SMB separation processes we have investi-
gated so far.

After identification of the local linear model any stan-
dard linear control design approach or linear model pre-
dictive control can be used to realize the controller on
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Figure 8: Structure of the trajectory control loop.

System Parameters
dcol 2.6 cm L 53.6 cm
ε 0.38 dp 0.0325 cm
ρ 1 g/cm3 η 0.0058
KA 0.54 KB 0.28

Nominal Operating Parameters
Concentration of feed cF 0.5 g/cm3

Feed flow rate QF 0.02 cm3/s
Desorbent flow rate QD 0.0414 cm3/s
Extract flow rate QEx 0.0348 cm3/s
Recycle flow rate QIV 0.0981 cm3/s
Switching time τ 1552 s
Purity fructose 99.95%
Purity glucose 99.95%
β [ 1.1371 1.0993 1.1164 1.1220 ]

Table 2: System and operating parameters for the
separation of fuctose and glucose on an 8-column
SMB laboratory plant.

the bottom layer. At a glance, the structure of the tra-
jectory control loop is depicted in Figure 8. The vari-
ables represent deviations from the nominal trajectory:
four input variables ui = ∆βi, and deviations of the
four front positions (normalized to the scaled length of
all interconnected columns between 0 and 1) as outputs
yi = ∆pi.

Application Example

As an application example, we consider the separation
of a fructose/glucose mixture on an 8-column laboratory
scale SMB plant. Performing the proposed optimization
algorithm, the plant was optimized for a product purity
of 99.95% both in the extract and the raffinate stream.
From a practitioner’s point of view, this is an excep-
tionally high purity requirement for a sugar separation.
Those are normally operated with a purity specification
of at most 99%. However, the higher the purity specifi-
cation the more challenging the control problem, because
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Figure 9: Axial profile (CSS, end of period) of the
SMB fructose/glucose separation and its sensitivity
to parameter perturbations.

the system is operated much closer to the stability mar-
gins. Furthermore, in pharmaceutical separations the
purity requirements are generally very high. Thus we
decided to operate the sugar separation under these high
purity requirements to demonstrate the feasibility of the
proposed approach.

The system and operating parameters are shown in
Table 2. The plant is operated at 60 ◦C. The liquid
density can be considered as constant for the given feed
concentration, and the adsorption isotherms are well de-
scribed by Henry’s law (5). Thus, the DLI model (7) is
utilized within the optimization and control framework.
The optimal operating trajectory and parameters were
determined using the optimization algorithm described
above. Here, convergence to the cyclic steady state was
achieved after 65 switching periods on the average, and
the SQP solver in the outer loop converged after 10-15
steps depending on the initial point. This resulted in ap-
prox. 4 hours CPU time on a 400 MHz PentiumII PC.
Because of the complex hybrid system dynamics, steady
state multiplicities are possible in principle. We therefore
tested different initial points within the feasible region,
but for the separation task at hand they all converged to
the optimal solution reported in Table 2. However, this
is of course system dependent and has to be thoroughly
inspected for each individual separation task.

Figure 9 shows the axial concentration profile for the
optimal operation mode and its sensitivity against varia-
tions of the adsorption isotherm parameters, caused e.g.
by a varying feed quality. We here perturbed the system
into the direction where the separation becomes more
difficult, i.e. decreasing KA and increasing KB . Table
3 depicts the corresponding product purities. It is obvi-
ous, that the optimal operating regime is quite sensitive
against parameter variations and thus the results of the
trajectory optimization illustrated above essentially de-
pend on a reliable determination of the model parame-
ters.

In Zimmer et al. (1999) an on-line parameter esti-
mation algorithm for systems with linear adsorption
isotherms based on concentration measurements only
in the product outlets was proposed. A combination
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Nominal KA -5% KA -10%
KB +5% KB +10%

Extract 99.95% 99.50% 97.04%
Raffinate 99.95% 99.61% 96.71%

Table 3: Product purities corresponding to the con-
centration profiles shown in Figure 9.

of a polarmeter and a densimeter is used to determine
the specific concentrations of fructose and glucose (Al-
tenhöhner et al., 1997). Assuming the validity of the
DLI model (7), the system has, in the case of a binary
separation, four parameters describing the physical be-
havior, which are γi and Dap,i(i = A,B). γ incorporates
the column void fraction ε and the respective adsorp-
tion parameter, the apparent dispersion coefficient Dap

lumps the kinetic effects. Thus, no further reduction of
the parameter space is necessary in this case.

A linear adsorption isotherm implies that the com-
ponents do not interact with regard to their adsorption
behavior. Therefore, the two parameter sets (γA, Dap,A)
and (γB , Dap,B) can be determined seperately by solv-
ing the least-squares problem posed by Equation 15. The
simulated axial concentration profile ci,sim is determined
by solving the PDE (7) for each column and each compo-
nent. Unfortunately, the boundary and initial concentra-
tions for each switching period are only partly available
from the measurements. Therefore, a special approxima-
tion strategy was developed using the concentration of
fructose and glucose in the extract and raffinate outflow
in two consecutive switching periods. This parameter es-
timation additionally supplies an approximation of the
non-measurable concentration profiles in the interior of
the columns prior to the measurement. Because the mea-
surement devices are located in the product outlets which
are periodically switched downstream, the complete ax-
ial concentration profile can be reconstructed within a
complete cycle (i.e. 8 switching periods).

The major task of the parameter estimation is to sup-
ply a set of actual model parameters which can be used
for the trajectory optimization. Also they indicate if
there is too large a deviation from the original set of
parameters and thus a new optimization run has to be
performed. However, as online optimization is not possi-
ble for the time being, smaller deviations and other dis-
turbances have to be adjusted by the trajectory control
loop.

For the fructose/glucose separation, a linear time in-
variant model of the ARX type was chosen as the local
dynamic model:

A(q)y(t) = B(q)u(t) + e(t) (19)

where A and B are 4 × 4 matrices containing polyno-
mial functions of the discrete time shift operator q in

Figure 10: Model validation.

each element. The amplitude of the input signal ∆βi

for excitation of the rigorous DLI model was chosen to
be 10% of the nominal β-value. This input range covers
nearly the whole range of practically reasonable operat-
ing conditions. A first estimate of the necessary system
order was obtained by the evaluation of step responses
of the DLI model, which was then adapted based on the
performance of the identified model. For the elements
of the matrices A and B, polynomials of at most sec-
ond order proved to be sufficient. The performance of
the model was tested with a second validation data set.
The prediction of the front positions (desorption front
of glucose (component B) as one example) of the rigor-
ous and of the reduced model are compared in Figure 10.
The prediction horizon is infinite here, i.e. the simulation
models are reconciled only for initialization and then run
independently. The approximation is very good, only in
regions far from the nominal trajectory, where the as-
sumption of linearity is violated, slight deviations occur.

As postulated, the system dynamics are diagonally
dominant in the vicinity of the optimal operating tra-
jectory. As mentioned above, in principle, any standard
linear controller design method could be applied. For
this example, we transformed the ARX model (19) to
a z-domain transfer function representation and applied
internal model control following the guidelines proposed
in Zafiriou and Morari (1985) to design a discrete time
SISO controller for each channel (i.e. the control of each
single front position by manipulating the respective β-
value). The design of the internal model controllers is
very straightforward for the system at hand and allows
the direct integration of the system dynamics into the
controller.

In the conventional feedback representation, the inter-
nal model controller is of the form

C(z) =
F (z)GC(z)

1− F (z)GC(z)GM (z)
(20)
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where GC is the internal model controller, GM is the
transfer function of the respective model, and F is a
first order filter

F (z) =
z(1− α)
z − α

(21)

where α has to be suitably chosen in the range 0 ≤ α <
1. After a cancellation of numerically induced pole/zero
pairs, we obtained the following transfer functions for
the respective input-output channels

GM
1 =

0.0349 · z2

(z − 0.145)(z − 0.8011)

GM
2 =

0.0256 · z2

(z − 0.7058 + 0.1106j)(z − 0.7058− 0.1106j)

GM
3 =

−0.0365 · z2

(z − 0.6967 + 0.2277j)(z − 0.697− 0.2277j)

GM
4 =

−0.0143 · z2

(z − 0.5743)(z − 0.8270)
(22)

In this case, direct inversion of GM is possible and the
internal model controller is realized by

GC
i =

1
z
· 1
GM

i (z)
(23)

The filter parameters were selected from simulation stud-
ies as

α1 = 0.4, α2 = 0.4, α3 = 0.6, α4 = 0.6

and the range of the trajectory controller was chosen as a
±10% deviation from its value at the optimal operating
regime for each of the βi.

In the following, some simulation studies are presented
in order to demonstrate the capabilities of the proposed
trajectory control. For the simulation scenarios, the gen-
eral rate mode according to Equation 8 is used to repre-
sent the real plant. This introduces a structural devia-
tion between the DLI model on which the control design
is based and the simulation model for the validation ex-
periments. The scenarios depicted below were performed
both without and with noise added to the concentration
measurements. White noise with a standard deviation of
1% of the maximum concentration value was assumed.

Flow-Rate Disturbance

In this scenario it is assumed that a step disturbance
in each of the internal flow rates occurs one at a time
to analyze the effect on all front positions and possible
coupling. Under practical considerations, these distur-
bances may be caused by an irregularity in the pumping
and piping system or by an offset in the basic control
layer. Each of the subplots in Figure 11 shows the ma-
nipulated variable and controlled variable moves result-
ing from the disturbance in the respective input channel,
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Figure 11: Closed loop reaction on input disturbance
scenario.

where a 10% variation in terms of the β-variable corre-
sponds to a 10-20% variation of the internal flow rates.

As can be clearly seen, the closed loop reacts in a
mostly decoupled manner. The front position deviation
is suppressed quickly by the controller, the maximum
value of the deviation being about 0.01 in terms of scaled
length. Though minor effects of coupling can be seen
for disturbances in channels 2 and 3, the effects remain
small. As expected, the results of the same sequence
under noisy measurements show less smooth control ac-
tions and a slight wiggling of the front positions due to
the noise’s influence on the calculation of the inflection
points. However, the results are principally the same
with no major deterioration as compared to the noise-
free setting. The corresponding plot is omitted here for
the sake of brevity.

Feed Batch Change

In real-world applications a separation process follows
prior production steps which might be continuous or dis-
continuous, a typical example in the Life Science context
being a fermenter or a batch reactor. Thus a continuous
SMB chromatography has to face changes in the feed
batch quality. In Table 3 and in Figure 9 we already
considered this scenario, which corresponds to a change
of the characteristic adsorption parameters, and its im-
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Figure 12: Closed loop response to change of feed
batch.
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Figure 13: Closed loop response to change of feed
batch in the presence of measurement noise.

pact on the axial concentration profile and the product
purities within the cyclic steady state operating regime.

Starting form the optimal operating regime, after five
periods we again perturbed the characteristic adsorption
parameters by ±5%, but now with the feedback control
loop closed. The results are shown in Figure 12 for the
case of noise-free concentration measurements. The tra-
jectory controller quickly suppresses the disturbance and
drives the corresponding front positions (controlled vari-
ables) back to their nominal values without any offset.
The axial concentration profile therefore does not change
its position as in the scenario without feedback control,
but is kept in the immediate vicinity of the optimal pro-
file. As a result, the product concentrations which are
the essential quality parameters are thus indirectly con-

trolled and kept close to their optimal values. Figure 13
shows the same scenario under noisy measurements. The
results are qualitatively the same and the effect on the
product concentrations remains very small compared to
the noise-free setting.

Conclusions and Further Research

Simulated moving bed chromatographic separation pro-
cesses pose a challenging control problem because of their
complex hybrid dynamics. In this contribution, we pro-
posed an integrated, model-based approach for the op-
timal operation and advanced control of a SMB chro-
matographic process. To our knowledge, it is the first
approach which is based solely on a rigorous dynamic
process model and does not utilize the simplified TMB
model in any of its elements. Furthermore, the proposed
strategy explicitly aims at controlling the process close
to its economic optimum.

The control architecture features two cascaded lay-
ers where in the top layer the optimal operating trajec-
tory is calculated off-line by dynamic optimization. Due
to the associated computational complexity, online op-
timization based on a rigorous dynamic process model
is currently not possible. The respective model param-
eters are determined by an online estimation algorithm
which, in addition to providing actual and reliable model
parameters for the trajectory optimization, enables the
online monitoring of the non-measurable concentration
profile within the separation columns. If the discrep-
ancy between the actual parameters and the parameter
values on which the trajectory optimization was based
on becomes significant, a new optimization run should
be initiated. The task of the second layer of the control
architecture is to keep the process along the optimized
trajectory. This trajectory control is based on a local
linear model which is identified from simulation data of
the rigorous dynamic process model along the optimized
trajectory.

The capabilities of the proposed control concept could
be demonstrated in a set of simulation studies for the
separation of fructose and glucose on an eight column
SMB plant which is currently operated manually in the
Plant Design Laboratory at the University of Dortmund.
Due to the particular choice of the inputs and outputs,
the dynamics of the local ARX model are approximately
decoupled in the vicinity of the optimal operating tra-
jectory, and thus a simple decentralized internal model
controller could be used for the trajectory control. It
performs satisfactorily, rejecting different types of dis-
turbances both in a noise-free setting and with noisy
measurements.

The overall control architecture is currently being im-
plemented in an industrial standard control system. It
consists of a decentralized control system (DCS) of the
SIEMENS S7-400 series (CPU S7-414-2DP) and the
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Windows Control Center (WinCC) as human machine
interface. The algorithms and programs of the compo-
nents of the control structure are integrated via the C-
script interface, Global Script. Due to the fact, that the
trajectory optimization is performed off-line, this task
can be swapped out to another machine.

The experimental verification of the proposed ap-
proach on the laboratory SMB plant is planned for the
near future, followed by the extension of the concept
to a real pharmaceutical separation. However, for this
latter task, some open issues have to be addressed be-
cause pharmaceutical separations may show a very com-
plex nonlinear adsorption behavior and not all of the
components of the proposed concept are currently com-
pletely adapted to this challenge. The off-line trajectory
optimization can be performed for arbitrary complex
isotherms, the successful extension to reactive adsorp-
tion processes was recently reported in Dünnebier et al.
(2000). The online parameter estimation concept is cur-
rently realized only for systems with negligible coupling
of the adsorption isotherms. This has to be extended in
order to get a reliable online estimate for the interaction
parameters of the adsorption isotherm in case those have
a significant impact on the system dynamics. Due to the
limited measurement information, a reduced parameter
estimation problem has to be posed in the case of com-
plex nonlinear isotherms, restricting the online adapta-
tion to the most significant model parameters only. The
design strategy for the inner control loop is also subject
to revision because the range of validity for the local
linear model may be too small for very nonlinear and
strongly coupled systems. Currently, the combination
of NARX models based on neural networks and nonlin-
ear model predictive control as an alternative to realize
the trajectory control loop for this type of separations is
investigated. Furthermore, the correspondence between
the characteristic points used for control and the product
purities—which is excellent in case of the sugar separa-
tion example—has to be validated for different types of
substances and the need for alternative calculation meth-
ods or even different characteristics to represent the re-
spective fronts has to be inspected.

The above mentioned issues are addressed in current
research projects and we expect a medium term solu-
tion for most of the problems. However, in the long run
also the cascaded control structure is under discussion.
A real time optimization based on a dynamic process
model redundantizing the inner loop would be desirable.
To achieve this goal, the computational efficiency of the
dynamic optimization has to be enhanced by at least one
order of magnitude. For this, both the numerical solu-
tion of the model equation as well as the calculation of
the cyclic steady state have to be improved. Adaptive
gridding for the solution of the model equations in com-
bination with the direct solution of the sensitivity equa-
tions seems to be a promising approach and provides an

interesting area for the cooperation between engineers
and applied mathematicians.
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Institut d’Automatique, École Polytechnique Fédérale de Lausanne

CH-1015 Lausanne, Switzerland
Computer-aided Process Engineering, Lonzagroup, CH-3930 Visp, Switzerland

Abstract
Dynamic optimization of batch processes has attracted more attention in recent years since, in the face of growing com-
petition, it is a natural choice for reducing production costs, improving product quality, and meeting safety requirements
and environmental regulations. Since the models currently available in industry are poor and carry a large amount of
uncertainty, standard model-based optimization techniques are by and large ineffective, and the optimization methods
need to rely more on measurements.

In this paper, various measurement-based optimization strategies reported in the literature are classified. A new
framework is also presented, where important characteristics of the optimal solution that are invariant under uncertainty
are identified and serve as references to a feedback control scheme. Thus, optimality is achieved by tracking, and no
numerical optimization is required on-line. When only batch-end measurements are available, the proposed method
leads naturally to an efficient batch-to-batch optimization scheme. The approach is illustrated via the simulation of a
semi-batch reactor in the presence of uncertainty.

Keywords
Dynamic optimization, Optimal control, Batch chemical industry, On-line optimization, Batch-to-batch optimization,
Run-to-run optimization

Introduction

Batch and semi-batch processes are of considerable im-
portance in the chemical industry. A wide variety of spe-
cialty chemicals, pharmaceutical products, and certain
types of polymers are manufactured in batch operations.
Batch processes are typically used when the production
volumes are low, when isolation is required for reasons
of sterility or safety, and when frequent changeovers are
necessary. With the recent trend in building small flexi-
ble plants that are close to the markets of consumption,
there has been a renewed interest in batch processing
(Macchietto, 1998).

From a process systems point of view, the key feature
that differentiates continuous processes from batch and
semi-batch processes is that the former have a steady
state, whereas the latter are inherently time-varying
in nature (Bonvin, 1998). This paper considers batch
and semi-batch processes in the same manner and, thus
herein, the term ‘batch processes’ includes semi-batch
processes as well.

The operation of batch processes typically involves fol-
lowing recipes that have been developed in the labora-
tory. However, owing to differences in both equipment
and scale, industrial production almost invariably neces-
sitates modifications of these recipes in order to ensure
productivity, safety, quality, and satisfaction of opera-
tional constraints (Wiederkehr, 1988). The ‘educated
trials’ method that is often used for recipe adjustment is
based on heuristics and results in conservative profiles.
Conservatism is necessary here to guarantee feasibility
despite process disturbances.

To shorten the time to market (by bypassing an elabo-
rate scale-up process) and to reduce operational costs (by
reducing the conservatism), an optimization approach is

called for, especially one that can handle uncertainty ex-
plicitly. Operational decisions such as temperature or
feed rate profiles are then determined from an optimiza-
tion problem, where the objective is of economic nature
and the various technical and operational constraints are
considered explicitly. Furthermore, due to the repetitive
nature of batch processes, these problems can also be
addressed on a batch-to-batch basis.

The objectives of this paper are threefold: i) address
the industrial practice prevailing in the batch specialty
chemical industry and discuss the resulting optimization
challenges, ii) review the dynamic optimization strate-
gies available for batch processes, with an emphasis on
measurement-based techniques, and iii) present a novel
scheme that uses process measurements directly (i.e.,
without the often difficult step of model refinement) to-
wards the goal of optimization. Accordingly, the paper
has three major parts:

• Industrial perspectives in batch processing: The ma-
jor operational challenges aim at speeding up pro-
cess/product development, increasing the produc-
tivity, and satisfying safety and product quality re-
quirements (Allgor et al., 1996). These tasks need
to be performed in an environment characterized
by a considerable amount of uncertainty and the
presence of numerous operational and safety-related
constraints. The measurements available could be
used to help meet these challenges.

• Optimization strategies for batch processes: These
are reviewed and classified according to: i) whether
uncertainty is considered explicitly, ii) whether mea-
surements are used, iii) whether a model is used to
guide the optimization. The type of measurements
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used for optimization (on-line, off-line) adds another
dimension to the classification.

• Invariant-based optimization scheme: New insights
into the optimal solution for a class of batch pro-
cesses have led to an alternative way of dealing with
uncertainty. It involves: i) the off-line characteriza-
tion of the optimal solution using a simplified model,
ii) the selection of signals that are derived from the
conditions for optimality and are invariants to un-
certainty, and iii) a model-free implementation by
tracking these invariants using a limited number of
measurements. This results in a model-free though
measurement-based implementation that is quite ro-
bust towards uncertainty. An interesting feature of
this framework is that it permits naturally to com-
bine off-line data from previous batches with on-line
data from the current batch.

The paper is organized as follows. The industrial per-
spectives in batch processing are presented first. The
next section briefly reviews the optimization strategies
available for batch processes and proposes a classifica-
tion of the methods. The invariant-based optimization
framework is then developed and an example is provided
to illustrate the theoretical developments. Conclusions
are drawn in the final section.

Industrial Perspectives in Batch Process-
ing

It is difficult to address in generic terms the perspec-
tives prevailing in the batch chemical industry since the
processing environments and constraints differ consid-
erably over the various activities (specialty chemicals,
pharmaceuticals, agro and bio products, etc.). Thus,
the situation specific to the production of intermediates
in the specialty chemical industry will be emphasized
in this section. The customer—typically an end-product
manufacturer—often generates competition between sev-
eral suppliers for the production of a new product. The
suppliers need to investigate the synthesis route and de-
sign an appropriate production process. The competi-
tion forces the suppliers to come up, under considerable
time pressure, with an attractive offer (price/kg) if they
want to obtain the major share of the deal.

Batch processes are usually carried out in relatively
standardized pieces of equipment whose operating condi-
tions can be adjusted to accommodate a variety of prod-
ucts. The working environment that will be considered
is that of multi-product plants. In a multi-product plant,
a number of products are manufactured over a period of
time, but at any given time, only one product is being
made. The sequence of tasks to be carried out on each
piece of equipment such as heating, cooling, reaction,
distillation, crystallization, drying, etc. is pre-defined,
and the equipment item in which each task is performed

is also specified (Mauderli and Rippin, 1979).

Operational Objectives

The fundamental objective is of economic nature. The
investment (in time, personnel, capital, etc.,) should pay
off, as the invested capital has to compare favorably with
other possible investments. This fundamental objective
can in turn be expressed in terms of technical objectives
and constraints, which are presented next.

• Productivity: This is the key word nowadays. How-
ever, high productivity requires stable production
so as to reduce the amount of corrective manual
operations that are costly in terms of production
time and personnel. Reducing the time necessary for
a given production is particularly interesting when
the number of batches per shift can be increased.
In multi-product plants, however, equipment con-
straints (bottlenecks) and logistic issues often limit
productivity.

• Product quality: Quality is often impaired by the
appearance of small amounts of undesired by-
products. The presence of impurities (also due to
recycled solvents) is very critical since it can turn
an acceptable product into waste. Removing impu-
rities is often not possible or can significantly reduce
throughput. Also, from an operational, logistic and
regulation point of view, it is often not possible to
use blending operations in order to achieve the de-
sired average quality.
Reproducibility of final product composition despite
disturbances and batch-to-batch variations is impor-
tant when the process has to work closely to some
quality limit (for example, when the quality limits
are tight). Improving the selectivity of an already
efficient process is often not seen as a critical factor.
However, when the separation of an undesirable by-
product is difficult, the selectivity objective may be
quite important.

• Safety aspects: The safety aspects such as the avoid-
ance of runaways are of course very important.
Safety requirements can lead to highly conservative
operation. Here, the real obstacle is the lack of
on-line information. If information about the state
of the process were available, the process engineer
would know how to guarantee safety or react in the
case of a latent problem. Thus, the difficulty results
from a measurement limitation and not from a lack
of operational knowledge.

• Time-to-market: The economic performance is
strongly tied to the speed at which a new prod-
uct/process can be developed. The product lifetime
of specialty chemicals is typically shorter than for
bulk chemicals. Since the production in campaigns
reduces the time to learn, it is necessary to learn
quickly and improve the productivity right away.
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After a couple of years, a profitable new product
may become a commodity (of much lesser value),
for which the development of a second-generation
process is often considered.
Nowadays, there is a trend in the specialty chemi-
cal industry to skip pilot plant investigations unless
the process is difficult to scale up. The situation is
somewhat different in pharmaceuticals production,
where pilot plant investigations are systematically
used since they also serve to produce the small ‘first
amounts’ needed.

Industrial Practice

Though the problem of meeting the aforementioned ob-
jectives could be solved effectively as an optimization
problem, there have been only a few attempts in indus-
try to optimize operations through mathematical mod-
eling and optimization techniques. The recipes are de-
veloped in the laboratory in such a way that they can be
implemented safely in production. The operators then
use heuristics gained from experience to adjust the pro-
cess periodically (whenever this is allowed), which leads
to slight improvements from batch to batch (Verwater-
Lukszo, 1998). The stumbling blocks for the use of math-
ematical modeling and optimization techniques in indus-
trial practice have been partly organizational and partly
technical.

Organizational Issues. At the organizational level,
the issues are as follows:

• Registration: Producers of active compounds in
the food and pharmaceuticals areas have to pass
through the process of registration with the Food
and Drug Administration. Since this is a costly
and time-consuming task, it is performed simulta-
neously with R&D for a new production process.
Thus, the main operational parameters are fixed
within specified limits at an early stage of the devel-
opment. Since the specifications provided by the in-
ternational standards of operation (GMP) are quite
tight, there is very little room for maneuver left. It
is important to stress that the registration is tied to
both product and process.

• Multi-step process: In the R&D phase of a large
multi-step process, different teams work on differ-
ent processing steps. Often, each team tries to opti-
mize its process subpart, thereby introducing a cer-
tain level of conservatism to account for uncertainty.
Consequently, the resulting process is the sum of
conservatively designed subparts, which often does
not correspond to the optimum of the global pro-
cess!

• Role of control and mathematical optimization: In
many projects, control is still considered to be a
standard task that has to be performed during the

detailed engineering phase and not a part of the de-
sign phase of the process. It is like ‘painting’ a con-
troller or an optimizer once the process has been
built. At this late stage, there is so much conser-
vatism and robustness in the system that it does
not require a sophisticated control strategy. How-
ever, the performance may still be far from being
optimal.

All these organizational problems can be resolved by
resorting to ‘global thinking’. It has become a challenge
for both project leaders and plant managers to make
chemists and engineers think and act in a global way.
It is done through fostering interdisciplinary teamwork
and simultaneous rather than sequential work for pro-
cess research, development and production (R&D&P).
The objective is a globally optimal process and not sim-
ply the juxtaposition of robust process subparts. Team
work amounts to having R&D&P solutions worked out
simultaneously by interdisciplinary teams consisting of
a project leader, chemists, process engineers, production
personnel and specialists for analytics, simulation, statis-
tics, etc.

Technical Issues. The main technical issues relate
to modeling and measurements, the presence of both un-
certainty and constraints, and the proper use of the avail-
able degrees of freedom for process improvement. These
are addressed next.

• Modeling: In the specialty chemical industry,
molecules are typically more complex than in
the commodity industry, which often results in
complex reaction pathways. Thus, it is illusory
to expect constructing detailed kinetic models.
The development of such models may exceed one
man-year, which is incompatible with the objectives
of batch processing. So, what is often sought in
batch processing, is simply the ability to predict
the batch outcome from knowledge of its initial
phase.
Modern software tools such as Aspen Plus, PRO/II,
or gPROMs have found wide application to model
continuous chemical processes (Marquardt, 1996;
Pantelides and Britt, 1994). The situation is some-
what different in the batch specialty chemistry.
Though batch-specific packages such as Batch Plus,
BATCHFRAC, CHEMCAD, BatchCAD, or BaSYS
are available, they are not generally applicable. Es-
pecially the two important unit operations, reac-
tion and crystallization, still represent a consider-
able challenge to model at the industrial level.
For batch processes, modeling is often done empiri-
cally using input/output static models on the basis
of statistical experimental designs. These include
operational variables specified at the beginning of
the batch and quality variables measured at the end



258 D. Bonvin, B. Srinivasan and D. Ruppen

of the batch. Time-dependent variables are not con-
sidered beyond visual comparison of measured pro-
files. Sometimes the model is a set of simple lin-
guistic rules based on experience, e.g. when ‘low’
then ‘bad’. Occasionally, the model consists of a
simple energy balance, or the main dynamics are
expressed via a few ordinary differential equations.
The modeling objective is not accuracy but rather
the ability to semi-quantitatively describe the ma-
jor tradeoffs present in the process such as the com-
mon one between quality and productivity in many
transformation and separation processes. For ex-
ample, an increase in reflux ratio improves distillate
purity but reduces distillate flow rate; or a temper-
ature increase can improve the yield at the expense
of selectivity in a chemical reaction system.

• Measurements: Quality measurements are typically
available at the end of the batch via, for exam-
ple, off-line chromatographic methods (GC, HPLC,
DC, IC). In addition, physical measurements such as
temperature, flow, pressure, or pH may be available
on-line during the course of the batch. However,
they are rather unspecific with respect to the key
variables (concentrations) of the chemical process.
Other on-line measurements such as conductivity,
viscosity, refractive index, torque, spectroscopy, and
calorimetry are readily available in the laboratory,
but rarely in production. Pseudo on-line GC and
HPLC are less effective in batch processing than
with continuous processes due to relatively longer
measurement delays.
On-line spectroscopy (FTIR, NIR, Raman) has
opened up new possibilities for monitoring chemical
processes (McLennan and Kowalski, 1995; Nichols,
1988). These techniques rely on multivariate cali-
bration for accurate results, i.e., the spectral mea-
surements need to be calibrated with respect to
known samples containing all the absorbing species.
Though on-line spectroscopy is getting more com-
mon in the laboratory, the transfer of many mea-
surement systems from the laboratory to the plant
is still a real challenge. For example, many process-
ing steps deal with suspensions that lead to plugging
and deposition problems. Even if these problems
can be handled at the laboratory scale, they still
represent formidable challenges at the production
level. There is presently a strong push to develop
and validate measurement techniques that can work
equally well throughout the three levels of Research,
Development and Production.
When quality measurements are not directly avail-
able, state estimation (or soft sensing) is typically
utilized. However, physical on-line measurements
are often too unspecific for on-line state estimation
in batch processes. Current practice indicates that

there are very few applications of state estimation
in the specialty chemistry. However, state estima-
tion works well in fermentation processes due to the
availability of additional physical measurements and
the possibility to reconstruct concentrations with-
out the use of kinetic models (Bastin and Dochain,
1990).

• Uncertainty: Uncertainty is widely present in the
operation of batch processes. Firstly, it enters in
the reactant quality (changes in feedstock), which is
the main source of batch-to-batch variations. Sec-
ondly, uncertainty comes in the form of modeling
errors (errors in model structure and parameters).
These modeling errors can be fairly large since, ac-
cording to the philosophy of batch processing, little
time is available for the modeling task. Thirdly,
process disturbances and measurement noise con-
tribute to the uncertainty in process evolution (e.g.
undetected failure of dosing systems; change in the
‘quality’ of utilities such as brine temperature, or of
manual operations such as solid charge).
Recipe modifications from one batch to the next
to tackle uncertainty are common in the specialty
chemical industry, but less so for the exclusive syn-
theses in agro and pharmaceuticals production. Un-
certainty is typically handled through:

– The choice of conservative operation such
as extended reaction time, lower feed rate
or temperature, the use of a slightly over-
stoichiometric mixture in order to force the re-
action to fully consume one reactant (Robust
mode).

– Feed stock analyses leading to appropriate ad-
justments of the recipe (Feedforward mode).
Adjustment is usually done by scaling linearly
certain variables such as the final time or the
dilution, more rarely the feed rate or the tem-
perature.

– Rigorous quality checks through off-line analy-
ses, or the use of standard measurements such
as the temperature difference between jacket
and reactor, leading to appropriate correction
of the recipe (Feedback mode). For example,
a terminal constraint can be met by succes-
sive addition of small quantities of feed towards
the end of a batch to bring the reaction to
the desired degree of completion (Meadows and
Rawlings, 1991).

The problem of scale-up can also be viewed as one of
(model) uncertainty. The data available from labo-
ratory studies do not quite extrapolate to the pro-
duction level. Thus, when the strategies developed
in the laboratory are used at the production level,
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they do carry a fair amount of uncertainty. Further-
more, the pressure to reduce costs and to speed up
process development calls for large scale-ups with a
considerable amount of extrapolation. As a result,
the proposed strategies can be rather conservative.

• Constraints: Industrial processing is naturally char-
acterized by soft and hard constraints related to
equipment and operational limitations and to safety
aspects. In batch processing, there is the additional
effect of terminal constraints (selectivity in reaction
systems, purity in separation systems, admissible
levels of impurities, etc.). Furthermore, in multi-
product batch production, the process has to fit in
an existing plant. Thus, ensuring feasible operation
comes before the issue of optimality, and process de-
signers normally introduce sufficient conservatism in
their design so as to guarantee feasibility even in the
worst of conditions.
The need to improve performance calls for a reduc-
tion of the conservatism that is introduced to handle
uncertainty. Performance improvement can be ob-
tained by operating closer to constraints, which can
be achieved by measuring/estimating the process
state with respect to these constraints. Riding along
an operational constraint is often done when the
constrained variable is directly implemented (such
as maximum feed rate) or can be measured (such as
a temperature).

• Time-varying decisions: Traditionally, chemists in
the laboratories and operators in the plants were
used to thinking in terms of constant values (exper-
imental planning results in static maps between de-
sign variables and process performance). New sen-
sors and increasing computing power (e.g. spectro-
scopic measurements, modern PLC systems) make
on-line time-varying decisions possible. Along with
these new time-dependent insights, the chemists in
the laboratory start to vary process inputs as func-
tions of time. The potential benefit of these addi-
tional degrees of freedom is paramount to using op-
timal control techniques. There are situations where
variable input profiles can be of direct interest:

– There may be a significant theoretical advan-
tage of using a variable profile over the best
constant profile (Rippin, 1983). The perfor-
mance improvement can sometimes be consid-
erable. In batch crystallization, for example,
gains of up to 500% can be obtained by adjust-
ing the temperature, the removal of solvent or
the addition of a precipitation solvent as func-
tions of time. Large gains are also possible in
reactive semi-batch distillation.

– It is more and more common to adjust the feed
rate in semi-batch reactors so as to force the

Industrial
situation

Implications for optimization

Need to improve
performance

Use optimization for comput-
ing time-dependent decisions

Absence of a reli-
able model

Use measurements for imple-
menting optimal inputs

Few on-line mea-
surements

Use off-line measurements in
a batch-to-batch optimiza-
tion scheme

Presence of uncer-
tainty

Identify and track signals
that are invariant to uncer-
tainty

Operational and
safety constraints

Track constraints so as to re-
duce conservatism

Table 1: Implications of the industrial situation re-
garding the choice of an appropriate optimization ap-
proach.

heat generation to match the cooling capacity
of the jacket.

An interesting feature of batch processing is the fact
that batch processes are repeated over time. Thus, the
operation of the current batch can be improved by us-
ing the off-line measurements available from previous
batches. The objective is then to get to the optimum
over as few batches as possible. Also, with the tendency
to skip pilot plant investigations whenever possible, this
type of process improvement is of considerable interest
for the initial batches of a new production campaign.

Implications for Optimization

The industrial situation, as far as technical issues are
concerned, can be summarized as follows:

• There is an immediate need to improve the perfor-
mance of batch processes.

• Models are poor, incomplete or nonexistent.

• On-line measurements are rare, and state estimation
is difficult; however, off-line measurements can be
made available if needed.

• There is considerable uncertainty (model inaccura-
cies, variations in feedstock, process disturbances).

• Several operational and safety constraints need to
be met.

The implications of the current industrial situation re-
garding the choice of an appropriate optimization ap-
proach are presented in Table 1. The details will be
clarified in the forthcoming sections. The main conclu-
sion is that a framework that uses (preferably off-line)
measurements rather than a model of the process for
implementing the optimal inputs is indeed required.
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Figure 1: Dynamic optimization scenarios with, in parentheses, the corresponding major disadvantage.

Overview of Batch Process Optimization

The optimization of batch processes typically involves
both dynamic and static constraints and falls under the
class of dynamic optimization. Possible scenarios in dy-
namic optimization are depicted in Figure 1. The first
level of classification depends on whether or not uncer-
tainty (e.g., variations in initial conditions, unknown
model parameters, or process disturbances) is consid-
ered. The standard approach is to discard uncertainty,
leading to a nominal solution that may not even be fea-
sible, let alone optimal, in the presence of uncertainty.

The second level concerns the type of information that
can be used to combat uncertainty. If measurements
are not available, a conservative stand is required. In
contrast, conservatism can be reduced with the use of
measurements.

In the next levels, the classification is based on how
the measurements are used in order to guide the opti-
mization. The calculation of inputs can be either model-
based or model-free. In the model-based case, the type of
model that is used (fixed or refined) affects the resulting
methodology. If the input calculation is model-free, the
current measurement is either compared to a reference
or used for interpolation between pre-computed optimal
values. The different scenarios are discussed in detail
next.

Nominal Optimization

In nominal optimization, the uncertainty is simply dis-
carded. A typical batch optimization problem consists
of achieving a desired product quality at the most eco-
nomical cost, or maximizing the product yield for a given

batch time. The optimization can be stated mathemati-
cally as follows:

min
u(t)

J = φ(x(tf )) (1)

subject to

ẋ = F (x, u), x(0) = x0 (2)
S(x, u) ≤ 0, T (x(tf )) ≤ 0 (3)

where J is the scalar performance index to be minimized,
x the n-vector of states with known initial conditions
x0, u the m-vector of inputs, F a vector field describ-
ing the dynamics of the system, S the ζ-vector of path
constraints (which include state constraints and input
bounds), T the τ -vector of terminal constraints, φ a
smooth scalar function representing the terminal cost,
and tf the final time.

The problem (1)–(3) is quite general. Even when an
integral cost needs to be considered, i.e., J = φ̄(x(tf )) +∫ tf

0
L(x, u)dt, with L a smooth function, it can be con-

verted into the form (1)–(3) by the introduction of an
additional state: ẋcost = L(x, u), xcost(0) = 0, and
J = φ̄(x(tf )) + xcost(tf ) = φ(x(tf )). Let J∗ be the opti-
mal solution to (1)–(3). It is interesting to note that the
minimum time problem with the additional constraint
φ(x(tf )) ≤ J∗, i.e,

min
tf ,u(t)

tf (4)

subject to

ẋ = F (x, u), x(0) = x0 (5)
S(x, u) ≤ 0, T (x(tf )) ≤ 0 (6)

φ(x(tf )) ≤ J∗ (7)
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will lead to exactly the same optimal inputs as (1)–(3),
though the numerical conditioning of the two problems,
(1)–(3) and (4)–(7), may differ considerably. The equiv-
alence of solutions is verified using the necessary condi-
tions of optimality. So, without loss of generality, the
final time will be assumed fixed in this paper.

Application of Pontryagin’s Maximum Principle
(PMP) to (1)–(3) results in the following Hamiltonian
(Bryson and Ho, 1975; Kirk, 1970):

H = λT F (x, u) + µT S(x, u) (8)

λ̇T = −∂H
∂x

, λT (tf ) =
∂φ

∂x

∣∣∣∣
tf

+ νT

(
∂T

∂x

)∣∣∣∣
tf

(9)

where λ(t) 6= 0 is the n-vector of adjoint states (La-
grange multipliers for the system equations), µ(t) ≥ 0
the ζ-vector of Lagrange multipliers for the path con-
straints, and ν ≥ 0 the τ -vector of Lagrange multipliers
for the terminal constraints. The Lagrange multipliers
µ and ν are nonzero when the corresponding constraints
are active and zero otherwise so that µTS(x, u) = 0 and
νTT (x(tf )) = 0 always. The first-order necessary condi-
tion for optimality of the input ui is:

Hui
=
∂H

∂ui
= λT ∂F

∂ui
+ µT ∂S

∂ui
= λTFui

+ µTSui
= 0.

(10)
Note that, in this paper, PMP will not be used to de-

termine the optimal solution numerically since this pro-
cedure is well known to be ill-conditioned (Bryson, 1999).
However, PMP will be used to decipher the characteris-
tics of the optimal solution.

Robust Optimization

In the presence of uncertainty, the classical open-loop im-
plementation of off-line calculated nominal optimal in-
puts may not lead to optimal performance. Moreover,
constraint satisfaction, which becomes important in the
presence of safety constraints, may not be guaranteed
unless a conservative strategy is adopted. In general, it
can be assumed that the model structure is known and
the uncertainty concentrated in the model parameters
and disturbances. Thus, in the uncertain scenario, the
optimization can be formulated as follows:

min
u(t)

J = φ(x(tf )) (11)

subject to

ẋ = F (x, θ, u) + d, x(0) = x0

S(x, u) ≤ 0, T (x(tf )) ≤ 0

where θ is the vector of uncertain parameters, and d(t)
the unknown disturbance vector. In addition, the initial
conditions x0 could also be uncertain.

To solve this optimization problem, an approach re-
ferred to as robust optimization, where the uncertainty

is taken into account explicitly, is proposed in the liter-
ature (Terwiesch et al., 1994). The uncertainty is dealt
with by considering all (several) possible values for the
uncertain parameters. The optimization is performed
either by considering the worst-case scenario or in an ex-
pected sense. The solution obtained is conservative but
corresponds to the best possibility when measurements
are not used.

Measurement-based Optimization (MBO)

The conservatism described in the subsection above can
be considerably reduced with the use of measurements,
thereby leading to a better cost. Consider the optimiza-
tion problem in the presence of uncertainty and measure-
ments as described below:

min
uk

[tl,tf ]

Jk = φ(xk(tf )) (12)

subject to

ẋk = F (xk, θ, uk) + dk, xk(0) = xk
0

yk = h(xk, θ) + vk

S(xk, u) ≤ 0, T (xk(tf )) ≤ 0

given

yj(i), i = {1, · · · , N}
∀ j = {1, · · · , k − 1}, and
i = {1, · · · , l} for j = k.

where xk(t) is the state vector, uk(t) the input vector,
dk(t) the process disturbance, vk(t) the measurement
noise, and Jk the cost function for the kth batch. Let
y = h(x, θ), a p-dimensional vector, be the combination
of states that can be measured, yj(i) the ith measure-
ment taken during the jth batch, and N the number of
measurements within a batch. The objective is to uti-
lize the measurements from the previous (k− 1) batches
and the measurements up to the current time, tl, of the
kth batch in order to tackle the uncertainty in θ and de-
termine the optimal input policy for the remaining time
interval [tl, tf ] of the kth batch.

Role of the Model in the Calculation of the
Inputs. Among the measurement-based optimization
schemes, a classification can be done according to
whether or not a model is used to guide the optimization.

Model-based input calculation: Repeated optimization.
In optimization, the model of the system can be used
to predict the evolution of the system, compute the cost
sensitivity with respect to input variations so as to ob-
tain search directions, and update the inputs towards
the optimum. Measurements are then used to estimate
the current states and parameters. As the estimation
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and optimization tasks are typically repeated over time,
this scheme is often referred to as repeated optimization.
The model is either fixed or refined using measurements,
the advantages and disadvantages of which are discussed
next.

• Fixed model: If the model is not adjusted, it needs
to be fairly accurate. This, however, is against the
philosophy of the approach that assumes the pres-
ence of (considerable) uncertainty. If the uncer-
tainty is only in the form of disturbances and not
in the model parameters, it might be sufficient to
use a fixed model. On the other hand, if the model
is not accurate enough, the methodology will have
difficulty converging to the optimal solution. Note
that, since the measurements are used to estimate
the states only (and not the parameters), there is
no need for persistent inputs.

• Refined model: When model refinement is used, the
need to start with an accurate model is alleviated,
but it is necessary to excite appropriately the system
for estimating the uncertain parameters. However,
the optimal inputs may not provide sufficient ex-
citation. On the other hand, if sufficiently exciting
inputs are provided for parameter identification, the
resulting solution may not be optimal. This leads
to a conflict between the objectives of parameter es-
timation and optimization. This conflict has been
studied in the adaptive control literature under the
label dual control problem (Roberts and Williams,
1981; Wittenmark, 1995).

Model-free input calculation: Implicit optimization. In
this approach, measurements are used directly to update
the inputs towards the optimum, i.e., without using a
model and explicit numerical optimization. However, a
model might be used a priori to characterize the opti-
mal solution. The classification here is based on whether
the measurement is used for interpolation between pre-
computed optimal values or simply compared to a refer-
ence.

• Evolution/interpolation: The inputs are computed
from past data and current measurements. If only
batch-end measurements are used, the difference in
cost between successive experimental runs can be
used to provide the update direction for the in-
puts (evolutionary programming). The on-line ver-
sion of this approach is based on the feedback opti-
mal solution—the solution to the Hamilton-Jacobi-
Bellman equation (Kirk, 1970)—being stored in one
form or the other (e.g., neural network, look-up ta-
ble, or dynamic programming).
The main drawback of this approach is the curse
of dimensionality. A large number of experimental
runs are needed to converge to the optimum if only
batch-end measurements are used. The use of the

method with on-line measurements requires either a
computationally expensive look-up table or a closed-
form feedback law, which is analytically expensive
or impossible to obtain in many cases.

• Reference tracking: The inputs are computed us-
ing feedback controllers that track appropriate ref-
erences. The main question here is what references
should be tracked. In most of the studies found
in the literature, the references correspond to opti-
mal trajectories computed off-line using a nominal
model. Such an approach, however, is not guaran-
teed to be optimal in the presence of uncertainty.
As will be explained later, this paper uses the con-
cept of invariants to chose references, the tracking
of which implies optimality.

Type of Measurements. The type of measure-
ments (off-line or on-line) can add another level to the
classification of optimization strategies.

• Off-line measurements: Off-line measurements in-
clude measurements taken at the end of the batch
(batch-end measurements) and, possibly, off-line
analysis of samples taken during the batch. These
measurements cannot be used to improve the cur-
rent batch but only subsequent ones. Off-line mea-
surements are most common in industrial practice.
They enable the set-up of a batch-to-batch optimiza-
tion approach to account for parametric uncertainty
by exploiting the fact that batch processes are typ-
ically repeated. Process knowledge obtained from
previous batches is used to update the operating
strategy of the current batch. This approach re-
quires solving an optimization problem at the be-
ginning of each batch. The objective is then to get
to the optimum over a few batches.

• On-line measurements: When information is avail-
able during the course of the batch, an on-line opti-
mization approach can be used. Measurements are
used to compensate for uncertainty both within the
batch and, possibly, also in a batch-to-batch man-
ner. With this compensation, the variability caused
by uncertainty is reduced to a large extent. Thus, it
is possible to guarantee feasibility with smaller con-
servative margins which, in turn, helps improve the
cost.

MBO vs. MPC. Model-predictive control (MPC),
which has been well studied in the literature (see Rawl-
ings et al. (1994); Qin and Badgwell (1997); Morari and
Lee (1999) for surveys), has both some overlap and dif-
ferences with MBO schemes that form the subject of this
paper. MPC typically uses the repeated optimization ap-
proach to solve a control problem in an optimal manner.
The major points that distinguish MBO from MPC are
discussed next.
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• Goal and cost function: The goal in MPC
is control—choose the inputs to track given
references—whereas the goal in MBO is
optimization—maximize the yield of a prod-
uct, minimize time for a given productivity, etc.
In MPC, the control problem is formulated as an
optimization with the cost function reflecting the
quality of control, which typically is quadratic
in nature, i.e., J =

∫ tf

0

(
xT Qx+ uT Ru

)
dt. In

contrast, the cost function in MBO reflects the
economic objective to optimize. However, once the
optimization problem is formulated, similar tools
are used for solution.

• Continuous vs. batch processes: MPC is oriented
principally towards continuous processes. Stability
is the main issue there and has been studied exten-
sively in the MPC literature (Mayne et al., 2000).
In contrast, MBO is oriented towards batch pro-
cesses with a finite terminal time. Stability does
not play a crucial role, and there is even a tendency
to destabilize the system towards the end for the
sake of optimality (the so-called batch kick). The
important issues in MBO are feasibility and feed-
back optimality—how optimal is the operation in
the presence of constraints and uncertainty. In con-
trast to MPC, MBO schemes can take advantage of
the fact that batches are typically repeated. Run-
to-run and implicit optimization schemes are thus
particular to the MBO literature.

• Role of constraints: MBO typically has solutions
that are on the constraints since the potential of op-
timization arises mainly from the presence of path
and terminal constraints. Thus, it is important to
go as close to the constraints as possible and, at the
same time, guarantee feasibility. In contrast, though
MPC has been designed to handle constraints, the
typical problems considered in the framework of
MPC try to avoid the solution being on the con-
straints by introducing a compromise between track-
ing performance and input effort.

Certain MBO schemes in the category of repeated op-
timization have been referred to as MPC schemes in
the literature (Eaton and Rawlings, 1990; Meadows and
Rawlings, 1991; Helbig et al., 1998; Lakshmanan and
Arkun, 1999) and, thus, fall in the grey area between
Batch MPC (Lee et al., 1999; Chin et al., 2000) and MBO
for batch processes. It might be interesting to note that
the search for optimality via tracking has also been stud-
ied for continuous processes. The terms “self-optimizing
control”, “feedback control”, or “constraint control” are
often used. The reader is referred to (Skogestad, 2000)
for an overview of the work done in this area.

Classification of Measurement-based Optimiza-
tion Methods. Only MBO methods (as opposed to

MPC methods) that have been designed to deal explic-
itly with uncertainty in batch processing are considered
in the classification. Table 2 illustrates the interplay be-
tween the type of measurements (off-line vs. on-line) and
the role played by the model (model-based vs. model-
free adaptation). Representative studies available in the
literature are placed in the table.

Invariant-based Optimization

The idea of Invariant-Based Optimization (IBO) is to
identify those important characteristics of the optimal
solution that are invariant under uncertainty and provide
them as references to a feedback control scheme. Thus,
optimality is achieved by tracking these references with-
out repeating numerical optimization. Also, the fact that
batches are typically repeated over time can be used ad-
vantageously, thereby providing the possibility of on-line
and/or batch-to-batch implementation. The methodol-
ogy consists of:

1. a parsimonious state-dependent parameterization of
the inputs,

2. the choice of signals that are invariant under uncer-
tainty, and

3. the tracking of invariants using measurements.

These three steps are discussed in the following sub-
sections.

Piecewise Analytic Characterization of the Opti-
mal Solution

The parsimonious state-dependent parameterization
arises from intrinsic characteristics of the optimal
solution. The optimal solution is seen to possess the
following properties (Visser et al., 2000):

• The inputs are in general discontinuous, but are an-
alytic in between discontinuities. The time at which
an input switches from one interval to another is
called a switching time.

• Two types of arcs (constraint-seeking and
compromise-seeking) are possible between switching
instants. In a constraint-seeking arc, the input is
determined by a path constraint, while in the other
type of interval, the input lies in the interior of the
feasible region (Palanki et al., 1993). The set of
possible arcs is generically labelled η(t).

The structure of the optimal solution is described by
the type and sequence of arcs which can be obtained in
three ways:

• educated guess by an experienced operator,

• piecewise analytical expressions for the optimal in-
puts,

• inspection of the solution obtained from numerical
optimization.
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Methodology Batch-to-batch optimization
(Off-line measurements)

On-line optimization
(On-line measurements)

Model-based
Fixed model

Zafiriou and Zhu (1990)
Zafiriou et al. (1995)
Dong et al. (1996)

Meadows and Rawlings (1991)
Agarwal (1997)
Abel et al. (2000)

Model-based
Refined model

Filippi-Bossy et al. (1989)
Marchal-Brassely et al. (1992)
Rastogi et al. (1992)
Fotopoulos et al. (1994)
Le Lann et al. (1998)
Ge et al. (2000)
Martinez (2000)

Eaton and Rawlings (1990)
Ruppen et al. (1998)
Gattu and Zafiriou (1999)
Noda et al. (2000)
Lee et al. (2000)

Model-free
Evolution
Interpolation

Clarke-Pringle and MacGregor (1998) Tsen et al. (1996)
Rahman and Palanki (1996)
Yabuki and MacGregor (1997)
Krothapally et al. (1999)
Schenker and Agarwal (2000)

Model-free
Reference
tracking

Scheid et al. (1999)
Srinivasan et al. (2001)

Soroush and Kravaris (1992)
Terwiesch and Agarwal (1994)
Van Impe and Bastin (1995)
de Buruaga et al. (1997)
Ubrich et al. (1999)
Fournier et al. (1999)
Gentric et al. (1999)
Lakshmanan and Arkun (1999)
Visser et al. (2000)

Table 2: MBO methods specifically designed to compensate uncertainty.

In the most common third case, a simplified model
of the process is used to compute a numerical solution
in which the various arcs need to be identified. The
exercise of obtaining the analytical expressions for the
optimal inputs is undertaken only if the numerical so-
lution cannot be interpreted easily. This analysis is, in
general, quite involved and is only intended to provide
insight into what constitutes the optimal solution rather
than to implement the optimal solution. This analysis is
discussed next.

Constraint-seeking vs. compromise-seeking
arcs.
Constraint-seeking arc for ui (Bryson and Ho, 1975). In
this case, the input ui is determined by an active con-
straint, say, Sj(x, u) = 0. Thus, µj 6= 0. If Sj(x, u) de-
pends explicitly on ui (e.g., in the case of input bounds),
the computation of the optimal ui is immediate. Oth-
erwise, since Sj(x, u) = 0 over the entire interval un-
der consideration, its time derivatives are also zero,
dk

dtkSj(x, u) = 0, for all k. Note that the time differentia-
tion of Sj(x, u) contains ẋ, i.e., the dynamics of the sys-
tem. Sj(x, u) can be differentiated with respect to time
until ui appears. The optimal input is computed from
that time derivative of Sj(x, u) where ui appears. The
computed input ui is typically a function of the states of

the system, thus providing a feedback law.
Compromise-seeking arc for ui (Palanki et al., 1993).

In this arc, none of the path constraints pertaining to the
input ui is active. The input is then determined from the
necessary condition of optimality, i.e., Hui

= λTFui
= 0.

If Fui
depends explicitly on ui, the computation of the

optimal ui is immediate. Otherwise, since Hui
= 0 over

the entire interval, the time derivatives of Hui are also
zero, dk

dtkHui = 0, for all k. Hui can be differentiated
with respect to time until ui appears, from which the
optimal input is computed. The computed input is a
function of the states and might possibly also depend on
the adjoint variables. If ui does not appear at all in the
time differentiations of Hui , then either no compromise-
seeking arcs exist or the optimal input ui is non-unique
(Baumann, 1998).

The fact that the optimal solution is in the interior
of the feasible region is the mathematical representation
of the physical tradeoffs present in the system and af-
fecting the cost. If there is no intrinsic tradeoff, the
input ui does not appear in the successive time differ-
entiations of Hui

. This forms an important subclass for
practical applications. It guarantees that the optimal
solution is always on the path constraints. This is the
case in controllable linear systems, feedback-linearizable
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systems, flat systems, and involutive-accessible systems,
a category which encompasses many practical systems
(Palanki et al., 1993; Benthack, 1997).

Constraint-seeking vs. compromise-seeking pa-
rameters.
Parsimonious input parameterization. The pieces de-
scribed above are sequenced in an appropriate manner
to obtain the optimal solution. The switching times
and, possibly, a few variables that approximate the
compromise-seeking arcs completely parameterize the in-
puts. The decision variables of the parameterization are
labelled π. In comparison with piecewise constant or
piecewise polynomial approximations, the parameteriza-
tion proposed is exact and parsimonious.

Optimal choice of π. Once the inputs have been pa-
rameterized as u(π, x, t), the optimization problem (1)–
(3) can be written as:

min
π

J = φ(x(tf )) (13)

subject to

ẋ = F (x, u(π, x, t)), x(0) = x0 (14)
T (x(tf )) ≤ 0 (15)

Some of the parameters in π are determined by ac-
tive terminal constraints (termed the constraint-seeking
parameters) and some from sensitivities (termed the
compromise-seeking parameters). Note the similarity
with the classification of arcs for input ui. Without loss
of generality, let all τ terminal constraints be active at
the optimum. Consequently, the number of decision vari-
ables arising from the parsimonious parameterization,
nπ, needs to be larger than or equal to τ in order to
satisfy all terminal constraints.

The idea is then to separate those variations in π that
keep the terminal constraints active from those that do
not affect the terminal constraints. For this, a transfor-
mation πT → [π̄T π̃T ] is sought such that π̄ is a τ -vector
and π̃ a (nπ − τ)-vector with ∂T

∂π̃ = 0. A linear trans-
formation which satisfies these properties can always be
found in the neighborhood of the optimum. Then, the
necessary conditions for optimality of (13)–(15) are:

T = 0,
∂φ

∂π̄
+ νT ∂T

∂π̄
= 0, and

∂φ

∂π̃
= 0. (16)

The active constraints T = 0 determine the τ decision
variables π̄ while π̃ are determined from the sensitivities
∂φ
∂π̃ = 0. Thus, π̄ corresponds to the constraint-seeking
parameters and π̃ to the compromise-seeking parame-
ters. The Lagrange multipliers ν are calculated from
∂φ
∂π̄ + νT ∂T

∂π̄ = 0.

Signals Invariant under Uncertainty

In the presence of uncertainty, the numerical values of
the optimal input ui in the various arcs and the input

parameters π might change considerably. However, what
remains invariant under uncertainty is the fact that the
necessary condition Hui = 0 has to be verified. Hui = 0
takes on different expressions for constraint-seeking and
compromise-seeking arcs. To ease the development, it
is assumed that the uncertainty is such that it does not
affect the type and sequence of arcs nor the set of active
terminal constraints.

Choice of invariants.
Choice of invariants for constraint-seeking and
compromise-seeking arcs. A set of signals
Iη
i (t) = hη

i (x(t), u(t), t), referred to as invariants
for arcs, will be chosen such that optimality is achieved
by tracking Iη

ref,i = 0. Note the dependence of hη
i with

respect to t, which indicates that hη
i can be different in

different intervals of the optimal solution.
Tracking Hui = 0 has different interpretations with

respect to the two types of arcs. In the case of a
constraint-seeking arc for ui with the constraint Sj be-
ing active, Hui

= λTFui
+ µj

∂Sj

∂ui
= 0, with µj 6= 0

and λTFui 6= 0. The constraint has to be active for
the sake of optimality since otherwise µj is zero and
Hui

6= 0. Thus, the invariant along a constraint-seeking
arc is hη

i (x, u, t) = Sj(x, u). For a compromise-seeking
arc, Hui

= λTFui
= 0. Therefore, the invariant is

hη
i (x, u, t) = λTFui(x, u).
Note that the element that remains invariant despite

uncertainty is the fact that optimal operation corre-
sponds to Iη

ref = 0. However, the uncertainty does have
an influence on the value of Iη(t), and the inputs need
to be adapted in order to guarantee Iη

ref = 0.
Choice of invariants for constraint-seeking and

compromise-seeking parameters. In addition to the
choice of invariants for the various arcs, it is important
to choose the invariants for the parameters π. Following
similar arguments, a set of signals Iπ = hπ(x(tf )) can
be constructed such that the optimum corresponds to
Iπ
ref = 0, also in the presence of uncertainty. Clearly,

the invariants arise from the conditions of optimality.
For the constraint-seeking parameters, they correspond
to the terminal constraints hπ(x(tf )) = T (x(tf )) and,
for the compromise-seeking parameters, to sensitivities
hπ(x(tf )) = ∂φ(x(tf ))

∂π̃ .
To summarize, the invariants are as follows:

• For constraint-seeking arcs:

hη
i (x, u, t) = Sj(x, u)

• For compromise-seeking arcs:

hη
i (x, u, t) = λTFui(x, u)

• For constraint-seeking parameters:

hπ(x(tf )) = T (x(tf ))
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• For compromise-seeking parameters:

hπ(x(tf )) =
∂φ(x(tf ))

∂π̃

Sensitivity of the Cost. The sensitivity of the cost
to non-optimal operation is in general much lower along a
compromise-seeking arc than along a constraint-seeking
arc. Consider the optimal input ui determined by the
path constraint Sj and the optimality condition Hui =
λTFui + µj

∂Sj

∂ui
= 0 with µj 6= 0. If the input does not

keep the constraint active, µj becomes zero. Thus, the
change in cost is directly proportional to λTFui , which is
non-zero. In contrast, along a compromise-seeking arc,
Hui

= λTFui
= 0, and a small deviation of ui from

the optimal trajectory will result in a negligible loss in
cost. Similarly, as seen from (16), the deviation in cost
arising from the non-satisfaction of a terminal constraint
is proportional to νT ∂T

∂π̄ , whilst a small variation of π̃
cause negligible loss in cost.

In summary, it is far more important to track the path
constraints Sj than the sensitivity λTFui

. Furthermore,
it is far more important to track the terminal constraints
T than the sensitivities ∂φ

∂π̃ . Consequently, it is often
sufficient in practical situations to focus attention only
on constraint-seeking arcs and parameters.

Tracking of Invariants

The core idea of the optimization scheme is to use a
model to determine the structure of the optimal inputs
and measurements to update a few input parameters and
the value of the inputs in some of the intervals. This
way, the optimal inputs are determined directly from
process measurements and not from a (possibly inaccu-
rate) model.

Optimality despite uncertainty is approached by work-
ing close to the active constraints, i.e., where there is
much to gain! Indeed, tracking path and terminal con-
straints is usually much more important than regulating
sensitivities as was argued above. The structure given
in Figure 2 is proposed to track the invariants by use
of feedback (Srinivasan et al., 1997; Visser, 1999; Visser
et al., 2000). The two major blocks are described below:

• Analysis: This level consists of a simplified (not nec-
essarily accurate) model of the process. The tasks
are as follows:

1. The numerical optimizer solves the optimiza-
tion problem using the simplified model and
provides the nominal signals x∗ and u∗.

2. The type and sequence of arcs are deciphered
from the numerical solution, leading to a parsi-
monious parameterization of the inputs (char-
acterization of the optimal solution).

3. The invariant functions hη(x(t), u(t), t) and
hπ(x(tf )) are obtained as proposed earlier.

Note that the switching strategy is inherent in
the choice of hη.

• Optimality through feedback: The invariants Iη
ref =

0 and Iπ
ref = 0 are tracked with the help of path

and terminal feedback controllers, respectively. The
trajectory generator computes the current inputs as
a function of η(t) and π.

The model-based ‘Analysis’ is normally carried out
off-line once, and only the measurement-based ‘Opti-
mality through feedback’ operates on-line during pro-
cess runs. Thus, the implementation is model-free and
measurement-based.

Practical Applicability of IBO

If the model and the true (unknown) system share the
same input structure (type and sequence of arcs) and the
same active terminal constraints, IBO will be capable of
optimizing the true system. Thus, the value of IBO in
practice will depend on both the robustness of the pro-
posed input structure with respect to uncertainty (mod-
eling errors and disturbances) and the ability to mea-
sure the path and terminal constraints. These issues are
briefly discussed next.

• Role of the model. Although the implementation
of optimal inputs in the invariant-based scheme is
truly model-free, a model may still be needed at the
analysis step. The role of the model is to deter-
mine the structure of the optimal inputs, i.e., the
type and the sequence of arcs and the set of active
constraints. The structure of the inputs is obtained
either numerically or via educated guesses, with the
proposed input structure being verified using PMP
necessary conditions on the nominal model. The ap-
proach is directly applicable to large-scale industrial
process, as long as the nominal model and the real
system share the same input structure. So, in con-
trast to model-based approaches or what is sought
for simulation purposes, there is no need for a de-
tailed model or for accurate parameter values. The
model simply needs to reflect the major tradeoffs
specific to the optimization problem at hand. The
parts of the model that do not address these effects
can be discarded.

• Construction of invariants from measurements.
Since Iη and Iπ are not measured directly, they
need to be reconstructed from the available mea-
surements. In the case of constraint-seeking arcs
and parameters, the invariants correspond to
physical quantities (path or terminal constraints).
Off-line measurements of terminal quantities are in
general available. On-line measurements to meet
path constraints might be more difficult to have.
Three cases can be considered:
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Figure 2: Invariant-based optimization.

1. The path constraint deals directly with a phys-
ical quantity that can be easily measured such
as temperature or pressure.

2. The path constraint deals with a quantity that
cannot be directly measured, but the con-
straint can be rewritten with respect to some-
thing that can be measured. This is, for exam-
ple, possible when a heat removal constraint
can be rewritten as a constraint on a cooling
temperature.

3. Cases 1 and 2 do not apply, and some type
of inference or state estimation is necessary to
meet the constraint. This case is clearly more
involved than the two preceding ones. The re-
construction problem is closely related to in-
ferential control (Joseph and Brosilow, 1978;
Doyle III, 1998). However, it may well hap-
pen that a conservative approach for meeting
the path constraint (requiring easily-available
or no measurements) is sufficient.

On the other hand, for compromise-seeking arcs
and parameters, the invariants are sensitivities.
For computation of sensitivities, either a model of
the process or multiple process runs are required,
which is typically more difficult. However, as dis-
cussed above, the sensitivity with respect to in-
put variations in compromise-seeking arcs and pa-
rameters can often be neglected. In such a case,
all compromise-seeking arcs and parameters are
kept at their off-line determined values, and only

the constraint-seeking arcs and parameters are ad-
justed.

• Difference in time scale—on-line vs. off-line mea-
surements. In general, there is a difference in time
scale between the path controller and the termi-
nal controller. The path controller works within a
batch using on-line measurements (running index is
the batch time t) (Benthack, 1997). The terminal
controller operates on a batch-to-batch basis using
batch-end measurements (running index is the batch
number k) (Srinivasan et al., 2001).
If on-line measurements are not available, the path
controller is inactive. If off-line measurements of
the path constraint are available, it is possible to
use the path controller in a batch-to-batch mode so
that the system will be closer to the path constraint
during the next batch (Moore, 1993). On the other
hand, if it is possible to predict Iπ from on-line mea-
surements, it might be possible to use the terminal
controller within the batch (Yabuki and MacGregor,
1997).
The presence of disturbances influences both η(t)
and π. Disturbances affecting η(t) within the batch
are rejected by the path controller. However, the ef-
fect of any disturbance within the batch on π cannot
be rejected since the terminal controller only works
on a batch-to-batch basis. Constant disturbances
(e.g. raw material variations) can be rejected from
batch-to-batch by the terminal controller.

• Backoff from constraints. In the presence of distur-
bances and parametric uncertainty that cannot be
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compensated for by feedback, the use of conserva-
tive margins, called backoffs, is inevitable to ensure
feasibility of the optimization problem (Visser et al.,
2000). The presence of measurement errors also ne-
cessitates a backoff. Based on an estimate of the
uncertainty, the probability density function of the
state variables can be calculated. The margins are
then chosen such that the spread of the states re-
mains within the feasible region with a certain con-
fidence level. Note that the margins typically vary
with time.

• Reduction of backoff. Due to the sensitivity reduc-
tion characteristic of feedback control, the conser-
vatism can be reduced considerably in the proposed
framework in comparison with the standard open-
loop optimization schemes. The feedback param-
eters can be chosen so as to minimize the spread
in the state variables resulting from uncertainty.
The use of feedback becomes particularly impor-
tant when the uncertainty tends to increase during
a batch run. With reduced backoffs, the process
can be driven closer to active constraints, thereby
leading to improved performance.

Example—Semi-batch Reactor with
Safety and Selectivity Constraints

Description of the Reaction System

• Reaction: A+B → C, 2 B → D.

• Conditions: Semi-batch, isothermal.

• Objective: Maximize the amount of C at a given
final time.

• Manipulated variable: Feed rate of B.

• Constraints: Input bounds; limitation on the heat
removal rate through the jacket; constraint on the
amount of D produced.

• Comments: The reactor is kept isothermal by (say)
adjusting the cooling temperature in the jacket, Tc.
B is fed at the temperature Tin = T . To remain
isothermal, the power generated by the reactions,
qrx, must be evacuated through the cooling jacket,
i.e., qrx = UA(T −Tc). Thus, the heat removal con-
straint can be expressed in terms of a lower bound
for the cooling temperature, Tcmin. The variables
and parameters are described in the next subsection.
Without any constraints, optimal operation would
consist of adding the available B at initial time
(i.e., batch mode). The presence of the heat re-
moval constraints calls for semi-batch operation
with constraint-seeking arcs. Furthermore, the con-
straint on the amount of D that can be produced
imposes a compromise-seeking feeding of B in or-
der to maximize C without violating the terminal
constraint on D.

Problem Formulation

Variables and parameters: cX : Concentration of species
X, nX : Number of moles of species X, V : Reactor vol-
ume, u: Feed rate of B, cBin: Inlet concentration of
B, k1, k2: Kinetic parameters, ∆H1, ∆H2: Reaction
enthalpies, T : Reactor temperature, Tc: Cooling tem-
perature in the jacket, Tin: Feed temperature, U : Heat
transfer coefficient, A: Surface for heat transfer, and qrx:
power produced by the reactions. The numerical values
are given in Table 3.
Model equations:

˙cA = −k1cAcB −
u

V
cA (17)

˙cB = −k1cAcB − 2 k2c
2
B +

u

V
(cBin − cB) (18)

V̇ = u (19)

with the initial conditions cA(0) = cAo, cB(0) = cBo, and
V = Vo. Assuming cC(0) = cD(0) = 0, the concentration
of the species C and D are given by cC = cAoVo−cAV

V and
cD = (cBoVo−cBV )+cBin(V−Vo)−(cAoVo−cAV )

2 V . The power
produced by the reactions and Tc are given by

qrx = k1 cA cB(−∆H1)V + 2 k2 c
2
B(−∆H2)V (20)

Tc = T − qrx

U A
(21)

Optimization problem:

max
u(t)

J = nC(tf ) (22)

subject to

(17)− (19)
Tc(t) ≥ Tcmin

nD(tf ) ≤ nDfmax

umin ≤ u ≤ umax

Piecewise Analytic Characterization

Using Pontryagin’s Maximum Principle, it can be shown
that the competition between the two reactions results
in a feed that reflects the optimal compromise between
producing C and D. This compromise-seeking input can
be calculated from the second time derivative of Hu as:

ucomp =
V cB(k1cA(2 cBin − cB) + 4 k2cBcBin)

2 cBin (cBin − cB)
(23)

The other possible arcs correspond to the input being
determined by the constraints: (i) u = umin, (ii) u =
umax, and (iii) u = upath. The input upath corresponds
to riding along the path constraint Tc = Tcmin. The
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k1 0.75 l/(mol h)
k2 0.014 l/(mol h)
∆H1 −7× 104 J/mol
∆H2 −5× 104 J/mol
cBin 10 mol/l
UA 8× 105 J/Kh

umin 0 l/h
umax 100 l/h
Tcmin 10 oC
nDfmax 5 mol

cAo 2 mol/l
cBo 0 mol/l
Vo 500 l
tf 2.5 h

Table 3: Model parameters, operating bounds and
initial conditions.

input is obtained by differentiating the path constraint
once with respect to time, i.e., from Ṫc = 0 :

upath =
N

D

∣∣∣∣
Tc=Tcmin

(24)

N = cBV
(
∆H1k1cA(k1(cA + cB) + 2 k2cB)

+ 4 ∆H2k2cB(k1cA + 2 k2cB)
)

D = ∆H1k1cA(cBin − cB)
+ 4 ∆H2k2cB(2 cBin − cB)

Sequence of arcs and parsimonious parameterization:

• The input is initially at the upper bound, u = umax,
in order to attain the path constraint as quickly as
possible.

• Once Tc reaches Tcmin, u = upath is applied in order
to keep Tc = Tcmin.

• The input switches to u = ucomp at the time instant
π so as to take advantage of the optimal compromise
in order to maximize nc(tf ) and meet the terminal
constraint nD(tf ) = nDfmax

.

Since analytical expressions for the input in the various
arcs exist, the optimal solution can be parameterized us-
ing only the switching time between the path constraint
and the compromise-seeking arc. This parameter π is
determined numerically so as to satisfy the terminal con-
straint nD(tf ) = nDfmax . The invariants Iη correspond
to the input bound in the first interval, the path con-
straint in the second interval and the sensitivity λTFu

for the compromise-seeking arc. For the switching time,
the invariant is the terminal constraint itself. The opti-
mal input is shown in Figure 3 with the optimal values
π = 1.31h and J = 600.6 mol.

Note that the input upath given by (24) will keep the
system on the path constraint once the path constraint
Tc = Tcmin is attained, but will not keep the path con-
straint active in the presence of uncertainty. The same
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Figure 3: Nominal optimal input (solid) and Conser-
vative optimal input (dotted).

can be said for ucomp in (23). Thus, the analytical ex-
pressions for upath and ucomp will only be used for in-
terpretation of the nominal optimal trajectory and not
for implementation of the true optimal solution. At the
implementation level, simple PI-controllers will be used.

Measurement-based Optimization

In practice, there can be considerable uncertainty both in
the stoichiometric and kinetic models. This is reflected
here as some uncertainty for the kinetic parameter k1 in
the interval 0.4 ≤ k1 ≤ 1.2 (The nominal value k1 = 0.75
used in the simulation is assumed to be unknown). In
order not to violate the constraints, a conservative feed
profile (Figure 3) would have to be designed so that: i)
the path constraint is not violated for k1 = k1max =
1.2, and ii) the terminal constraint is not violated for
k1 = k1min = 0.4 (a smaller k1 corresponds to more B
in the reactor and thus to a higher production of D). So,
the conservative profile would consist of computing upath

and the first switching instant using k1 = k1max, and
adjusting π so that the terminal constraint is satisfied
for k1 = k1min.

With respect to the measurements available, different
optimization scenarios are considered:

1. No measurements: The conservative optimal feed
profile defined above is applied open loop to the sim-
ulated nominal plant.

2. Batch-end measurements: Only the measurement of
nD(tf ) is available and, thus, the switching time π
is updated in a batch-to-batch manner. For the sec-
ond interval, upath = ucons

path, the conservative value
computed off-line using k1max is applied. Due to
the low sensitivity of the cost with respect to the
fine shape of the input in the compromise-seeking
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Figure 4: Evolution of switching time for one real-
ization of the batch-to-batch optimization with only
batch-end measurements (5% measurement noise).

interval, the latter is approximated by the constant
value ucomp = 20 (l/h).

3. On-line and batch-end measurements: On-line mea-
surement of the cooling jacket temperature Tc is
available. The path constraint is kept active using
the feedback upath(t) = ucons

path + kp (Tcmin−Tc(t))+
ki

∫ t

0
(Tcmin − Tc(t))dt, where kp and ki are the pa-

rameters of a PI controller. In addition, the switch-
ing time π is updated in a batch-to-batch manner.
As in Scenario 2, the compromise-seeking arc is ap-
proximated by ucomp = 20 (l/h).

The cases of both noise-free and noisy measurements
(5% relative Gaussian measurement noise) are consid-
ered. The results are given in Table 4. If the measure-
ments are noisy, a conservative margin (backoff) needs
to be incorporated so as to guarantee feasibility. The
backoffs are 0.25 mol for nDf max and 1.25oC for Tcmin.

It is seen that with only off-line (or batch-end) mea-
surements, the terminal constraint can be satisfied by
adapting the switching instant π. The evolutions of the
switching instant and the cost for batch-to-batch opti-
mization are shown in Figures 4 and 5. It can be seen
that the solution gets close to the optimum within a few
batches.

If, in addition, on-line measurements are available, the
path constraint can be kept active as well. Thus, it is
possible to get very close to the optimum by using mea-
surements. The loss of 0.02% in the last noise-free sce-
nario is due to the approximation of the compromise-
seeking arc by the constant value ucomp = 20 (l/h).
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Figure 5: Evolution of cost for the same scenario as
in Figure 4.

Discussion

The model was only necessary to obtain the type and
sequence of arcs: umax, upath and ucomp. As far as the
implementation is concerned, umax = 100 l/h is part of
the problem formulation, upath is determined by a PI-
controller upon tracking Tcmin, and ucomp = 20 l/h is
a constant-value approximation to the optimal profile
computed off-line using the model. The switching time
π between upath and ucomp is adjusted in a run-to-run
manner by a PI-controller in order to meet nDfmax

. The
actual value of ucomp is of little relevance as any error in
ucomp can be easily compensated for by an appropriate
shift in π.

Assume that, in addition to the two modeled reactions,
the true system also includes B +C → E, B → F . This
would not affect the type and sequence of arcs (umax,
upath and ucomp) since the two additional reactions are
similar to the second reaction with respect to the effect
of the input u, i.e., they consume B away from the first
(desired) reaction. However, the two additional reactions
are going to affect the two switching times t1 and π as
well as the numerical values of upath and ucomp. The
proposed scheme adjusts t1 and upath on-line (using the
measurement of Tc) and π from batch-to-batch (using the
measurement of nD(tf )). Since the cost is insensitive to
the fine shape of ucomp, ucomp= 20 l/h is kept constant
between π and tf . Thus the proposed scheme would
be equally applicable even in the presence of the two
additional reactions.

In the formulation of the optimization problem it was
assumed Tin = T . Even without this assumption, the
proposed approach is applicable. The possibility of re-
moving heat through temperature increase of the feed
from Tin to T (so-called sensible heat) changes the heat
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Terminal Constraint Path Constraint
Optimization Scenario nD(tf ) mol min

t
Tc(t) oC Cost Loss

(nDf max = 5 mol) (Tc,min = 10oC) (mol)
Open-loop application

1 of optimal 2.71 12.87 498.8 20%
conservative input
Adaptation of π
using off-line 4.75 11.62 582.6 3%
measurements (with 5% noise)

2 Adaptation of π
using off-line 5.00 11.50 589.2 2%
measurements (no noise)
Adaptation of upath(t) and π
using on-line and off-line 4.75 11.25 590.9 1.5%
measurements (with 5% noise)

3 Adaptation of upath(t) and π
using on-line and off-line 5.00 10.00 600.5 0.02%
measurements (no noise)

Table 4: Invariant-based optimization. Results averaged over 100 noise realizations, each consisting of run-to-run adap-
tation over 50 batches.

removal constraint to:

qrx − qin ≤ UA(T − Tcmin) (25)

with qin the rate of heat removal due to the feed of B.
However, the implementation of the heat removal con-
straint remains unchanged as it concerns only the RHS
of (25): upath(t) is determined as the output of a PI-
controller designed to track Tcmin.

A final important remark: The model parameters
given in Table 3 are not used for calculating the optimal
feed rate. Only the off-line measurement of nD(tf ) and
the on-line measurement of Tc(t) are used to implement
the proposed optimizing scheme.

Conclusions

This paper has addressed several optimization issues that
directly affect the operation of batch processes. It is
argued that process improvement is necessary for the
economic well-being of many batch manufacturers. The
industrial practice specific to the batch specialty chem-
istry is presented, with an emphasis on both organiza-
tional and technical problems. On the organizational
side, the lack of global thinking in dealing with the indi-
vidual steps of a complex process limits the potential for
performance improvement. On the technical side, impor-
tant limitations regarding both modeling and measure-
ment aspects impair the use of optimization techniques.
In addition, batch processes are characterized by a con-
siderable amount of uncertainty and the presence of op-
erational and safety constraints.

The lack of reliable models, together with the pres-
ence of uncertainty, has favored the investigation of pro-
cess improvement via utilization of measurements (some-
times on-line, most often off-line). This paper has classi-
fied measurement-based optimization methods reported
in the literature according to whether or not a model is
used to guide the optimization and the type of measure-
ments (on-line, off-line) available.

The major contribution towards process improvement
of a constrained batch process is through operation on
active constraints. Thus, a feedback-based framework
has been proposed to keep the system ‘close’ to the ac-
tive constraints. If only off-line measurements are avail-
able, this framework results in a batch-to batch optimiza-
tion scheme with the objective to meet the terminal con-
straints within a few batches. If on-line measurements
are available, the path constraints can also be kept ac-
tive.

The proposed invariant-based optimization scheme ad-
dresses most of the requirements stemming from indus-
trial practice and needs that were listed in Table 1. More
specifically,

• it is aimed at process improvement via the use of
time-dependent inputs,

• it is model-independent as far as implementation is
concerned,

• if necessary, it uses only available off-line measure-
ments,

• it is robust against uncertainty since signals that are
invariant under uncertainty are tracked, and finally,
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• it guarantees feasibility since the constraints are ap-
proached from the safe side.

The approach proposed is effective when the optimiza-
tion potential stems mainly from meeting path and/or
terminal constraints. Such is the case in most of the
batch process optimization problems.

It is possible to perceive the proposed feedback-based
optimization strategy from an industrial perspective.
Classical PID control is the most popular technique used
currently in industry, and trading it to attain optimal-
ity is unacceptable industrially. Therefore, in contrast
to most model-based optimization studies, this work at-
tempts to use feedback control for the sake of optimality.
In this sense, the approach has great industrial potential
and could help take optimization to the batch chemical
industry.
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Abstract
Continuous bioreactors are critical unit operations in a wide variety of biotechnological processes. While they can be
viewed as chemical reactors, bioreactors offer unique modeling and control challenges due to the complexity of the un-
derlying biochemical reactions and the distributed properties of the cell population. The dynamic behavior of continuous
bioreactors can be strongly affected by variations between individual cells that are captured only with cell population
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Introduction

Biochemical engineering is concerned with the industrial
production of biologically based products such as foods
and beverages, pharmaceuticals, commodity chemicals,
specialty chemicals and agricultural chemicals. The bio-
chemical manufacturing industry is growing rapidly due
to dramatic advancements in biotechnology and the high
value of biochemical products such as pharmaceuticals
(Lee, 1992). Process control has played a rather limited
role in the biochemical industry as the economic incen-
tive for improved process operation often is dwarfed by
costs associated with research and development. This
situation is likely to change with the expiration of key
patents and the continuing development of global com-
petition. Another obstruction to process control has
been the lack of on-line sensors for critical process vari-
ables (Pons, 1992). While this will remain an impor-
tant issue for the forseeable future, recent advancements
in biochemical measurement technology make the devel-
opment of advanced process control systems a realistic
goal. These trends suggest that biochemical processes
will emerge as an important application area for control
engineers.

A complete review of the modeling and control needs
in the biochemical industry would require a lengthy book
rather than a short paper. Therefore the scope of this
paper is limited to continuous bioreactors used for the
growth of microbial cell cultures important in the food
and beverage, pharmaceutical and agricultural chemical
industries. Other types of bioreactors (batch and semi-
batch) and cell cultures (animal and plant) are not cov-
ered despite their industrial importance. The remainder
of this section is used to provide an overview of continu-
ous bioreactors with particular emphasis on the process

∗daoutidi@cems.umn.edu
†henson@che.lsu.edu

modeling and control challenges.

Continuous Bioreactors

A typical biochemical process involves batch, semi-batch
and/or continuous reactors in which raw materials are
transformed into the desired biological products. In
many applications, continuous bioreactors are preferred
due to their ease of operation and higher productiv-
ity (Lee, 1992). A prototypical continuous stirred tank
bioreactor (also known as a continuous fermentor) is de-
picted in Figure 1. Medium is supplied continuously to
the reactor to sustain growth of the microbial cell popu-
lation. The synthetic medium contains the substrate(s)
metabolized by the cells during growth as well as other
components such as mineral and salts required to repli-
cate the natural growth environment. The culture is
called aerobic if the biochemical reactions involved in
cell growth require oxygen as a reactant. In this case,
air must be supplied continuously to maintain the neces-
sary dissolved oxygen concentration. By contrast, anaer-
obic cultures do not require oxygen for cell growth. For
each microorganism there is a unique range of culture
temperature and pH that support cell growth. A typical
bioreactor has simple feedback control loops that main-
tain the temperature and pH at predetermined setpoints
chosen to maximize cell growth (Pons, 1992).

An agitator is used to continuously mix the reactor
contents. The agitator speed is chosen to provide satis-
factory mixing while avoiding excessive shear forces that
may damage cells (Lee, 1992). A stream is removed con-
tinuously from the reactor to achieve constant volume
operation. The removal rate is characterized by the di-
lution rate, which is the reciprocal of the reactor resi-
dence time. The dilution rate is controlled by a simple
feedback controller that manipulates the medium flow
rate. The effluent stream contains unreacted substrate
and biomass that is a complex mixture of cells and vari-
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Figure 1: Continuous bioreactor.

ous metabolites produced by the cells. Desired products
can be the cells themselves, one or more metabolites,
or some combination of cells and metabolites. Products
are separated from the other components via a series
of recovery and purification operations (Lee, 1992). In
addition to the liquid product stream, off-gases such as
carbon dioxide may be produced as byproducts of the
biochemical reactions.

Successful operation of a continuous bioreactor re-
quires much more than simply supplying the necessary
nutrients and extracting the desired products. Careful
preparation of the growth medium is essential as mi-
croorganisms are strongly affected by changes in the cul-
ture environment. The microorganism must be innocu-
lated in the reactor to initiate cell growth. Typically in-
noculation is achieved via a multistep procedure in which
cells grown in a shake flask are transferred to increasingly
larger volume bioreactors until the production bioreactor
is innoculated (Lee, 1992). This procedure is necessary
to achieve a sufficiently large cell population to sustain
growth. A critical requirement is to maintain sterility of
the medium and all processing equipment. Even a small
amount of contamination can lead to complete loss of
productivity and shutdown of the bioreactor. As a re-
sult of these complexities, effective operation of continu-
ous bioreactors is a very challenging problem.

Opportunities for Process Modeling and Control

Mathematical modeling of cell growth kinetics in contin-
uous bioreactors continues to be a major focus of bio-
chemical engineering research (Nielsen and Villadsen,
1994). The potential impact of such models on bio-
process simulation, scale-up, optimization and control
is significant. As compared to conventional chemical
reactors, bioreactors are particularly difficult to model
due to the complexity of the biochemical reactions, the
unique characteristics of individual cells and the lack of
measurements of key process variables. The consump-
tion of substrates and production of metabolites results
from hundreds of coupled biochemical reactions (Mauch
et al., 1997). The identification and modeling of these
complex reaction networks are very challenging problems
usually not encountered in other chemical reaction sys-
tems. While it is convenient to view a microbial culture
as a homogeneous mixture of identical cells, most cul-
tures actually are comprised of a heterogeneous mixture
of cells that differ with regard to size, mass and intracel-
lular concentrations of proteins, DNA and other chemical
components (Srienc and Dien, 1992). Accurate model-
ing of cell growth and product formation kinetics may
require that individual cells be differentiated based on
these characteristics. While on-line sensors for secondary
variables such as carbon dioxide off-gas concentration are
available, measurements of primary variables such as the
biomass and product concentrations require expensive
analytical equipment (Lee, 1992). Accurate and reliable
measurement of these primary variables often is required
to develop and validate mathematical models.

As shown in Figure 1, a typical control system for a
continuous bioreactor consists of simple feedback con-
trol loops that regulate reactor residence time, temper-
ature and pH. The control system is designed to supply
the prescribed flow of nutrients while avoiding environ-
mental conditions that adversely affect bioreactor pro-
ductivity. With regards to key output variables such
as the biomass and product concentrations, this is an
open-loop control strategy based on the unrealistic as-
sumption that unmeasured disturbances have a negli-
gible effect on bioreactor performance. The develop-
ment of closed-loop control strategies for reactor stabi-
lization and biomass/product optimization would repre-
sent a major advance in the biochemical industry.

Overview of the Paper

The remainder of the paper is organized as follows. Sec-
tion 2 contains an introduction to the mathematical
modeling of continuous bioreactors with an emphasis on
cell population models. Section 3 focuses on the dynamic
behavior of cell population models with particular em-
phasis on yeast culture models. The design of feedback
controllers using cell population models and the critical
issue of on-line measurements are discussed in Section 4.
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Finally our personal perspective on future research in cell
population modeling, dynamics and control is presented
in Section 5.

Mathematical Modeling of Cell Growth
Dynamics

Classification and Overview

Mathematical models that describe cell growth processes
can be classified into two broad categories:

• Continuum or unsegregated models which treat the
cell population as a continuum or a lumped bio-
phase, i.e. assume that it behaves as a homogeneous
entity.

• Corpuscular or segregated or cell population balance
models which account for the heterogeneous and dis-
tributed nature of cell growth, i.e. the fact that a
cell population consists of individual cells.

Continuum models include compartmental (Roels, 1983)
and detailed metabolic models (see e.g. Nielsen and Vil-
ladsen, 1992, and the references therein) which attempt
to describe the influence of intracellular metabolism on
cell growth, as well as cybernetic models (e.g. Kompala
et al., 1986; Straight and Ramkrishna, 1994) which pos-
tulate the optimal nature of biomass growth and nutri-
ent uptake in order to predict growth dynamics. The
mathematical formulation of continuum models typically
leads to a set of nonlinear ordinary differential equations,
whereas corpuscular models typically consist of sets of
first order partial integro-differential equations coupled
with ordinary integro-differential equations that describe
substrate consumption and/or product formation.

A second important classification of both continuum
and corpuscular models is in unstructured and structured
models. Structured continuum (structured or multi-
variable corpuscular) models account for the fact that
the lumped biomass (single cell) is comprised of differ-
ent chemical components, such as DNA, RNA, protein
etc, while unstructured continuum and corpuscular mod-
els do not. Hence, structured corpuscular models not
only account for the fact that cells within a population
can behave differently, but they also account for chemi-
cal structure within a single cell. On the other hand, in
structured continuum models, the chemical structure is
included at the cell population level since the continuum
approach does not distinguish between different cells.

Moreover, structured or unstructured cell population
balance models are assorted in single-staged and multi-
staged models depending on the number of cell cycle
stages that are included in the cell population balance
formulation. Finally, if the property or properties that
are used to describe the intracellular structure obey the
mass conservation law, then the cell population balance
model is referred to as mass structured, whereas if age is
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Figure 2: Simplified cell cycle for budding yeast.

used to differentiate each cell from other cells of the pop-
ulation, then the model is referred to as age structured.

Due to the level of detail built in their mathematical
formulation, structured cell population balance models
represent the most accurate way of describing the com-
plicated phenomena associated with cell growth, nutrient
uptake and product formation. Moreover, the mathe-
matical formulation of such models naturally allows the
incorporation of information about transition between
successive cell cycle stages and partitioning of cellular
material upon cell division. Furthermore, contrary to
continuum models, which can predict only average pop-
ulation properties, cell population balance models are
able to predict entire cell property distributions.

Baker’s Yeast: A Motivating Example for Cell
Population Balance Models

In what follows, we briefly discuss Saccharomyces cere-
visiae as an illustrative example of a microorganism for
which cell population balance models play a key role in
the dynamic analysis and control of its cultures.

Saccharomyces cerevisiae is a key microorganism in
the brewing, baking and genetic engineering industries.
Also known as Baker’s yeast, it has been widely stud-
ied due to its own importance as well as to understand
the behavior of more complex cells present in plants and
animals. It can be grown in aerated continuous biore-
actors by feeding a nutrient stream containing glucose
substrate. A variety of products including ethanol are
produced.

A distinctive feature of yeast cells is that they divide
via an asymmetric process known as budding (Hjortso
and Nielsen, 1994). A simplified depiction of the yeast
cell cycle is shown in Figure 2. The cell population is
characterized in terms of daughter cells and mother cells.
A daughter cell consumes substrate until it reaches a
critical mass known as the transition mass. At this point,
the daughter cell becomes a mother cell and a small bud
attached to the cell begins to grow. Additional substrate
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consumption increases the mass of the bud while the
mass of the mother cell remains essentially constant. At
a second critical mass known as the division mass, the
bud separates from the mother cell producing a newborn
daughter cell and a mother cell.

Many investigators have shown that continuous yeast
cultures exhibit sustained oscillations under operating
conditions encountered in industrial bioreactors (von
Meyenburg, 1973; Parulekar et al., 1986). The intracel-
lular mechanisms that cause these oscillations are con-
troversial and have been a subject of three decades of
intensive research. However, recent modeling and dy-
namical studies (Zhang et al., 2001) have established a
strong dependence of the open-loop dynamics of yeast
bioreactors on the initial cell mass distribution. Clearly,
this dependence can only be captured (and accounted
for in the controller design) by cell population balance
models.

Furthermore, the existence of two distinct stages in
yeast cultures (budded and unbudded) and the fact that
key products of interest (such as ethanol) have been
shown to be produced preferentially during the second
part of the cell cycle (Alberghina et al., 1991; Frykman,
1999) suggest the use of two-staged population balance
models for predicting and controlling the production of
such products. This is also the case in other cell cultures,
e.g. in murine hybridoma cells where the antibody secre-
tion rates have been found to be much higher in the late
stages of the cell cycle (Kromenaker and Srienc, 1994).
This type of information is simply not present in contin-
uum models, whereas it can be naturally incorporated in
multi-staged cell population balance models.

Mathematical Formulation of Structured Cell
Population Balance Models

In this section we briefly describe the mathematical for-
mulation of cell population balance models in continu-
ous bioreactors such as the one depicted in Figure 1.
Each individual cell in the population of cells contained
in the bioreactor is assumed to comprise of r biochemi-
cal components (DNA, RNA, protein etc.), with differ-
ent cells containing different quantities of these compo-
nents. The vector x = [x1, x2, · · · , xr] with elements the
amounts of these components in each cell is called the
physiological state vector of the cell. The physiologi-
cal state space is expressed as G = [xn,min, xmax], where
xn,min, xmax denote the vectors containing the minimum
and maximum, respectively, values for the amounts of
the r biomass components of the newborn cells. Finally,
xmin denotes the vector containing the minimum values
of the amounts of the r biomass components of the di-
viding cells. For the sake of simplicity and without loss
of generality, it is often assumed that the minimum and
maximum values of the quantities of all biomass compo-
nents are xn,min = xmin = 0 and xmax = 1, respectively.

The state of the entire population is described by a

time-dependent function N(x, t), such that N(x, t)dx
represents the number of cells per unit of biovolume that
at time t have physiological state representation between
x and x+ dx. The total number of cells per unit of bio-
volume (cell density) and the concentration of the i-th
biomass component are respectively obtained from the
zeroth and first moments of the state distribution func-
tion:

Nt(t) =
∫ xmax

xn,min

N(x, t) dx (1)

Nb,i(t) =
∫ xmax

xn,min

xiN(x, t) dx, i = 1, . . . , r (2)

The sum from 1 to r of all expressions defined in Equa-
tion 2 yields the total biomass concentration at time t.
Finally, S denotes the substrate concentration vector (as-
suming s substrates), Sf the feed substrate concentration
vector and D the dilution rate.

A cell population balance model includes information
about nutrient uptake, growth, division and birth at the
single-cell level. These processes are mathematically de-
scribed by a set of functions known as intrinsic phys-
iological state functions which, in general, depend on
the physiological state of the cell x and the state of
the substrate environment S. Specifically, the nutri-
ent consumption is characterized by the s-dimensional
consumption rate vector q(x, S) whose elements express
the single-cell rate of consumption of each substrate.
The growth process is represented by the r-dimensional
growth rate vector r(x, S) whose elements express the
single-cell rate of increase in the amount of the each cel-
lular component. The cell division is described by the di-
vision rate Γ(x, S). Finally, the birth process is described
by the partition probability density function p(x, y, S),
which expresses the probability that a mother cell with
physiological state vector y gives birth to a daughter cell
with physiological state vector x; this function must sat-
isfy the normalization condition:∫ xmax

xmin

p(x, y, S) dx = 1 (3)

which guarantees that it is a probability density function.
It should also be such that the amount of each one of the
r biochemical components is conserved at cell division.
In particular, since no daughter cell can have greater
amounts of any component than the dividing cell from
which it originates, the partitioning function p should be
zero for all daughter cell states that are greater than the
states of the corresponding mother cell, i.e.:

p(x, y, S) = 0, ∀xi > yi, i = 1, . . . , r (4)

Finally, the probability of a dividing cell with physiolog-
ical state vector y to produce a daughter cell of state x
must be equal to the probability of producing a daughter
cell of state y − x, i.e.

p(x, y, S) = p(y − x, y, S) (5)
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For simplicity, it is also assumed that the bioreactor op-
erates in conditions under which the cell death rate is
negligible (quite common in practice).

The Cell Population Balance Equation. Under
the assumptions and the process description presented
above, the dynamics of the state distribution function
N(x, t) are described by the general cell population bal-
ance equation (Fredrickson et al., 1967; Ramkrishna,
1979):

∂N(x, t)
∂t

+∇x · [r(x, S)N(x, t)]

+ Γ(x, S)N(x, t) +DN(x, t)

= 2
∫ xmax

x

Γ(y, S)p(x, y, S)N(y, t) dy (6)

subject to the initial condition:

N(x, 0) = N0(x) (7)

The first term in Equation 6 denotes accumulation.
The second term accounts for the loss of cells with the
physiological state vector representation x due to the fact
that they grow into bigger cells. The third term repre-
sents loss of cells with physiological state vector x due to
division leading to the birth of smaller cells. The fourth
term is the dilution term describing the rate by which
cells exit the reactor. The source term in the right-hand
side is the rate of birth of cells with the physiological
state vector x originating from the division of all bigger
cells. The integration in this term is performed in all
r dimensions of the physiological state space and has a
lower limit of x due to the fact that cells of physiologi-
cal state x can not be born from cells with amounts of
biochemical components less than x. Moreover, the fac-
tor of two multiplying the integral birth term accounts
for the fact that each division event leads to the pro-
duction of two daughter cells. For a detailed discussion
on the statistical foundation of the above model and the
detailed assumptions made for its derivation, the reader
is referred to Fredrickson et al. (1967).

Boundary Conditions. Besides an initial condi-
tion, appropriate boundary conditions for the first order
partial differential equation in Equation 6 are required.
Defining the boundary B of the physiological state space
G as the set of points where at least one of the r biochem-
ical biomass components obtains either its maximum or
minimum value, the boundary conditions can be mathe-
matically expressed as (Eakman et al., 1966; Fredrickson
et al., 1967):

r(x, S)N(x, t) = 0, ∀x ∈ B (8)

These conditions (often referred to as regularity condi-
tions), essentially specify the boundary of the physio-
logical state space (and hence can be more accurately

thought of as ‘containment’ conditions (Fredrickson and
Mantzaris, 2002)) and have been the subject of consid-
erable discussion in the literature. They can be derived
from balances for the cell density and the concentrations
of the biomass components (see e.g. Mantzaris et al.,
2001a), and essentially force the solution of the cell pop-
ulation balance equation to satisfy two facts imposed by
the physics of the problem: a) that cell growth does not
affect the number of cells, and b) that cell division pre-
serves biomass.

The Dynamics of the Substrate Concentra-
tions. The cell population balance equation is coupled
with the equations describing the dynamics of the sub-
strate concentrations:

dS

dt
= D(Sf − S)−

∫ xmax

xn,min

q(x, S)N(x, t) dx (9)

subject to the initial conditions:

S(0) = S0 (10)

The integral term in the above mass balance represents
the rate of loss of substrate leading to cell growth. In
the case where a single rate limiting substrate is present
the above set of equations reduces to a single equation.

Notice that the coupling between the cell population
balance equation and the ordinary integro-differential
equations shown above occurs through the dependence
of the intrinsic physiological state functions on the con-
centrations of the substrates. This coupling is the only
source of nonlinearity in the model. If the assumption
of constant substrate concentrations is made (not a rea-
sonable one in most cases of practical interest), then the
model consists only of the cell population balance model
and is linear.

Unstructured Cell Population Balance Models.
A common simplification to the general structured cell
population balance model presented above concerns the
case of a single physiological state x, usually the cell
mass m; this is quite meaningful in bioreactors where cell
growth and division are strongly dependent on cell mass.
In this case, the growth rate vector becomes a scalar and
the resulting unstructured cell population model takes
the form:

∂N(m, t)
∂t

+
∂[r(m,S)N(m, t)]

∂m
+ Γ(m,S)N(m, t) +DN(m, t)

= 2
∫ mmax

m

Γ(m′, S)p(m,m′, S)N(m′, t) dm′ (11)

with the integral in the birth term being a one-
dimensional one, and the mass state space defined as
M = [0, mmax]. The containment boundary conditions
take the form:

r(0, S)N(0, t) = r(mmax, S)N(mmax, t) = 0 (12)
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and the substrate balance equations become:

dS

dt
= D(Sf − S)−

∫ mmax

0

q(m,S)N(m, t) dm (13)

Multi-Staged Cell Population Balance Models.
Consider now the case where the cells grow in two dis-
tinct stages (e.g. budded and unbudded in the case of
yeast), with stage 1 cells being born through the division
of stage 2 cells, and stage 2 cells being formed through
the transition of stage 1 cells to stage 2. Let N1(x, t)dx
and N2(x, t)dx denote the number of cells per unit of
biovolume in stages 1 and 2, respectively, which at time
t have physiological state between x and x+dx. Let also
r1(x, S), r2(x, S) denote the corresponding growth rate
vectors, Γ1(x, S),Γ2(x, S) the transition rates from stage
1 to stage 2 and from stage 2 to stage 1, respectively,
and p(x, y, S) the partition probability density function.
Then, the dynamics of the two subpopulations are de-
scribed by the following coupled set of cell population
balance equations:

∂N1(x, t)
∂t

+∇x · [r1(x, S)N1(x, t)]

+ Γ1(x, S)N1(x, t) +DN1(x, t)

= 2
∫ xmax

x

Γ2(y, S)p(x, y, S)N2(y, t) dy (14)

∂N2(x, t)
∂t

+∇x · [r2(x, S)N2(x, t)]

+ Γ2(x, S)N2(x, t) +DN2(x, t)
= Γ1(x, S)N1(x, t) (15)

Note that the above equations are coupled through their
corresponding source terms appearing in the right-hand
sides.

The balances on the substrates in this case take the
form:

dS

dt
= D(Sf − S)−

∫ xmax

xn,min

q1(x, S)N1(x, t) dx

−
∫ xmax

xn,min

q2(x, S)N2(x, t) dx (16)

where q1(x, S), q2(x, S) denote the corresponding sub-
strate consumption rates in the two stages. Appropri-
ate initial and containment boundary conditions (see e.g.
Mantzaris et al., 2002) complete the model formulation.
The incorporation of multiple cell cycle stages in the
mathematical model can also be performed in a similar
way (Hatzis et al., 1995).

Numerical Solution

Despite the generality, accuracy, and predictive power of
cell population balance models, and the fact that they

have been formulated since the mid 60s, their use for de-
sign, optimization and control of bioprocesses has been
sparse. One major obstacle to this end is that cell popu-
lation balance models require information at the single-
cell level; in particular, they require the knowledge of the
intrinsic physiological state functions (single-cell growth
rates, single-cell stage-to-stage transition rates and par-
titioning function). The experimental determination of
these functions is hard, mainly due to the fact that it
requires measurements at the single-cell level. However,
the evolution of flow cytometry (Srienc, 1993) has con-
tributed significantly in providing a basis for obtaining
information at the single cell level. The analysis of such
information with inverse population balance modeling
techniques (Ramkrishna, 1994) has enabled, in certain
cases, the determination of the intrinsic physiological
state functions (Srienc, 1999).

A second obstacle towards the practical application
of cell population balance models is the fact that owing
to their complex mathematical nature (first order par-
tial integro-differential equations, coupled in a nonlinear
fashion with ordinary integro-differential equations), the
development of numerical algorithms for the accurate ap-
proximation of their solution is a challenging task.

Several studies have addressed the numerical solu-
tion of age structured cell population balances (Hjortso
and Bailey, 1983; Hjortso and Nielsen, 1994, 1995; Kim,
1996; Kim and Park, 1995a,b; Kostova, 1990, 1988; Kurtz
et al., 1998). However, age structured models are limited
by the fact that age is very difficult to measure experi-
mentally in microbial populations.

On the other hand, some properties of cells, such as
volume, total protein content, DNA content can be mea-
sured even at the single-cell level. Therefore, the use
of such properties in the formulation of mass structured
models is quite meaningful. Liou et al. (1997) devel-
oped analytical solutions of mass structured and age-
mass structured cell population balances in the case of
some simple single-cell growth rate expressions. Reports
on the numerical solution of more general mass struc-
tured models had been sparse until recently. Subrama-
nian and Ramkrishna (1971) employed a combination of
the weighted residual method and the successive approx-
imation method. However, this approach is limited to
the case of linear growth rate where the cell population
balance and the substrate concentration equation can be
decoupled. Sulsky (1994) addressed a specific nonlinear
mass structured population balance model, with the use
of classical finite difference schemes as well as the method
of characteristics. However, the model under considera-
tion did not include changes in the environmental condi-
tions, which when incorporated in the mathematical for-
mulation can dramatically alter the dynamics of the cell
population as well as the behavior of numerical schemes.
Godin et al. (1999a,b) and Zhu et al. (2000; 2001) em-
ployed finite element techniques for the solution of the
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problem under conditions of changing substrate concen-
tration. Finally, Mantzaris et al. (1999) proposed a finite
difference technique applicable to problems with chang-
ing substrate concentration and various sets of physio-
logical state functions.

The above reports focused on unstructured models,
which do not incorporate any internal chemical struc-
ture of the single cell. Mantzaris et al. (2001a,b,c) have
recently developed several finite difference, spectral and
finite element algorithms for the solution of structured
cell population balance models, and evaluated these al-
gorithms in terms of numerical stability, accuracy and
computational speed. These algorithms are quite general
in the sense that they are not limited by the choice of the
physiological state functions, and can be applied for any
number of substrates and constant or changing environ-
mental conditions. With small modifications, they can
also be applied in the case of multi-staged cell population
balance models (Mantzaris et al., 2002).

In conclusion, the recent studies on the numerical so-
lution of cell population balance models have led to a va-
riety of algorithms that can be used to efficiently obtain
accurate solutions of these models and hence facilitate
their use in optimization and control.

Cell Population Dynamics

The dynamics of continuous bioreactors are important
for simulation and control of industrial bioprocesses.
Bioreactors can exhibit complex dynamic behavior due
to nonlinearities associated with cell growth and divi-
sion processes. Unlike most other types of chemical re-
actors, these nonlinear dynamics are not caused by the
nonlinear dependence of reaction rates on temperature.
Indeed continuous bioreactors operated at constant tem-
perature can exhibit nonlinear behavior such as multi-
ple steady states and limit cycles (Hjortso and Bailey,
1983; Hjortso and Nielsen, 1995). While cell metabolism
certainly plays an important role, the observed nonlin-
ear behavior is partially attributable to complex interac-
tions between the cell population and the culture envi-
ronment (Eakman et al., 1966; Subramanian and Ramkr-
ishna, 1971). Consequently the study of cell population
dynamics has considerable theoretical and practical sig-
nificance. The objective of this section is to provide a
brief introduction to the control relevant dynamics of
cell population models with particular emphasis on limit
cycle behavior in continuous yeast bioreactors.

Steady-State and Periodic Solutions

A rigorous dynamic analysis of the general cell popula-
tion model (6)–(10) is very difficult due to the complexity
of the model equations. The problem can be simplified
by considering only a single physiological state (x) and
a single rate limiting substrate (S). In this case the
unstructured cell population model can be written as

in (11)–(13). It is well known that this model can ex-
hibit both steady-state and periodic solutions for specific
forms of the physiological state functions.

The first problem considered is existence and stability
of steady-state solutions. As can be seen from (11)–(13),
a solution that exists for all values of dilution rate (D)
and feed substrate concentration (Sf ) is the so-called
washout steady state: N(m) = 0 ∀m, S = Sf . This cor-
responds to the highly undesirable situation where sub-
strate is fed to the reactor but biomass is not produced.
Stability of the washout steady state usually can be char-
acterized in terms of a critical dilution rate (Dc) that is
a complex function of the physiological state functions
and parameter values. For D < Dc the washout steady
state is unstable while for D ≥ Dc it is stable. Hence
there is a tradeoff between reactor stability (low D) and
reactor throughput (high D). Clearly the most impor-
tant requirement of any bioreactor control system is to
avoid washout and maintain bioreactor productivity.

Non-trivial steady-state solutions of cell population
models are more difficult to analyze. Closed-form solu-
tions can be obtained using the method of characteristics
if restrictive assumptions are imposed on the cell cycle
and/or the culture environment (Hjortso, 1996; Hjortso
and Nielsen, 1995). This approach has been used to an-
alyze local stability of steady-state solutions for an age
structured cell population model (Hjortso and Bailey,
1983). A more practical approach for local stability anal-
ysis involves spatial discretization of the cell population
model to obtain a coupled set of nonlinear ordinary dif-
ferential equations in time (Zhang et al., 2001). Steady-
state solutions are calculated by solving the nonlinear
algebraic equations which comprise the steady-state ver-
sion of the discretized model. Local stability of a steady-
state solution is analyzed by linearizing the discretized
model about the steady-state operating point and com-
puting the eigenvalues of the linearized model. Non-local
stability analysis typically requires dynamic simulation
of the discretized model. A secondary control objective
may be stabilization of a particular cell mass distribu-
tion N(m) that optimizes the steady-state production of
certain products.

Experimental studies with different microorganisms
have shown that continuous bioreactors can exhibit sta-
ble periodic solutions which are observable as sustained
oscillations in measured variables (Daugulis et al., 1997;
Jones, 1995; von Meyenburg, 1973). Several investiga-
tors have shown that cell population models are capable
of generating such periodic solutions (Bellgardt, 1994;
Hjortso and Nielsen, 1995; Zhu et al., 2000). Closed-
form representation of periodic solutions have been de-
rived directly from cell population models under certain
simplifying assumptions (Hjortso and Nielsen, 1995). We
are not aware of any analysis results concerning the sta-
bility of such periodic solutions. As discussed below for
yeast bioreactors, periodic solutions usually are located
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by dynamic simulation of a spatially discretized model.
Another possible control objective is creation of periodic
solutions that lead to increased production of certain
products as compared to that achievable under steady-
state conditions (Hjortso, 1996).

Dynamics of Continuous Yeast Bioreactors

Cell population dynamics play a key role in the sustained
oscillations observed in continuous bioreactors produc-
ing Baker’s yeast. Fundamental understanding of these
dynamics could lead to important advances in yeast pro-
duction processes and provide key insights into the cel-
lular behavior of more complex cells present in plants
and animals. Several investigators (Munch et al., 1992;
Strassle et al., 1989) have shown that the appearance
of sustained oscillations is related to the formation of
distinct cell subpopulations via a mechanism known as
cell cycle synchrony. A synchronized culture is recog-
nized by well defined peaks in the cell distribution that
correspond to large groups of cells that collectively pass
through the cell cycle.

Recently it has been proposed that continuous yeast
bioreactors can exhibit a stable steady state and a stable
limit cycle at the same operating conditions as a conse-
quence of cell cycle synchrony (Zhang et al., 2001). Ex-
perimental data that support this claim are shown in
Figure 3 where the carbon dioxide off-gas concentration
is used as a representative output signal. The experi-
mental protocol used involves careful manipulation of the
dilution rate to establish different initial conditions for
the cell distribution. An initial condition corresponding
to a synchronized cell population results in convergence
to a stable limit cycle (top plot). By contrast, a steady-
state solution appears to be attained when the initial cell
population is less synchronized (bottom plot).

The experimental data in Figure 3 show that the open-
loop dynamics of yeast bioreactors are strongly depen-
dent on the initial condition of the cell distribution. At
a particular value of the dilution rate there appears to
be two stable solutions, each with a domain of attraction
that is a complex function of the initial cell distribution.
This interpretation provides a rational explanation for
the observation that oscillations appear and disappear
without measurable changes in external inputs such as
dilution rate and feed substrate concentration (Parulekar
et al., 1986). Moreover this nonlinear behavior would be
fundamentally different than that observed in other par-
ticulate processes such as emulsion polymerization reac-
tors (Rawlings and Ray, 1987) and solution crystallizers
(Witkowski and Rawlings, 1987) that exhibit sustained
oscillations as the steady-state solution becomes unsta-
ble.

A more detailed understanding of the nonlinear dy-
namics leading to sustained oscillations can be obtained
via bifurcation analysis (Kuznetsov, 1995). A bifurca-
tion represents a fundamental change in the qualitative

Figure 3: Multiple stable solutions for a yeast biore-
actor.

behavior of a nonlinear system as a parameter is var-
ied. The most common example is the Hopf bifurcation
where the steady state becomes unstable and a stable
limit cycle is created (Kuznetsov, 1995).

We have performed bifurcation analysis using the un-
structured cell population model (11)–(13) with specific
forms of the physiological state functions (Zhang et al.,
2001). The single cell growth rate is modeled as:

r(m,S′) =
µmS

′

Km + S′
(17)

where µm and Km are constants. The effective substrate
concentration S′ is a filtered version of the actual sub-
strate concentration (S) and accounts for the lagged re-
sponse of cells to environmental changes. The growth
rate function models the tendency of cells to reach a
maximum growth rate (µm) at large substrate concentra-
tions (substrate inhibition). The division rate function
is modeled as:

Γ(m,S′) =

 0 m ≤ m∗t +mo

γexp
[
−ε(m−m∗d)

2
]

m ∈ [m∗t +mo,m
∗
d]

γ m ≥ m∗d
(18)

where m∗t is the transition mass (see Figure 2), mo is the
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additional mass that mother cells must gain before divi-
sion is possible, ε and γ are constants and m∗d is the mass
at which the division rate reaches its maximum value γ.
This function models the tendency of cells to divide near
the division mass (m∗d). The cell cycle parameters (m∗t ,
m∗d) are functions of S′ as discussed below.

The partition probability density function has the
form:

p(m,m′, S′) = Aexp[−β(m−m∗t )
2]

+Aexp[−β(m−m′ +m∗t )
2] (19)

where m < m′ and m′ > m∗t +mo; the function is iden-
tically zero otherwise. Here A and β are constants. This
function yields two Gaussian peaks in the cell mass dis-
tribution, one centered at m∗t (corresponding to mother
cells) and one centered at a location in the mass domain
that is determined by mass conservation (corresponding
to daughter cells). The substrate consumption rate is
modeled as:

q(m,S′) =
1
Y
r(m,S′) (20)

where Y is a constant yield parameter. The substrate
dependence of the cell cycle parameters is modeled as:

m∗t (S
′) =

 mt0 +Kt(Sl − Sh) S′ < Sl

mt0 +Kt(S′ − Sh) S′ ∈ [Sl, Sh]
mt0 S′ > Sh

(21)

m∗d(S
′) =

 md0 +Kd(Sl − Sh) S′ < Sl

md0 +Kd(S′ − Sh) S′ ∈ [Sl, Sh]
md0 S′ > Sh

(22)

where Sl, Sh, mt0, md0, Kt and Kd are constants. As
found experimentally (Alberghina et al., 1991), both m∗t
and m∗d are increasing functions of the substrate concen-
tration. Numerical values of the model parameters are
presented elsewhere (Zhang et al., 2001).

The dilution rate (D) is chosen as the bifurcation pa-
rameter. Stability of steady-state solutions is determined
by checking the eigenvalues of the Jacobian lineariza-
tion. Stable limit cycles are located using a combina-
tion of dynamic simulation and continuation calculations
(Kuznetsov, 1995). The resulting bifurcation diagram is
shown in Figure 4 where the zeroth moment of the cell
mass distribution (here denoted as m0) is used as a rep-
resentative output variable. As observed experimentally
(Beuse et al., 1998), a stable steady state (+) is obtained
for low and high ranges of the dilution rate. A Hopf bi-
furcation occurs at D = 0.21 h−1 that results in the
appearance of a stable limit cycle with sustained oscil-
lations of the magnitude indicated (*). A second Hopf
bifurcation occurs at D = 0.27 h−1 where the limit cycle
disappears. An unstable steady state (o) is observed at
the intermediate dilution rates that support stable limit
cycles.

The bifurcation diagram appears to be inconsistent
with the experimental data in Figure 3 which indicate the
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Figure 4: Bifurcation diagram for a yeast bioreactor
model.

coexistence of stable steady state and stable periodic so-
lutions. However the model predicts that destabilization
of the steady state occurs very slowly due to the small
real parts of the eigenvalues that cross the imaginary axis
due to the first Hopf bifurcation. We conjecture that this
behavior is not observed in Figure 3 due to the relatively
short duration of the experimental test. This hypothesis
is supported by the small oscillations that are visible in
the “stationary” response. This subtle dynamic behav-
ior cannot be captured by unsegregated models such as
cybernetic models (Jones and Kompala, 1999).

Feedback Control of Cell Populations

Feedback control is necessary to ensure satisfactory per-
formance of continuous bioreactors in the presence of ex-
ternal disturbances and/or changes in the operational
requirements. As depicted in Figure 1, a typical bioreac-
tor control system consists of simple regulatory loops for
residence time, temperature and pH designed to main-
tain the bioreactor at environmental conditions which
promote cell growth. Such simple schemes do not al-
low direct control of variables such as the biomass con-
centration that determine profitability of the bioprocess.
During the last decade substantial effort has gone into
developing more advanced (nonlinear or adaptive) con-
trol strategies for continuous bioreactors (Bastin and
Dochain, 1990; Hoo and Kantor, 1986; El Moubaraki
et al., 1993; Pons, 1992; Kurtz et al., 2000). These ef-
forts are based on continuum models that neglect the
distributed nature of the cell population. As such, they
rely on measurement and control of ‘average’ properties
of the cell populations in the bioreactor. A typical con-
trol strategy along these lines involves manipulation of
the dilution rate or the feed substrate concentration to
maximize biomass concentration (Henson and Seborg,
1992; Proll and Karim, 1994).
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The last decade has also seen the evolution of exper-
imental techniques, specifically flow cytometry and cell
staining techniques (Srienc, 1993), which enable the mea-
surement of entire cell property distributions. Flow cy-
tometers measure the frequency of fluorescence in the
cell population, and hence can differentiate cells with re-
spect to naturally fluorescent protein content (e.g. the
green fluorescent protein, Gfp), or other variables (e.g.
DNA content) after appropriate staining. When inter-
faced with proper flow injection systems (Zhao et al.,
1999) they provide a powerful experimental tool for on-
line monitoring and control. These advances in instru-
mentation and measuring devices, together with the ad-
vances in the numerical solution of cell population bal-
ance models outlined earlier, provide strong motivation
to explore more advanced control strategies that utilize
cell population balance models to address a wider range
of control objectives, e.g. control of cell property distri-
butions and/or cell cycle characteristics.

This realization has motivated research in our groups
on the development of control strategies based on cell
mass population balance models that address a vari-
ety of control objectives. Specifically, in Zhang et al.
(2001) the problem of attenuating open-loop oscillations
observed in yeast bioreactors was addressed, through the
design of a feedback linearizing controller that manipu-
lates the dilution rate and controls the zeroth moment
of the cell mass distribution. The design of distributed
feedback linearizing control laws that manipulate the di-
lution rate to influence the zeroth and first moment of
cell mass distributions was also addressed in Mantzaris
et al. (1998). Zhu et al. (2000) addressed the attenua-
tion of oscillations as well as the induction of oscillations
in yeast bioreactors, using a linear model predictive con-
trol strategy that manipulates the dilution rate and the
feed substrate concentration. Finally, Mantzaris et al.
(1999) addressed the productivity control for a cell cul-
ture where the desired product is produced only in the
second stage of the cell cycle, using a feedback lineariz-
ing control strategy that manipulates the feed substrate
concentration. In what follows, we briefly outline the
last two control studies in order to demonstrate the po-
tential advantages of using cell population models as the
basis for controller design. More details on the controller
design and additional simulation results are available in
the original references.

Oscillation Attenuation in Yeast Bioreactors

The first case study addresses the control of oscillations
in continuous yeast bioreactors. The motivation is pro-
vided by the fact that open-loop oscillations can ad-
versely affect bioreactor stability and productivity, in
which case it is imperative that they be attenuated. In
other cases, inducing stable oscillatory behavior may lead
to increased production of target metabolites preferen-
tially produced during part of the cell cycle (Hjortso,

1996). Below we outline a linear model predictive con-
trol (LMPC) strategy which is well suited for both of the
above control problems.

The controller design model is generated from the cell
population model (11)–(13) and the physiological state
functions (17)–(20). The population model is discretized
in the mass domain using orthogonal collocation on fi-
nite elements, linearized about the desired steady-state
operating point and discretized with a sampling time ∆t
= 0.1 hr. The resulting linear model has the form:

x(k + 1) = Ax(k) +Bu(k) (23)

where: x is the state vector which includes the cell mass
density Nj at each collocation point j and the substrate
concentration S; and u is the input vector comprised of
the dilution rate D and feed substrate concentration Sf .
It is assumed that the cell mass distribution can be mea-
sured via flow cytometry or reconstructed from on-line
measurements of the particle size distribution (Yamashit
et al., 1993).

The controller design model is completed by defining
the output vector. An obvious approach is to choose
the discretized cell mass densities Nj as the controlled
outputs. This method is problematic because: (i) the
resulting control problem is highly non-square (2 inputs,
113 outputs); (ii) cell mass densities at nearby colloca-
tion points are strongly collinear; and (iii) the substrate
concentration must be controlled to avoid washout. We
have found that good closed-loop performance can be ob-
tained by controlling a subset of the cell mass densities
and the substrate concentration:

y(k) =
[
Nj1(k) . . . Njp

(k) S(k)
]T = Cx(k) (24)

where the indices {j1, . . . , jp} denote the collocation
points where the associated cell mass density is used as
a controlled output. In the subsequent simulations, the
outputs are chosen as the boundary points of the finite
elements. This results in a much lower dimensional prob-
lem with 14 outputs.

The LMPC controller is formulated as an infinite hori-
zon open-loop optimal control problem:

min
UM (k)

∞∑
j=0

{[y(k + j|k)− ys]TQ[y(k + j|k)− ys]

+ [u(k + j|k)− us]TR[u(k + j|k)− us]

+ ∆uT (k + j|k)S∆u(k + j|k)} (25)

where: y(k + j|k) and u(k + j|k) are predicted values
of the outputs and inputs, respectively; ys and us are
target values for the outputs and inputs, respectively;
and ∆u(k) = u(k) − u(k − 1). The decision variables
are current and future values of the inputs: UM (k) =
[u(k|k) . . . u(k+M − 1|k)], where M is the control hori-
zon. The inputs are subject to constraints that are de-
termined by operational limitations: umin ≤ u ≤ umax.
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The resulting problem can be reformulated as a finite
horizon problem and solved using standard quadratic
programming software (Muske and Rawlings, 1993). The
control horizon is chosen asM = 5 and the weighting ma-
trices (Q, R, S) are chosen by trial-and-error to provide
acceptable closed-loop performance.

Figure 5 shows the ability of the LMPC controller to
stabilize an oscillating bioreactor at a desired steady-
state operating point. The zeroth-order moment of the
cell mass distribution and the substrate concentration
(S) are shown as representative output variables. The
initial cell mass distribution N(m, 0) corresponds to a
stable periodic solution, while the setpoint vector is ob-
tained from the discretized cell mass distribution at the
desired steady-state operating point. The solid line is
the LMPC response and the dashed line is the open-
loop response in the absence of feedback control. The
LMPC controller effectively attenuates the oscillations
while generating reasonable control actions. The evolu-
tion of the cell mass distribution (here denoted as W )
also is shown in Figure 5. The initial distribution is
highly synchronized with two cell subpopulations that
produce sustained oscillations. The controller achieves
the desired steady-state distribution by dispersing the
subpopulations.

Figure 6 shows the ability of the LMPC controller to
create a desired periodic solution. The initial mass num-
ber distribution corresponds to the steady-state solution
in Figure 5. The stable periodic solution shown as the
open-loop response in Figure 5 is used to define a time-
varying setpoint trajectory to be tracked. The controller
stabilizes the periodic solution by generating oscillatory
input moves. Although not shown, it is interesting to
note that the oscillations are sustained with the same pe-
riod when the controller is switched off at the end of the
simulation and the bioreactor runs under open-loop con-
ditions. The evolution of the cell mass distribution also
is shown in Figure 6. Note that the oscillating dynam-
ics are accompanied by the appearance of two distinct
cell subpopulations. These results suggest that feedback
control strategies which provide direct control of the cell
distribution have the potential to enhance the stability
and productivity of continuous yeast bioreactors.

Productivity Control in Two-staged Cell Growth

In the second case study, we address the problem of con-
trolling the productivity with respect to a desired prod-
uct in a continuous bioreactor where the cells grow in
two stages, with the desired product being formed only
in the second stage (this is consistent with the discus-
sion in page 4 on the behavior of many microorganisms
including yeast). Individual cells are differentiated with
respect to their mass, m (or any other variable that is
conserved). There is a single substrate with concentra-
tion S, whereas the product concentration is denoted by
P .
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Figure 5: Oscillation attentuation with LMPC con-
trol.

It is assumed that the single-cell growth rates are lin-
ear with respect to cell mass and exhibit substrate inhibi-
tion during both stages of the cell cycle, whereas during
the second stage the growth rate exhibits product inhi-
bition as well (this is a rather standard assumption, see
e.g. Henson and Seborg, 1992). Specifically, the single-
cell growth rates are expressed as:

r1(m,S) =
µmS

Km + S + S2

Ki

m (26)

r2(m,S, P ) =
µm

(
1− P

Pm

)
S

Km + S + S2

Ki

m (27)

where µm, Pm,Km,Ki are the maximum specific growth
rate, the product and substrate saturation constants and
the substrate inhibition constant, respectively.
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Figure 6: Oscillation stabilization with LMPC con-
trol.

The transition rates from stage 1 to stage 2, and from
stage 2 to stage 1 are modeled as follows (Fredrickson
et al., 1967):

Γ1(m,S) =
f1(m)

1−
∫m

0
f1(m′) dm′

r1(m,S) (28)

Γ2(m,S, P ) =
f2(m)

1−
∫m

0
f2(m′) dm′

r2(m,S, P ) (29)

where f1(m), f2(m) are the transition probability den-
sity functions which are assumed to depend only on
mass; these functions are taken to be Gaussian distribu-
tions with mean values µf1 , µf2 and standard deviations
σf1 , σf2 , respectively.

The partitioning function is assumed to be indepen-
dent of the substrate and product concentrations, and is
taken to be a symmetric beta distribution with a param-
eter q:

p(m,m′) =
1

B(q, q)
1
m′

(m
m′

)q−1 (
1− m

m′

)q−1

(30)

The substrate consumption rates during the two stages

of the cell cycle are expressed as:

q1(m,S) =
1
Y1
r1(m,S) (31)

q2(m,S, P ) =
1
Y2
r2(m,S, P ) (32)

where Y1, Y2 denote constant yield coefficients. Finally,
the product formation rate is expressed as:

rp(m,S, P ) = a(µ2(S, P ) + b)m (33)

where a, b are constants. The parameter values used can
be found in Mantzaris et al. (1999).

The dynamic model of the reactor consists of the two
cell population balance equations for stages 1 and 2, the
substrate balance and the product balance:

∂N1(m, t)
∂t

+
∂[r1(m,S)N1(m, t)]

∂m
+ Γ1(m,S)N1(m, t) +DN1(m, t)

= 2
∫ mmax

m

Γ2(m,S, P )p(m,m′, S)N2(m, t) dm′ (34)

∂N2(m, t)
∂t

+
∂[r2(m,S, P )N2(m, t)]

∂m
+ Γ2(m,S, P )N2(m, t) +DN2(m, t)

= Γ1(m,S, P )N1(m, t) (35)

dS

dt
= D(Sf − S)− 1

Y1

∫ mmax

0

r1(m,S)N1(m, t) dm

− 1
Y2

∫ mmax

0

r2(m,S, P )N2(m, t) dm (36)

dP

dt
= −DP +

∫ mmax

0

rp(m,S, P )N2(m, t) dm (37)

with the following boundary conditions for the two pop-
ulation balance equations (see Mantzaris et al., 1999, for
their derivation):∫ mmax

0

∂[r1(m,S)N1(m, t)]
∂m

dm = 0 (38)∫ mmax

0

∂[r2(m,S, P )N2(m, t)]
∂m

dm = 0 (39)

For the numerical solution and controller design, the
two cell population balance equations were discretized
in the mass space using a Galerkin spectral method.
Specifically, the stage 1 and 2 mass distributions were
expanded as follows:

N1(m, t) = Σ∞i=1ai(t)φi(m)
N2(m, t) = Σ∞i=1bi(t)φi(m)

(40)
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Figure 7: Steady state productivity vs. feed substrate
concentration.

where φi =
√

2sin(iπm) and ai, bi denote the time de-
pendent coefficients of the sine expansions (it can be eas-
ily verified that with these basis functions the boundary
conditions are satisfied). Following the usual procedure
of substituting the expansions to the partial differential
equations and taking the inner product with the adjoint
functions, an infinite set of ODEs for the time varying co-
efficients can be obtained. To obtain a finite-dimensional
approximation of the infinite dimensional model, the in-
finite series expansion was truncated to include n = 20
terms.

Open-loop Behavior. Initially, the effect of the di-
lution rate D and the feed substrate concentration Sf

on the steady state productivity DP was analyzed. The
analysis established that there is a pair of these oper-
ating parameters, D = 0.18h−1 and Sf = 34g/l, where
the productivity is maximized (the maximum is approx-
imately DPmax = 4.93g/l/h). Figure 7 shows a plot
of the productivity as a function of the feed substrate
concentration at steady state, for D = 0.18h−1. The
occurrence of a maximum in the productivity is con-
sistent with the results obtained in Henson and Seborg
(1992) which considered a continuum model consisting of
biomass, substrate and product balances, with the same
functions and parameters for cell growth, substrate con-
sumption and product formation. This behavior is also
indicative of the nonlinearity of the system and moti-
vates the design of nonlinear controllers to maintain the
productivity close to its maximum.

Nonlinear Productivity Control. The control
study focused on controlling the productivity y = DP
close to its maximum value ysp = 4.93g/l/h using the
feed substrate concentration Sf as manipulated input.
The dilution rate was fixed at D = 0.18h−1, and hence
the control strategy essentially aimed at maximizing the

product concentration.
The finite-dimensional approximation of the process

model was used as the basis for the controller design.
Specifically, the relative degree of this model was found
to be two, as long as the reactor operates away from
washout conditions and from a manifold which intersects
the equilibrium curve of Figure 7 approximately at the
maximum productivity (note that due to the complexity
of the model one has to rely on numerical approxima-
tions for the above observations). Also, the zero dynam-
ics with respect to the output variable was numerically
found to be locally asymptotically stable at the setpoint
conditions.

A nonlinear state feedback controller was designed
that induces the following linear response in the closed-
loop system:

γ2
d2y

dt2
+ γ1

dy

dt
+ y = ysp (41)

For comparison purposes, the approximate finite dimen-
sional model was also linearized (around the steady state
conditions corresponding to the setpoint), and a linear
state feedback controller was designed on the basis of
the resulting linear model to enforce the same behavior
as above.

Figure 8 shows the results of a representative simula-
tion run for γ1 = γ2 = 10. The initial cell mass distribu-
tions in the two stages, and the substrate and product
concentrations were obtained from the steady state cor-
responding to Sf = 25g/l. The corresponding initial
productivity was y = 3.95g/l/h, which is approximately
20% smaller than the setpoint value. Notice that the
nonlinear controller induces the desired closed-loop re-
sponse and smoothly brings the system to the desired
setpoint. On the other hand, the output response un-
der the linear controller is considerably more sluggish,
taking almost twice as long to bring the productivity to
its setpoint. Further, the manipulated input for the lin-
ear controller exhibits a much larger peak in the initial
part of the response. For larger deviations from the set-
point, the linear controller led to closed-loop instability,
whereas the nonlinear controller continued to perform
very satisfactorily (successful results were obtained with
the initial productivity being as much as seven times
smaller than the maximum productivity).

A second simulation run addressed the disturbance re-
jection properties of the two controllers. Specifically,
the actual value of the maximum specific growth rate
was assumed to be approximately 10% smaller than the
nominal one. The productivity setpoint was chosen as
ysp = 4.43g/l/h which corresponds to the approximate
maximum productivity for the actual value of the max-
imum specific growth rate. Integral action was incorpo-
rated in both controllers. Figure 9 shows the controlled
output and manipulated input responses. The nonlinear
controller exhibits again a faster response, with smaller
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Figure 8: Closed-loop responses under linear and
nonlinear controllers—setpoint tracking.

deviations from the setpoint compared to the linear con-
troller.

Concluding Remarks and Future Re-
search

Cell growth systems are characterized by overwhelming
complexity and variety. The dynamics of such systems
can be described at various levels of detail. In this paper,
we focused on continuous reactors used for growth of mi-
crobial populations, and presented an overview of recent
results in dynamical analysis and control which account
directly for the heterogeneous nature of cell populations.
These results illustrate the feasibility and advantages of
using cell population balance models as the basis for feed-
back control of bioreactors, and in our view, make a clear
case for further research towards the development and
practical application of such bioreactor control strate-
gies. The opportunities for scientific and engineering
contributions, from a systems and control perspective,
in this direction are numerous. Some of these are out-
lined below.
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Figure 9: Closed-loop responses under linear and
nonlinear controllers—disturbance rejection.

Cell Population Modeling

The development and validation of cell population bal-
ance models for cultures of specific microorganisms (such
as yeast), through the combination of flow cytometric
measurements and inverse population balance modeling
techniques is a key research goal. Analyzing the effect
of environmental parameters such pH, temperature etc.
on these functions may also enable using such param-
eters as additional manipulated variables to achieve a
broader range of control objectives, e.g. simultaneously
controlling multiple moments of cell property distribu-
tions. Finally, the development of structured cell popu-
lation balance models for specific cultures is the ultimate
goal in this direction; such models, although invariably
complex, can further broaden the range of control ob-
jectives that can be achieved, e.g. controlling metabolic
pathways at such a distributed level.

Dynamic Analysis of Cell Population Models

Despite the fact that cell population balance models have
been available for over thirty years, the literature on
their dynamics is very sparse. Important open theoreti-
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cal questions include the existence and stability of both
steady-state and periodic solutions. Addressing these
questions, either on the basis of the PDE models them-
selves or on the basis of ODE approximations obtained
from spatial discretizations is a key research task. Dy-
namic simulation is another important tool to address
these problems and to investigate other control relevant
dynamics such as bifurcations between solutions. Un-
structured models are a reasonable starting point for
such studies owing to their ability to capture population
dynamics with minimal complexity. Analysis of struc-
tured models is a considerably more difficult problem
but offers the potential to enhance understanding of the
complex interactions between individual cell metabolism
and cell population dynamics.

Cell Distribution Control

Further automating and refining on-line flow cytometry
and cell staining techniques, to be able to obtain rapid
and robust measurements of desired cell property distri-
butions, is clearly an essential task towards the practi-
cal application of control laws derived on the basis of
cell population balance models. At the level of con-
troller design, translating general operational objectives
into specific control objectives involving the measured
distribution properties, and evaluating a wide variety of
controller design methods with regard to their suitabil-
ity for these objectives are clearly important tasks that
need to be addressed for specific cultures. Integrating
sensor development and control algorithm development
through laboratory experiments is also necessary to be
able to prototype control systems suitable for industrial
applications.

In closing we note that much like the results presented
in this paper are the outcome of fruitful collaborations
between biochemical engineers and control engineers in
our respective groups, the future research goals out-
lined above can be most effectively pursued through such
cross-disciplinary collaborations.
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Abstract
The increasingly aggressive global competition for the production of higher quality polymer products at lower costs,
along with a general trend away from new capital investments in the U.S., has placed considerable pressure on the
process engineers in the U.S. to operate the existing polymer plants more efficiently and to use the same plant for the
production of many different polymer products. The more efficient operation has been realized by better process control
and monitoring while the available polymer product-quality sensors have been inadequate. Although many product quality
indices cannot be measured readily, they can be estimated/inferred in real time from the readily available measurements,
allowing for inferential control of the polymer product quality. This paper presents a survey of the issues in controlling and
monitoring plant-product quality indices such as molecular weight, copolymer composition, and particle size distributions
in polymerization reactors. Examples will be given to illustrate some of the methods surveyed.
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Introduction

A polymer product is composed of macromolecules with
different molecular weights, and the processability and
subsequent utility of a polymer product depends strongly
on the macromolecule distributions, such as molecular
weight distribution (MWD), copolymer composition dis-
tribution (CCD) [in copolymerization], and particle size
distribution (PSD) [in emulsion polymerization]. For in-
stance, in coatings, film formation, film strength, and
gloss depend on the MWD, CCD, and PSD of the poly-
mer. Since the distributions are influenced greatly by
the polymerization reactor operating conditions, the pro-
duction of a high quality polymer requires effective mon-
itoring and control of the operating conditions (Conga-
lidis and Richards, 1998; Ogunnaike, 1995). The effective
monitoring and control can be realized only when suffi-
cient frequent information on the distributions is avail-
able.

Polymerization reactors are a class of processes in
which many essential process variables related to product
quality cannot be measured or can be measured at low
sampling rates and with significant time delays. The lack
of readily-available, frequent measurements from which
polymer properties can be inferred, has motivated a con-
siderable research effort in the following research direc-
tions:

• The development of new on-line sensors [lists of
many of the currently-available on-line sensors are
provided in (Ray, 1986; Chien and Penlidis, 1990)].

• The development of qualitative and quantitative
relations between easier-to-measure quality indices
such as density, viscosity and refractive index, and

more-difficult-to-measure quality indices such as
conversion and average molecular weights (Kiparis-
sides et al., 1980; Schork and Ray, 1983; Canegallo
et al., 1993; Soroush and Kravaris, 1994; Ohshima
et al., 1995; Ohshima and Tomita, 1995).

• The development of state estimators that are capa-
ble of estimating unmeasurable polymer properties
from readily available measurements. The availabil-
ity of sufficiently-accurate, first-principles, mathe-
matical models of many polymerization reactors has
made possible the development of reliable state esti-
mators for the reactors (Jo and Bankoff, 1996; Ellis
et al., 1988; Kim and Choi, 1991; Kozub and Mac-
Gregor, 1992; Ogunnaike, 1994).

Product Quality in Polymerization Processes

Product quality is a much more complex issue in poly-
merization than in more conventional short chain reac-
tions (Ray, 1986). Because the molecular structure of
the polymer is so sensitive to reactor operating condi-
tions, upsets in feed conditions, mixing, reactor temper-
ature and so on can change significantly critical molec-
ular properties such as molecular weight distribution,
copolymer composition distribution, copolymer chain se-
quence distribution, stereoregularity, and degree of chain
branching.

The properties of a polymer product, such as the me-
chanical properties and the characteristics in molding,
having strong correlation with the molecular weight dis-
tribution (MWD) of the polymer. Nunes et al. (1982)
found that thermal properties, stress-strain properties,
impact resistance, strength and hardness of films of poly-
methyl methacrylate and polystyrene were all improved
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by narrowing MWD. It is also generally said that the
polymer of long chain length gives superior mechanical
properties to polymer products but has insufficient mold-
ing characteristics. Then the molding characteristics can
be improved by blending short chain length polymer into
this long chain length polymer, while the good mechan-
ical characteristics are kept. That is, the broader MWD
can be obtained by this blending. Therefore, the devel-
opment of the methodology for adjusting MWD during
the reaction to suitable one according to its use is de-
sired, especially in producing high quality polymers.

Schoonbrood et al. (1995) studied the influence of
copolymer composition and microstructure on the me-
chanical bulk properties of styrene-methyl acrylate
copolymers. They found that copolymer composition
drift has an influence on polymer mechanical properties
such as Young’s modulus, maximum stress, and elon-
gation at break. In the case of copolymers that are
homogeneous with respect to chemical composition, (a)
maximum stress and elongation at break depend on the
molecular weight distribution, (b) Young’s modulus is
independent of copolymer composition and molecular
weight distribution in the ranges studied, and (c) max-
imum stress and elongation at break weakly depend on
the copolymer composition. In the case of copolymers
that are heterogeneous with respect to chemical composi-
tion, copolymer microstructure affects strongly Young’s
modulus, maximum stress, and elongation at break.

In paints and coatings, molecular weight, composition,
and functional group distributions all play a key role
in polymer performance. For solution viscosity reasons,
narrow molecular weight distribution is useful, but not
every paint or coating benefits from it. It depends on
the application. For example, air-dry paints benefit from
very broad molecular weight distribution (Grady, 2000).

For processing and end-use performance of latex coat-
ings, it is often advantageous to produce a latex with
high solids content while maintaining viscosity within ac-
ceptable limits. Latex particle size and particle size dis-
tribution directly affect the relationship between solids
volume fraction and rheological properties. The influ-
ence of monodisperse latex particles on latex viscosity
is described by the Dougherty-Krieger equation (Krieger
and Dougherty, 1959),

ηr =
(

1− φ

φm

)−2.5φm

where ηr is the ratio of emulsion viscosity to that of the
pure fluid (water for instance), φ is the volume fraction
of solids, and φm is the maximum volume fraction of la-
tex particles. For polydisperse systems, it has long been
established that blends of different size particles yield
viscosities which are lower than the viscosities of any of
the monodisperse particles used to make nthe blend (for
equivalent solids concentrations). Eveson and cowork-

ers (1951) suggested that a particle suspension with a bi-
modal distribution can be regarded as a system in which
the larger particles are suspended in a continuous phase
formed by suspension of the smaller particles in the fluid
medium. In other words, a suspension of smaller parti-
cles behaves essentially as a fluid toward the larger par-
ticles. Farris (1968) extended this line of reasoning to a
multimodal blend of particle sizes with any number of
modes and Parkinson et al. (1970) to a continuous parti-
cle size distribution. In both cases, successive application
of a monodisperse expression for relative viscosity to par-
ticles of increasing size in a blend yielded an expression
for relative viscosity of the form

ηr =
∏

i

(
1− φi

φm,i

)−kφm,i

where the φi are volume fractions of particles of a given
size in the particle size distribution. Although this ex-
pressions is not directly applicable to the prediction of
viscosity for continuous latex distributions, the reason-
ing behind its derivation suggests that control of the
particle size distribution would be an appropriate ap-
proach to targeting desired latex rheological properties.
In contrast, the more common approach of controlling
moments of the distribution, is only indirectly related to
target properties.

Classification of Variables in a Polymerization
Plant

A customer evaluates the quality of a polymer product
on the basis of indices, end-product quality indices, that
are usually different from the product quality indices,
plant-product quality indices, known to the plant process
engineer. The end-product quality indices are related to
the final use of the polymer product and usually cannot
be measured in real time because of the complicated and
slow measurement techniques needed or simply the in-
ability to measure the quality indices until the final poly-
mer product is formulated and used. On the other hand,
polymer plants are operated at desired conditions by set-
ting and regulating the plant variables (such as pressures,
temperatures, and flow rates) that are measured readily
on-line. We will refer to these readily measurable vari-
ables as basic plant variables to distinguish them from
the plant-product quality indices and the end-product
quality indices (end-use properties). These differences
lead us to categorize variables in a polymer plant into
the following three classes, intersections of which may
not be null:

• Basic plant variables,
• Plant-product quality indices,
• End-product quality indices.

Basic plant variables that can be measured readily on-
line and whose values are set by the process engineer to
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operate the plant at desirable operating conditions. Ex-
amples of the basic process variables are temperatures,
pressures, liquid levels, flow rates, and feed compositions.

Plant-product quality indices are usually monitored
by the process engineer to ennnsure proper operation
of the plant. Measurements of these indices are rarely
available on-line and are usually obtained by laboratory
sample analyses. Examples of these indices are viscosity,
melt viscosity, density, copolymer composition distribu-
tion, molecular weight distribution, melt index, copoly-
mer chain sequence distribution, stereoregularity, parti-
cle size distribution, porosity, surface area, and degree of
chain branching.

End-product quality indices, often referred to as cus-
tomer specifications or end-use properties, quantify the
quality of the final product. These indices are usually
“abstract” (to the plant process engineer), and their
relations to the plant-product quality indices are com-
plex and not well-understood. In many cases, the re-
lations are known qualitatively on the basis of experi-
ence. It is important also to note that in cases where
the relationships between these end-use properties and
the plant-product quality indices are known, they are
not “one-to-one”. The end-product quality indices are
rarely measured off-line in the plant because the mea-
surements usually cannot be made until the final poly-
mer product is formulated and used. Furthermore, many
of these end-use properties (such as “softness”, “block-
iness”, and “color”) are “categorical” but not quantifi-
able in numerical form at the present time. Examples of
the end-product quality indices (customer specifications)
are adhesive strength, impact strength, hardness, elastic
modulus, flow properties (film blowing, molding, etc.)
strength, stress crack resistance, color, clarity, corrosion
resistance, abrasion resistance, density, temperature sta-
bility, plasticity uptake, spray drying characteristics, and
coating and adhesion properties. More examples of the
end-product quality indices can be found in (Nunes et al.,
1982; Ray, 1986; Dimitratos et al., 1994).

One of the greatest difficulties in achieving quality con-
trol of polymer end-products is our poor understand-
ing of the quantitative relationship between (a) the end-
product quality indices and (b) the plant-product qual-
ity indices and the basic plant variables. The actual
customer specifications are in terms of the end-product
quality indices. Since the quantitative relationship is the
least understood area in polymerization reaction engi-
neering, it is very hard to calculate the values of plant-
product quality indices that corresponds to the actual
customer specifications.

Mathematical Modeling

A major objective of polymerization reaction engineer-
ing has been to understand how reaction mechanism, the
physical transport phenomena (e.g. mass and heat trans-

fer, mixing), reactor type and operating conditions affect
the plant-product quality indices. As discussed in (Ray,
1991), various chemical and physical phenomena occur-
ring in a polymer reactor can be classified into the fol-
lowing three levels of modeling:

1. Microscale chemical kinetic modeling: Polymer re-
actions occur at the microscale. If the elementary
reaction steps of a polymerization mechanism are
known, the distributions can be calculated in terms
of the kinetic rate constants and the concentration
of the reactants. The available mathematical mod-
els are statistical or are based on detailed species
conservation methods. The most powerful approach
to modeling polymerization kinetics is the detailed
species balance method. Using the conservation
laws of mass, one can derive an infinite set of equa-
tions for the species present in the reaction mixture.

2. Mesoscale physical/transport modeling: At this
scale, interphase heat and mass transfer, intraphase
heat and mass transfer, interphase equilibrium, mi-
cromixing, polymer particle size distribution, and
particle morphology play important roles and fur-
ther influence the polymer properties. For example,
diffusion-controlled free-radical polymerizations are
manifestations of mesoscale mass transfer phenom-
ena. For a comprehensive list of results available in
this area, the reader can refer to the excellent review
paper by (Kiparissides, 1996).

3. Macroscale dynamic reactor modeling: At the
macroscale, one has to deal with the development
of models describing the macromixing phenomena
in the reactor, the overall mass and energy bal-
ances, particle population balances, the heat and
mass transfer from the reactor as well as the reactor
dynamics and control.

Population Balance Model

Population balance model descriptions have found a wide
range of application in distributed process systems in-
cluding crystallization, precipitation, and polymeriza-
tion. An excellent treatment of the theoretical aspects of
the subject is given in (Ramkrishna, 2000). In this paper,
we focus on the application of population balance mod-
els to a specific sub-class of polymerization systems—
particle size distributions in an emulsion system. Within
this class, there are two general categories of behaviors:
zero-one and pseudo-bulk systems. When conditions are
such that the rate of radical-radical bimolecular termi-
nation within a latex particle is extremely fast relative
to the rate of radical entry into particles, evolution of
the latex particle size distribution can be modeled as a
zero-one system (Gilbert, 1995). This model considers
latex particles containing either zero or one radical at a
given instant. The reasoning behind this model is that
a particle will flip between two states, the zero and one
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radical states, each time a radical enters the particle (or
exits).

Latex particle size, monomer type and concentration,
are among several key factors which strongly influence
whether a system approaches zero-one kinetics. For ex-
ample, termination of radicals within small particles is
rapid because diffusion distance of the radical reaction
centers is small. Moreover, radical entry rates, accord-
ing to the Smoluchowski relation, ke = 4πrsNADw (rs
is swollen particle radius) decrease with decreasing par-
ticle size. In fact, many systems (styrene for example)
approach zero-one kinetics during early stages of particle
nucleation and growth when the size of particles is small.

To model a zero-one system, the particle size popula-
tion is divided into a population containing zero radicals,
n0(r) and a population containing one radical, n1(r).
The one radical population is further divided into a pop-
ulation containing a polymer radical, n1(r), which would
not readily diffuse out of the particle due to its size, and
a population containing a monomer radical formed from
chain transfer reactions, nm

1 (r), which presumably can
readily exit particles.

The population, n1(r)dr, represents the moles(or
number) of polymer particles per liter of water with
unswollen particle radii between r and r + dr at time
t. Population balance equations for a batch reactor are
given by:

∂n0(r, t)

∂t
= ρ(r) [n1(r) + nm

1 (r)− n0(r)] + ko(r) · nm
1 (r)

+

∫ r/21/3

rnuc

r2B(r − r′, r′)

(r3 − r′3)2/3

[
n0(r

′)n0(r − r′)+

n1(r
′)n1(r

′ − r)
]
dr′

− n0(r)

∫ r∞

rnuc

B(r, r′)
[
n0(r

′) + n1(r
′)
]
dr′

∂n1(r, t)

∂t
= ρinit(r) · n0(r)

− ρ(r) · n1(r)− ktrCpn1(r) + kpCpnm
1

+

∫ (r3−r3
nuc)1/3

rnuc

r2B(r − r′, r′)

(r3 − r′3)2/3
n0(r

′)n1(r − r′)dr′

− n1(r)

∫ r∞

rnuc

B(r, r′)
[
n0(r

′) + n1(r
′)
]
dr′

− ∂

∂r
[G(r) · n1(r)] +

[
kw

p,jcrit−1CW [IMjcrit−1]

+

jcrit−1∑
i=z

kem,iCmicelle [IMi]

]
δ(r − rnuc)

Taking the first equation as an example, the terms pre-
multiplied by ρ(r) represent radical entry into particles,
the next term represents radical desorption from parti-
cles, and the integral terms represent coagulation. The

second equation has an additional term that represents
new particle formation by micellular and homogeneous
nucleation mechanisms.

Pseudo-bulk systems are characterized by slow radical
termination within the particles relative to rapid entry
of polymer radicals and re-entry of exited monomer rad-
icals. In such systems, particles can contain more than
one radical at a given instant. Moreover, particles with
zero, 1, 2, . . . radicals, switch identities(number of rad-
icals) so rapidly that the evolution of the particle size
distribution can be described by a single type of par-
ticle with an average number of radicals, n̄(r). Again,
latex particle size, monomer type and concentration are
factors which strongly influence whether a system ap-
proaches pseudo-bulk kinetics. Specifically, larger parti-
cle sizes increase radical entry rates and decrease radi-
cal termination and desorption rates, all of which favor
pseudo-bulk kinetics.

The gel effect also decreases radical termination rates.
This phenomenon is operative in many polymer systems
when monomer concentration in particles is low rela-
tive to polymer concentration due to monomer depletion.
Monomer depleted conditions often occur at the end of
a batch when particle sizes are large. Therefore, the
gel effect often coincides with large particle size and can
be an additional factor which pushes a system towards
pseudo-bulk kinetics.

A particle size distribution model for a pseudo-bulk
system is given by:

∂n(r, t)
∂t

=
1
2

∫ r−rnuc

rnuc

B(r − r′, r′)n(r′)n(r − r′)dr′

− n(r)
∫ r∞

rnuc

B(r, r′)n(r′)dr′ − ∂

∂r
[G(r) · n(r)]

+
[
kw

p,jcrit−1CW [IMjcrit−1]

+
jcrit−1∑

i=z

kem,iCmicelle [IMi]
]
δ(r − rnuc)

where particle growth rate is given by

G(r) =
kpCpn̄(r)ρpwm

4πr2Na

kp is the propagation rate constant, Cp the monomer
concentration in polymer particles, and n̄(r) the average
radical concentration.

In summary, at least for a batch polymerization, zero-
one kinetics is expected to be operative at early stages
of polymerization when particle size is small and parti-
cles are rich in monomer whereas pseudo-bulk kinetics is
favored in the latter stages of polymerization when par-
ticle size is large and the gel effect is strong. Of course
neither of these models treats the more complicated in-
termediate case wherein particles can contain 0, 1, 2, and
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Figure 1: Simulation of zero-one model with and
without coagulation 10 minutes after inception of
polymerization.

3 radicals, for example, but for model based control pur-
poses, we anticipate that the zero-one and pseudo-bulk
models may be combined in a manner that adequately
handles the intermediate case as well. Details of both
these models can be found in (Gilbert, 1995).

Coagulation Coefficients. Coagulation is an ex-
tremely important phenomena in emulsion polymeriza-
tion, having a large impact on latex particle numbers
and particle size distributions. Actually, colloidal
particles are thermodynamically unstable. Surface
tension between particle and bulk phase dictates that
free energy decreases upon particle coagulation due to
decreased surface area (Atkins, 1978):

dG = γdA

dG < 0 for dA < 0

Colloidal stability is a consequence of kinetics. The elec-
trostatic charge on the surface of a surfactant stabilized
colloidal particle represents a significant energy barrier
to coagulation between two approaching particles. If this
barrier is large, very few particles will have sufficient ki-
netic energy to exceed the barrier and coagulate. Quan-
titatively, this potential energy barrier can be calculated
using DLVO theory. This is based on calculating the to-
tal potential energy of interaction between two particles
as the sum of a van der Waals attractive potential and
an electrostatic repulsion potential (Ottewill, 1982). De-
tails can be found in (Coen et al., 1998b) and the final

result is

B(ri, rj) =
2kBT

3ηWij

(
2 +

rsi

rsj
+
rsj

rsi

)
Wij =

rsi + rsj

4κrsirsj
exp

(
Φmax

kBT

)
whereWij is the Fuchs stability ratio and Φmax the maxi-
mum potential energy with respect to particle separation
distance. One important characteristic of coagulation co-
efficients is that values increase exponentially as particle
size is decreased. Also, for the smallest particles, the
coagulation coefficient is nearly independent of the ra-
dius of the other particles with which the small particles
coagulate. This feature was exploited for determining
coagulation coefficients in our simulations by approxi-
mating the coagulation coefficients as depending only on
the radius of the smaller of any two given particles co-
agulating. Figure 1 is a comparison of two simulated
particle size distributions under identical operation con-
ditions but with and without coagulation respectively.
This figure highlights the influence that coagulation has
on particle numbers and distributions during particle nu-
cleation.

Calculation of coagulation coefficients in an on-line
control application is problematic because calculation
of Φmax is an extremum problem over particle separa-
tion distance and therefore, would be an embedded op-
timization problem. Another limitation of the DLVO
theory is it does not account for shear effects which can
markedly alter charge distributions surrounding particles
and cause greatly accelerated coagulation rates. These
problems are still open issues and feasible solutions will
likely involve significant empiricism.

Numerical Solution

Approaches to solving population balance equations
found in the literature can be generally classified into
one of three distinct methods. Orthogonal collocation on
fixed and moving finite elements has been used by several
authors (Dafniotis, 1996; Rawlings and Ray, 1988a,b) to
solve population balance models. This moving finite ele-
ment method overcomes some of the numerical instabil-
ities and inaccuracies associated with more conventional
techniques such as finite differences.

Dafniotis (1996) describes the numerical problems as-
sociated with the solution of hyperbolic PDE’s in terms
of wave theory. If the desired solution is expressed in
terms of a Fourier series, the behavior of a solution can
be examined by examining individual components of the
series, i.e., sine-cosine waves that propagate with specific
phase and amplitude. Numerical operators such as finite
differences, do not preserve the correct phase and am-
plitude. Particularly, errors associated with the phase
are sometimes observed as spurious oscillations; referred
to as dispersion. Also, when the amplitude of the nu-
merical wave is damped relative to the exact solution
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wave, discontinuities (for example boundary conditions)
are smeared; referred to as numerical diffusion. Finally,
hyperbolic partial differential equations often describe
the propagation of near-shocks, or sharp wave fronts
which require adequate resolution in the region of the
shock.

In Dafniotis (1996), a moving finite element
method(MFEM) is presented for solving the popu-
lation balance equations for emulsion polymerization
and to address some of the inherent numerical problems
mentioned above. This method is based on the MFEM
developed by Sereno and coworkers (1991).

A less sophisticated but much easier method to set up
is the finite difference method. Here, partial derivatives
in the population balance equations are approximated by
finite differences. Gilbert (1997) has applied this method
to modeling particle size distributions for emulsion poly-
merization systems.

A third method for solving population balance equa-
tions is sometimes referred to as methods of classes.
Here, the distribution is discretized into classes of par-
ticles defined by finite particle size intervals. Mathe-
matically, this involves transforming the partial differ-
ential equations from a differential to integrated form
over small intervals. The presumed advantages of this
approach include transformation of integral terms into
more easily evaluated summation terms, elimination of
partial differential terms with respect to particle size
by forcing the discretization grid to move with parti-
cle growth rate, and the ability to coarsen the grid and
still preserve key properties of the distribution such as
moments (Kumar and Ramkrishna, 1996, 1997).

State Estimation

The inadequacy of frequent measurements related to the
plant-product quality indices in polymer processes, has
motivated the use of state estimators in controlling and
monitoring the indices. The availability of sufficiently-
accurate, first-principles, mathematical models for many
polymerization reactors has made possible the develop-
ment of the state estimators/observers. An estimator,
which is designed on the basis of the process model, es-
timates unmeasured process variables from current and
past process measurements. State estimators have also
been used for sensor/plant fault detection and data rec-
onciliation.

A major characteristic of polymerization reactors is
their complex nonlinear behavior. Phenomena such as
multiple steady states in continuouns stirred tank reac-
tors, parametric sensitivity, and limit cycles are man-
ifestations of the complex nonlinearity. Thus, reliable
state estimation in polymerization reactors requires non-
linear models that can capture the complex nonlinear
behavior. Motivated by the need for nonlinear state es-
timation, since the 1970s nonlinear state estimators have

been used for polymerization reactors (Jo and Bankoff,
1996; Schuler and Suzhen, 1985; Ellis et al., 1988; Ade-
bekun and Schork, 1989; Kim and Choi, 1991; Kozub
and MacGregor, 1992; van Dootingh et al., 1992; Ogun-
naike, 1994; Robertson et al., 1993; Liotta et al., 1997;
Tatiraju et al., 1998a, 1999). In most of these studies, ex-
tended Kalman filters (EKF’s) have been used for state
estimation.

Multi-Rate State Estimation

In polymerization reactors, most of essential measure-
ments related to plant-product quality indices, such as
the leading moments of a MWD obtained by a gel perme-
ation chromatograph (GPC), are available at low sam-
pling rates and with considerable time-delays. On the
other hand, measurements of basic plant variables such
as temperatures, pressures, and densities are usually
available at high sampling rates and with almost no de-
lays. Because the plant product quality indices are usu-
ally not observable from the frequent, delay-free mea-
surements alone, one has to design a multi-rate estima-
tor/observer (i.e. one that uses both the frequent and
infrequent measurements), to provide reliable estimates
of the states, especially in the presence of model-plant
mismatch and measurement noise. Multi-rate state es-
timation in polymerization processes has received con-
siderable attention (Elicabe and Meira, 1988; Ellis et al.,
1988; Dimitratos et al., 1989; Kim and Choi, 1991; Ogun-
naike, 1994; Liotta et al., 1997; Mutha et al., 1997; Tati-
raju et al., 1998a, 1999). Multi-rate EKF’s have been
used in most of these studies. For example, Ellis et al.
(1988) used a multi-rate EKF to estimate the unmea-
surable process states continuously from the frequently
available measurements of temperature and density and
the infrequent and delayed measurements of the average
molecular weights (obtained by a gel permeation chro-
matograph). Mutha et al. (1997) proposed the use of
a fixed-lag smoothing algorithm for multi-rate state es-
timation in a polymerization reactor. Tatiraju et al.
(1998a, 1999) developed a method of multi-rate nonlin-
ear state estimation and applied it to a solution polymer-
ization reactor with fast measurements of reactor tem-
perature, jacket temperature and density, and slow mea-
surements of the zeroth, first and second moments of the
polymer molecular weight distribution.

Inferential Control of Polymerization Re-
actors

An inferential control system has been defined conven-
tionally as one that requires an estimated or inferred
value of a controlled output to calculate the value of a
manipulated input (Joseph and Brosilow, 1978a,b; Se-
borg et al., 1989; Marlin, 1995). Inferential control has
application in processes in which (a) measurement of a
controlled variable is not available frequently enough or
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quickly enough to be used for feedback control, and (b)
there are readily-available process measurements from
which the value of the controlled variable can be in-
ferred or estimated. The design of an inferential con-
trol system consists of two steps: (i) the synthesis of a
controller assuming that all the controlled outputs are
measured readily, and (ii) the design of an estimator to
estimate the controlled outputs that are not measured
readily. An inferential control system should ensure zero
offset for all the controlled outputs. One of the indus-
tries that has benefitted greatly from inferential control
is the polymer industry, where frequent measurements
of even plant-product quality indices are rare. Extensive
reviews of recent advances in inferential control can be
found in (Doyle III, 1998; Soroush, 1998b).

Multi-Rate Control

In the polymer industry, there are many processes
wherein the choice of sampling rate is limited by the
availability of the output measurement. For example,
composition analyzers such as gas chromatographs have
a cycle time of say 5 to 10 minutes compared to a desired
control interval of say 0.1 to 1 minute. If the control
interval is increased to match the availability of mea-
surements then control performance deteriorates signif-
icantly. In addition to the slow measurements (which
are available at different low sampling rates and are de-
layed), there are usually process variables such as tem-
perature and pressure that can be measured at high
sampling rates and with almost no time delays, lead-
ing to multi-rate control problems. Successful recent
implementations of multi-rate control on polymerization
processes include (Ellis et al., 1994; Ogunnaike, 1994;
Ohshima et al., 1994; Sriniwas et al., 1995; Crowley and
Choi, 1996; Niemiec and Kravaris, 1997; Tatiraju et al.,
1998b).

In the polymer industry, the problem of multi-rate
control has been addressed by the following control meth-
ods:

• Cascade control

• Decentralized control

• State-estimator-based control

Cascade control systems have been used successfully to
control essential variables whose measurements are not
available frequently. The slave controller regulates a set
of basic plant variables and adjust the manipulated in-
puts of process, while the master controller regulates the
essential variables (usually plant-product quality indices)
whose measurements are infrequent and delayed and cal-
culates the set-points of the slave controller. While the
inner loop is executed at the high rate at which the basic
plant variables are measured, the outer loop is executed
at the low rate at which the essential variables are mea-
sured (whenever these measurements are available). An

advantage of this multi-rate control structure is its con-
trol system integrity in the face of any unforeseeable fur-
ther delay in the essential slow measurements; whether
the slow measurements arrive or not, the inner loop is
always in place (Lee and Morari, 1990; Lee et al., 1992).

Decentralized control systems have been used in the
polymer industry to control process variables whose mea-
surements are available at different rates. As in every
decentralized control system design, first the manipu-
lated inputs and the controlled outputs should be paired.
A single-input single-output controller is then designed
for each pair. Each of the SISO controllers is executed
(takes action) at the rate at which the measurements of
the corresponding controlled output are available. An
advantage of these multi-rate control structures is also
its control system integrity in the face of any unforesee-
able further delay in the slow measurements; whether
the slow measurements arrive or not, the “fast” loops
are always in place.

State-estimator-based multi-rate control systems in-
clude a state estimator which estimates frequently all
state variables of the process from the available, fast and
slow measurements. The frequent measurements and es-
timates are then fed to a single-rate controller as if the
process has only single-rate measurements. In contrast
to the first two classes of the multi-rate control systems
that can be non-model-based, the last class of the multi-
rate systems have to be model-based (since they include
estimators).

Batch Control Issues

Model-based Optimization Approaches to Batch
Polymerization Control

In the case of batch systems, one can formulate a clas-
sical optimal control problem in an effort to control the
endpoint properties of the batch. In a number of stud-
ies, this is implemented in a receding horizon framework,
yielding a so-called Model Predictive Controller (MPC).
MPC utilizes a process model to compute a future open-
loop control sequence which optimizes an objective func-
tion, given past and current information of the system.
The first control move is implemented and the optimiza-
tion problem is re-solved at the next sampling time as
updated information becomes available.

Applications of MPC to semi-batch polymerization
systems include (Russell et al., 1997), where linear MPC
was applied to a Nylon system using empirical models
for quality control. The primary modification to the
MPC algorithm was the use of a shrinking horizon, orig-
inally proposed in (Joseph and Hanratty, 1993). A sim-
ilar formulation of MPC was adopted by Georgakis and
co-workers (Liotta et al., 1997). In their work, a nonlin-
ear formulation was proposed; however, they employed
a “least-squares”-like analytical solution to the uncon-
strained problem. Another notable citation is the work
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in (Ettedgui et al., 1997), where a fed-batch reactor is
studied (in simulation) for the application of nonlinear
model-based estimation and predictive control. In that
case, the sequential solution and optimization technique
of (Wright and Edgar, 1994) was employed.

In general, MPC is posed as an on-line optimization
problem, typically requiring the solution of a constrained
linear, quadratic, or nonlinear programming problem.
The generalized optimization problem considered can be
expressed as:

min
u

[maxΦi(x, u)] i = 1, nobj

subject to

ẋ = f(x, u)
gi(u) ≤ 0 i = 1, nineq

hi(u) = 0 i = 1, neq

Here, the vector u contains the values for the sequence
of manipulated variable moves over the batch cycle (e.g.,
surfactant feed), nobj denotes the number of terms con-
sidered in the objective function, and the constraints
describe the process model and corresponding operat-
ing constraints. Several forms of the objective function
can be considered. The following 1-norm type objective
could be considered:

Φ =
NE∑
i=1

NJ∑
j=1

∣∣nij − ntarget
ij

∣∣
nscale

Here, nscale is a factor used to scale the objective func-
tion values. A 2-norm objective can also be formulated;

Φ =
NE∑
i=1

NJ∑
j=1

[
(nij − ntarget

ij )
nscale

]2

Many interesting polymer products have corresponding
distributions that are multi-modal in nature. These can
be produced, for example, by multiple surfactant addi-
tions, sufficiently separated in time. Therefore, a poten-
tially effective objective definition is to actually define
multiple objective functions, each tied to a particular
distribution mode, and perform a min-max optimization.
For bimodal distributions, the objective can be expressed
as follows:

Φ1 =
N1∑
i=1

NJ∑
j=1

[
(nij − ntarget

ij )
nscale

]2

Φ2 =
NE∑

i=N1+1

NJ∑
j=1

[
(nij − ntarget

ij )
nscale

]2

min
ui,i=1,11

Φ = max (Φ1,Φ2)

Here, N1 represents the number of finite elements span-
ning the lower particle size mode of the distribution.

Case Study I: Control of an Emulsion
Polymerization Reactor

The control of particle size distribution as an end-
objective in emulsion polymerization control is well mo-
tivated in industrial practice, and has been well docu-
mented in the literature (see, for example, the recent
review by Congalidis and Richards, 1998). The au-
thors pointed out that “on-line control not only of aver-
age polymer properties but also of polymer distributions
such as the particle size. . . will become important”. They
continue: “The instrumentation and control methodolo-
gies that will need be deployed to meet these needs is
a challenging and vibrant area of investigation for aca-
demic researchers and industrial practitioners alike.”

In this section, we present a case study for the opti-
mal control of particle size distribution in a semi-batch
styrene polymerization reactor. The isothermal model of
Coen et al. (1998a) incorporates current theory on par-
ticle nucleation, growth and coalescence mechanisms for
styrene at 50◦C and serves as the modeling basis for this
study. This model is a zero-one model, referring to the
assumption of instantaneous bimolecular radical termi-
nation in polymer particles, which gives rise to a mixed
population of particles containing either one or zero rad-
icals. Parts of the model that deviate from (Coen et al.,
1998a) are described in detail in (Crowley et al., 2000).

The basic control problem is defined as the achieve-
ment of a target PSD at the end of the batch. For this
study, we consider the manipulation of both surfactant
feed rate (and/or concentration), and initiator feed rate.
On-line measurement of the full PSD, for example by
light scattering, is assumed for this study.

Open-loop Optimization of PSD

Two distinct variables related to surfactant concentra-
tions were optimized to match a target PSD. The first
variable considered is surfactant feed rate. Specifically,
the optimization routine calculates a sequence of 10 sur-
factant feed flow rates(zero-order hold), each with a sam-
ple hold time of 3 minutes, up to a final time of 30 min-
utes. The target PSD was generated by simulating the
model up to 30 minutes, with values for the 10 surfactant
feed flow rates that yield a bimodal distribution. Con-
trol trajectories were calculated by defining an objective
function in terms of simulated PSD deviations from a tar-
get distribution, and minimizing the objective function
using the sequential quadratic programming algorithm,
FSQP.

In a different approach, we considered use of free sur-
factant concentration, rather than surfactant feed rate,
as the control variable. The reason behind this choice
is that free surfactant concentration above the cmc is
the essential driving force for particle nucleation. The
free surfactant profiles consist of a sequence of first-order
holds (i.e. piecewise linear), with each hold spanning a 3
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Figure 2: Optimization of surfactant feed rate se-
quence for target PSD; cmc= 3×10−3 mol/L, [I]0 =
0.01 mol/L, [M ]0 = 2.59 mol/L.

minute interval. As in the previous case, 10 holds were
used to span a 30 minute control horizon. For this formu-
lation of the optimization problem, the decision variables
are 11 free surfactant concentration nodes, spaced at 3
minute intervals. Free surfactant concentration values
between any two neighboring nodes are calculated sim-
ply by linear interpolation between the two nodal values.
Linked in this way, the nodes form a continuous, though
non-smooth, free surfactant profile.

The first optimization case involves computation of a
sequence of surfactant feed flow rates which drive the sys-
tem to a target PSD. The target distribution was gen-
erated by fixing the initial surfactant concentration at
time= 0 and simulating the system out to 30 minutes
with one large surfactant addition at 21 minutes. This
addition is shown in Figure 2. Surfactant addition at 21
minutes produces a shoulder in the distribution at the
end of the 30 minute simulation, with a peak height lo-
cated at a particle size of about 20 nm. The solid stair
case profile for surfactant feed rate in this figure repre-
sents the optimization solution. The 2-norm objective
was used in this case. Although the optimizer appears
to drive the simulated PSD to the target, as seen in this
figure, the final free surfactant concentration for the op-
timized case is much larger than that of the target case.
With disparity in surfactant levels at 30 minutes, the
two distributions would diverge beyond this time. These
differences can be improved through the use of input
blocking (Crowley et al., 2000).

The optimal solution is quite sensitive to the choice of
initial conditions, as well as the particular blocking for-
mulation. Consequently, a second control strategy was
considered. Because particle nucleation is dependent on
the free surfactant level relative to the critical micelle

concentration, a free surfactant trajectory is more closely
related to the physical phenomena than surfactant feed
flow rates. Of course, ultimately the feed flow rates are
manipulated. A free surfactant trajectory represents a
higher control level in a cascade configuration, with feed
rates being the lowest level control variable. A useful
property arises from this form. An intuitive initialization
for optimization computations is to set all free surfactant
concentrations in the control vector to the critical micelle
concentration. Sensitivity of particle nucleation rate to
surfactant perturbations is greatest at the CMC.

Local minima are often a cause of poor performance in
gradient based optimization. For a bimodal distribution,
it is possible to obtain suboptimal PSD solutions that are
trapped in a local minimum because surfactant pertur-
bations which decrease target offset for one of the modes
may increase offset for the other mode. As an attempt to
partially decouple this kind of interaction, we formulated
a multi-function objective wherein each function is tied
to a particular mode of the distribution. As described
above, the resulting optimization is a min-max problem
with two objective functions for a bimodal distribution.
Figure 3 depicts the result of this case. When compared
to the PSD offsets seen using the 2-norm (Crowley et al.,
2000), the target offset for the min-max optimization is
lower. Another advantage of this approach is that the
optimization is “well-behaved” in the sense that offset of
each mode from the target is balanced due to the struc-
ture of the objective function.

Batch-to-Batch Studies

In this section, a model refinement optimization tech-
nique is described using information from historical
batch data of emulsion polymerization in conjunction
with a fundamental first-principles model to determine
the operating conditions necessary for a desired product
quality.

The desired product quality must be a grade of prod-
uct produced in the same range of operating conditions
used in the historical batch data. As a result of this con-
dition, the desired PSD must have a similar character to
known PSDs produced by the process. A fundamental
first-principles model of emulsion polymerization which
accounts for polymer particle nucleation and polymer
propagation exists. While these phenomena are well un-
derstood, emulsion polymerization presents a challenging
process to control due to difficulty in modeling complex
behavior such as particle aggregation and the significant
nonlinear behavior involved in particle formation. The
method described in this section seeks to combine this
first-principles model of emulsion polymerization with an
MPLS model to find the optimal control input sequence
needed to achieve a desired product quality in a semi-
batch emulsion polymerization reaction. In the experi-
ments conducted in this section, the process variables are
the surfactant and initiator feed rate inputs at distinct
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Figure 3: Synthesis of optimal free surfactant profile using min-max objective. Target and suboptimal distributions
shown are at a batch time of 30 minutes. Initial reactant conditions are as follows: cmc= 0.0039, [I]0 = 0.005 mol/L,
[M ]0 = 2.59 mol/L.

time intervals, and the product quality is determined by
the particle size distribution (PSD) at the final time of
the experiment.

The design of inputs for the emulsion polymerization
process is performed on an off-line batch-to-batch ba-
sis. The hybrid model, which combines a first-principles
model with MPLS, is referred to as the design model.
The MPLS model is used to approximate the difference
between the PSD the first-principles model calculates
and the PSD obtained from executing a given input se-
quence in an actual semi-batch reactor, thus capturing
the effect of phenomena for which the first-principles
model does not take into account. The optimization
will be performed by minimizing the sum of the squared
residual error between the PSD yielded by the design
model and the target PSD. The design model is a func-
tion of the states of the system and the control inputs.
A calibration set of data from historical batches having a
set of operating conditions similar to that of the desired
PSD will be required to begin the optimization proce-
dure. The PSDs in the historical batch data and the tar-
get PSD are created from a virtual process model which
simulates the actual semi-batch reaction in a plant. This
virtual process model is structurally different from the
first-principles model in the design model because it ac-
counts for aggregation and has four parameter values
that are varied from the design model values by 5%.

The hybrid design model is potentially useful because
the MPLS model will account for the phenomena such
as particle aggregation which are not included in the
first-principles model within the design model. Further-

more, the MPLS model can be adjusted to account for
noise that may occur during PSD measurement. In ad-
dition, the MPLS model calibration set can be refined
once a significant amount of batches have been designed
by using only a subset of historical batches in the MPLS
model, and including only those batches most recently
designed. A pure MPLS model could also be attempted,
but important information can be extracted from the
first-principles model, so one would not want to aban-
don it altogether. The first-principles model in the de-
sign model could be useful for optimizing control inputs
for new processes with little batch history, and for opti-
mizing control inputs for new grades with no batch his-
tory. The efficacy of using a first-principles/MPLS hy-
brid model in achieving a target PSD is investigated in
the following work.

While MPCA is used to compress information in the
process variables to low-dimensional spaces that describe
the historical batch operation, MPLS reduces both the
process variables and product quality variables to low di-
mensional spaces, and attempts to find a correlation be-
tween these low-dimensional spaces (Neogi and Schlags,
1998). PLS attempts to maximize covariance, which
means that it focuses on the variance of X that is more
predictive for the product quality Y, rather than focus-
ing on the variance of X only (Nomikos and MacGregor,
1995). In this investigation, the Matlab PLS Toolbox
2.0 by Eigenvector, Inc is used to perform PLS analyses.

Before beginning the optimization algorithm, it is nec-
essary to generate historic batch data and a target PSD
with the use of the process model. The target PSD must
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Figure 5: Improvement of PSD tracking error over
the course of 20 successive batches.

be created within the same range of operating conditions
used to generate the batch history, so that it is a differ-
ent grade of product, within the same product family.
The target PSD and historic PSDs are vectors contain-
ing the 48 particle number densities yi corresponding to
48 discrete particle radii ri . A control input sequence
of length 20 corresponding to the surfactant and initia-
tor feed inputs at 10 evenly spaced time steps for a 100
minute batch reaction are used to create the PSDs.

The first step in the optimization algorithm is to ob-
tain the scaling data and PLS regression matrix for the
current batch history (X and Y blocks) in Matlab.

The second step in the optimization is to design an
input sequence using the following hybrid design model:

ydesign(t = tf ) = yfp(x, u, t) + yresid(x, u)

where

yfp(x, u, tf ) =
∫ tf

0

f(x, u)dt

In this equation, tf is the duration time of the semi-
batch reaction, x and u are vectors containing the states
of the system and the control inputs of the system, re-
spectively yresid is an approximation of the residual PSD
between the process model PSD and the PSD from the
first-principles model. yresid(x, u)is calculated using the
regression matrix calculated with the current batch his-
tory. The first iteration of the optimization will require
an initial value for the control input sequence u. The op-
timization is performed by making small perturbations
in u for each iteration. The direction of the perturbations
are determined by the Jacobian matrix calculated from
the previous iteration of the optimization. The size of
the perturbation in u is fixed prior to optimization. The
following objective function is minimized by the opti-
mization procedure to determine control input sequence
u to be used in the next batch:

ny∑
i=1

(
ytarget

i − ydesign
i

)2

The optimized input sequence is then executed in the
virtual process model, which simulates a batch reaction
within an actual plant. Representative results of this
study are shown below in Figures 4 and 5. The first
figure shows the mismatch between the simulated process
and the fundamental model used for PSD control. The
overall trend along the batch history is mapped in the
form of integral squared error in Figure 5. Clearly, the
algorithm “learns” as the batches proceed.

Case Study II: Control of a Solution Poly-
merization Reactor

In this section, we present a comparative study of
multi-rate control of a jacketed polymerization reactor
in which free-radical solution polymerization of styrene
takes place. A multi-rate control system consisting of the
multi-rate nonlinear state estimator of (Tatiraju et al.,
1999) and a mixed error- and state-feedback controller,
is used. The performance of the multi-rate nonlinear
control system is shown and compared with those of a
multi-rate, PI, parallel cascade, control system and a
multi-rate, PI, completely decentralized, control system.

Polymerization Process and the Control Problem

The reactor is a 3 m3, jacketed, continuous, stirred tank
reactor in which free-radical solution polymerization of
styrene takes place. The solvent and initiator are ben-
zene and azo-bis-iso-butyro-nitrile, respectively. The re-
actor has three feed streams: a pure monomer stream
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at a volumetric flow rate of Fm, a pure solvent stream
at a volumetric flow rate of Fs, and an initiator stream,
which includes solvent and initiator, at a volumetric flow
rate of Fi. The volume of the reacting mixture inside the
reactor is constant.

We use the same dynamic model described in (Tatiraju
et al., 1999) to represent the reactor. The model has the
form:

dCi

dt
= −

[
Ft

V
+ ki

]
Ci +

FiCii

V

dCs

dt
= −FtCs

V
+
FiCsi

+ FsCss

V
dλ0

dt
= −Ftλ0

V
+ f3(Ci, Cs, Cm, T )

dλ1

dt
= −Ftλ1

V
+ f4(Ci, Cs, Cm, T )

dλ2

dt
= −Ftλ2

V
+ f5(Ci, Cs, Cm, T )

dCm

dt
= f6(Ci, Cm, T ) +

FmCmm
− FtCm

V
dT

dt
= f7(Ci, Cm, T, Tj) +

Ft(Tin − T )
V

dTj

dt
= f8(T, Tj) + αQ

(1)

where Ft = Fi + Fm + Fs, V is the volume of the re-
acting mixture inside the reactor, Cm is concentration
of the monomer in the reactor outlet stream, Ci is con-
centration of the initiator in the reactor outlet stream,
Cs is concentration of the solvent in the reactor outlet
stream, T is the reactor temperature, Tj is the jacket
temperature, Q is the rate of heat input to the reac-
tor jacket, and λ0, λ1 and λ2 are the zeroth, first, and
second moments of the MWD of the polymer product,
respectively. The functions f1, · · · , f8 and the parameter
values of the reactor model are given in (Tatiraju et al.,
1999); for brevity they are not given here. The first-
principles mathematical model of the process described
by (1) is used to represent the actual process.

The number-average and weight-average molecular
weights of the polymer product (denoted by Mn and Mw

respectively) are related to the moments according to

Mn =
λ1

λ0
, Mw =

λ2

λ1

The reacting mixture density, reactor temperature
(T ), and jacket temperature (Tj) are assumed to be mea-
sured on-line once every 30 seconds and with almost no
time delays. The monomer conversion (and thereby the
monomer concentration, Cm) can be inferred from the
density measurement, and thus can be calculated on-
line. The zeroth, first, and second moments of the MWD
of the polymer product are assumed to be measured at
sampling periods of 3 hours and with time delays of 1
hour. The rate of heat input to the reactor jacket, Q,

and the flow rate of the initiator feed stream, Fi, can
be set arbitrarily on-line within the following ranges:
−20 ≤ Q ≤ 50 kJ.s−1 and 0 ≤ Fi ≤ 3.0×10−5 m3.s−1.

The control problem is to maintain the weight-average
molecular weight of the polymer, Mw, and the reactor
temperature, T , at desired values by manipulating the
rate of heat input to the reactor jacket, Q, and the flow
rate of the initiator feed stream, Fi.

Multi-Rate Nonlinear Control System

State Feedback Synthesis. With Mw and T as
controlled outputs (y1 = Mw and y2 = T ), and Fi and
Q as manipulated inputs (u1 = Fi and u2 = Q), relative
orders (degrees) of the process r1 = 2 and r2 = 1, and
the characteristic (decoupling) matrix of the process is
generically singular. Because of this generic singularity,
we request a state feedback that induces two completely
decoupled, 2nd-order, process output responses of the
form:

β12
d2Mw

dt2
+ β11

dMw

dt
+Mw = Mwsp

(2)

β22
d2T

dt2
+ β21

dT

dt
+ T = Tsp (3)

where β12, β11, β22 and β21 are positive adjustable
scalar parameters, Mwsp is the weight-average molecu-
lar weight set-point, and Tsp is the reactor temperature
set-point. Substituting for the time derivatives from the
process model in the preceding two equations, we obtain
two identities of the forms

φ1(x, u1) =
1
β12

Mwsp
,

φ2(x, u1, u2, u̇1) =
1
β22

Tsp

(4)

where x is the vector of the state variables of the reactor.
Let us represent the solution for u = [u1 u2]T of the
constrained minimization problem

min
u

{[
φ1(x, u1)−

Mwsp

β12

]2
+
[
φ2(x, u1, u2, 0)− Tsp

β22

]2}

subject to

0 ≤ u1 ≤ 3.0× 10−5 m3.s−1

−20 ≤ u2 ≤ 50 kJ.s−1,

by

u = Ψ(x,Mwsp
, Tsp) (5)

Using the identities of (4), we add integral action to the
state feedback of (5) (see Soroush, 1998a, for the details),
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leading to the mixed error- and state-feedback controller

η̇1 = η2

η̇2 = − 1
β12

η1 −
β11

β12
η2 + φ1(x, u1)

η̇3 = η4

η̇4 = − 1
β22

η2 −
β21

β22
η4 + φ2(x, u1, u2, 0)

u = Ψ(x, e1 + η1, e2 + η3)

(6)

where e1 = Mwsp
−Mw and e2 = Tsp−T . The controller

of (6) has integral action and inherently includes opti-
mal windup and directionality compensators (Soroush,
1998a).

Multi-Rate State Observer. Application of the
multi-rate nonlinear state estimation method described
in (Tatiraju et al., 1999) to this polymerization reactor
leads to the following reduced-order, multi-rate, nonlin-
ear, state estimator:



ż1

ż2

ż3

ż4

ż5


=



−
[
Ft

V
+ ki

]
Ĉi +

FiCii

V

−FtĈs

V
+
FiCsi + FsCss

V

−Ftλ̂0

V
+ f3(Ĉi, Ĉs, Cm, T )

−Ftλ̂1

V
+ f4(Ĉi, Ĉs, Cm, T )

−Ftλ̂2

V
+ f5(Ĉi, Ĉs, Cm, T )


−K

 f6(Ĉi, Cm, T ) + γ1

f7(Ĉi, Cm, T, Tj) + γ2

f8(T, Tj) + αQ

+ L

 λ∗0 − λ̂0

λ∗1 − λ̂1

λ∗2 − λ̂2

 (7)

Ĉi = z1 +K11Cm +K12T +K13Tj

Ĉs = z2 +K21Cm +K22T +K23Tj

λ̂0 = z3 +K31Cm +K32T +K33Tj

λ̂1 = z4 +K41Cm +K42T +K43Tj

λ̂2 = z5 +K51Cm +K52T +K53Tj

where L = [Lij ] and K = [Kij ] are the estimator gains,

γ1 =
FmCmm

− (Fi + Fm + Fs)Cm

V

γ2 =
(Fi + Fm + Fs)(Tin − T )

V

λ∗0(t), λ
∗
1(t) and λ∗2(t) are the predicted present values

of the infrequent measurable outputs, each of which is
obtained by fitting a least-squared-error line to the most
recent, three measurements of the moment. These linear
regressions are always carried out except when only one

measurement of each slow measurable output is avail-
able. In this case, the predicted present value of each
slow measurable output is set equal to the single avail-
able measurement. The estimator initial conditions are
the same as those in (Tatiraju et al., 1999). The multi-
rate state estimator of (7) can be written in the compact
form

ż = F (z, ỹ, Y ∗, u)
x̂ = Q(z, ỹ)

(8)

where Y ∗ = [λ∗0 λ
∗
1 λ
∗
2]

T and ỹ = [Cm T Tj ]T .

Multi-Rate Nonlinear Control System. The use
of the mixed error- and state-feedback controller of (6),
together with the multi-rate state estimator of (7), leads
to a multi-rate nonlinear control system of the form:

ż = F (z, ỹ, Y ∗, u)
η̇1 = η2

η̇2 = − 1
β12

η1 −
β11

β12
η2 + φ1(x̂, u1)

η̇3 = η4

η̇4 = − 1
β22

η2 −
β21

β22
η4 + φ2(x̂, u1, u2, 0)

u = Ψ(x̂, ẽ1 + η1, e2 + η3)
x̂ = Q(z, ỹ)

(9)

where ẽ1 = Mwsp − λ̂2/λ̂1.

Multi-Rate Cascade and Decentralized Control
Systems

We compare the performance of the multi-rate nonlin-
ear control system of (9) with a multi-rate, PI, cascade,
control system and a multi-rate, PI, completely decen-
tralized, control system.

The multi-rate, PI, cascade, control system consists
of two PI controllers. The master PI controller regulates
the weight-average molecular weight by manipulating the
reactor temperature set-point. The master controller is
executed once every three hours, since the average molec-
ular weight measurements are available at that low rate.
The slave PI controller regulates the reactor temperature
by manipulating the rate of heat input to the reactor
jacket. The slave controller is executed at a much faster
rate (once every 30 seconds). The control system has the
form

ξ1(k + 1) =

[
1− ∆t

τI1

]
ξ1(k) +

∆t

kc1

[Tsp(k)− Tspss ]

ξ̇2(t) = − 1

τI2

ξ2(t) +
1

kc2

[Q(t)−Qss]

Tsp(k) = satT

{
Tspss + kc1

[
ē1(k) +

1

τI1

ξ1(k)

]}
Q(t) = satQ

{
Qss + kc2

[
ē2(t) +

1

τI2

ξ2(t)

]}
(10)
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with ξ1(0) = Mw(0), ξ2(0) = T (0), kc1 = −4.0 × 10−5,
kc2 = 1.0×10−4, τI1 = 1.0×106 s, and τI2 = 1.0×106 s,
where ē1(k) = Mwsp(t) −Mw(k), ē2(t) = Tsp(t) − T (t),
and ∆t = 1.08× 104 s.

The multi-rate, PI, completely decentralized, control
system consists of two completely-decentralized PI con-
trollers. One of the PI controllers regulates the weight-
average molecular weight by manipulating the flow rate
of the initiator feed stream, and the other regulates the
reactor temperature by manipulating the rate of heat in-
put to the reactor jacket. While the first PI controller
is executed once every three hours (sampling rate of the
average molecular weight), the second controller is exe-
cuted once every 30 seconds (sampling rate of the reactor
temperature). The control system has the form

ξ1(k + 1) =

[
1− ∆t

τI1

]
ξ1(k) +

∆t

kc1

[Fi(k)− Fiss ]

Fi(k) = satFi

{
Fiss + kc1

[
ē1(k) +

1

τI1

ξ1(k)

]}
ξ̇2(t) = − 1

τI2

ξ2(t) +
1

kc2

[Q(t)−Qss] ,

Q(t) = satQ

{
Qss + kc2

[
ē2(t) +

1

τI2

ξ2(t)

]}
(11)

with ξ1(0) = Mw(0), ξ2(0) = T (0), kc1 = −5.0 × 10−7,
kc2 = 2.5×10−4, τI1 = 1.0×107 s, and τI2 = 1.0×106 s.

Each of the preceding PI control systems includes
two PI controllers with windup compensators (Soroush,
1998a).

Simulation Results

The performance of the multi-rate nonlinear controller
is evaluated by simulating the following two cases: (a)
when there is no measurement noise or model-plant mis-
match (nominal case); and (b) when there are mea-
surement noise and model-plant mismatch (non-nominal
case). For each case, the performance of the multi-rate
nonlinear control (NC) system is compared with those of
the cascade control (CC) system and the decentralized
control (DC) system. Measurement noise is introduced
by adding a white noise signal to each of the moments
calculated by the process model. Each of the noise sig-
nals is a 10% deviation from the value of the moment at
that particular time. Model error is simulated by adding
a 10% error in the propagation step rate constant. The
following values of tunable parameters are used for the
nonlinear controller:

K11 = 1.0, K12 = 0.0, K13 = 1.0

Ki1 = Ki2 = Ki3 = 0.0, i = 2, . . . , 5,

Li1 = Li2 = Li3 = 0.0, i = 1, . . . , 2

Lij = 0.0, i 6= j, i = 3, . . . , 5; j = 1, . . . , 3
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Figure 6: Controlled outputs and manipulated inputs
under the multi-rate control systems (nominal case).

The temperature set-point Tsp = 324.0 K, and the
weight-average molecular weight set-point Mwsp

=
80,000 kg.kmol−1.

Figure 6 shows the profiles of the controlled outputs
and the manipulated inputs for the nominal case under
the three multi-rate control systems. The solid line rep-
resents the set point. For the Mw graph, the dashed
line stands for the continuous estimates of Mw obtained
by using the estimator of the multi-rate NC system,
while the bullets stand for the infrequent and delayed
“measurements” of the average-molecular weight. For
this case, L31 = 1.0 × 10−4, L42 = 1.0 × 10−9, and
L53 = 1.0 × 10−8. The benefit of using the multi-rate
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Figure 7: Controlled outputs and manipulated inputs
under the multi-rate control systems (non-nominal
case).

NC system is obvious in Figure 6. Not only under the
NC system are the process output responses faster, but
also they have smaller overshoots in the controlled vari-
ables. Under the CC and DC systems it takes more
than 40 hours to take both the temperature and average
molecular weight to their respective set-points, while un-
der the NC system it takes less than 5 hours. The CC
system regulates Mw only by manipulating Q, but the
DC system regulates both Mw and T by manipulating
Q and Fi. From the manipulated input graphs we can
see that the NC system makes the most optimal use of
manipulated variables. Under the CC and DC systems

the manipulated inputs hardly reach the constraints, but
still the CC and DC systems cannot be tuned to be more
aggressive because the overshoots start increasing. Fig-
ure 7 depicts the profiles of controlled outputs and ma-
nipulated inputs for the non-nominal case. For this case,
L31 = 1.0×10−4, L42 = 2.0×10−7, and L53 = 9.5×10−6.
Again, the NC system shows a much superior perfor-
mance as compared to the two PI control systems.

Conclusions

In this paper a brief survery of the recent advances that
have led to improvement in polymer product quality
was presented. Further improvement in polymer prod-
uct quality requires solving challenging design, control,
and monitoring problems that still exist in polymer pro-
cesses.

Lack of sufficient controllability is a barrier to better
product quality control in some polymer processes. In
many polymer processes, better product quality requires
minimizing/maximizing several product quality indices
simultaneously. This multi-objective requirement may
result in narrow ranges of process trajectories, putting
a premium on the controllability of the process. For in-
stance, in coatings, the product’s composition, molec-
ular weight, and particle size distributions should be
maintained simultaneously in limited ranges to ensure
the coating has a desired level of film formation, film
strength, and gloss.

In many batch processes, product quality suffers from
batch-to-batch inconsistency. There is a trend towards
products with specific performance, which have higher
value to a formulator or end-user. Furthermore, many
of the current processes result in products with a broad
inter-batch variance of molecular and physical charac-
teristics, which in turn result in broad variance of per-
formance. Blending of these batches usually lowers the
average performance of the product lots. Segregation of
“off-spec” product results in higher costs which may not
be transferable to the customer.

Our understanding of the relationships among the ba-
sic plant variables, plant-product quality indices, and
end-product quality indices is mostly empirical and qual-
itative. Polymer product development in the absence of
qualitative relationships between the recipe, process and
the final performance requires long times. Experimen-
tal techniques have been used to develop relationships
that hold for the range of the experimental parameters
studied. These products and processes therefore do not
readily lend themselves to optimization, either in terms
of productivity or reduction in variance. Having the abil-
ity to develop these relationships on a more fundamen-
tal basis will allow products to be developed in shorter
times.
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Abstract
Crystallization from solution is an industrially important unit operation due to its ability to provide high purity separa-
tions. The control of the crystal size distribution can be critically important for efficient downstream operations such as
filtration and drying, and product effectiveness (e.g., bioavailability, tablet stability). This paper provides an overview
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Introduction

Crystallization from solution is an industrially important
unit operation due to its ability to provide high purity
separations. For efficient downstream operations (such
as filtration and drying) and product effectiveness (e.g.,
bioavailability, tablet stability), the control of the crys-
tal size distribution can be critically important. Also
important is crystal purity and the crystal shape. The
purity of the crystals is especially important in the food
industry, where the crystals are consumed by humans.
The crystal size and shape affects the dissolution rate,
which is important for crystals that dissolve during final
use (Winn and Doherty, 2000). In the pharmaceutical in-
dustry, the relative impact of drug benefit versus adverse
side effects can depend on the dissolution rate. Control
of crystal size and shape can enable the optimization of
the dissolution rate to maximize the benefit while mini-
mizing the side effects. For crystals used in photography,
the size and shape uniformity is the principle concern of
the customer (Miller and Rawlings, 1994). Poor control
of crystal size and shape can result in unacceptably long
filtration or drying times, or in extra processing steps,
such as recrystallization or milling. Purity is especially
important in the pharmaceutical industries, in which the
crystals will be consumed.

The fundamental driving force for crystallization from
solution is the difference between the chemical potential
of the supersaturated solution and that of the solid crys-
tal face (Kim and Myerson, 1996; Mullin and Sohnel,
1977). It is common to simplify this by representing the
nucleation and growth kinetics in terms of the supersatu-
ration, which is the difference between the solute concen-
tration and the saturated solute concentration. Figure 1
is a schematic of a batch crystallizer where the supersatu-
ration is caused by decreasing the temperature. Another
method of supersaturation creation is by adding a sol-
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Figure 1: Schematic of a batch cooling crystallizer.

vent for which the solute has a lower solubility—this is
often called drowning out, or antisolvent addition. Yet
another common method of creating supersaturation is
evaporation.

The challenges in crystallization processing are signif-
icant. First, there are significant uncertainties associ-
ated with their kinetics. Part of the difficulty is that the
kinetic parameters can be highly sensitive to small con-
centrations of contaminating chemicals (Shangfeng et al.,
1999), which can result in kinetic parameters that vary
with time. Another significant source of uncertainty in
industrial crystallizers is associated with mixing. Al-
though crystallization models usually assume perfect
mixing, this assumption is rarely true for an industrial-
scale crystallizer.

Crystallization processes are highly nonlinear, and are
modeled by coupled nonlinear algebraic integro-partial
differential equations. For the case of distribution in
shape as well as overall size, there are at least three in-
dependent variables in the equations (Ma et al., 1999).
Simulating these equations can be challenging because
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the crystal size distribution can be extremely sharp in
practice, and can span many orders of magnitude in crys-
tal length scale (0.01 nm to 200 µm) and time scale (20
µs to 100 min).

Another challenge in crystallization is associated with
sensor limitations. The states in a crystallizer include
the temperature, the solute concentration, and the crys-
tal size and shape distribution. The solute concentration
must be measured very accurately to specify the nucle-
ation and growth kinetics. Because the kinetics are func-
tions of the difference between two solute concentrations
(one of these being the saturated solute concentration),
the error in the difference is much larger than the error
in a single solute concentration measurement. Obtaining
an accurate measurement of the full crystal size distribu-
tion (CSD) is even more challenging. Hence it is desir-
able to estimate the states from the noisy measurements
that are available.

The last review of efforts to control crystallization pro-
cesses was published in 1993 (Rawlings et al., 1993).
This paper reviews efforts towards the control of crys-
tallization processes, focusing mostly on results since
1993. The next section describes the current status of
sensor technologies for crystallization processes. This
is followed by descriptions on crystallization modeling
including model structure determination and parameter
estimation. Activities in state estimation are reviewed.
Investigations into the stability of continuous crystal-
lization processes, and the robustness analysis of batch
crystallization processes are described. The simulation
techniques of method of moments, weighted residuals,
discretized population balances, and Monte Carlo simu-
lation are reviewed. On-line and off-line approaches to
optimizing and controlling crystallization processes are
reviewed, including a discussion of efforts to relate pro-
cess design to process control. The paper concludes with
some predictions on where future efforts are headed.

Measurements

Measurements of both solute concentration and the crys-
tal size distribution are necessary for effective estimation
and control.

Solute Concentration Measurement

The nucleation and growth rates are strongly dependent
on the solute concentration, making its measurement
necessary for estimating kinetic parameters, and highly
useful for feedback control. One technique is to mea-
sure the refractive index (Helt and Larson, 1977; Mullin
and Leci, 1972; Nyvlt et al., 1994; Sikdar and Randolph,
1976). Although this method can work when there is sig-
nificant change in the refraction index with solute con-
centration, the method is sensitive to ambient light and
air bubbles.

Another approach to obtaining solute concentration

measurements is to sample the crystal slurry, filter out
the crystals, and then measure the density of the liquid
phase. This procedure has been demonstrated on-line for
the cooling crystallization of potassium nitrate in water
(Matthews III, 1997; Miller and Rawlings, 1994; Riebel
et al., 1990; Redman and Rohani, 1994; Redman et al.,
1997). The use of an external sampling loop can lead
to operational difficulties such as clogging of the screen
used to filter out the crystals, and to fluctuations in tem-
perature in the sampling loop. This latter problem is es-
pecially important for crystals with a small metastable
zone width, where a slight reduction in temperature can
cause crystals to nucleate in the densitometer, leading to
inaccurate solute concentration measurements.

In the crystallization of electrolytes, the solute concen-
tration can be estimated by placing a conductivity probe
in the crystal slurry (David et al., 1991; Franck et al.,
1988; Garcia et al., 1999). While avoiding the opera-
tional problems associated with sampling, conductivity
measurement has its own issues. It has been difficult to
apply this technique to batch cooling crystallization pro-
cesses, because conductivity strongly depends on tem-
perature. Hlozny et al. (1992) and Nyvlt et al. (1994)
extended the measurement technique so that tempera-
ture effect can be taken into consideration. This tech-
nique has been successfully applied to a batch cooling
crystallizer (e.g., Jagadesh et al. (1996)).

An indirect method of determining the solute concen-
tration is to use calorimetry, in which the measurements
of temperature and flow rates are combined with a dy-
namic energy balance of the crystallizer (Fevotte and
Klein, 1994, 1995, 1996). This approach has been demon-
strated for the batch crystallization of adipic acid in wa-
ter (Monnier et al., 1997). Solute concentration esti-
mates determined from calorimetry can be expected to
drift as the crystallization progresses.

Kuehberger and Mersmann (1997b) developed a spe-
cial device for measurement of supersaturation. When
the mother liquor contacts with a cold metal plate, crys-
tals deposit on the surface. According to the amount
of the solute deposited, the temperature of the metal
plate rises due to the heat of crystallization. Thus, by
detecting the temperature rise of the plate, the solute
concentration can be estimated.

Loeffelmann and Mersmann (1999) suggested using
the difference in electromagnetic properties of the crys-
tal and solution. In this approach, a cooling plate is
equipped with electrodes and the impedance between the
electrodes is measured. The temperature of the plate is
gradually lowered. When deposition of the crystals on
the plate is detected by a change in impedance, the tem-
perature is recorded and used to calculate the supersat-
uration. As an alternative to the impedance, they also
suggested using attenuation ratio and phase change of
electro-acoustic waves in order to detect crystal deposi-
tion.
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Figure 2: ATR-FTIR spectra for dihydrogen phos-
phate in water for five solute concentrations.

A limitation to the aforementioned methods for su-
persaturation measurement is the inability to track the
concentrations of multiple dissolved species or multiple
solvents.

The feasibility of attenuated total reflection (ATR)
Fourier transform infrared (FTIR) spectroscopy for the
in situ measurement of solution concentration in dense
crystal slurries has been demonstrated (Dunuwila et al.,
1994; Dunuwila and Berglund, 1997; Groen and Roberts,
1999; Lewiner et al., 1999, 2001). In ATR-FTIR spec-
troscopy, the infrared spectrum is characteristic of the
vibrational structure of the substance in immediate con-
tact with the ATR immersion probe (e.g., see Figure 2).
A crystal in the ATR probe is selected so that the depth
of penetration of the infrared energy field into the so-
lution is smaller than the liquid phase barrier between
the probe and solid crystal particles. Hence when the
ATR probe is inserted into a crystal slurry, the sub-
stance in immediate contact with the probe will be the
liquid solution of the slurry, with negligible interference
from the solid crystals. That the crystals do not signifi-
cantly affect the infrared spectra collected using the ATR
probe has been verified experimentally (Dunuwila et al.,
1994; Dunuwila and Berglund, 1997). The combination
of ATR-FTIR with advanced chemometrics analysis can
measure solute concentrations with accuracy as high as
±0.1 wt% in dense crystal slurries (Togkalidou et al.,
2000) (see Figure 3). A significant advantage of ATR-
FTIR spectroscopy over most other methods for solute
concentration measurement is the ability to provide si-
multaneous measurement of multiple chemical species.

On-line Crystal Size Distribution Measurement

Several CSD sensors have become available. One is
a Coulter Counter (Allen, 1990), which electronically
counts particles as the crystal slurry passes through an
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Figure 3: Solubility curve constructed using chemo-
metric model and ATR-FTIR probe inserted into
dense crystal slurry.

orifice. Coulter Counters have small flow orifices that
are prone to clogging, especially for high density crystal
slurries, and may require grounding of the fluid to reduce
background noise (Rovang and Randolph, 1980).

The forward light scattering approach is to direct a
laser beam through a sample cell, and collect the light
scattered through the cell. These instruments, such as
the Malvern or the Microtrac particle sizers, can give
useful CSD measurement for slurries with low solids den-
sity (Eek, 1995; Eek and Dijkstra, 1995; Randolph et al.,
1981). Information on particle shape can be determined
by examining the light intensity variations (Heffels et al.,
1994). This shape information can be used to correct
the particle size determination using commercial laser
diffraction instrumentation (Heffels et al., 1996). The
CSD in dense crystal slurries can be addressed by an au-
tomatic sampling and dilution unit (Jager et al., 1987);
however, it is challenging to collect a representative sam-
ple from an industrial-scale crystallizer and ensure that
the temperature is constant enough so that the sample
remains representative.

The transmittance, which is the fraction of light that
passes through the solution, can be measured either us-
ing a light scattering instrument or a spectrophotome-
ter. The projected area of the crystals can be computed
from the transmittance. For dense crystal slurries, the
transmittance is essentially zero, and no useful informa-
tion is obtained. The transmittance measurement has
been used for the estimation of kinetic parameters for
the crystallization of naphthalene in toluene (Witkowski,
1990; Witkowski et al., 1990), potassium nitrate in water
(Miller, 1993; Miller and Rawlings, 1994), and a photo-
chemical in heptane (Matthews III, 1997; Matthews and
Rawlings, 1998).

An alternative light scattering approach is based on
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Figure 4: Chord length distribution of KDP collected
from a Lasentec FBRM M400L.

inserting a probe directly in the crystallizer, focusing a
laser beam forward through a window in the probe tip,
and collecting the laser light scattered back to the probe.
This approach can measure CSD information even for
dense crystal slurries. One of the first commercial in-
struments of this type, the Par-Tec 100 analyzer, has
been used to estimate kinetic parameters for the crystal-
lization of adipic acid in water (Monnier et al., 1996) as
well as in feedback control (Redman et al., 1997). Sev-
eral publications describe applications of updated ver-
sions of the instrument, referred to as Lasentec Focused
Beam Reflectance Measurement (FBRM) (Farrell and
Tsai, 1995; Barrett and Glennon, 1999; Ma et al., 1999;
Tahti et al., 1999; Togkalidou et al., 2001), which are
rugged enough to be implemented on industrial crystal-
lizers.

Like any laser-based method applied to a crystal
slurry, a transformation is required to relate the collected
laser light to the crystal size distribution. The FBRM
instrument measures the chord length distribution (e.g.,
see Figure 4) as the laser beam emitted from the sen-
sor randomly crosses two edges of a particle, with this
distance being the chord length. There have been ef-
forts to relate the chord length distribution to the parti-
cle size distribution, both by the Lasentec company and
by some independent researchers (Becker, 2001; Clark
and Turton, 1988; Han and Kim, 1993; Liu et al., 1998;
Worlitschek and Mazzotti, 2000; Simmons et al., 1999;
Tadayyon and Rohani, 1998). Chemometrics methods
have been used to relate the chord length distribution
to other variables, such as filtration resistance (Johnson
et al., 1997; Togkalidou et al., 2001).

A weakness of the aforementioned CSD sensors is that
the distribution of crystal shape cannot be directly deter-
mined. For example, a collection of rod-like crystals are

characterized mathematically by a two-dimensional dis-
tribution (one dimension being the length, and the other
dimension being the breadth), but the light scattering
instruments only provide one-dimensional distributions.
It is impossible to uniquely determine a two-dimensional
distribution from a one-dimensional distribution. The
shape information is “averaged out” to obtain a one-
dimensional distribution.

Another instrument that has become available re-
cently is the Lasentec Particle and Vision Measurement
(PVM) system, in which pictures are taken of the crys-
tals in solution using a probe inserted directly into the
dense crystal slurry (Lasentec, 1997). This video micro-
scope can collect 10-30 pictures a second, providing two-
dimensional snapshots of the crystals in real time. On-
line video microscopy can image crystals as small as 5-15
microns (Lasentec, 1997; Pacek et al., 1994), not as small
as obtained by laser scattering instruments. Also, the
quality of the images limits the ability of imaging soft-
ware to automatically identify individual particles (e.g.,
see Figure 5), and quantify the characteristics of these
particles (e.g., maximum axis, minimum axis, aspect ra-
tio). On-line video microscopy has the advantage that
the crystals are directly observed, allowing shape infor-
mation to be obtained. Also, the PVM in particular is a
rugged instrument suitable for use in industrial applica-
tions. The main use of on-line video microscopy today
is for qualitative troubleshooting, with some researchers
working on how to use the images for quantitative pre-
diction (Baier and Widmer, 2000; Braatz et al., 2000b).
One approach is to use multiway principal component
analysis, where features are tracked in the space of prin-
cipal components (Bharati and MacGregor, 1998). An
alternative is to take moments of the images and then
to use principal components analysis to relate the im-
age moments to characteristics of the crystals (Braatz
et al., 2000b). Given the importance of crystal shape in
applications, and that progress becomes easier as com-
puters continue to increase in speed, it seems likely that
quantitative predictions will become available.

An alternative approach to on-line video microscopy
is to remove slurry from a sampling stream and flow it
as a thin film over the focal region of an ordinary light
microscope (Eek, 1995; Puel et al., 1997; Rawlings and
Patience, 1999). A disadvantage of this approach is the
requirement of having a sampling stream in which the
crystals may not be representative of what is in the crys-
tallizer. A strong advantage of this approach is that the
contrast between crystals and background can be made
much sharper, and the number of overlapping crystals
can be reduced. The images are sufficiently clean that
standard image analysis algorithms can be used (Rawl-
ings and Patience, 1999).
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Figure 5: Image of KDP crystals in solution collected
from a Lasentec PVM 700L.

Modeling

Model Structure Determination

Derivation of optimal operation patterns or design of
control system should be carried out using a model that
describes the behavior of the process with sufficient ac-
curacy. The process models can be classified into two
groups: physical models, which can be obtained using
first principles, and models identified from time series
data. Regardless of the type of the model, the model
building involves determination of the model structure
and estimation of parameters appearing in the model
equations. We will discuss the problems of model struc-
ture determination in the first half of this section, which
is followed by a discussion of some other topics.

There are several papers that discuss methods for
modeling the dynamic behavior of the crystallizer using
time-series data. Bravi et al. (1995) identified a dynamic
model of a continuous crystallizer using artificial neural
networks. Time series data generated in a series of sim-
ulations using gPROMS were used to train the neural
network so that the fines slurry density is predicted from
the feed flow rate, the flow rate recirculated through the
fines dissolver, and the inlet concentration. The dynam-
ics of the input and output signals were examined to de-
termine the sampling frequency and the number of past
data points to use for prediction of the behavior of the
fines slurry density.

Rohani et al. (1999a) also conducted a simulation
study on the modeling of the crystallizer behavior us-
ing ARX and neural network models. The identifica-
tion data were generated from simulation using a model
of a continuous cooling crystallizer that has been previ-
ously verified with experimental data. The fines disso-
lution rate, the clear liquor advance flow rate, and the
crystallizer temperature were used as inputs, and out-

put variables were three variables related to crystal size
distribution, the purity, and the magma density of the
product stream. With the view of using the model in
model predictive control (MPC), the prediction perfor-
mance of each model was examined in terms of 1 step
ahead and 50 step ahead predictions.

When a crystallizer is subjected to an excitation signal
such as a pseudo-random binary sequence (PRBS), the
state variables may deviate far from the steady state due
to the strong nonlinearity of the crystallizer. Thus, in or-
der to build a linear dynamic model around the steady
state, it is advantageous to collect time series data when
the process is under feedback control. Eek et al. (1996)
applied closed loop identification techniques to the mod-
eling of the continuous crystallization of ammonium sul-
fate. Two different closed loop identification methods,
direct identification (Soderstrom and Stoica, 1989) and
a two-step method (van den Hof and Schrama, 1993),
were applied to build three-input three-output models
that predict the fines concentration, crystal mean size,
and the magma density based on the measurements of
fines flow rate, product flow rate, and total heat input.
Canonical observability form was the assumed model
structure, and the data for identification were obtained
by exciting the process using by generalized binary noise
sequence (Tullken, 1991). The prediction performance of
the resulting model was as good as that of first principle
models.

When building ARX or neural network models, the
model structure determination and parameter estima-
tion are carried out rather simultaneously. On the other
hand, when a first principle model is to be constructed,
before estimating parameters it is necessary to determine
the model structure suited for the description of the crys-
tallizer dynamics. Therefore, the process of building a
first principle model is more complicated than building
ARX or neural network models. However, first principle
models have several advantages over ARX and neural
network models. In particular, the operating range of
conditions where a first principle model can provide ac-
curate predictions is wider than for ARX or neural net-
work models. This is because the first principle model
incorporates the physical properties of the crystallizer
into the model. When the control system is not per-
forming satisfactorily, the first principle model can be
used to analyze the cause behind this. Also, a first prin-
ciple model enables an examination of the relationship
between the design and controllability of the process.

When building a physical model of a batch crystallizer,
it is usually assumed that the slurry in the crystallizer
is perfectly mixed and the spatial distributions of the
CSD and supersaturation are negligible. In this case,
when modeling a batch crystallizer, it is only necessary
to identify the crystal growth rate and nucleation rate (in
the absence of agglomeration, attrition, or similar phe-
nomena). On the other hand, the dynamic behavior of
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Figure 6: Schematic of a continuous DTB crystal-
lizer.

an industrial continuous crystallizer is influenced by the
spatial distribution of CSD and supersaturation. This is
because the volume of continuous crystallizer is usually
very large. It is said that the continuous crystallization
is not economically advantageous over batch crystalliza-
tion when the production rate is below 500 kg/hr (Wey,
1993). Figure 6 shows the schematic diagram of a con-
tinuous DTB evaporative crystallizer. A portion of fines
is extracted through the settling zone around the baf-
fle and fed to the external heater, in which the slurry
is heated to dissolve crystals. This serves to reduce the
total number of crystals and increases the product mean
size. Only the crystals large enough to fall against the
upward flow in the elutriation leg flow into the product
stream. The CSD and supersaturation at each periph-
eral device are different from those in the crystallization
vessel.

Jager et al. (1991) built a model of a continuous crys-
tallizer in such a way that the spatial distribution of su-
persaturation can be taken into consideration. In their
model, the crystallizer is divided into three sections. The
changes in CSD and supersaturation in a lump of fluid
element is calculated on the assumption that the lump
circulates through the three sections in turn. They con-
firmed that the spatial distribution of supersaturation
influences the dynamic behavior of a large scale crys-
tallizer. The idea of circulating lump of fluid element
was also applied to simulation of a batch crystallizer by
Bohlin and Rasmuson (1996). They concluded that the
non-ideal mixing of fluid does not have a strong influence
on the performance of batch crystallizers.

Kramer et al. (1996) suggested using a compartmen-
tal approach for modeling crystallization processes. In
this approach, the crystallizer vessel is divided into
smaller parts, each of which is assumed to be well-mixed.
Bermingham et al. (1998) presented a heuristic approach

for derivation of a compartmental model for a contin-
uous crystallizer. The information needed in this ap-
proach can be obtained by making use of computational
fluid dynamics (CFD). They suggested that the com-
partments should be chosen in such a way that the gra-
dients of supersaturation and energy dissipation rate in
one compartment are sufficiently small. Sotowa et al.
(2000) proposed a method for deriving an expression for
classification of crystals between compartments based on
the behavior of particles simulated using CFD.

Kramer et al. (1999) showed an approach to the de-
sign of a large scale crystallizer using the compartmental
model. First, kinetic parameters were identified by con-
ducting an experimental study using a 22-liter crystal-
lizer. The resulting rate expressions were incorporated
into compartment models, and the performance for each
of the design alternatives were compared. The compari-
son between the model predictions and the experimental
results was presented by Neumann et al. (1999).

In an evaporative crystallizer, the external heater,
which provides the energy needed to evaporate solvent,
serves to reduce the number of fines by dissolution. In
previous studies on the dynamics and control of contin-
uous crystallizers, it was commonly assumed that the
fines entering the external heater dissolve completely,
and thus the stream recycled from the heater to the
vessel does not contain any crystals. However, in prac-
tice the fines do not dissolve completely in the external
heater, since the residence time of the slurry within the
external heater is very short. Naito et al. (1999) built
a model of an external heater by taking account of the
finite dissolution rate of crystals. The model was de-
rived using a dissolution rate equation that was identi-
fied using experimental data. They demonstrated that
the behavior of the crystallizer is strongly influenced by
the degree of fines dissolution in the external heater.

There are two main approaches to simulating changes
in the distribution of crystal shape in a crystallizer. One
way is to model shape dynamics as changes in the crystal
length-to-width ratio (Matthews and Rawlings, 1998).
The alternative is to model the entire n-dimensional crys-
tal size distribution, where n is the number of indepen-
dent growth faces (Togkalidou and Braatz, 2000). For
example, n = 2 for modeling rod-like crystals, where one
dimension is the crystal length and the other is the crys-
tal width (equal to breadth). Both methods introduce
additional model parameters to be estimated.

Although various models have been used in the study
of crystallizer control and operation, agglomeration is
not usually taken into consideration in the population
balance equation. Jagadesh et al. (1996) demonstrated
that large crystals can be obtained by loading suffi-
ciently large amount of seed crystals in batch crystal-
lization. They argued that this is because newly born
nuclei rapidly agglomerate with other crystals when the
number of seed crystals is large. In order to derive an op-
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timal policy for such an operation, the model must take
agglomeration into consideration. However, the popula-
tion balance equation with agglomeration is more chal-
lenging to analyze, and the identification of the agglom-
eration rate is more difficult. Recent developments in
the analysis of crystallization with agglomeration should
be incorporated into dynamic studies.

While many physical models are available for primary
nucleation (this is nucleation directly from solution),
most industrial crystallizers are seeded, with most of the
nucleation occurring from particle-particle and particle-
impeller collisions (this is called secondary nucleation).
A physical model of secondary nucleation rate has been
presented by Gahn and Mersmann (1997, 1999a,b). In
this model, the number and distribution of secondary
nuclei arising from attrition are predicted based on the
frequency of crystal collision with the impeller, and the
internal stress distribution at the time of each collision.
This model of nucleation kinetics would represent a sig-
nificant advance in crystallization modeling if the pro-
posed model is verified by experimental data.

Progress in the computer technology has enabled the
numerical simulation of slurry flow in a crystallizer
with complex internal structure (see Simulation Section).
CFD simulation provides hints for defining compartmen-
tal models, as well as information on particle segregation
in the vessel. However, a limited number of studies have
been conducted on the use of CFD results in the mod-
eling of crystallizer behavior (Wei and Garside, 1997).
More intensive effort should be conducted to enhance
the progress in the modeling methodologies.

Estimation of Kinetic Parameters

Once the model structure is specified, the modeling prob-
lem is reduced to a parameter estimation problem. In
crystallization processes, the most important parameters
to be estimated are those related to the kinetics of crys-
tal growth and crystal formation/depletion. In order to
build a first principle model of a crystallizer, it is nec-
essary to express each of the rates as a function of the
operating conditions and state of the slurry.

When a crystal grows, solute in the bulk is transported
to the crystal surface by the concentration gradient and
then it is integrated onto the crystal surface. When rate
equations for surface integration and mass transfer are
combined in series, a more complicated growth rate equa-
tion is obtained. It is common in the study of the op-
eration and control of crystallizers to use the empirical
power-law expression to describe the crystal growth rate:

G = kg∆Cg (1)

where G is the crystal growth rate, ∆C is the super-
saturation, and kg and g are parameters that need to
be estimated. When the growth rate is assumed to be

size-dependent, Equation 1 is modified:

G = kg∆CgGx(x) (2)

where Gx(x) represents variation of growth rate by the
crystal size, x. When the effect of temperature on the
growth rate cannot be neglected, kg is assumed to be an
Arrhenius type function of temperature.

As mentioned earlier, nucleation can be classified into
two types. Primary nucleation takes place when the su-
persaturation is high. In the secondary nucleation, fine
fragments of crystalline substance arise as a result of at-
trition or breakage of crystals which are already present
in the liquor. These fragments then grow to be larger
crystals. An empirical rate expression for nucleation is:

B1 = kn∆Cn (3)

where B1 represents the number of primary nuclei that
arise per unit time. Experimental data must be used to
estimate the values of kn and n. A commonly used rate
equation for secondary nucleation is

B2 = kbM
j
T ∆Cb (4)

where B2 is the occurrence rate of secondary nuclei, and
MT is the magma density. In this case, three parameters
(kb, j, b) need to be identified using experimental data.
Again, the parameters kn and kb are usually assumed
to be an Arrhenius type function of temperature, when
the temperature effect on the nucleation rate needs to be
taken into consideration.

For estimation of the values of the parameters in
the crystal growth and nucleation rates, the following
approach is most commonly used. When a continu-
ous MSMPR (mixed-suspension mixed-product removal)
crystallizer is at a static steady state, the relationship be-
tween the crystal size, x, and the population density of
the crystal, n(x), can be written as:

n(x) = n0 exp
(
− x

Gτ

)
(5)

where n0 is the population density of nuclei, and τ is the
mean residence time. As can be seen from this equation,
the population density distribution appears as a straight
line on the semi-log plot. The slope and the intercept can
be used to calculate the growth rate and the nucleation
rate at the operating condition. When data points are
collected at various operating conditions, the parameters
in Equations 1, 3, and 4 can be identified. There are
many other approaches to parameter identification that
are based on the population balance equation. Their
details can be found elsewhere (e.g., Tavare, 1995).

There have been several studies in which the param-
eter estimation problem is solved as an optimization
problem. Dash and Rohani (1993) used Gauss-Newton
method to solve the optimization problem. The param-
eters to be estimated are the five parameters that ap-
pear in the rate equations. The objective function was
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defined as the weighted sum of squared errors of the ini-
tial solute concentration and the CSD at four instances
during batch operation. Qiu and Rasmuson (1994) esti-
mated five parameters in the growth and nucleation rate
equations. In the experiments, the solute concentration
was measured every five minutes by the density method,
and sieve analysis data of the final crystal size distribu-
tion was recorded. The optimization algorithm employed
was a combination of Gauss-Newton and quasi-Newton
methods. Farrell and Tsai (1994) also measured time se-
ries data of supersaturation and final crystal size distri-
bution, and used the prediction errors as the objective
function. They applied reparametrization to avoid ap-
pearance of ill-conditioned Hessian in the optimization
problem.

When estimating the parameters of a real process, it
is important to assess the reliability of the estimates.
Miller and Rawlings (1994) quantified the reliability of
the estimates in terms of a confidence ellipsoid and in
terms of confidence intervals. Using time series of so-
lute concentration and transmittance data, it was shown
that accurate nucleation and growth parameters could
be obtained with as little as two batch crystallization ex-
periments. Closely related work showed that appropriate
selection of the seed distribution used in the batch exper-
iments results in parameter estimates of higher accuracy
(Chung et al., 2000).

Usually studies on the parameter estimation of crys-
tallization processes aim at estimating parameters in the
crystal growth and nucleation rate equations. However,
in order to derive a model that describes the behavior of
an industrial crystallizers, there are many other param-
eters that need to be estimated. Particularly, a model
of large scale continuous crystallizers contains many pa-
rameters whose values depend on the structure and di-
mensions. For a 970-liter continuous crystallizer, Eek
et al. (1995a) constructed a model containing fifteen pa-
rameters. Six out of fifteen parameter values were fixed
using the results from preliminary experiments. The re-
maining nine parameter values were determined using a
parameter estimation algorithm. The objective function
was the prediction error of the light intensity data mea-
sured by the detector rings of the Malvern particle sizer.
Since the number of parameters is large, it is impor-
tant to evaluate the reliability of the estimates. In their
study, the standard deviations of the estimates obtained
using different experimental runs were used to assess the
magnitude of the parameter uncertainties.

The advantage of constructing model based on bench
scale crystallizers is that the experiments are relatively
cheap. However, the slurry in an industrial scale crys-
tallizer is not perfectly mixed. Thus, predictions based
on a model constructed from bench scale experiments
may not agree with the process measurements for an
industrial scale crystallizer, when the model is derived
by assuming perfect mixing within the crystallizer. In

building a model of an industrial process, it would be
best to estimate the values of the model parameters using
both process measurements (because this is based on the
real process) and experimental data obtained from bench
scale apparatus (since these measurements are cheap). It
is desirable to establish a unified modeling methodology
by exploiting various existing modeling techniques such
as experimental design and CFD.

State Estimation

The state of a crystallizer is characterized by the crys-
tal size distribution (which can include distributions in
shape, age, purity, or other variables), supersaturation,
and temperature. Since the volume of a bench scale
batch crystallizer is relatively small, the slurry in the
vessel is usually assumed to be perfectly mixed. In this
case, the state variables depend only on time. In in-
dustrial scale crystallization processes, the spatial dis-
tribution of state variables cannot be neglected in some
cases. Also, even when perfect mixing can be assumed,
the crystal size distribution in the crystallizer vessel is
significantly different from that in the fines recirculation
loop or that in the elutriation leg. Such a continuous
crystallizer can be modeled by combination of several
compartments in which homogeneity of the state vari-
ables can be assumed. In a real crystallization process,
only a limited number of state variables can be measured
on-line. If values of the unmeasured state variables are
required for optimal operation or control, they must be
estimated using an state estimator.

For successful state estimation by observers or Kalman
filters, it is necessary to use a model that describes
the process dynamics with sufficient accuracy. However,
since the crystallization process is a distributed param-
eter system, a population balance equation cannot be
directly used in state estimation, instead it is approxi-
mated by a finite order system. The moment method is
one of the most commonly used model reduction tech-
niques. When a closed set of ordinary differential equa-
tions is obtained by the moment method, a low order lin-
ear state space model can be easily obtained by lineariza-
tion. The state space model can be used for designing
observers and state feedback controllers (Tsuruoka and
Randolph, 1987).

Hashemi and Epstein (1982) discussed the controlla-
bility and observability of a crystallizer using a moment
model which took the energy balance into account. The
flow rate, concentration, and temperature of the feed
stream were taken as inputs, and the zeroth moment,
third-order moment, solute concentration, and tempera-
ture in the vessel were used as measurable variables. The
condition numbers of the controllability and observabil-
ity matrices were used as a measure of the controllability
and observability. It was shown that both controllability
and observability improve when the crystallizer is oper-
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ated at an operating condition with high supersatura-
tion.

Chiu and Christofides (1999) presented a framework
for controlling general nonlinear distributed parame-
ter systems. In this article, they suggested using a
Luenberger-type nonlinear observer for state estimation,
but the systematic procedure to determine the observer
gain was not clearly shown.

Eek et al. (1995b), Eek (1995), and de Wolf et al.
(1989) derived a 100th order state space model by dis-
cretizing the population balance equation using finite dif-
ferences. Eek et al. (1995b) and Eek (1995) calculated
the steady state Kalman gain using the linearized state
space model, by assuming that the laser scattering inten-
sity data is the measurable variable. When implementing
an observer to their experimental rig, a nonlinear model
was used in the observer, which takes nonlinearity of
the process into consideration. Estimates of the crys-
tal size distribution were used to calculate mean size,
which showed good agreement with the experimentally
measured values.

An increase in the number of measurable variables fa-
cilitates state estimation. However, as mentioned in the
Introduction, the number of measurable variables is lim-
ited. In particular, the measurement of the supersatu-
ration can be challenging, though this is the key state
variable that is the driving forces for crystal nucleation
and growth. Thus, intensive studies have been executed
to develop hardware and soft sensors to measure super-
saturation (see Measurements).

Analysis

Crystallization processes can illustrate some interesting
dynamical behavior, including a high sensitivity to pa-
rameter variations. This section focuses on investiga-
tions into the analysis of dynamical behavior in contin-
uous and batch crystallization processes.

Analysis in Continuous Crystallization

Continuous crystallization processes can demonstrate
undesirable oscillations in the crystal size distribution,
even in open loop. A primary cause of the oscillations is
by product being removed that has a different population
density than the average population density—this is re-
ferred to as classification. Industrial crystallizers are of-
ten designed to remove and dissolve the smallest crystals
(fines), and to preferentially remove the larger crystals
as product. Both of these practices increase the ten-
dency for the crystal size distribution to oscillate (Ishii
and Randolph, 1980; Randolph, 1980; Randolph et al.,
1973, 1977). Oscillations can also be caused by a high
order relationship between the nucleation rate and the
supersaturation (Randolph and Larson, 1988; Sherwin
et al., 1967), but this is probably not the most common
cause of the oscillations observed in practice (Randolph,

1980).
Most stability analyses are based on linearized sta-

bility analysis for a single continuous crystallizer, usu-
ally by determining the localized stability of the mo-
ment equations, or by calculating the spectrum of the
linearized integro-differential operator (Buyevich et al.,
1991a; Witkowski and Rawlings, 1987). These insta-
bilities are characterized as Hopf bifurcations. Condi-
tions have been derived for which a crystallization pro-
cess can exhibit multiple steady states (Lakatos, 1996;
Tavare, 1989; Tavare and Garside, 1985). Other in-
vestigations have studied the dynamic behavior under
forced oscillations (Buyevich et al., 1991b), where it is
possible to obtain more complex dynamic phenomena
such as resonance horns, quasi-periodic oscillations, and
chaos (Lakatos and Blickle, 1995). These studies sug-
gest that it may be wise in practice to suppress oscilla-
tory disturbances (for example, in the feed conditions)
to limit the complexity of dynamical behavior exhibited
in the crystallizer. The nonlinear dynamical behavior of
a cascade of well-mixed crystallizers has also been in-
vestigated (Natalukha, 1996). Nonlinear stability anal-
yses are supported by visualization software that pro-
duces phase portraits based on the simulation program
(Epstein and Sowul, 1980; Lakatos and Blickle, 1995;
Witkowski and Rawlings, 1987).

Oscillations can be reduced by manipulation of the
bulk throughput rate (Lei et al., 1971) or the fines de-
struction flowrate (Beckman and Randolph, 1977). The
main difficulty with implementing these early schemes
was the lack of measurements of the crystal size dis-
tribution (Randolph, 1980). Modern instrumentation
makes such schemes implementable (see Measurements
section).

Analysis in Batch Crystallization

Stability in a strict mathematical sense is not an issue
in batch or semibatch crystallization processes, since the
states of such a process cannot blow up in finite time. On
the other hand, having consistent product quality during
parameter variations or disturbances is a concern. Miller
and Rawlings (1994) provided a clear analysis of the
effect of model uncertainties on the product quality in
batch crystallizers. Matthews et al. (1996) investigated
the sensitivity of the optimal supersaturation profiles to
seed loading, profile duration, and the difference in su-
persaturation orders for nucleation and growth. Also,
the singular value decomposition was used to calculate
a vector of perturbations in the model parameters that
has the strongest effect on the supersaturation profile.
Several researchers have shown that the quality of the
product crystals is sensitive to the performance of the
tracking control to the optimal temperature profile (Chi-
anese et al., 1984; Bohlin and Rasmuson, 1992; Ma et al.,
1999a).

An approach was developed that quantifies the im-



316 Richard D. Braatz and Shinji Hasebe

pact of such variations on the product quality without
exhaustive simulation of all possible process conditions
(Ma et al., 1999a; Ma and Braatz, 2001). The knowl-
edge of the worst-case model parameters can be used
to determine where experimental effort should be fo-
cused to improve model accuracy. The robustness anal-
ysis with regard to control implementation uncertainties
can guide the selection of the control instrumentation,
by determining where high precision sensing and actu-
ation are required. The computation of the worst-case
external disturbances determines which disturbances sig-
nificantly affect the product quality and should be sup-
pressed by redesign of the process or feedback control.
The approach was applied to batch crystallization simu-
lations, including to the multidimensional growth of crys-
tals used in nonlinear optics applications, where the nom-
inal parameters and uncertainties were quantified from
experimental data (Ma et al., 1999a,b; Ma and Braatz,
2001). Robustness estimates were provided with reason-
able computational requirements. It was found that a
temperature deviation of ±0.1K from the optimal pro-
file could result in substantial reductions in the product
quality.

Simulation

A significant roadblock to the development of estimation
and control strategies for crystallization processes, espe-
cially for crystals that change shape during the growth
process, is the lack of efficient simulation schemes for the
population balance equations. Many simulation studies
on crystal growth have been directed toward the solu-
tion of the population balance equation for unidirectional
crystal growth:

∂f

∂t
+
∂{G[c(t), T (t), r]f}

∂r
= h(r, t) (6)

where f(r, t) is the crystal size distribution, t is time, r
is the internal spatial coordinate (e.g., crystal size), c is
the solute concentration, T is the temperature, G is the
growth function, and h is the crystal creation/depletion
function. This equation is augmented with associated al-
gebraic and/or integro-differential equations to describe
the energy balance, aggregation, breakage, growth, and
nucleation phenomena. Simulating these equations is
challenging because the crystal size distribution can be
extremely sharp in practice, and can span many orders
of magnitude in crystal length scale (0.01 nm to 200 µm)
and time scale (20 µs to 100 min).

Several numerical techniques have been proposed
(Ramkrishna, 1985). The techniques can be separated
into four broad categories:

1. method of moments, in which only lower order mo-
ments of the crystal size distribution are simulated,
and unknown parameters of an assumed distribu-

tion are fitted to the computed moments (Hulburt
and Katz, 1964)

2. weighted residuals/orthogonal collocation methods,
in which the solution is approximated as linear com-
binations of basis functions (Singh and Ramkrishna,
1977)

3. finite difference methods/discretized population bal-
ances, in which (6) is replaced by difference schemes
(Kumar and Ramkrishna, 1996a)

4. Monte Carlo simulation, in which the histories of in-
dividual particles are tracked, each exhibiting ran-
dom behavior in accordance with a probabilistic
model (Maisels et al., 1999; Shah et al., 1977; Song
and Qiu, 1999).

The advantage of the method of moments is that only
a small number of ordinary differential equations needs
to be solved when the moments are closed (that is, form
a finite number of equations describing the lower order
moments which are not a function of the higher order mo-
ments). A weakness of the method of moments is that
the moment equations are not closed for most processes,
leading to an infinite number of coupled ordinary differ-
ential equations to solve. Another weakness is that, even
when the moment equations are closed, the numerical er-
rors in a fitted assumed distribution can be arbitrarily
large if the assumed distribution does not accurately pa-
rameterize the true distribution. Hence a general numer-
ical solution of the population balance equation cannot
be developed based on the method of moments. How-
ever, the method of moments does apply to many well-
mixed batch and continuous crystallizers with nucleation
and growth. These assumptions can be reasonable in
bench scale crystallizers such as used in teaching labora-
tories (Braatz et al., 2000a). The method of moments is
also useful for testing the accuracy of more sophisticated
numerical simulation codes.

In the application of the method of weighted resid-
uals to the population balance equation, the popula-
tion density is approximated by a linear combination
of user-specified time-independent basis functions with
time-dependent weighting factors. The basis functions
are selected so that the population density can be well
approximated with only a finite number of terms. The
linear combination of basis functions is substituted into
the population balance equation, and ordinary differen-
tial equations for the coefficients are derived with the
intent to minimize the error (or residual) in the popu-
lation balance equation. The system of ordinary differ-
ential equations can be solved using any standard solver
(Barton et al., 1998). A fast numerical algorithm results
when only a small number of terms are needed in the
expansion, which has been demonstrated for some crys-
tallizers (Rawlings et al., 1992; Witkowski and Rawlings,
1987). The primary weakness of the method of weighted
residuals is that basis functions that work well for one
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type of crystallization process may not work well for an-
other, which makes it difficult to derive a general fast al-
gorithm for crystallization simulation using this method.
This also applies to orthogonal collocation, which is es-
sentially a class of weighted residual algorithms. Re-
views of early work on the method of weighted residuals
are available (Ramkrishna, 1985; Rawlings et al., 1993),
including summaries of algorithms that combine orthog-
onal collocation with finite elements (Gelbard and Sein-
feld, 1978).

Several discretizations of the population balance equa-
tion have been investigated and have been applied to var-
ious particulate systems (Gelbard et al., 1980; Hounslow,
1990; Hounslow et al., 1988; Marchal et al., 1988; Muhr
et al., 1996). This includes an application to the simu-
lation of a crystallization process in which the crystals
have two characteristic growth axes, so that changes in
the crystal shape distribution are simulated (Puel et al.,
1997). Many of these algorithms were formulated with
the intent to conserve moments of the computed popula-
tion density. Different algorithms conserve different mo-
ments, and several choices of discretization points have
been investigated (Batterham et al., 1981; Kumar and
Ramkrishna, 1996b; Litster et al., 1995). Kumar and
Ramkrishna (1996a) provide a critical review of these
algorithms, including pointing out technical errors in
some of the papers. Various numerical problems can
occur when performing direct discretizations of the pop-
ulation balance equations. An approach that removes
these problems is to combine the discretization with
the method of characteristics (Kumar and Ramkrishna,
1997; Sotowa et al., 2000), which has been applied to
particulate processes with pure growth, simultaneous ag-
gregation and growth, and simultaneous nucleation and
growth (Kumar and Ramkrishna, 1997).

High resolution finite difference schemes also avoid the
numerical problems typically associated with discretiz-
ing population balance equations (Ma et al., 2001). The
high resolution methods are able to obtain second-order
accuracy without the undesirable oscillations that can
occur with naive second-order methods. A high resolu-
tion method that exploits sparsity and efficiently man-
ages memory resulted in a highly accurate dynamic sim-
ulation of the multidimensional crystal size distribution
for a system with an extremely sharp distribution (see
Figure 7), with the entire computation time in less than
10 minutes on a workstation. This was a simulation of
a batch crystallizer which produced prism-like crystals
with two characteristic length scales and nonlinear nu-
cleation and growth rates. Numerical analysis indicates
that the method can allow a coarse time discretization,
which is one of the main reasons for the short computa-
tion times (Ma et al., 2001).

The use of computational fluid dynamics (CFD) codes
is suitable for the simulation of crystallizers that are
not perfectly mixed, since in this case the simulation

Figure 7: Population density function for rod-like
crystals produced by nucleation and growth.

is best handled by solving the complete transport equa-
tions (Sha et al., 1999). CFD codes use either finite
elements or finite volume methods, in which the con-
servation equations are applied directly to subregions to
obtain numerical values for the variables of importance
(Koenig, 1998). While such codes should probably be
applied in the design of any industrial scale crystallizer,
the computations are rather intensive for such simula-
tions to be used for the development of estimation and
control algorithms.

Monte Carlo methods are especially suitable for sim-
ulating stochastic population balance equations, and for
especially complex systems (Ramkrishna, 1985). The
number of papers applying Monte Carlo techniques has
rapidly grown in recent years. Processes that have been
simulated include:

1. a continuous crystallizer with size-dependent growth
rate (Lim et al., 1998),

2. protein crystal growth (Durbin and Feher, 1991),
including the case where both monomers and aggre-
gates attach to the crystal surface (Ke et al., 1998;
Strom and Bennema, 1997)

3. imperfectly mixed draft tube baffled and forced cir-
culation crystallizers (Lim et al., 1999)

4. a crystallizer with attrition, in which there is a dis-
tribution of volumetric shape factors (Lim et al.,
1999)

5. crystallizers with simultaneous growth rate disper-
sion and aggregation (Van Peborgh Gooch and
Hounslow, 1996; Van Peborgh Gooch et al., 1996)

6. continuous crystallization of sodium chloride (Sen
Gupta and Dutta, 1990b) and sucrose (Sen Gupta
and Dutta, 1990a)
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An advantage of Monte Carlo methods is that such code
is relatively easy to write. A disadvantage of Monte
Carlo methods is that they can be rather computa-
tionally expensive, which is a drawback when incorpo-
rating such models into estimation and control algo-
rithms. Also, the main capabilities provided by Monte
Carlo methods—the ability to handle nearly arbitrary
stochastic phenomena and to handle extremely complex
systems—may not be needed for most industrial scale
crystallizers. The measurement noise is probably larger
than other stochastic phenomena for most industrial
scale crystallizers (Rawlings et al., 1993), in which case
an adequate model can be obtained by appending addi-
tive stochastic variables to the results of a deterministic
population balance equation simulation. Recent papers
have shown that non-Monte Carlo simulation techniques
(such as method of moments and finite differences) can
be applied to more complex multidimensional crystalliza-
tion processes, without requiring a significant increase in
algorithm complexity (Ma et al., 1999, 2001; Togkalidou
and Braatz, 2000).

Optimal Operation

The quality of crystals is determined by various factors
including mean size, crystal size and shape distribution,
and purity. An optimal operation problem of a crystal-
lizer is formulated as a problem of finding the operating
conditions that optimize an objective function defined by
these factors. This section focuses on such optimization
problems for an existing crystallizer, and the optimal siz-
ing problem of crystallizers will not be dealt with.

The study of optimal operating conditions for crystal-
lizers was initiated by Ajinkya and Ray (1974). Subse-
quent studies on the optimal operation of crystallizers
have usually focused on maximizing the crystal mean
size or minimizing the coefficient of variation. The rea-
son for this is as follows. The crystals produced in a
crystallizer are separated from the mother liquor in its
downstream processes in order to avoid both inclusion
of mother liquor as impurities and formation of bonding
between crystals. When the crystal mean size is small, a
large amount of mother liquor is retained between crys-
tals due to capillary attraction. In order to facilitate fil-
tration and drying operation, it is desirable to produce
large and mono-dispersed crystals.

Usually, formation of an excessive number of nuclei
results in smaller crystals with broad distribution. Thus,
it is important to operate the crystallizer in such a way
that unnecessary nucleation can be minimized.

Most of the studies on the optimal operation of batch
crystallizers focus on the derivation of the optimal tem-
perature profile in batch cooling crystallization. When a
batch cooling crystallizer is operated in a natural cooling
mode, the slurry temperature decays just like the step
response for a first order system. This means that at

the beginning of the operation, the reduction in tem-
perature is very quick, and a large number of nuclei
arise as a result of high supersaturation. On the other
hand, temperature changes only slowly near the end of
operation, and the nucleation rate becomes small. The
first discussion on the temperature profile that increases
the mean size is conducted by Mullin and Nyvlt (1971).
They suggested that in order to produce large crystals,
the crystallizer temperature should be changed in such a
manner that the nucleation rate remains constant during
the whole operation (Mullin and Nyvlt, 1971; Jones and
Mullin, 1974). Rohani and Bourne (1990b) presented a
simple method to calculate the temperature profile that
makes nucleation rate or supersaturation constant dur-
ing the operation. A method for calculating the opti-
mal supersaturation level in batch crystallization is sug-
gested by Mersmann (1995) and Kuehberger and Mers-
mann (1997a).

In the aforementioned studies, the optimal tempera-
ture trajectory has been derived on the assumption that
constant nucleation rate or constant supersaturation is
optimal. On the other hand, there are studies in which
the temperature profile is obtained as the solution of an
optimization problem using the quality of product crys-
tals as the objective function. Jones (1974) employed
the maximum principle to obtain the temperature profile
that maximizes the size of the seed crystals at the final
time. Chang and Epstein (1982) employed the mean size,
total crystal volume, and the variance of distribution as
the objective function, and the optimal temperature pro-
file for each objective is calculated using the maximum
principle.

In recent studies, the problem of deriving the opti-
mal temperature profile is formulated as a nonlinear op-
timization problem, which is then solved using general
purpose optimization algorithm. In Miller and Rawlings
(1994), the temperature profile that maximizes the ratio
of final seed mass to mass of nucleated crystals was ob-
tained using a successive quadratic programming (SQP)
code. Lang et al. (1999) used collocation on finite ele-
ments and reduced SQP to obtain the optimal temper-
ature profile of a cooling medium that maximizes the
mean size of product crystals produced by an unseeded
batch crystallization.

In cooling crystallization, the temperature profile is
often taken as the only optimization variable, although
there are many other factors that determines the quality
of the product crystals. Chianese et al. (1984) exam-
ined the impact of various parameters associated with
the operation of batch crystallizers on the crystal size
distribution of the product. They showed that the ag-
itation rate, mass of seed crystals, and the distribution
of seed crystals as well as temperature profile are im-
portant parameters that strongly affect the crystal size
distribution of products.

There are several studies that report the influence of
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the mass and size of seed crystals on the product qual-
ity. Moore (1994) argued that, to have consistent crystal
product quality in batch crystallizers, the operating con-
dition should be determined so that three-σ variation in
the initial conditions should not affect the final product
qualities. In such an operation, the seed mass is at least
0.5-2.0% of the product mass, which is much greater than
the seed mass employed in some conventional crystallizer
operations.

Jagadesh et al. (1996) showed that when a sufficiently
large amount of seed crystals is loaded, a large and mono-
sized crystals are obtained even under natural cooling.
They also presented a “seed chart” that can be used to
analyze experimental data to find the seed mass above
which formation of secondary nuclei becomes essentially
negligible. Doki et al. (1999) experimentally verified
their approach using a 600-liter pilot scale crystallizer.

Chung et al. (1999) formulated an optimal opera-
tion problem in which the seed mass, the mean size of
seed crystals, the width of the seed crystal size distribu-
tion, and the temperature profile were decision variables.
Three objective functions were studied: the mean size of
product crystals, the ratio of standard deviation to mean
size, and the ratio of nucleated crystal mass to seed crys-
tal mass at the end of operation. The optimal solution
for each objective function was calculated using SQP. A
parametric analysis showed the significant importance of
optimization of the seed distribution for a wide range of
possible nucleation and growth kinetics.

Agitation affects the secondary nucleation rate as well
as the degree of mixing. Currently, there is no general
model that predicts the effects of agitation on the sec-
ondary nucleation rate and the crystal growth rate, as
it depends on the dimension of the vessel and impeller.
As a result, despite its strong influence on the product
qualities (Chianese et al., 1984), the agitation rate was
not treated as an optimization variable in almost all pre-
vious studies. It is desirable that the impact of agitation
on the product quality should be modeled, so that the
agitation rate can be included in the decision variables
in the optimization problem.

As discussed in the Analysis section, the optimal oper-
ating condition derived from an off-line calculation may
not be the true optimal profile due to the uncertainties
in the model. Also, if there is an error in tracking the
optimal profile, the resulting product quality becomes
different from the optimal. Ge et al. (2000) focused on
the problem of plant-model mismatch and errors in the
initial condition, and suggested an optimization method
called iterative dynamical optimization, in which the op-
eration profile is modified from batch to batch to improve
the performance. In this approach, the operation data of
previous batch runs are used to derive the plant model,
and then the temperature profile is updated by solving
optimization problem using conjugate gradient method.

Under the presence of disturbance, modeling error, or

tracking error, the states of the crystallizer do not fol-
low the optimal path. One way to address this problem
is to incorporate robustness into the computation of the
optimal path (Ma and Braatz, 2000). However, the per-
formance of this approach will be limited by the chosen
measured variables and the use of open loop optimiza-
tion. Another way to address this problem is to choose
another measurable variable as the controlled variable in
the tracking control. As mentioned previously, the re-
alized temperature profile has a strong influence on the
quality of the product crystals. If the variation in prod-
uct quality due to the modeling or tracking errors can be
reduced by choosing a variable other than temperature
as the controlled variable, an alternative configuration of
the tracking control system should be studied. If such
a variable is not directly measurable, a state estimation
algorithm should also be developed.

Yet another approach is on-line optimization (Eaton
and Rawlings, 1990; Rawlings et al., 1993). If the opti-
mal profile is recomputed at regular intervals based on
the state variables at each instance, the effects of vari-
ous disturbances and uncertainties can be reduced. To
carry out dynamic optimization using a physical model,
estimates of the state variables must be known at each
instance. Thus, the on-line optimization system should
consist of the following subsystems (Noda et al., 2000):

1. A subsystem that estimates the current values of the
state variables from past and present measurements.

2. A subsystem that derives the optimal trajectory
from the current time.

3. A subsystem that controls the state variables ac-
cording to the optimal path calculated by subsystem
2.

4. A subsystem that modifies the process model using
the prediction and measurements.

There is a limited number of studies on the optimal
operation of continuous crystallizers. This is probably
due to the sustained oscillation of the crystal size distri-
bution which can be observed in the operation of many
continuous crystallization processes. Due to this phe-
nomenon, research on the operation of continuous crys-
tallizers have focused on development of stabilizing con-
trollers. Recently, Hasebe et al. (1999) discussed the op-
timal operation of a continuous DTB crystallizer. The
objective of their optimization was the maximization of
the production rate of crystals which are larger than a
specified size.

Under sustained oscillation, three different types of
operation can be readily identified. The first type is to
maintain the manipulated variables at the optimal value,
while the crystal size distribution is allowed to oscillate.
The second type is to periodically change the manip-
ulated variables according to the optimal patterns. In
the third type of operation, the oscillation is suppressed
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using a stabilizing controller, and the crystallizer is op-
erated at the optimal static steady state. Once a model
of the crystallizer is obtained, optimal operating condi-
tions for the first and the third types of operations can
be easily obtained by solving a constrained optimization
problem. However, it is difficult to derive the optimal
manipulation pattern in the second type of operation.
This is because the period of oscillation depends on the
manipulation pattern, and the period of oscillation under
optimal condition is not known before the optimization
calculation. To overcome the difficulty, the manipulated
variables can be defined as functions of the state vari-
ables rather than as functions of time (Hasebe et al.,
1999). In their study, one cyclic period of an oscillatory
variable was divided into eight phases according to the
sign of the gradient and the value of the variable. It was
assumed that the manipulated variable takes a unique
value in each phase. With this technique, the prob-
lem of finding the optimal operation pattern is converted
into a problem of finding eight optimal parameters, and
the converted problem can be solved using standard op-
timization algorithms. The result of the optimization
shows that a greater amount of large crystals can be ob-
tained by changing the manipulated variable according
to the optimal pattern, as compared with the case where
the manipulated variables are maintained at the optimal
values. It is extremely difficult to suppress oscillation of
crystal size distribution in an industrial scale continuous
crystallizer. However, the optimization result also shows
that the production rate of large crystals increases dra-
matically, if the behavior of the crystal size distribution
can be stabilized.

Sotowa et al. (1999a) demonstrated that the “ease
of control” varies greatly with the operating condition.
This study suggests that, when deriving the optimal op-
erating condition for a continuous crystallizer, it is im-
portant to take controllability issues into consideration.
Problems related to the interaction between the design
and control are discussed in a later section.

Control

The focus of this section is on feedback control.
Early investigations in crystallization control were di-

rected towards the stabilization of oscillations or other
fluctuations in continuous crystallizers (Beckman and
Randolph, 1977; Lei et al., 1971). An experimental study
showed that fluctuations in the CSD can be reduced by
feedback control, by measuring the crystal size distribu-
tion in the fines stream and manipulating the fraction of
fines recycled back to the crystallizer (Randolph et al.,
1987). A more recent study has shown that changes in
the operating condition for a crystallizer can greatly af-
fect the ability of a conventional controller to stabilize
open loop oscillations (Sotowa et al., 1999a,b).

Many industrial jacketed batch crystallizers use PI

control to follow a specified temperature trajectory, with
the manipulated variable being the setpoint to a lower
level control loop on the flow to the jacket. When manip-
ulating a fines dissolution rate, a self-tuning controller
outperformed a PI controller for a potash alum batch
crystallizer (Rohani and Bourne, 1990a). Model predic-
tive control has been used to follow a desired tempera-
ture trajectory in a batch jacketed crystallizer, using the
temperature of the incoming water to the jacket as the
manipulated variable (Matthews III, 1997; Miller, 1993).
The jacket water temperature was used as a setpoint to
a PID slave controller that adjusted a 3-way valve that
blended hot water and cold water streams. A nonlin-
ear model predictive control algorithm was applied to an
experimental crystallization apparatus with two inputs
and two outputs (Eek, 1995; Eek et al., 1995b). More
recently, a multivariable nonlinear model predictive con-
troller has been applied to a KCl cooling crystallizer (Ro-
hani et al., 1999b).

Non-MPC nonlinear feedback control algorithms have
been applied to crystallization processes (Chidambaram
and Malleswararao, 1990). Some recent efforts have been
directed towards taking model uncertainty into account
in the feedback controller design procedure. One ap-
proach is to combine an extended Luenberger-type ob-
server with a state feedback controller designed by geo-
metric control methods (Chiu and Christofides, 1999).
Associated analysis indicates that the nonlinear con-
troller possesses robust stability with respect to suffi-
ciently fast stable unmodeled dynamics. Simulations in-
dicated improved closed loop performance compared to
linear PI controller. A related strategy using Lyapunov’s
direct method explicitly handles time-varying uncertain
variables, provided that any unmodeled dynamics are
stable and sufficiently fast (Chiu and Christofides, 2000).

An alternative approach, which couples geometric con-
trol with bilinear matrix inequalities, allows the di-
rect optimization of robust performance (Togkalidou and
Braatz, 2000; Van Antwerp et al., 1997, 1999). In con-
trast to most approaches to robust nonlinear control,
this approach introduces no conservatism during the con-
troller synthesis procedure. Also, no prior limitations are
required regarding the speed of the unmodeled dynam-
ics; instead, engineering intuition is incorporated into
weights which bound the unmodeled dynamics, similarly
as to the linear time invariant case (Morari and Zafiriou,
1989; Skogestad and Postlethwaite, 1996). Application
to a crystallization process demonstrated robustness to a
wide range of nonlinear and time-varying perturbations
(Braatz et al., 2000b; Togkalidou and Braatz, 2000).

Interaction Between Design and Control

A method for designing a crystallizer with a given pro-
duction rate has been studied for a long time, and sum-
maries of the results are available (Bennet, 1993; Tavare,
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Figure 8: Influence of supersaturation on dissolution
of fines.

1995). This section does not deal with such design the-
ories but focuses on the interaction between the design
and control of crystallization processes.

Sustained oscillation is a commonly observed phe-
nomenon in the operation of continuous crystallization
processes. It is widely accepted by researchers in the
field of crystallizer control that, in order to suppress
the oscillation, the fines flow rate to the external heater
should be manipulated in such a way that the nuclei pop-
ulation density or the concentration of fine crystals be-
comes constant. In most of the studies on the control of
continuous crystallizers, the discussion on the controller
performance and stability has been conducted on the
assumption that the fines entering the external heater
dissolve completely. However, in a real crystallization
process, the fines do not always dissolve completely, be-
cause the residence time of the slurry in the external
heater is very short. Naito et al. (1999) developed a
model of an external heater by taking the dissolution
rate of fines into consideration. Using the model, they
have shown that the degree of dissolution depends on the
fines flow rate, but this relationship is strongly affected
by the supersaturation and the residence time in the ex-
ternal heater. Figure 8 shows a relationship between
the fines flow rate and the reduction in total crystal vol-
ume across the external heater. When the dissolution
rate is taken into consideration, the total volume of the
dissolved fines is significantly smaller, as compared with
that obtained with the assumption of complete dissolu-
tion of fines. Also, when the supersaturation increases
from its nominal value (∆C0) by a factor of two, the
amount of dissolution does not increase monotonically
with increase in the fines flow rate. As a result, if the
setpoint of the fines flow rate to the external heater is in-
appropriately determined, it is very difficult to regulate
the fines concentration by the fines flow rate. By adjust-
ing the total length and diameter of tubes in the heater,
it is possible to change the residence time of the slurry
in the external heater without changing the amount of
heat input. Sotowa et al. (1999) demonstrated that the
controller performance can be improved significantly, if

nn0 fine coarse

∆C

B

dissolution in
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mf3 Qf

Controller

Products
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Figure 9: Interaction among state variables in the
control system.

the external heater is designed in such a way that the
residence time of the slurry is sufficiently long.

At the design stage, the controllability assessment
can be easily carried out, given indices for evaluating
how easily the designed crystallizer can be controlled.
Hashemi and Epstein (1982) used the condition number
of the controllability matrix as such an index. A control-
lability study for a general class of systems described by
population balance equations is discussed by Semino and
Ray (1995). In their study, a crystallizer was taken as
an example process, and the inlet solute concentration is
taken as the manipulated variable. However, their result
cannot be easily applied to a real crystallizer, because
their analysis was carried out on the assumption that
the crystal growth rate takes a constant value regardless
of the supersaturation. Mathematical treatment of the
problem becomes complicated if the crystal growth rate
depends on the supersaturation.

Assume that, for a continuous crystallizer, we adopt
a controller that regulates the fines concentration in the
vessel by manipulating the fines flow rate to the exter-
nal heater. Figure 9 shows the qualitative relationship
among the state variables of the control system. The
crystal population density is represented by an oblong
rectangle in the middle of the figure, as it is a distributed
variable over the crystal size. The population density
of nuclei is denoted by n0. Two positive feedback ef-
fects, which are responsible for the sustained oscillation
of crystal size distribution, can be observed in the dia-
gram. One is the feedback effect arising from variations
in the nucleation rate, B. The other is due to varia-
tions in the supersaturation, ∆C. On the other hand,
the controller adjusts the amount of fines dissolution by
manipulating the fines flow rate so as to counteract the
positive feedback effects. The time constants of these
positive feedback loops are very long as compared with
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Figure 10: Block diagram of the fines subprocess.

the time constant of the controller. Thus, in order to ex-
amine the short term effects of the supersaturation, the
nucleation rate, and the fines flow rate on the fines con-
centration, a hypothetical process is defined by removing
the two broken arrows from Figure 9. In the following
the hypothetical process will be referred to as the fines
subprocess (Sotowa et al., 1999a,b).

Figure 10 shows a block diagram of a linear model that
describes the behavior of the fines subprocess near the
steady state. It is expected that oscillation of the crys-
tal size distribution can be suppressed, if the fines flow
rate can be manipulated in such a way that the fines con-
centration is kept constant regardless of the variations in
supersaturation and nucleation rate. Such control action
can exist only when the influence of the fines flow rate on
the fines concentration is stronger than those of super-
saturation and nucleation rate. Sotowa et al. (1999a,b)
proposed the following indices which evaluate the rela-
tive strength of the influence of the fines flow rate on the
fines concentration, as compared with those of supersat-
uration and nucleation rate:

R∆C =
Pu(0)
P∆C(0)

(7)

RB =
Pu(0)
PB(0)

(8)

Indices defined by Equations 7 and 8 are used as a mea-
sure of ease of control. When the absolute values of these
indices are small, it is difficult to stabilize the crystallizer.
It should be noted that these indices are only qualitative
measures of the ease of control.

Once a dynamic model of the process is obtained, the
steady state gains of the transfer functions in Figure 10
can be easily calculated, since the fines subprocess is a
stable process. The validity of these indices as measures
of the ease of control has been verified by simulation
studies (Sotowa et al., 1999a,b). Hamamura et al. (2000)
used these indices to study the interaction between the
design and control of a continuous crystallizer. In their
study, the cross sectional area of the annular settling
zone and the volume of the external heater were taken
as design variables. Through the study using the indices,
they derived a design condition at which a great amount

of large crystals can be produced and the crystallizer can
be easily controlled. This idea can be extended to a gen-
eral design problem of a crystallizer. For example, when
the equipment cost function is given, the design condi-
tion can be obtained as a solution of a multi-objective
optimization problem which derives the relationship be-
tween the ease of control and equipment cost.

Conclusions and Future Directions

The control of crystallization processes has been an ac-
tive research area in recent years. Now is a good time
to be working in this area, as advances in measure-
ment technologies and computing power are removing
the main factors that limited progress in the 1970s-1980s.
Also, the need for improved control of crystallization pro-
cesses has increased in recent years. Increased global
competition has refocused efforts in optimizing indus-
trial processes in general. Crystallization processes are
often the least optimized in a chemical facility, and hence
have the most to gain by optimization. Before a pro-
cess can be optimized, however, its behavior must be
understood. Also, the pharmaceuticals industry is con-
tinuing to grow faster than other segments of the pro-
cess industries, and most pharmaceuticals must undergo
multiple crystallization steps before arriving at the fi-
nal product. This has increased the relative importance
of crystallization processes within the process industries.
Although not discussed in this paper, the development of
some pharmaceuticals has been slowed by difficulties in
crystallizing proteins for the determination of structure
(which is then related to function). Process control en-
gineers could make significant contributions in this area
of crystallization.

Several trends in crystallization research can be iden-
tified. As discussed in the Measurements section, ex-
tracting accurate size shape information from in-process
sensors is a very challenging theoretical problem. Sub-
stantial research is needed in this area, with proposed
solutions likely to include the merging of digital imag-
ing and laser backscattering information. The papers in
the Measurements section and the book by van de Hulst
(1981) form a starting point for such investigations.

Additives are additional solutes, usually at low concen-
trations, that can change the crystal shape. Many sci-
entists and engineers have studied the effect of additives
on crystal shape, and have proposed mechanisms for how
the additives affect the crystal growth process (Dirksen
and Ring, 1991). An exciting recent development is that
simulation models are becoming available for predicting
the effect of solvent type and additive concentrations on
the crystal shape (Winn and Doherty, 2000). Industrial
demand for such models ensures that this area will re-
ceive a significant amount of attention in future years.
While there have been some successes, work is needed
to validate the model predictions for more crystal sys-
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tems. This will likely result in improvements in the as-
sumptions underlying the simulation algorithms, includ-
ing better models for the interactions between the solute
and solvent molecules. Such simulation models will en-
able the selection of solvents and additives to give a de-
sired crystal shape, and may someday reduce the amount
of experimental data needed to identify models for relat-
ing the manipulated variables to the shape distribution
in industrial crystallizers.

It is expected that it will become increasingly com-
mon to study crystallizers in which the fluid is not per-
fectly mixed (the case in practice). One approach is to
model the crystallizer as an interconnection of perfectly
mixed crystallizers (Bohlin and Rasmuson, 1996; Kramer
et al., 1996; Sha and Palosaari, 2000), as was discussed
in the Modeling section. This is already easily feasi-
ble with modern computing power. Others have started
to apply full-blown computational fluid dynamics codes
(Sha et al., 1999; Wei and Garside, 1997). It is expected
that stochastic modeling techniques will receive greater
attention in future years. Significant effort is expected
over the next decade to incorporate the understanding
obtained by these more complex simulation codes into
estimation and control algorithms.

Another trend is that advanced control algorithms
are beginning to be applied to crystallization processes.
Crystallization processes have all the characteristics that
makes an interesting control problem—partial differen-
tial equations, nonlinear dynamics, significant uncertain-
ties, unmeasured state variables, significant disturbances
and sensor noise, etc. Crystallization is among those
processes that can benefit from advanced process con-
trol. Crystallization processes pose a rich array of con-
trol problems that are expected to keep process control
engineers engaged for some time.
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Abstract
The purpose of this paper is to describe the importance of the underlying relationship between control strategy design
and model predictive control. Successes and problems encountered when implementing model predictive control (MPC)
on chemical processes have revealed that understanding this relationship provides insight into the nature of the process
control problem. Model predictive control (MPC) has been used as an effective tool to gain the process control benefits
that come from its ability to handle constraints, process interactions, and multiple time frames. The use of the MPC
algorithm on a variety of chemical processes has led to insight on how to effectively use MPC along with traditional
control strategy notions to improve process control. The development of control strategies using MPC has resulted in the
typically reported benefits of increased throughput and reduced process variability. Several issues remain to be addressed.
These include controller tuning, complex performance criteria, depth of integration of MPC with the regulatory control
layer, redundant process information, and controller robustness to measurement loss or deterioration.
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Introduction

Process control strategy design has been the cornerstone
of successful application of process control technology for
many years. As new process control methods and algo-
rithms have been conceived and developed, their success-
ful application in the process industries has relied upon
the underlying insight into the nature of the process.
Certainly, if one chooses the right problem the success of
a particular technology is enhanced. One technology can
be shown to be superior to another simply by judicious
choice of application. The success of model predictive
control lies in its ability to cast process control strategy
choices into a manageable framework. The capability
to dynamically decouple process control loops, to handle
process constraints, and to minimize deviation from set
point are important but are more tactical in nature com-
pared to the control strategy changes that take place.

As a model predictive controller is exercised through-
out its allowable range, any number of control strate-
gies may be manifested. The ability to understand the
ramifications and consequences of each strategy or group
of strategies is key to the successful implementation of
model predictive control. In the past, we had a fixed con-
trol strategy. The process control designer was charged
with the design of a strategy that would perform the best
for as wide a range of circumstances as possible. Often if
it were known beforehand that a strategy could not han-
dle a particular set of conditions, those conditions were
avoided during operation or protected against on a case-
by-case basis. Given that the control strategy was fixed,
it was studied by subjecting it to the variety of distur-
bances and operating scenarios that were plausible. As
unexpected operating conditions and disturbances were
encountered, the plant operators acted as “test pilots”
having to manage the new operating regime as best they
could.

Model predictive controllers provide the capability to

change the fundamental control strategy while the pro-
cess is operating—in its simplest sense acting as a control
system override. The opportunity to exercise and explore
complex MPC control designs is limited by the factorial
number of possible strategies that can be in effect at a
given time. How each of these strategies will respond to
an array of disturbances and operating conditions must
be answered or addressed to avoid having “test pilots”
testing systems that look like black boxes.

The evolution of process control technology has ex-
panded the role for the process control engineer. The
notion of designing multiple, complex control strategies
that can change during the normal course of operation is
becoming more prevalent. Certainly high and low select
overrides have been around for many years. However,
the extent to which even mildly complex MPC appli-
cations result in unexpected control strategies is a new
realm. The purpose of this paper is to discuss how this
new focus is unfolding.

This paper starts with a perspective on the current
process control work environment in the chemical indus-
try. This perspective highlights what a process control
engineer is likely to face in today’s world. With this per-
spective as a backdrop, a linkage is developed between
the familiar territory of control strategy design and the
newer, possibly unfamiliar tool, model predictive con-
trol. This linkage demonstrates the need and value of
accumulated process knowledge and traditional process
control notions when faced with reaping the widely ac-
knowledged benefits of model predictive control. The
paper concludes with examples that highlight the vari-
ety of problems benefiting from our application of model
predictive control and that illustrate some of the imple-
mentation issues that we have encountered.
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The Process Control Landscape in the
Chemical Industry

New Plants

Normally for new plants the process control design is
determined as a fixed strategy that provides regulatory
control for the array of expected disturbances and opera-
tion regimes. The focus during this activity is maintain-
ing the plant operation at a nominal operating condition
from which operations can move to achieve product prop-
erties. New plants often contain new technology that in-
volves uncertainty of operation and of performance. All
that is needed of the control system is to maintain sta-
bility and to be understandable by personnel with a wide
range of experience and education levels. Forays into the
use of advanced control techniques on unfamiliar unit op-
erations or processes employing new process technology
have usually demonstrated that starting up with a sim-
ple, understandable control system is best. Once the
operating characteristics are more known then the oper-
ation can be optimized employing more advanced control
techniques.

The design of control strategies for new facilities war-
rants the need for control strategy design and analysis.
The formation of rugged, well thought out regulatory
control strategy designs that can withstand the variety
of disturbances and operating abnormalities encountered
during the first year of plant operation is a requirement
for future process control enhancements. Undoubtedly,
operating a process closer to optimum conditions and
determining where that is requires some semblance of
stable operation. There has been much written and pre-
sented to help integrate the process and the control strat-
egy design. Recent examples include Barolo and Pap-
ini (2000), Groenendijk et al. (2000), and Tseng et al.
(1999). These efforts are directed at the development
of process designs and regulatory control strategies that
achieve good regulatory control. This work is to be rec-
ognized for providing guidance where a few years ago
there was none. In a similar vein, Luyben (1998c; 1998a;
1998b; 2000) has published a series of articles to guide
control strategy development based on process situa-
tions. While the incorporation of advanced control tech-
nology into the process design phase is a notable goal,
current practice is to get new processes up and running
first and follow later with control system enhancements.

Existing Plants

Once a plant has been in operation long enough to find
and fix problems that preclude stable operation then the
initiation of process improvement activities is a natural
consequence. It is during this time that enough is learned
about the operation that advanced control techniques
can be successfully applied. During this time the linkage
among what is needed, what is feasible, and the appro-
priate technology to apply is most important. Among

the many improvement opportunities and the flood of
available technologies, it is necessary for the process con-
trol engineer to discriminate between process equipment
problems and control strategy problems. Often process
improvements that come from process control changes
are of the control strategy variety rather than control al-
gorithm changes. From our viewpoint, MPC is regarded
as a “control strategy change agent” instead of an algo-
rithm for improved high performance control. Indeed,
it is capable of both. The effort needed to develop and
maintain models accurate enough for high performance
control, however, often outweighs the marginal benefits.
The need to change control strategies for differing modes
of operation has been more persistent.

The process knowledge available for existing plants
provides insight into the true objective that needs to be
achieved by the control system. While cursory overviews
of plant operation may yield process control objectives
that appear reasonable, often a deeper process insight is
needed to arrive at the desired process objectives. This
deeper process insight comes from understanding process
chemistry, unit operation objectives, business objectives,
and process flow structures.

Control Objectives

The definition of process control objectives often involves
an evolutionary path. Often an initial statement of what
the control system should do is oriented around what the
current control system cannot do. “If only we could con-
trol the temperature, we would be happy with our opera-
tion” leads to “The temperature control we have is great,
but what we really need is to control the composition
of . . . ”. This in turn may lead to other objectives that
may change once the successive performance plateaus are
reached. As process control systems hold key variables
within narrower and narrower limits, the costs in terms
of increased variation in other non-key variables becomes
apparent and control objectives change. Furthermore,
tighter control allows process engineers to see process
improvement opportunities that are otherwise hidden.

When product requirements change, control objectives
may need to be altered. These changes may involve a
simple change such as altering controller weighting pa-
rameters or require an entire control system structure
change. Labor, retraining, and opportunity costs to
maintain and improve advanced control systems when
process objectives change are compared with the eco-
nomic benefits. This situation results in large, single
product, unchanging plants to be obvious candidates for
advanced control applications. This type of application
is common and has been reported often in the literature.
On the other hand, for plants that are smaller, multiple
product, or undergo occasional change there is a need to
be able to reap the benefits available from advanced con-
trol without prohibitive costs. An MPC structure that
can represent various control strategies can be a very
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effective tool.
In this more fluid application environment, we are not

driving for a lower IAE, ITAE, etc. as much as we are ad-
dressing opportunities to conveniently drive processes to
the optimum steady state when constraints are encoun-
tered. In many of our applications it is the steady state
targeting feature of model predictive control that is the
important piece. Control objectives that we encounter
are much more focused on where the process will line out
under various conditions rather than on how a process
will dynamically respond.

The Academic/Vendor/Industry Relationship

The implementation of process control technology, and in
particular model predictive control, requires process con-
trol skills that may not be taught in the normal under-
graduate curriculum. Certainly skills arising from formal
training in this area may not be recent or deep enough to
warrant a personal embarkation into an advanced con-
trol project. The role of the corporate process control
group in the chemical industry is pivotal in channeling
the technology to the appropriate applications and en-
suring their success. Without such a group, the linkage is
weak between those with the problems and those possess-
ing the solutions. A central group can provide the stan-
dardization and stewardship needed for company wide
application.

The process control vendor has historically provided
the control toolkit needed to apply process control tech-
nology along with training and personnel to use their
products. The current climate of specialization of ser-
vice providers as modeled in the communications indus-
tries is becoming popular in the chemical industry as
well. Vendors are moving from providing a product to
providing a service. Academic institutions on the other
hand provide trained personnel and technology ideas but
no industrially hardened products. The process control
toolkits on the market today have a variety of technolo-
gies that hopefully weave together to make their use easy.
The relationship between vendors and academicians is
becoming stronger. This is driven by a viewpoint that
few companies have the wherewithal to incorporate new
theoretical advancements into their day-to-day business.
Process control vendors are becoming a more important
avenue through which theoretical advancements make
their way to industrial practice.

Companies are in transition to meet relentless market
pressures on shorter and shorter time horizons and the
lure of marketing suggestions that promise short pay-
back times while requiring little long term corporate in-
vestment are strong. The choice of appropriate control
technology requires an unbiased viewpoint. Often times
the solution of a control problem can be accomplished
via many technology avenues. If a vendor is selling ham-
mers then the vendor sees most problems looking like
nails. The implementation of advanced control is only

warranted where simpler control techniques are inade-
quate. Corporate process control groups should have
the knowledge to make choices among competing tech-
nologies based on life cycle costs and other intangible
factors. Vendors while economically driven should nev-
ertheless provide a similar unbiased approach to problem
solution.

The identification of appropriate candidates for ad-
vanced control usually requires proprietary knowledge
of process economics, process weaknesses, process chem-
istry, and even corporate politics. Relying upon opera-
tion personnel to identify candidates in the midst of reg-
ulatory, labor, and production demands is difficult for
reasonably steady operations and nearly impossible for
constantly changing production environments. Indeed,
a process control specialist with knowledge of corporate
objectives and a process viewpoint of the larger picture
has a much better chance of identifying the best projects.
Once projects are selected, the process knowledge needed
to reach solutions is normally located within operations.
Often that knowledge is shared with the in-house process
control specialist because of past experiences, built up
trust relationships, or personal relationships. The criti-
cality of process knowledge cannot be overstated (Downs
and Doss, 1991). How much process knowledge can be
shared with non-company personnel, secrecy agreements
notwithstanding, is always a subject of debate. Process
discoveries during implementation, accumulated process
operational savvy, and application tricks are all subject
to loss after the project is complete. In addition, process
control revelations arising from implementation become
leveragable knowledge for the control vendor. Undeni-
ably, early customers are in the role of guinea pig until
adequate enhancements harden advanced control prod-
ucts.

One of the most important factors in the success of
process control projects is the long-term maintenance of
the finished product. Valves change, transmitter ranges
change, processes change. There is an inevitable march
toward a process that sooner or later does not match the
process control system. For large volume plants with
only a few products the process control system may re-
main valid for several years. However, as the variety
of projects increases, the applications require more sup-
port. Local personnel can change simple items, however,
software upgrades, process changes, and even retuning
will probably require specialized support. This support
can be provided by service contracts or by in-house spe-
cialist.

In this environment, Eastman has thus far benefited
from having a corporate group to manage this activity.
The Eastman process control group has maintained the
strength to objectively evaluate the cost/benefit tradeoff
in the spectrum ranging from an entirely in-house pro-
cess control program to one that is entirely contracted to
a service provider. Our current approach is to purchase
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those products and technology that provide value and
are generally one-time in cost. Those products that en-
tail on-going costs for each use or application have been
used sparingly due to their continual drain on process
control profitability. Each company trades off between
the expense of maintaining in-house talent and purchas-
ing that talent through vendors. However, recent in-
formal survey data indicates that the need for in-house
process control expertise remains strong (Downs, 2000).

We believe that there is a strong case for academia
to continue to provide people knowledgeable in process
control not only for service vendors but also for corpo-
rate in-house needs. The propagation of process control
technology from the academic realm to the industrial
shop floor requires both vendor and user comprehension.
Movement toward a strictly “vendor/supplier sells con-
trol system hardware/solutions/knowledge to corporate
consumer” may appeal to the compartmentally minded.
However, once the corporate user becomes ignorant in
the technology, the synergy between process design, con-
trol, and operation is lost. The lack of process control
talent in any of academic research, process control ven-
dor, or corporate consumer is a weakness and handicap
for all concerned.

Instantiation of Supervisory Control Systems

Underlying the application of advanced technology is the
computational platform and distributed control system
in place. Decisions of complexity and distributive relia-
bility are important factors in the definition of scope for
advanced control applications. As advanced control algo-
rithms become available on regulatory level distributed
control systems, the process control engineer is faced not
only with a technology decision but also with a choice
of vendor instantiation of advanced control technology.
While algorithm fundamentals are published and well
known, it is often the subtle modifications of published
technology that make the technology actually work in
practice. Each vendor claiming that their implementa-
tion is superior to their competitors can create a con-
fusing climate that clouds the more important issues of
control system objectives.

While it may seem that the development of process
control technology is a mature area, the application of
the technology available is quite young. The field is much
bigger than the $3M project to apply MPC on the next
mega-sized olefins plant. It is much bigger than the ap-
plication on the “off-the-shelf” polymers facility. Mining
the industry for valuable applications that may not be of
the high throughput/low margin genre is widespread for
exploitation. However, to do this effectively the appli-
cation costs must be low. Eastman has written its own
MPC code to enable “free” replication of MPC technol-
ogy in addition to the learning of the technology that
comes with such an endeavor. We have applied the in-
finite horizon model predictive control algorithm as de-

scribed by Muske and Rawlings (1993). The IHMPC
algorithm is based on a state space description of the
process. A Kalman filter is used as a plant observer to
reconstruct plant states, a quadratic program formula-
tion is used to determine steady state process targets,
and an infinite horizon linear quadratic regulator prob-
lem is solved to determine process inputs. Additional im-
plementation details are described in Downs and Vogel
(2001). Certainly, as Qin and Badgwell (1997) point out,
there are numerous implementations of model predictive
control algorithms. With as much research and devel-
opment effort that model predictive control has com-
manded it would be a shame if questions such as which
implementation of MPC to use, implementation costs,
etc. inhibited the harvesting of the fruit this technology
offers.

Our experience suggests that there are numerous good
applications that require MPC to be integrated with
other process control technologies. This integration de-
mands an understanding of our chemical processes, their
regulatory control strategies, the array of process control
technologies available, and how to apply various tech-
nologies effectively. The variety of process control needs,
process control technology, and the underlying hardware
available have led to an increased need for broad based,
knowledgeable process control talent.

Motivating Example—A Low Selector

The linkage between control strategy design and model
predictive control has provided insight into the problem
formulation and design of advanced control systems. The
examples in this paper are intended to highlight the vari-
ety of application needs, MPC control structure, and the
control strategy viewpoint. A motivating example cen-
tered on a distillation column control problem demon-
strates the relationship between control strategy design
and MPC design. Each example illustrates the impor-
tance of control strategy concepts when developing good
MPC problem statements.

The concept of controlling unit operations within pro-
cess constraints has been around for many years. The use
of high and low selectors to prevent an operation from
violating constraints can be viewed as a control strategy
change agent. Consider the column illustrated in Fig-
ure 1. One control objective is to manipulate steam flow
rate to control the underflow composition. If the column
feed rate becomes large enough then the steam rate may
increase to the point of flooding the column. A low select
can be used to choose the lower of two desired steam flow
set points, that requested by the column delta pressure
controller or that requested by the underflow composi-
tion controller.

The low selector changes the column control strategy
from an underflow composition to steam strategy to a
column delta pressure to steam strategy. In the former,
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Figure 1: Distillation column with low selector on
heat input.

the column loading will change in an attempt to main-
tain a relatively constant underflow composition. In the
latter, the underflow composition will vary and yield to
maintaining the column loading at a maximum value.

The steady state that this column will approach is ap-
parent in this simple example, as are the two control
loops that can be invoked. The two control loops, com-
position to steam and delta pressure to steam, will have
different dynamics and may need to be tuned differently.
Other control blocks can be added to make the transition
from one strategy to another a smooth one. Current dis-
tributed control systems usually handle initialization of
the non-selected controller. The influence of other con-
trol loops such as the temperature to reflux rate loop
could also be incorporated. Other variables that depend
on the steam rate and that need to be maintained within
constraints could be added to the low selector. For ex-
ample, the distillate flow rate may feed a downstream
operation that has a maximum feed rate limit. If the
column control demands a distillate rate that exceeds
this limit, we may instead want to give up on the under-
flow composition to maintain temperature control. The
list of possible constraint additions obviously could go
on. As plant designs become more integrated this type
of constraint escalation becomes more prevalent.

For the case of one manipulated variable, each con-
straint represents a different control strategy. However,
if there is more than one manipulated variable then the
number of possible control strategies is much larger. The

understanding of what control strategy might be instan-
tiated at any given time is an integral part of the design
of the high and low selectors. Each possible pairing can
be examined and verified for practical sense. If the num-
ber of possible strategies becomes too large to be reason-
ably evaluated, the high/low selectors are reconsidered
and alternatives to achieve the control objective are de-
veloped. There is a self-regulating nature to the control
design process—if the strategy becomes too complex to
understand all that might happen, then simplifications
are made.

Contrast the high/low selector design process to the
model predictive control application mentality of today.
It is so easy to add input or output constraints that a
complete analysis of the resulting controller can become
practically impossible. The unusual controller pairings
that may result can be quite unexpected. Viewing model
predictive control as a control strategy change agent can
lead to insight into what the controller might end up con-
trolling with what. This insight can provide guidance in
what dynamic relationships are important in controller
performance and robustness. Furthermore, do the op-
eration regimes where the controller may end up make
sense—even if they are stable? At Eastman we spend
considerable time on determining why an undesirable
outcome has occurred only to find out that the controller
has done exactly what we programmed it to do. It has
become evident to us that viewing MPC in light of con-
trol strategy design has made our MPC design job much
easier and more intuitive.

Multivariable Control Applied to a Distil-
lation Column

Problem Statement

Using high and low selectors for constraint control when
more than one manipulated variable is involved quickly
leads to application of MPC to more easily manage pro-
cess constraints. When viewed as a control strategy
change agent it is realized that the number of different
control strategies that can be active at any one time is
large. Each of these strategies can be evaluated based on
numerous tools that have been developed over the years
such as RGA, Niederlinski Index, SVD, etc. (Bristol,
1966; McAvoy, 1983). The issues of control loop inter-
action, degeneracy of degrees of freedom, and sensitivity
to model error that control strategy analysis tools ad-
dress can be applied to understand underlying problems
in MPC applications.

Our approach in using MPC is one of understanding
the control strategy that we want to invoke and how we
want that strategy to change under different operating
scenarios and then using MPC to accomplish this. As a
result our MPC applications are studied more from the
steady state viewpoint than a dynamic one. Certainly
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Figure 2: Distillation column.

we have cases where the dynamic advantages of MPC
are exploited, but we have found that the steady state
features are of most benefit.

Another important design consideration for supervi-
sory control that employs model predictive controllers is
the controller architecture. At one end of the spectrum
is the flat architecture that has all the measurements
and manipulated variables in one MPC controller. This
structure takes on the appearance of a “black box” and
it is sometimes difficult to diagnose underlying controller
problems. At the other end of the spectrum is a ver-
tical architecture that resembles a multi-layer cascade
structure. This structure has the advantage of building
control strategies using conventional process control no-
tions and of segregating unrelated parts of the controller.
Using the vertical structure, however, requires that the
issues of controller initialization, constraint passing be-
tween layers, and controller speeds of response be man-
aged.

To illustrate some of these issues consider the distil-
lation column illustrated in Figure 2. We assume that
process analysis has been completed to determine that
the following process objectives are to be achieved:

1. Maintain tray temperature in the rectifying section
at set point

2. Maintain underflow composition at set point

3. Maintain feed rate at set point

4. Maintain column pressure drop less than a given
maximum
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Figure 3: Distillation column hybrid control strategy.

5. Maintain the column distillate rate less than a given
maximum

6. Minimize energy usage

We have reflux rate, heat input rate, feed rate and
cooling rate available to manipulate. Of course, even
getting to this step required a decision to control reflux
drum level with distillate rate and reboiler level with
underflow rate. These controllers could also be added
to the control strategy development problem but will be
assumed as given here. Developing a control strategy
to achieve these objectives is incomplete until we know
what set points to give up on if the column becomes
constrained—a ranking of importance is also required.
For this example we will assume that the temperature
in the rectifying section is the most important followed
by column feed rate followed by underflow composition,
which is the least important.

Case 1—A Hybrid Strategy

Consider first a hybrid strategy that employs an under-
lying SISO strategy that is illustrated in Figure 3. This
may be a strategy that has been successfully used for
many years and is effective in maintaining the rectifying
temperature at its set point. Our job is simply to achieve
the stated objectives by overlaying an “advanced con-
trol system” above the regulatory SISO strategy. This is
common when the regulatory strategy is sound and pro-
vides stabilizing control during periods of process upsets,
start-ups, etc.

A steady state process gain matrix for the resulting
variables is
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Heat
Input

Feed
Rate

Underflow Composition -1 0.5
Feed Rate 0 1
Distillate Rate 0.01 0.5
Pressure Drop 1 0

During normal operation with no constraint active an
MPC controller will line out with the underflow compo-
sition and feed rate at set point and the distillate rate
and pressure drop within limits. The control strategy
active at this time has the steady state gain matrix,

Heat
Input

Feed
Rate

Underflow Composition -1 0.5
Feed Rate 0 1

Clearly we can see that the resulting MPC controller
will look a lot like underflow composition to heat input
and feed rate set constant with a feed forward term be-
tween feed rate and heat input. Interaction measures
would say that this strategy should work fine—in fact,
the relative gain for each loop is equal to one.

Consider how operations change if the pressure drop
constraint becomes active. If we are to give up on un-
derflow composition first and maintain feed rate then we
end up with a gain matrix,

Heat
Input

Feed
Rate

Feed Rate 0 1
Pressure Drop 1 0

which again indicates that MPC will work well. How-
ever, if it is desired to give up instead on feed rate and
maintain underflow composition then the gain matrix is

Heat
Input

Feed
Rate

Underflow Composition -1 0.5
Pressure Drop 1 0

and we will have a more difficult control problem. In fact
the model relating underflow composition to feed rate at
constant heat input becomes more important because
it is the only link that the feed rate has into the con-
trol strategy. During normal operation this model only
influences the feedforward relationship between heat in-
put and feed rate whereas in this constrained case it is
the primary relationship for underflow composition con-
trol. This difference in control problem characteristics
resulted from a change in the steady state weighting of
the controlled variable importance. Certainly, this is an
innocent change that has important ramifications on the
resulting control problem.

Next consider the case where the distillate rate is con-
strained and again where we are to give up on underflow
composition and maintain feed rate. This scenario yields
the following gain matrix

Heat
Input

Feed
Rate

Feed Rate 0 1
Distillate Rate 0.01 0.5

which is almost degenerate. Large steady state heat in-
put changes are needed to have any effect on the distillate
rate. Certainly for this simple example, process insight
might key us into the fact that the distillate rate and
the feed rate are so closely tied together that this re-
quirement is unreasonable. However, this case was quite
reasonable when it was the column pressure drop that
was the constraint instead of the column distillate rate.
This behavior points to the fact that steady state weight-
ing preferences may easily lead to difficult dynamic con-
trol problems that have poor characteristics regarding
interaction or robustness.

Finally consider the case where both constraints are
active. The gain matrix again becomes docile and well
behaved.

Heat
Input

Feed
Rate

Distillate Rate 0.01 0.5
Pressure Drop 1 0

The heat input maximizes the column pressure drop
to keep the underflow composition as close to target as
possible and the feed rate is reduced to keep the column
distillate rate within its limits. If we knew these con-
straints were always going to be active, this may even be
a strategy we would design.

Each constraint scenario yields a different control
strategy; some of these strategies are well behaved and
some are clearly not strategies that we would want to de-
ploy. The transition between different strategies is seam-
less and it may appear that if you can describe the con-
trol objective in terms of an MPC structure your prob-
lems are over—simply configure, tune, and start counting
the savings. However, this is not the case and for MPC
controllers that have these time bombs buried within
them, it usually happens that the poor, unforeseen strat-
egy gets invoked late at night or on holiday weekends.

Case 2—A Less Hybrid Strategy

If the temperature in the rectifying section of the column
is in fact less important than the feed rate or underflow
composition, then it is advantageous to move that con-
trol loop from the regulatory level to the supervisory
level. This allows the importance of holding the tem-
perature at set point to be given a lower weight in the
steady state target calculation. As long as the tempera-
ture is controlled at the regulatory layer, the reflux will
change in an attempt to get the temperature to target
even though this may have a low priority. Consider a dif-
ferent hybrid strategy that employs an underlying SISO
structure that is only used to handle level control loops.
In this case the rectifying temperature and reflux rate are
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Figure 4: Distillation column hybrid control strategy
with reflux rate in supervisory control layer.

in the supervisory layer. A candidate strategy is illus-
trated in Figure 4. There is advantage to leaving inven-
tory loops at a PID level because it keeps the supervisory
controller dealing only with self regulating loops and can
help avoid reliability issues around advanced control sys-
tems. Our job is simply to achieve the stated objectives
by overlaying an “advanced control system” above the
regulatory control strategy. It is noted, however, that
once the underlying inventory control strategy is chosen,
many options for the overall control are eliminated.

A steady state process gain matrix for the resulting
variables is given by

Heat
Input

Feed
Rate

Reflux
Rate

Underflow Composition -2 0.3 1
Feed Rate 0 1 0
Temperature 1 0.1 -0.8
Distillate Rate 2 0 -1
Pressure Drop 1 0 0.1

When no constraints are active, controlling the under-
flow composition, feed rate, and temperature using the
heat input set point, feed rate set point, and the reflux
rate set point leads to a well-behaved process gain ma-
trix. MPC in this case simply provides mild decoupling
of the implied SISO loops. The RGA for this case is

Heat
Input

Feed
Rate

Reflux
Rate

Underflow Composition 2.66 0 -1.66
Feed Rate 0 1 0
Temperature -1.66 0 2.66

and using it to pair loops one can envision an SISO strat-
egy as shown in Figure 5.
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Figure 5: Distillation column control strategy during
unconstrained operation.

When constraints become active, the implied control
strategy changes and the resulting implied strategy is
dependent on the importance placed on the variables
having set points, that is, which controlled variables are
allowed to deviate from their set point. Using a linear
program (LP) for the determination of steady state op-
eration results in answers that lie at a vertex and an im-
plied control strategy that has controlled variables that
do not line out at set point entering the problem in a
sequential manner as constraints become active. Using a
quadratic program (QP) for the determination of steady
state operation results in answers that can look blended.
For example, two controlled variables can be allowed to
deviate from set point equally and can enter the prob-
lem in a parallel manner. There has been recent work to
explore the steady state target problem formulation and
calculation (Kassmann et al., 2000).

Consider the case where the column pressure drop con-
straint becomes active and the column rectifying tem-
perature is to be allowed to deviate from set point. The
resulting controller gain matrix is

Heat
Input

Feed
Rate

Reflux
Rate

Underflow Composition -2 0.3 1
Feed Rate 0 1 0
Pressure Drop 1 0 0.1

An RGA calculation of this matrix is given by
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Figure 6: Distillation column control strategy when
delta pressure becomes constrained

Heat
Input

Feed
Rate

Reflux
Rate

Underflow Composition 1/6 0 5/6
Feed Rate 0 1 0
Pressure Drop 5/6 0 1/6

and suggests a control strategy as shown in Figure 6.
From the gain matrix we can see that this pairing is a
pretty obvious one if the variables we are required to con-
trol are the ones shown. However, presented with this
control design problem from an SISO point of view, we
would probably be looking for alternatives—controlling
the underflow composition with the reflux just doesn’t
look too promising. If we expect this case to occur then
we would probably want to spend additional effort de-
termining the relationship between reflux and underflow
composition when the feed and pressure drop are con-
stant. This is, of course, different than the relationship
determined during open loop testing when the feed and
heat input are constant. The understanding of what con-
trol strategies can look like under different constraint
scenarios leads to insight into why an MPC controller
might fail or perform poorly.

Finally, the question of including the reflux drum level,
column reboiler level, and column pressure in the super-
visory control layer must also be addressed. Including
the level measurements and their control in MPC leads
to handling a mix of self-regulating and integrating vari-
ables. It is not clear to us which predictive control tech-
nologies on the market are equipped to handle this case.

Depending on the column reflux ratio, which may change
during the course of operation, the level control strategy
may be best left alone and on the regulatory layer or it
may be paramount that it to be given over to the super-
visory controller.

Incorporating the column pressure control into the su-
pervisory layer may at first seem unwise. However, the
ability to change the operating pressure of the column
can lead to increased energy efficiency provided it can
be done in a coordinated way with the other column
controls. That, of course, is exactly what MPC does.

Process Applications

This paper contains examples of the variety of applica-
tions benefiting from our use of model predictive control.
Our successful record of gaining benefit from this tech-
nology has relied upon several basic tenets. First, our
ability to develop good regulatory control strategies has
provided a solid foundation on which to build higher-
level supervisory control systems. The benefit and re-
sults from this step sometimes indicate that this is all
that needs to be done. Second, the identification of good
advanced control candidates has required an understand-
ing of the process economics to screen for high value ap-
plications. Third, the costs of solution development and
implementation has been kept low and not hindered the
“leap of faith” often required of operations. Fourth, a
building block approach to reaching intermediate pro-
cess control milestones has led to increasing complexity
and value that could not be envisioned at the start of
projects. Fifth, the integration of process improvement
functions already in place (e.g. design of experiments,
equipment design, process chemistry experiments) has
led to control objectives that were unknown at project
initiation. Finally, maintenance of our applications has
led to new opportunities and relationships that have in
turn grown this aspect of our work.

Reactor Product Crystallization Train

Illustrated in Figure 7 is a common situation where the
control strategy needs to change during operation. Con-
sider the problem of controlling the four crystallizer lev-
els and a total throughput rate using the five manipu-
lated variables shown. A common SISO strategy, Fig-
ure 8, would be to set the throughput rate using the re-
actor feed and then have a level to outflow pairing for the
four crystallizers. This strategy has two problems. First
the process variation will be propagated downstream and
the fourth and perhaps the most important crystallizer
will be the one getting the most variability in its feed
flow rate. Second, if the process bottleneck is somewhere
other than the reactor, then the throughput rate needs
to be lowered enough to insure that the valve or crystal-
lizer that is the bottleneck does not exceed its capability
when throughput rates cycle through a maximum.
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Figure 7: Reactor followed by crystallization train.
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Figure 8: Original control strategy for reactor fol-
lowed by crystallization train.
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Figure 9: Level control strategy for reactor followed
by crystallization train when downstream valve be-
comes constrained.

A model predictive controller has the ability to change
the level control strategy as needed via the constraint
handling. If the feed to the fourth crystallizer is the pro-
cess constraint then the level control strategy becomes
that shown in Figure 9. Of course this constraint, which
may be more complicated than a simple valve limit, can
move to different locations and a model predictive con-
troller can accommodate this. Another advantage of a
model predictive controller in this application is that it
can be tuned to distribute the variability to the units
that are least upset by flow variations. The level control
variability in this example can be directed more toward
the first and second crystallizers and away from the later
ones.

There are implementation considerations needed to
maintain operation when more than one manipulated
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Figure 10: Parallel distillation column loading.

variable becomes constrained or gets put into manual.
Procedures are needed to control the process to some
extent when no steady state solution to the model equa-
tions exists. This example is one of many where man-
agement of process inventories is important. These in-
ventory control problems can span a single process like
this example or cover large networks of in-process tank-
age. The ability to handle integrating variables and to
distribute level and flow variability is important in this
category of problems. Benefits of reduced flow variability
often translate into increased production rates. The abil-
ity to handle unit operation feed constraints that move
from unit to unit based on processing conditions is also
an important benefit arising form this type of problem.

Parallel Distillation Column Loader

Illustrated in Figure 10 is a common situation where sev-
eral parallel unit operations need to be used in an effi-
cient manner. In this example there are three isomer
separation distillation columns that process a reactor ef-
fluent. The control objective is to maintain the total
feed to the system at a specified target and to load the
columns in an efficient manner. Each column has an
effective SISO control strategy that controls end com-
positions by manipulating distillate rate and heat input.
Manipulating cooling duty controls the operating pres-
sure of each column. The feed rate capacity as measured
by column differential pressure and the separation effi-
ciency are a function of the column operating pressure.

The control objective can be met by manipulating the
feed rate to each column and the operating pressure of
each column. Certainly other choices can be made. In
particular, the depth to which the individual column reg-
ulatory control strategy is included in the model predic-
tive controller is an important decision. The column reg-
ulatory controls will have to respond when the column
operating pressure is changed. If this is expected to be
a slow change the supervisory system may simply layer
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on top of the existing regulatory control. However, if the
total feed rate and hence the pressure are expected to be
changed more quickly, then the composition loops may
need to be incorporated into the supervisory layer. If the
economics strongly suggest that operation at minimum
pressure is required, then the notion of running each col-
umn at its maximum pressure differential and manipu-
lating the column pressures to control feed rates is not
too far away. Unusual strategies like this one require
process understanding to uncover pitfalls and unusual
unit operation behavior that may make such a sugges-
tion laughable.

This type of process loading to parallel unit operations
is common. Usually the parallel operations have differ-
ing efficiencies that can be determined to minimize the
processing costs. Often the operating efficiencies of the
units are a function of how loaded the unit is. The ef-
ficiency often goes through a maximum indicating more
efficient operation at higher loads up to a point after
which efficiency drops off, usually very quickly.

Flue Gas CO2 Absorber Control

A similar but different situation is illustrated in Fig-
ure 11 where three CO2 absorber systems recover CO2

from three different furnaces. There is a varying de-
mand for recovered CO2. The control objective is to
recover the demand amount of CO2 at the minimum
costs. Each system has a different recovery efficiency
and also has varying amounts of CO2 that are available
for recovery. Each recovery system has its own process
constraints that must be honored.

A model predictive controller can be employed to man-
age the system. There are at least two major model

predictive control strategies that are suggested. One is
a flat, horizontal architecture and the other is a verti-
cal architecture. The horizontal architecture has all the
manipulated variables for each recovery system in the
same MPC. This has the advantage of making all the
information available in one MPC. As constraints be-
come active in one system this information is part of the
MPC calculations for the other systems. The downside
is that changes in one system directly influence the other
systems when local handling of disturbances might be a
better alternative. In addition, there is always the pos-
sibility of a system being down or off-line requiring it to
be removed from the controller.

Process control strategy notions suggest measure-
ments that naturally reject some common process distur-
bances. For example, controlling percent CO2 recovery,
Figure 12, for a system may reject most of the feed rate
disturbances that a local system may experience without
propagating them to the other systems. Similarly, en-
ergy efficiency may also be normalized by feed rate. The
characteristics and patterns of the CO2 users can also
be incorporated into the design of measurements that
reject common disturbances. Process knowledge that ab-
sorber/regenerator systems of this type are suitable for
ratio-oriented strategies can unload the supervisory con-
trol system to perform primarily the optimization work
that it can do best.

Energy Recovery Pressure Controller

Illustrated in Figure 13 is a process environmental con-
trol/energy recovery situation where the control strategy
needs to change during operation. In this example a pro-
cess effluent gas stream contains components that need
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Refining
System

#1
Feed

Refining
System

#2
Feed

Process
Production

Rate

Process
Water
Feed

(measured

disturbance)

Composition -1 -2 1 1
Temperature in Refining System #1 -2 0 -0.2 -0.1
Steam Flow in Refining System #2 0 1 0 0
Composition in Refining System #2 0 0.2 0 0
Recycle from Refining System #2 0 0.5 0 0

Table 1: Steady state process gain matrix for plant wide water balance control.

to be catalytically oxidized. The effluent gas comes from
the top of a distillation column whose condenser can con-
dense and remove some of the effluent as liquid products.
The uncondensed gas is routed to a gas expander used to
recover energy from this high pressure stream before it is
sent to the catalytic oxidizer. The gas expander cools the
gas. There is natural gas fuel that inexpensively preheats
the gas to temperatures needed for catalytic oxidation to
occur. There are maximum and minimum inlet and out-
let temperatures that must be honored to insure proper
component destruction.

The process gain matrix is given by

Column
Distillate

Rate
Fuel
Rate

Expander
Feed
Valve

Expander
Bypass
Valve

Pressure -2 0 -1 -1
Inlet Temp. 0.5 2 -1 0
Exit Temp. 0.5 2 -1 0

This example incorporates the fast process dynamics
associated with pressure control of gas systems. The in-
corporation of pressure control overrides for safety sys-
tems and the combustion control system used for the fuel
can complicate the design of the advanced control strat-
egy. The use of the advanced control system is to layer

on top of the existing safety and burner control systems
and not compromise their operation. In fact, these safety
systems may operate on process control hardware that
is distinct and loosely linked to the platform used for
supervisory control. These issues may dictate the incor-
poration of information indicating how such systems are
interacting with the supervisory control, if at all. Under-
standing the process control hardware, the process oper-
ational requirements, and the safety and environmental
consequences are as much a part of the control system
design as the control technology.

Plant Wide Water Balance Control

Illustrated in Figure 14 is a plant wide control situation
where an overall control strategy needs to change during
operation. In this example a plant contains a component
that travels throughout the process. The component in
this case is water and it is in a plant feed, is produced
by reaction and is removed via two distillation systems.
Refining system #1 is a simple distillation column and
refining system #2 is a combination of columns. The
cost of removal is different for each system and each sys-
tem has process constraints that must be honored. An
important control issue in this case is what measurement
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or combination of measurements indicates the status of
the water balance. The measurement used in this case is
an on-line analyzer on a key stream within the process.

The objective of a model predictive controller is to
maintain the water in balance by manipulating the feed
rates to the two refining systems and, if needed, the over-
all plant production rate. The steady state process gain
matrix is shown in Table 1.

The complications that arise in this example are: (1)
the process time frames are widely diverse, (2) the pro-
cess economics suggest a preferred use of the manipu-
lated variables, and (3) the best approach to identify
the status of the plant water composition may be un-
clear. These issues can be addressed using a layered,
vertical hierarchy or a flat, “all-in-one” strategy. How
one chooses to design the structure depends on not only
understanding the process control ramifications of each
design but also the appropriateness and timing of mak-
ing changes in one part of the plant in response to upsets
in another part of the process.

The ability to add additional process constraints as
they are discovered integrates a longer term support role
for applications of this type. While the initial installa-
tion may incorporate only the constraints listed in the
process gain matrix, good process improvement work
will probably eliminate them and identify new unfore-
seen constraints. This in turn will require the identifi-
cation of new models and support for this application.
For many of our applications process improvement work
thrives when process constraints are clearly identified
and operated against. This creates an environment of
process development whose costs and benefits can clearly
be identified and realized.

Conclusion

The application of process control and, in particular,
model predictive control remains an active and profitable
area for the chemical industry. Considerable progress
has been made to provide a theoretical foundation for
model predictive control and to move it into the main-
stream of application. As this technology becomes more
widespread the implementation issues encountered ev-
ery day will begin to be addressed and this technology
will mature into a powerful tool with routine applica-
tion. In the meantime there remains much to develop
to reach this destination. As demonstrated in the pro-
cess examples, there are numerous application issues that
complicate the use of MPC. These issues include con-
troller tuning, characterizing complex performance crite-
ria, using redundant process information, and controller
robustness. The solution to these issues requires identi-
fication of the problem, short term and possibly ad-hoc
fixes, and research to address the problem in more fun-
damental ways. The need for process control talent for
academic research, process control vendors, and corpo-

rate consumers alike remains strong. Each group brings
a unique and indispensable viewpoint to the effective ap-
plication of process control.

Incorporating the process control strategy viewpoint
into advanced control design has provided Eastman with
a very high success rate when applying advanced con-
trol technology. The understanding and incorporation
of process knowledge continues to be invaluable in the
successful application of new control techniques. The
advent and routine use of model predictive control has
not supplanted the need nor the value of process under-
standing in the successful application of process control
technology. On the contrary, model predictive control
has amplified the need for process and control strategy
analysis and understanding.
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Evolution of an Industrial Nonlinear Model
Predictive Controller
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Abstract
Motivated by a specific manufacturing problem in 1990, Exxon Chemical Company embarked on the development of a
nonlinear multivariable model-based predictive controller. The controller’s evolution has included collaboration among
academic researchers, engineers from industry, and process control software vendors. The resulting control algorithm was
patented by Exxon Chemical Company and commercialized by Dynamic Optimization Technology Products, Inc. At
the same time, several other academic interactions produced results supporting the implemention of these controllers in
our manufacturing facilities. This paper chronicles the evolution of the controller development, and presents the details
of the control algorithm. The control algorithm features are discussed, and where applicable, compared to other model
predictive control (MPC) algorithms. Finally, two industrial examples are presented to illustrate the methodology.
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Introduction

For the past 10 years, Exxon Chemical Company has
pursued development of a methodology to address in-
dustrial process control challenges characterized by non-
linear process responses. Motivated by problems in man-
ufacturing plants, the evolution of this nonlinear control
methodology has drawn on the expertise and experience
of practitioners (both from manufacturing sites and tech-
nology organizations), of academic researchers, and of
process control vendors.

Over these same 10 years, many changes have occurred
within our company, the process control industry, and
to the process control systems technology. Academic
research has significantly increased our understanding
of MPC, especially stability of linear MPC algorithms.
Computer science and optimization technologies have
improved vendor’s packages, making industrial imple-
mentation easier and more effective. Through all of
these changes, the motivation and development of this
algorithm have persisted. While by no means complete,
the evolution of this control algorithm is an interesting
story about how diversely motivated groups of people
can interact to produce a tool capable of solving com-
mercially relevant and intellectually challenging process
control problems.

Motivating Problem

In 1990, Exxon Chemical Company started up a new
polymerization plant using a new catalyst system. While
the details of the process are proprietary, the process in-
volved a single reactor vessel with a simple monomer
recovery/compression recycle. The product is a copoly-
mer composed of two monomers. The control objective
is to control particular polymer resin properties, specif-
ically polymer melt viscosity and polymer density. In

this case, these variables are controlled by manipulating
reactor feed temperature and feed composition. The re-
actor pressure, feed flow rate and feed temperature are
measured disturbance variables. None of the in-reactor
compositions are measured. When compared to similar
plants, the control of this unit was unable to achieve the
expected prime or “right-first-time” production.

Polymerization processes have been considered chal-
lenging process control problems for many years (Ray,
1986). In these processes, the goal is to control poly-
mer product properties, such as polymer melt viscos-
ity and comonomer incorporation, as well as manufac-
turing targets such as production rate and slurry con-
centration. Reaction temperature has very significant
effects on reaction rates, and hence, both the polymer
properties and the process operability. Typically, these
variables are controlled to targets by manipulating the
feed rate and composition, catalyst feed rates, and re-
actor cooling. Often, regulatory control of polymeriza-
tion reactor is achieved with a combination of PID feed-
back/feedforward and ratio controllers (Congalidis et al.,
1989). These control schemes are often adequate for reg-
ulatory control because the process is linear enough near
the operating point that more sophistication is not war-
ranted. This observation continues to be true for many
industrial polymer processes operating today.

However, the apparent gains and time constants be-
tween the control variables and manipulated variables
often exhibit significant nonlinear behavior when a poly-
mer plant makes different grades of polymer. Often,
the simple regulatory control schemes must be tuned at
each operating condition to achieve good control over the
entire operating window of given plant. To maximize
prime production, manufacturing planning attempts set
schedules with every adjacent grade having overlapping
specifications with the previous grade. Also, the process
nonlinearity must not be severe enough to cause signif-
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icant overshoot. Often, planning can not achieve either
of these objectives, resulting in off-prime polymer pro-
duction.

The transition control problem has been examined by
both academic researchers and industrial practitioners
(McAuley and MacGregor, 1992; Debling et al., 1994).
Gain scheduling or multiple-model controller designs
have been suggested approaches to solving this prob-
lem. However, these approaches require a model or data
for each grade and, need an algorithm to decide when
to switch. The downside to either approach is the sig-
nificant added cost of controller maintenance. Industri-
ally, a nonlinear predictive controller designed to execute
polypropylene reactor transitions was successfully imple-
mented (Hillestad and Andersen, 1994). This controller
design is characteristic of linear MPC applications with
the exceptions that it employs a nonlinear model and
includes a state estimator.

Finally, polymerization processes are very suscepti-
ble to changes in unmeasured disturbances such as very
small concentrations of polymerization poisons in the
feed or catalyst activation changes for any variety of rea-
sons. A recent study of a polymerization process demon-
strates that linear MPC can not achieve acceptable con-
troller performance when faced with typical industrial
disturbance signals (Bindlish and Rawlings, 2000).

In the case of the new Exxon Chemical facility, the
combination of the process/equipment design and new
catalyst chemistry resulted in a highly-interactive non-
linear process. The nonlinear effects of both measured
and unmeasured disturbances could not be rejected by
the state-of-the art control technology used on similar re-
actor systems. In short, both the regulatory control and
the transition performance was limited by the nonlinear
behavior of the process to either servo or load changes.

Early Controller and Model Development

During this same time frame, multivariable model pre-
dictive control based on identified linear process models
(Cutler and Ramaker, 1980; Richalet et al., 1978) was
being used to solve significant industrial control prob-
lems. At the time, nonlinear control was already a strong
area of academic research and significant effort had been
made to develop nonlinear MPC algorithms (Bequette,
1991). The program at CPC IV (Arkun and Ray, 1991)
contained several presentations on both topics indicating
that both industry and academia had already recognized
the importance of both technologies.

After careful examination of the motivating polymer-
ization control problem, the Exxon Chemical process
control technology organization determined that using
linear MPC could not yield the desired process perfor-
mance. Even given the significant academic research,
there was no commercially available software to bring
nonlinear MPC technology to bear on the polymeriza-

tion problem.

Early Academic Collaboration

Specifically focusing on how to model and control the
nonlinear behavior of the process, Exxon Chemical Com-
pany elected to collaborate with academic researchers. A
request for competitive bids was issued and awarded for
two specific projects. Both of these projects were con-
tractual agreements with specific milestone dates, deliv-
erables, and non-disclosure agreements.

First, to focus on understanding the process, they con-
tracted the University of Maryland to develop nonlinear
models of the polymerization reactor. As a result of this
effort, Professor K. Y. Choi and co-workers developed
a fundamental model of the reaction process and esti-
mated kinetic parameters for this model from pilot-plant
data. This process model is composed of the dynamic
mass and energy balances that describe the polymer re-
action system. The polymer population balances were
condensed through the use of moments (Ray, 1972) af-
ter applying the quasi-steady-state assumption to the
growing polymer chains. The model is very similar to
others found the open literature (McAuley et al., 1990;
Zacca and Ray, 1993; Ogunnaike, 1994) The fundamen-
tal model was combined with empirical correlations to
relate the polymer moments to polymer resin properties.

Also, Georgia Institute of Technology was contracted
to investigate and develop a nonlinear state estimator
and multivariable predictive controller to be used to con-
trol the polymerization reactor. This work was con-
ducted by Professor Yaman Arkun, Professor Joseph
Schork and their co-workers. The state estimation work
revolved around the implementation of different Kalman
filter and Luenberger observer designs. The controller
algorithm developed was a quasi-linearized QDMC algo-
rithm (Peterson et al., 1992; Charos and Arkun, 1993;
Sriniwas et al., 1995). The controller used the nonlinear
model to predict process trajectories and to compute dis-
turbance estimates. During the final stages of this con-
tract work, the observer/NLMPC algorithms were tested
using the fundamental model developed at the University
of Maryland.

Both of these programs were two year contracts, suc-
cessfully meeting all of the expectations set out at the
beginning. However, as is often the case, these initial
investigations were most successful at providing a more
detailed specification about how Exxon Chemical wanted
to address both the specific polymerization control prob-
lem and the general nonlinear control problem.

Internal Development Program

In the first quarter of 1993, the Exxon Chemical project
team evaluated the results of the two academic con-
tracts and defined an internal development project. This
project was focused on both the specific polymerization
reactor control problem and the development of a nonlin-
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ear MPC (NLC) structure for use within Exxon Chemi-
cal Company.

The earliest milestones involved evaluation and on-line
implementation of the modeling equations. The predic-
tions made using the academic model did not match the
plant data well. After some analysis, the model struc-
ture was modified and new parameters estimated from
plant data. After these two changes, the model tracking
errors were significantly reduced.

During the modeling phase of the development, work
was underway formulating the controller. Characteristic
of the NLMPC developed at Georgia Institute of Tech-
nology, any nonlinear controlled variable (CV) dynam-
ics were retained in the closed-loop response of the con-
troller. In other words, the closed loop CV response was
still a function of the operating point. Illustrating this
behavior is easiest with an example. Consider the follow-
ing nonlinear single-input single-output(SISO) process:

400x3 dx

dt
= −x+ 0.7(1− x)e

−1
u (1)

This contrived example is motivated by a component
mass balance, a single irreversible reaction, and a con-
centration dependent density. The parameters have no
special meaning but were selected to provided a simple
and illustrative example. Figure 1 is the response of
this system of two setpoint changes—from 0.25 to 0.30
and from 0.30 to 0.35. The process is controlled us-
ing a linearized MPC controller as implemented in the
Mathworks Model Predictive Control Toolbox (Morari
and Ricker, 1995). The controller parameters specified
for these simulations are the prediction horizon equal to
the control horizon set to 25, the output weight (ywt)
equal to one and the input weight (uwt) equal to 0.04.
The manipulated variable (MV) or input is constrained
to be greater than 0.05 and less than 10.0. The pro-
cess model used by the controller is a linearized model
of Equation 1 around the initial operating point for each
setpoint change respectively.

Without dwelling on the tuning of the controller, the
observation made by the development team is easily ob-
served in this example (see Figure 1). The dynamics of
the nonlinear process are not compensated for by the
controller and appear in the closed-loop response. This
observation is not surprising for MPC algorithms that
use move suppression as their primary tuning mecha-
nism. Move suppression allows the engineer to indicate
how much input energy can be used. Excessive use of
MV moves is penalized, sacrificing CV response. This
specification amounts to stating that the amount of al-
lowable change in the process inputs does not depend on
the operating conditions. In the case of the polymeriza-
tion problem, this is equivalent to stating that for some
products, a slow transition response is acceptable even
though a faster response is achievable. Re-tuning the
controller for each operating point or, perhaps, parame-
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Figure 1: Quasi-linearized MPC simulation re-
sponses.

terizing the move suppression factor as a function of the
operating point, may provide a way to circumvent this
issue.

However, to the credit of the development team, the
philosophy driving this effort was to avoid the inclusion
of techniques that add to the life-cycle cost of the con-
troller. Techniques like this include the use of:

• multiple linear models to approximate nonlinear
models,

• linearization at each sample time to approximate
nonlinear models,

• gain or tuning scheduling as a function of operating
point.

Each of these techniques requires additional overhead
in both the development and the maintenance of the
controller. If the controller can be designed and imple-
mented directly, this additional cost can be avoided and
the controller is more likely to remain on-line.

To address the nonlinear CV dynamics, a reference
system performance specification was added to the NLC
design. Reference system synthesis (Bartusiak et al.,
1989) is one of a class of differential geometric meth-
ods used for nonlinear control design (Lee and Sulli-
van, 1988; McLellan et al., 1988; Kravaris and Kantor,
1990a,b). Reference system synthesis employs a perfor-
mance specification on the error trajectory to design a
nonlinear control law. In a non-predictive form, this de-
sign methodology was studied as way to control product
properties in gas-phase polyethylene reactors (McAuley
and MacGregor, 1993).

In this development, a reference system specification
is added as a soft constraint to a model predictive con-
troller. The resulting control algorithm is tuned by spec-
ifying the desired process error trajectory for each CV
and the relative weight for each of the CVs. Figure 2
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Figure 2: NLC simulation responses.

presents the result of applying this control algorithm to
the nonlinear SISO example (Equation 1) for the same
two setpoint changes.

The reference system specified describes a second-
order over-damped response with a dominant time con-
stant of 5. The prediction horizon and control horizon
are set to 25, the same in the previous simulation. In
the unconstrained case, both CV responses are identi-
cal and equal to the setpoint change from 0.25 to 0.30.
However, the simulation shows the effect of the high MV
constraint of 10 on the setpoint change from 0.30 to 0.35
(note: u(x=0.30)=2.048, so ∆u = 7.952 at t = 0 is on
the constraint). The quasi-linearized MPC move sup-
pression factor, uwt = 0.04, was selected to generate a
MV response peak value for the setpoint change from
0.25 to 0.30 nearly equal to the NOVA Nonlinear Con-
troller (NLC) peak value. Without reducing this move
suppression factor, the quasi-linearized MPC controller
will not make use of the available input energy to achieve
the desired performance in the second setpoint change.

Besides the addition of the reference system tuning,
the project team chose a controller design based on a
simultaneous optimization/solution algorithm. The im-
plementation was augmented with the necessary code to
initialize the controller. With these modification, the
project team completed the controller in early 1994 and
completed closed-loop testing by year end 1994. All
of the original performance issues that motivated the
work beginning in 1990 were addressed. Regulatory con-
trol achieved performance on par with similar processes.
Transition times were reduced by at least a factor of 2
and were no longer limited by controller performance.

The Nonlinear Control (NLC) Algorithm

The inventors of the control methodology, Fontaine
and Bartusiak, were granted a patent (Bartusiak and
Fontaine, 1997). The methodology was later commercial-

ized by Dynamic Optimization Technology (DOT) Prod-
ucts and is called NOVA Nonlinear Controller (NOVA
NLC, 1997). The algorithm is a nonlinear program
(NLP) optimization problem with a multi-objective cost
function. The optimization problem is solved using the
NOVA DAE solver over a finite time horizon. The solver
uses orthogonal collocation to discretize the equations in
time. The mathematical formulation of the controller is
as follows:

min
uMV

Φ = µ1J1(e) + µ2J2(y, x, u) + µ3J3(∆uMV ) (2)

subject to

0 = f(y, ẋ, x, u, θ) (3)
0 = g(y, ẋ, x, u, θ) (4)

x(0) = x0 and y(0) = y0

0 =
τi
4ξ2i

d2ycvi

dt2
+
dycvi

dt
+

1
τi

(
ycvi − ysphi

i

)
− esphi

i + ssphi
i (5)

0 =
τi
4ξ2i

d2ycvi

dt2
+
dycvi

dt
+

1
τi

(
ycvi

− ysplo
i

)
− esplo

i + ssplo
i (6)

esphi
i , esplo

i , ssphi
i , ssplo

i ≥ 0

uLB
mvj

≤ umvj,k
≤ uUB

mvj
(7)

|uj,k − uj,k−1| ≤ ∆uB
mvj

(8)

The objective function (2) is composed of three com-
ponents. J1 is the cost associated with the dynamic re-
sponse of the closed-loop system. J2 is the economic cost
associated with each of the output and input variables.
Finally, J3 is the cost of moving each of the individual
manipulated input variables. Each of these components
is weighted by the µ weights in the equation.

Equations 3 to 4 define the nonlinear process model
where y are the outputs, x are the states, u are the in-
puts and θ are parameters. The set of outputs, y, is com-
posed of controlled variables, ycv, measured outputs, and
auxiliary outputs. The set of inputs u, is composed of
manipulated variables, umv, feed forward variables, uff ,
and disturbance variables, ud. The initial conditions on
both the outputs and the states are specified.

Equations 5 and 6 describe the reference system per-
formance equations for each of the controlled variables.
Changing the tuning parameters τi and ξi, changes the
reference system specifying the desired closed-loop per-
formance for that variable. The errors, esphi

i and esplo
i ,

are the absolute deviation between the reference sys-
tem trajectories and the predicted response trajectories.
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These equations are flexible enough to support a single
target setpoint or a setpoint high/low window.

Equations 7 and 8 specify constraints on manipulated
input variable values and changes.

In addition to the upper and lower bounds on umv and
the bound on ∆umv, the user has to specify the predic-
tion horizon, the control horizon, the sampling period,
the weights that rank the controlled variable errors (both
negative and positive), the costs of any variables in J2,
the cost of each ∆umv, and finally the relative weight of
each of the three objective function components.

Also worthy of note, the implementation of this con-
troller in the NOVA DAE system does not categorize
variables this same way. This presentation of the vari-
ables focuses on variables from a control perspective. In
the NOVA DAE implementation, variables are classified
in a much more mathematical way. Specifically, variables
are either integrated or non-integrated variables. Inte-
grated variables are generally the dependent variables
(outputs and states) while the non-integrated variables
are typically the independent variables (inputs and pa-
rameters). The specification of both the initial state and
output variables in the model is a result of this mathe-
matical view of the problem.

Objective Function Details

The NLP objective function is a weighted composite of
three cost functions. The first component is a measure
of the cost to get the closed-loop system to target. This
cost is computed by

J1(e) =
1
np

ncv∑
i=1

np∑
k=1

wsphi
i esphi

ik + wsplo
i esplo

ik (9)

where np is the length of the prediction horizon, ncv is
the number of controlled output variables. The errors
are computed at those times corresponding to knots in
the collocation grid. This discrete sampling structure
also applies to the other components of the objective
function, J2 and J3.

The economic cost of the outputs, states, and inputs
make the J2 component of the objective function as fol-
lows:

J2(y, x, u) =
1
np

(Cy + Cx + Cu) (10)

where

Cy =
ny∑
i=1

np∑
k=1

cyi
yi,k (11)

Cx =
nx∑

m=1

np∑
k=1

cxmxm,k (12)

Cu =
nu∑
j=1

np∑
k=1

cuj
uj,k (13)

Note that any output, input or state can be included in
the evaluation of this cost function.

Finally, the last term of the objective function penal-
izes manipulated variable moves as follows:

J3(∆umv) =
nu∑
j=1

nq∑
k=1

λj∆umvj,k
(14)

This term in the objective function serves to ensure a
unique solution of the NLP for nonzero weights. Also,
this term is much like a move-suppression term in a
DMC-type MPC controller. In an unconstrained DMC
controller, move-suppression alters the performance of
the controller by altering the singular values of the dy-
namic matrix. The dynamic matrix is the mapping of the
control moves to future prediction errors. If this matrix
is nearly singular, the inverse mapping will generate large
control moves for small predicted errors. Increasing the
move suppression factors serves to stabilize this inverse
mapping, making it more robust to small errors. Increas-
ing the move suppression factors even further serves to
de-tune the controller. The penalty on ∆umvj,k

has the
same effect on this controller.

Model Specification

The model described by equations 3 through 4 define a
very general structure. The model equations must be
compliant with the NOVA DAE format—a continuous-
time open-equation residual form. Our experience has
been to use fundamental models based on mass and en-
ergy balances coupled with empirical correlations and
algebraic relationships. Many of the non-empirical non-
linear algebraic relationships are derived from the ap-
plicable kinetic, transport, and thermodynamic relation-
ships. Besides supporting these types of models, this
framework can easily support algebraic empirical mod-
els, neural network models and linear state-space mod-
els. Because the DAE system expects to use collocation,
using neural network or discrete linear/nonlinear models
will require some additional effort by the user. Typically,
the empirical correlations used relate product properties
to model states and/or other outputs.

Most of these models include parameters that must
be specified. The software currently includes that ca-
pability to estimate these parameters from steady-state
data. The parameter estimation case is defined as a least-
squares fit of the parameters subject to the model and
the steady-state data. In practice, getting sufficient data
to estimate all parameters is difficult. There is still sig-
nificant art in estimating parameters for these models.

Fundamental models have provided several advantages
over models identified from process data. The fundamen-
tal models have extrapolated well to new operating con-
ditions. When the process design changes, these models
can be changed more easily than equivalent models iden-
tified from process data. This comparison is not neces-
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sarily true if the process chemistry changes because of
the parameter estimation issues discussed above.

Process Feedback and Initialization

Since the user is responsible for writing all of the model
equations, it is possible to incorporate process feedback
in several different ways. The base implementation has
a default state correction built into the algorithm. The
state estimates at the previous sampling time (from the
previous controller execution) are assumed to be known.
The state estimates at the current time are computed
from this “known” starting point by integrating forward
with the measured or known MVs. As implemented, this
correction produces corrected state estimates when the
actual inputs do not match the values computed at the
previous execution.

Given this scheme of updating the state estimates, to
start execution of the controller,“cold-start” estimates
of the states must be computed to turn the control on.
These “cold-start” estimates can be computed by solv-
ing the steady-state model equations before the first con-
troller execution.

Output measurements can be used in a variety of ways
to provide feedback. Probably the easiest and most com-
mon method is to compute a bias between the modeled
value and the measured value. This bias can be filtered
and used as a feedforward input into the model. This
form of output feedback is similar to the approach used
by linear MPC controllers.

As indicated in a review of commercial nonlinear MPC
offerings (Qin and Badgwell, 2000), this controller pro-
vides state estimation through an extended Kalman fil-
ter(EKF). While technically correct, the model designer
must incorporate the disturbance model into the model
equations and augment these equations with the EKF
equations. Alternatively, since the initial conditions can
be imported into the problem, an external state estima-
tion application can generate new initial state and dis-
turbance estimates at each execution. There are many
available methods to incorporate process feedback asso-
ciated with nonlinear MPC (Muske and Edgar, 1997),
however, the burden of implementing these options in
the NLC methodology rests with the application/model
developer.

Nonlinear Controller Stability

There are no known stability results for the controller as
defined by equations 2 through 8. However, controller
stability was one of the most significant areas of aca-
demic research during the decade. The formulation of
the linear constrained MPC problem by Rawlings and
Muske (1993) opened up many new academic studies in
the area, see (Lee and Cooley, 1996; Meadows and Rawl-
ings, 1997; Mayne et al., 2000) for reviews. However,
even now, very few of these results have found their way
into commercially available linear MPC products.

However, the academic stability research provides
“comfort” to users of the NLC technology. The NLC
objective function, equation 2, is very similar to a linear
MPC objective function with soft constraints that has
been shown to be nominally stable (Scokaert and Rawl-
ings, 1999). Given these similarities, there is guarded
optimism that careful selection of horizon lengths and
objective function weights will result in stable closed-
loop behavior.

There is also concern about optimization algorithmic
stability, specifically, will the solution algorithm con-
verge every sampling time. Again, academic work in
this area (Wright, 1996; Biegler, 2000) would indicate
that NLP codes are improving and can be tailored to
the MPC problem to improve the convergence proper-
ties. Finally, our experience with industrially-used codes
for real-time optimization and other on-line applications
has been good and would indicate that reliability of this
solver will not impact the success of the controller.

Controller Commercialization

After successfully implementing the first generation of
the in-house version of the control methodology, Exxon
Chemical Company had to choose how best to deploy
this technology to the rest of the organization and how
to keep the controllers on-line. Several of the following
factors were studied:

• the cost of maintaining the controller software,

• the competitive advantage gained by keeping the
technology proprietary,

• the competitive advantage in the corporate capabil-
ity to develop process and disturbance models for
our processes.

This analysis led Exxon Chemical to commercialize the
nonlinear control methodology. After the award of the
patent in 1997, a vendor evaluation was conducted. Sub-
sequently, a contract was awarded to DOT Products to
develop a commercial version of the software.

The on-line version of this commercial product has
been used for subsequent implementations. A PC-
based configuration and tuning tool has been recently
released to assist with the development of new con-
troller implementations. The configuration tool allows
the engineer to specify the controller parameters, and
given a nonlinear model, build an off-line controller.
This model/controller combination can be used to esti-
mate parameters from steady-state data and to perform
steady-state, dynamic, and interactive simulations of the
controller. While there is significant room for improve-
ment with the graphics and user interface, the configu-
ration tool represents a significant step forward on the
path to new implementations.
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Figure 3: Blending drum schematic.

Blending Example

To illustrate the controller, a small blending example is
presented. In this example, three flows are blended into
a horizontal tank as show in Figure 3.

Two of the flows, w1 and w2 are pure components 1
and 2, respectively. The third flow, wD is a mixture
of the third component and component 1. The weight
fraction of component 1 in wD is x11. The controlled
variables are the tank level (L), and the weight fraction
of components 1 and 2 (x1 and x2) in the effluent flow,
w. The manipulated variables are the three inlet flow
rates. The system often sees disturbances in the effluent
flow, w, and the weight fraction, x11, both measured.

The model for this blending process is the overall mass
balance and the two component mass balance for com-
ponents 1 and 2 given by

M = ρV (15)

V = aL3 + bL2 + cL+ d (16)
dV

dL
= 3aL2 + 2bL+ c (17)

0 = −ρdV
dL

dL

dt
+ wD + w1 + w2 − w (18)

0 = −d(x1M)
dt

+ x11wD + w1 − x1w (19)

0 = −d(x2M)
dt

+ w2 − x2w (20)

where M is the mass of the tank contents, V is the as-
sociated volume, L is the associated tank level, and the
other variables as shown in Figure 3. The code to model
this blending process for the NLC is less than one page.
Except for the coefficients of the cubic polynomial re-
lating level to volume, there are no parameters. The
volume of the tank as a function of level is known from
the vessel strapping chart and can be fit to a cubic poly-
nomial. The error in this fit is less than the expected
error in the level measurement. More importantly, there
are no parameters that need to be fit to process data
or that change with the operating point. Also, there is
no special treatment of the model because it contains an
integrating mode. The nonlinearities in this problem are
mild, resulting from the cubic relationship between level
and volume and the bilinear relationships between flows
and compositions.
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Figure 4: Blending concentration setpoint response.
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Figure 5: Effluent flow disturbance response.
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Figure 6: Level setpoint change response.
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The disturbances in the effluent flow can be as great as
50% of the nominal value. Setpoint changes in the com-
position, x2, are often made for process reasons. Level
setpoint changes are made occasionally to reduce the res-
idence time. Under normal operating conditions, this
drum has about a one hour hold-up capacity. Level con-
trol is not a priority but it is important to keep the in-
ventory to a manageable level without running the drum
dry. Control of the effluent concentration is very impor-
tant. Given these relative priorities, the controller tun-
ing was specified so that the level response time constant
would be approximately six minutes and the concentra-
tion response time constants would be approximately 1.8
minutes each. The prediction and control horizon are
both five, with a sampling time of one minute. The rel-
ative weights on the CV response were all specified to
be one and the weights on the economic and input move
components of the objective function were set to zero.

Figure 4 shows the response to a setpoint change dou-
bling the x2 concentration, presented as a deviation from
normal operating conditions, normalized to the full-scale
value. This response is very much like the minimum-
time optimal control that one should expect given the
tuning. The w2 flow is driven to a constraint and the
other flows are set to achieve the desired concentration
responses, temporarily sacrificing the level response. The
level response returns to target along the specified error
trajectory.

The response of the closed-loop system to change in
the effluent flow to 53% of the nominal value is presented
in Figure 5. This simulation shows that the expected
level deviation is very small, the result of having a per-
fect model. Since the conventional controls on this unit
operation are a combination of PID and ratio controls
with no feed forward compensation for this disturbance,
the NLC significantly reduces variation for these typical
effluent flow changes.

Unlike the response in Figure 4, the response to a
level setpoint change, shown in Figure 6, does not ap-
pear to have the same minimum-time optimal controller
appearance. Instead, the controller responds smoothly
according to the specified error trajectory. Note that
neither of the concentration responses deviate from tar-
get to achieve this closed-loop performance in the level.

While this example is somewhat simplistic, it illus-
trates how the reference system tuning can be speci-
fied to achieve different desired responses in various con-
trolled variables.

Polymerization Reactor Example

Finally, the control of a polymerization reactor is used
to demonstrate the application of the NLC to a larger-
scale industrial example. This polymerization reactor
process is actually two reactors in series. Each reactor
has independent feed and cooling systems. Catalyst is

fed only to the first reactor. The model for each reactor
includes mass balances for as many as seven species and
multiple phases as well as energy balances around the
reactor and cooling systems.

The controlled variables for this application are the
polymer melt viscosity and the polymer comonomer in-
corporation in each reactor. The manipulated variables
are setpoints in the distributed control system (DCS)
that affect the addition of the comonomer and a transfer
agent into the feed to each reactor. The current goal for
this application is to control the transition to a desired
trajectory.

The model for this 4 input×4 output problem has on
the order of 50 state variables and is described by ap-
proximately 120 DAEs. In this application, a simple
output feedback scheme is used. Lab measurements of
the polymer properties are made on product collected at
a sampling point well downstream of the second reactor.
When new results are received, they are compared to
the predicted value at the time the process was sampled.
The difference is filtered and used to modify the out-
put predictions until new feedback is received. Figures 7
through 10 show a typical transition response achieved
with the NLC controller. Note that the laboratory data
is shown on an as-measured basis. To compare the lab-
oratory measurements with the measurement estimate,
the laboratory data must be shifted back in time by the
time period required to complete the analysis.

The controller is tuned so that the ratio of closed-loop
settling time to open-loop settling time is close to one
for the fastest transitions and significant improvement is
achieved for slower transitions. The control and predic-
tion horizons are equal and approximately two-thirds of
the nominal process residence time. The controller is ex-
ecuted every six minutes on a DEC Alpha System 1000
processor running at 266 MHz (circa 1997). Normally,
controller execution completes in a two to three minute
range, less than half of the six minute control period.

The characteristics of the reference system tuning are
most evident in the polymer melt viscosity responses.
The computed transfer agent command signal for the sec-
ond reactor becomes constrained at its maximum value.
The polymer comonomer incorporation illustrates the ef-
fect of corrupted measurements on the controller perfor-
mance. Overall, the performance achieved in this partic-
ular transition represents a significant improvement over
past performance.

Perhaps most importantly, this example demonstrates
that nonlinear MPC problems of industrial significance
can be solved in real-time on modest computing hard-
ware. This demonstration should not discourage the in-
novation of techniques designed to permit implementa-
tion of nonlinear predictive control to even larger prob-
lems. However, it provides a counter example for those
who claim that modifications are required to solve indus-
trial nonlinear MPC problem in general.
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Figure 7: Polymer melt viscosity transition response.
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Figure 8: Transfer agent transition command signal.

Concluding Remarks

There are no signs that the activity in the area of nonlin-
ear model predictive control are slowing. There is contin-
ued academic study of reference system synthesis applied
to model predictive control (Kalra, 1997). The presenta-
tions at the CPC V conference (Kantor et al., 1996) and
the 1998 Workshop on Nonlinear Model Predictive Con-
trol at Ascona, Switzerland (Allgower and Zheng, 2000)
continue to reinforce the industrial need and academic
interests in these areas. A survey of nonlinear model
predictive control products by vendors was presented at
Ascona (Qin and Badgwell, 2000). Besides the controller
described in this paper, four other vendor offerings were
available. Of the five, no two were pursuing exactly the
same approach to solve this problem.

As stated earlier in this paper, there are very ac-
tive academic research programs examining nonlinear
control, model-predictive control, parameter estimation,
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Figure 9: Polymer comonomer incorporation transi-
tion response.
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Figure 10: Comonomer transition command signal.

and optimization that can be used to further the develop-
ment of the NLC. Several academic programs have been
working on demonstrating nonlinear MPC techniques on
industrial-like models (Doyle III and Wisnewski, 2000;
Schley et al., 2000; Nagy et al., 2000; Tenny et al., 2001;
Findeisen et al., 2001). ExxonMobil Chemical Company
actively participates in several university industrial con-
sortia and interacts with several individual faculty mem-
bers, knowing this participation is important to our con-
tinued success in this endeavor.

The NLC controller technology described in this pa-
per is by no means mature. Reminiscent of linear MPC
packages of the late 1980’s, significant insight and de-
tailed knowledge is required to successfully implement
a NLC. However, this control methodology provides a
way to pursue opportunities that have been previously
beyond the reach of industrial process control engineers.
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Abstract
We discuss three emerging technologies for process enterprise optimization, using a different application domain as an
example in each case. The first topic is cross-functional integration on a model predictive control (MPC) foundation, in
which a coordination layer is added to dynamically integrate unit-level MPCs. Enterprise optimization for oil refining
is used to illustrate the concept. We next discuss data-centric forecasting and optimization, providing some details for
how high-dimensional problems can be addressed and outlining an application to a district heating network. The final
topic is adaptive software agents and their use for developing bottom-up models of complex systems. With learning and
adaptation algorithms, agents can generate optimized decision and control strategies. A tool for the deregulated electric
power industry is described. We conclude by emphasizing the importance of seeking multiple approaches to complex
problems, leveraging existing foundations and advances in information technology, and a multidisciplinary perspective.
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Introduction

The history of advances in control is the history of
progress in the level of automation. From single-loop
regulation to multivariable control to unit-level optimiza-
tion, we have seen step changes in the efficiency, through-
put, and autonomy of operation of process plants. The
next step in this progression is the optimization of the
enterprise—a process plant, a multifacility business, or
even a cross-corporate industry sector.

Enterprise optimization is the object of significant re-
search today. Given the diversity of potential applica-
tions and the relative newness of the topic, it is not
surprising that no one approach has been accepted as
a universal solution. Although it is conceivable that fu-
ture research will identify a cross-sector solution, at this
point it appears that multiple approaches are likely to
be necessary to best cover the full spectrum of potential
applications.

In this paper, we discuss three emerging technologies
for process enterprise optimization: cross-functional in-
tegration on a model predictive control (MPC) founda-
tion, data-centric modeling and optimization, and adap-
tive agents. The discussions are generic, but different
process applications are used in each case for illustra-
tion: oil refining, district heating, and electric power.

Enterprise Optimization on an MPC
Foundation1

MPC has proven to be the most viable multivariable con-
trol solution in the continuous process industries and it
is becoming increasingly popular in the semibatch and

∗rudolf.kulhavy@honeywell.com
†joseph.lu@honeywell.com
‡tariq.samad@honeywell.com
1This section is adapted from Lu (1998).

batch industries as well. Most industrial MPC products
also include a proprietary economic optimization algo-
rithm that is essential for driving the process to deliver
more profit. In terms of economic benefit, MPC is one
of the most significant enabling technologies for the pro-
cess industries in recent years, with reported payback
times between 3 and 12 months (Hall and Verne, 1993,
1995; Smith, 1993; Sheehan and Reid, 1997; Verne and
Escarcega, 1998).

Cross-Functional Integration as a New Trend

Traditionally, most MPC applications are used for sta-
bilizing operations, reducing variability, improving prod-
uct qualities, and optimizing unit production. In most
cases, a divide-and-conquer approach to a complex
plantwide production problem is adopted. In this ap-
proach, a large plant is divided into many process units,
and MPC is then applied on appropriate units. The
divide-and-conquer approach reduces the complexity of
the plantwide problem, but each application can reach
only its local optimum at best. In a complex plant, the
composition of local optima can be significantly less than
the potential global optimum. For example, the esti-
mated latent benefit for a typical refinery is 2-10 times
more than what the combination of MPC controllers can
capture (Bodington, 1995).

One possible approach to plantwide control is employ-
ing a single controller that is responsible for the whole
plant; however, this option is infeasible. To note just
the most obvious issue, commissioning or maintenance
would require the whole plant to be brought offline. An
alternative and practical approach for delivering global
optimization benefit is to add a coordination layer on
top of all the MPC applications to achieve the global op-
timum. The coordination layer usually covers multiple
functions of the plant, such as operations, production

352
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scheduling and production planning.

Complexity of MPC Coordination. With the
divide-and-conquer approach, transfer price is tradition-
ally used for measuring the merit of an advanced control
application from a plantwide view and over an appropri-
ate time period. The transfer price of a product (or a
feed) is an artificial price assigned to determine the ben-
efit contribution of a process unit to the overall plant
under an assumed level of global coordination. A com-
mon assumption in calculating transfer price is that the
product produced in a unit will travel through the de-
signed paths (or designed processes) with the designed
fractions to reach the final designated markets. This as-
sumption is not always valid due to a lack of dynamic
coordination among the units.

This phenomenon is referred to as benefit erosion2

(e.g., see Bodington, 1995) and is typically alleviated
by manual coordination between different sections of the
production processes. For example, after an advanced
control application is implemented on a refinery’s crude
unit, the yield of the most valuable component often
increases, whereas the yield of the least valuable com-
ponent decreases. The scheduling group would detect
the component inventory imbalances (which could cause
tank level problems if not corrected in time) rippling
through various parts of the refinery, and it would then
coordinate the affected parts of the refinery to “digest”
the imbalances. With feedback from scheduling and op-
erations groups, the planning group would update its
yield models to reflect the yield improvement and rerun
the plantwide optimization to generate a new production
plan and schedule.

The fundamental cause of benefit erosion, however, is
a lack of global coordination or optimization. Generally,
the more complex the production scheme, the greater the
problem. Therefore, a complex plant, such as a refinery
or a chemicals plant, presents a higher benefit potential
for cross-functional integration. If a new dynamic or
steady-state bottleneck is encountered, or if an infeasible
production schedule results, the scheduling group and
the planning group would have to work together with
the operations group to devise a new solution. The final
solution may take a few adjustments or iterations. For
complex cases, this process can take a few weeks or even
months.

Only when all operations and activities in the refinery
are coordinated together will benefit erosion be mini-
mized. Although the situation described in this refinery
example may sound primitive, it is still one of the better
cases. In reality, different parts of a refinery usually use
different tools with different models on different plat-
forms. Engineers and operators in different units look
at the same problem with very different time horizons.

2The benefit loss when the assumed level of global coordination
is not reached.

All of these factors complicate plantwide coordination in
practice.

Although the cross-functional integration approach re-
quires existing infrastructure to be revamped, including
the DCS hardware and supporting software systems, this
is increasingly less of an issue. Hardware and infras-
tructure costs have dropped significantly in recent years,
particularly when viewed as a percentage of the total
advanced control project budget. Support and organiza-
tional “psychology” sometimes hinder progress, but the
situation has improved as more and more refineries and
chemical plants realize the benefits of advanced control.

Long- and Short-Term Goals. Cross-functional
integration takes a holistic approach to the plantwide
problem. The integration encompasses a large number of
process units and operating activities. Practical consid-
erations suggest that it proceed bottom up, integrating
one layer at a time until the level of enterprise optimiza-
tion is finally reached, as depicted in Figure 1.

In Figure 1, the various layers in the pyramid describe
the plantwide automation solution structure and the
decision-making hierarchy. Around the pyramid struc-
ture is the circle of supply chain, production planning
and scheduling, process control, global optimization, and
product distribution. As more layers are integrated into
the cross-functional optimization, the integrated system
will perform more tasks and make more decisions that
are made heuristically and manually today. Long envi-
sioned by many industrial researchers, such as Prett and
Garc̀ıa (1988), this concept is now being further devel-
oped with design details of hardware systems, software
structures, network interfaces, and application struc-
tures.

As a long-term goal, enterprise optimization integrates
all activities in the whole business process, from the sup-
ply chain to production, and further to the distribution
channel. In addition, risk management can also be in-
cluded as a key technical differentiator. Parallel to the
structural development for such a general-purpose com-
plex system, some proof-of-concept projects have been
piloted, and experiments have been conducted on several
different structures (Bain et al., 1993; del Toro, 1991;
Watano et al., 1993). The multiple-layer structure de-
scribed in Figure 1 is believed to provide the flexibility
needed for implementing and operating such a system.
Moreover, each layer can be built at an appropriate level
of abstraction and over a suitable time horizon. The
lower layers capture more detailed information of various
local process units over a shorter time horizon, whereas
the higher layers capture more of the business essence of
the plant over a longer horizon.

As a short-term goal, cross-functional integration
could include, in a refinery, for example, raw mate-
rial allocation, inventory management, production man-
agement, unit process control, real-time optimization,
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Figure 1: Enterprise optimization—refinery example.

product blending, production planning, and production
scheduling. The instrumentation and real-time database
are in the bottom layer. The regulatory control comes
in the second layer. Following that are the MPC layer,
the global/multiunit optimization layer, the production
scheduling layer, and, last, the top production planning
layer.

More relevant to the control community, this inte-
gration will have a large impact on almost all control,
optimization, and scheduling technologies currently em-
ployed in the process industries. Advanced process con-
trol, primarily MPC and real-time optimization (RTO),
will certainly be affected, particularly in terms of con-
nectability, responsiveness, and compatibility.

MPC Considerations

This integration requires us to reassess the MPC and
RTO designs in terms of their online connectability and
their dynamic integration. There is a need for codesign-
ing MPC and RTO, or at least designing one taking into
account that it will be working with the other dynam-
ically. Furthermore, from a control perspective, global
coordination requires MPC applications to perform over
a much wider operating region and more responsively.
This poses new challenges to MPC technology, three of
which are discussed below.

Nonlinear MPC. The majority of chemical process
dynamics is, loosely speaking, slightly nonlinear and can
be well modeled with a linearized model around a given
operating point. With the application of CV/MV lin-
earizing transformations, linear MPC can be extended
to effectively handle a variety of simple nonlinear dy-
namics. Practical examples include pH control, valve
position control, high-purity quality control, and differ-
ential pressure control. However, under cross-functional
integration, a process will be required to promptly move
its operating point over a significant span, or else to op-
erate under very different conditions. Linear MPC may
not be adequate in such cases.

Two examples can serve to illustrate. First, as the op-
erating point of the process migrates, the dynamics of
some processes may change dramatically, even to the ex-
tent that the gain will change sign. For example, some
yields of the catalytic cracking unit in a refinery can
change their signs when operated between undercrack-
ing and overcracking regions. Second, transition con-
trol presents a unique type of nonlinear control problem.
During a transition, the process operating point typically
moves much faster than usual, and the process typically
responds more nonlinearly than usual. Examples include
crude switch in a refinery and grade transition in many
series production processes such as polymer and paper.

Both of these problems can be seen as instances of mul-
tizone control, where the process needs to be regulated
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most of the time in each of the zones and to be occa-
sionally maneuvered from one zone to another according
to three performance criteria. The first criterion is for
normal continuous operation in the first zone. The sec-
ond criterion is for normal operation in the second zone.
The third criterion is for special requirements during the
transition or migration.

Although solving the multizone control problem alone
has merit, solving it while coordinating with other parts
of the plant will potentially provide much greater ben-
efit. As enterprise optimization further advances, there
is an increasing need for a nonlinear MPC tool that can
solve multizone control problems. Likewise, there is an
increasing need for MPC formulations, linear and non-
linear, that take into account the requirements of cross-
functional optimization.

Model Structure. The MPC model structure is
preferred to have a linear backbone or linear substruc-
ture. The linear model can be developed experimentally,
and the nonlinear portion of the dynamics can be added
as the need arises. This preference stems from the fact
that, in most cases, one does not know a priori if a non-
linear model is necessary.

The model structure should also be scalable. Adding
controlled variables (CVs) and manipulated variables
(MVs) should not require the existing model to be rei-
dentified or regenerated. The user should easily be able
to eliminate any input-output pair of the model. The
preferred solution should not require the system to be
square or all the MVs to be available all the time.

The ability to share model information in the cross-
functional integration scheme is important. The model
obtained in an advanced control project is often the
single most costly item in the implementation. Shar-
ing model information with the other layers of cross-
functional integration can show substantial monetary
savings. This model sharing can be a two-way process:
bottom up and top down.

The preferred model-sharing scheme is bottom up. It
is much easier for engineers to find and correct model-
ing errors on a unit-by-unit basis in the control imple-
mentation than on a multiunit or plantwide basis under
cross-functional integration. Bottom-up model sharing
enhances usability, as engineers can verify their models
as they commission the MPC applications unit by unit.

The solution technique needs to be algorithmically ro-
bust. If multiple solutions exist, it is preferable to stick to
one branch of solutions throughout, or better yet, stick
to the branch of solutions that requires only the mini-
mum amount of control effort by some criterion.

Coordination Port. An essential requirement for
cross-functional integration is an independent port for
coordination. Simply sending a steady-state target as a
set-point to an MPC controller is inadequate. The dy-
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Figure 2: An example of different dynamic optimiza-
tion paths.

namic response required for coordination is often very
different from that for set-point change, and the per-
formance criterion can be completely different from set-
point tracking or disturbance rejection. With a single
port, it is difficult, if not impossible, to always satisfy
both requirements.

A good coordination port implementation in MPC is
one of the essential links in instituting cross-functional
optimization. The nature of the problem is illustrated
in Figure 2 as a simplified example of three CVs and
two MVs. The first CV has a set-point, and the other
two both have high and low bounds. (The MVs are not
shown in the diagram.) The coordination or optimiza-
tion target is solved by a global optimizer. The controller
needs to drive the system to the target in an independent
response for coordination. This is similar to designing
a two-degree-of-freedom controller for the coordination
port, except that the input direction and the response
requirement may vary from one transition to another.

Furthermore, when the coordination port problem is
not fully specified dynamically, as in many practical
problems that we encounter, multiple solution paths to
the destination exist, as depicted in Figure 2. Treating
this as a traditional control problem by specifying a de-
sired response trajectory is not always suitable for two
reasons. First, the CV error violation is usually much
less important in the transition than in normal opera-
tion. Second, except in trivial cases, one rarely knows a
priori which transitional path would be financially opti-
mal yet dynamically feasible.

An alternative solution is to solve for all equal solu-
tion paths in terms of the performance criteria (includ-
ing financial terms) and choose the one that requires the
minimum MV movement by some criterion. See Lu and
Escarcega (1997) for one such solution to the coordina-
tion port implementation.
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Summary

If MPC has been the main theme of the ’80s and ’90s in
the process control industries, cross-functional integra-
tion and enterprise optimization will be the main theme
of the next two decades. As we advance toward a higher
level of computer-integrated manufacturing, the problem
definition and the scope of classical model predictive con-
trol will be expanded. The cross-functional integration
approach requires the dynamic coordination of multiple
MPCs, not just in terms of steady-state operation, as in
many steady-state RTO and composite LP approaches.
One practical way of achieving dynamic coordination is
by designing a coordination port in the MPC control
strategies.

Although truly enterprise-scale applications along
these lines are yet to be implemented, our initial projects
in cross-functional integration are yielding exciting re-
sults. A cross-functional RMPCT3 integration is dis-
cussed by Verne and Escarcega (1998), who report signif-
icant benefits. More recently, Nath et al. (1999) describe
an application of Honeywell’s Profit r© Optimizer tech-
nology to an ethylene process at Petromont’s Varennes
olefins plant. In the Profit Optimizer approach, con-
trollers are not operating in tandem, and the dynamic
predictions of bridged disturbance variables are used
by individual RMPCTs to ensure dynamic coordina-
tion/compensation among them. The controllers thereby
work together to protect mutual CV constraints. The op-
timizer coordinates 10 controllers and other areas, cov-
ering the entire plant except for the debutanizer. During
the acceptance test for the system, a sustained increase
of over 10% in average production was achieved. This
production level surpassed the previous all-time record
for the plant by over 3.7% and was well above the expec-
tation of a 2.7% increase.

Our experience to date in enterprisewide advanced
control coordination has largely been limited to refining
and petrochemical plants. For chemical plants, one of the
key additional requirements is the integration of schedul-
ing, product switchover, and other discrete-event aspects
of plant operation within the formulation. The research
of Morari and colleagues (Bemporad and Morari, 1999)
on the optimization of hybrid dynamical systems is es-
pecially promising in this context.

Exploiting the Data-Centric Enterprise

From a technology that leverages the state-of-the-art in
empirical-model-based control, we next turn to a more
radical alternative to large-scale optimization. The key
idea is that, where first principles or identified models
cannot usefully be developed, we can consider histori-
cal data as a substitute. In other words, “the data is the

3RMPCT (Robust Multivariable Predictive Control Technol-
ogy) is a Honeywell MPC product.

model.” This mantra was not especially useful even a few
years ago, but now, with modern storage media available
at affordable prices and computer performance increas-
ing at a steady pace, entire process and business histo-
ries can be stored in single repositories and used online
for enhanced forecasting, decision making, and optimiza-
tion. This makes it possible to implement a data-centric
version of intelligent behavior:

• Focus on what matters—by building a local model,
on demand and for the immediate purpose.

• Learn from your errors—by consulting all relevant
data in your repository.

• Improve best practices—by adapting proven strate-
gies first.

The data-centric paradigm combines database queries
for selecting data relevant to the case, fitting the data re-
trieved with a model of appropriate structure, and using
the resulting model for forecasting or decision making.

When the size of the data repository becomes large
enough, the architecture of the database (the data
model) becomes crucial. To guarantee sufficiently fast
retrieval of historical data, the queries need to be run
against a specifically designed data warehouse rather
than the operational database. Once the relevant data
are retrieved, nonparametric statistical methods can be
applied to build a local model fitting the data. Data-
centric modeling can thus be seen as a synergistic merger
of data warehousing and nonparametric statistics.

Data-centric models can form the basis for enterprise
optimization. For example, the central problem of busi-
ness optimization is matching demand with supply in
situations when the supply or demand, or both, are un-
certain. Suppose that a reward due to supply is defined
as a response variable dependent on the decisions made
and other conditions. Supply optimization then amounts
to searching for maximum reward over the response sur-
face.

In contrast to traditional response surface methods,
data-centric optimization does not assume a global
model of the response surface; rather it constructs a lo-
cal model on demand—for each decision tested in opti-
mization. Since the response is estimated through lo-
cally weighted regression (as discussed below), noise is
automatically filtered. The uncertainty of the response
estimate can also be respected in the optimization by
replacing the estimated reward with the expected value
of a utility function of the reward. By properly shaping
the utility function, one can make decision making either
risk-prone or risk-averse. As for the optimization algo-
rithm itself, data-centric models lend themselves to any
stochastic optimization method, including simulated an-
nealing, genetic algorithms, and tabu search. (Response
surface optimization is only one example of a data-centric
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optimization scheme. Other schemes, such as optimiza-
tion over multiunit systems and distributed optimiza-
tion, are currently being investigated.)

We next contrast data-centric modeling with the more
established global and local modeling approaches and
provide some technical details. An overview of a ref-
erence application concludes this section.

Empirical Modeling

When exploring huge data sets, one must choose between
trying to fit the complete behavior of the data and lim-
iting model development to partial target-oriented de-
scriptions.

The global approach generally calls for estimation of
comprehensive models such as neural networks or other
nonlinear parametric models (Sjöberg et al., 1995). The
major advantage of global modeling is in splitting the
model-building and model-exploitation phases. Once a
model is fit to the data, model look-up is very fast.
Global models also provide powerful data compression.
After a model is built, the training data are not needed
any further. The drawback is that the time necessary
for estimation of unknown model parameters can be very
long for huge data sets. Also, global models are increas-
ingly sensitive to changes in the data behavior and may
become obsolete unless they are periodically retuned.

The local approach makes use of the fact that often it
is sufficient to limit the fit of the process behavior to a
neighborhood of the current working point. Tradition-
ally, local modeling has been identified with recent-data
fitting. Linear regression (Box and Jenkins, 1970) and
Kalman filtering (Kalman, 1960) with simple recursive
formulae available for parameter/state estimation have
become extremely popular tools. Their simplicity comes
at some cost, however. Adaptation of local-in-time mod-
els is driven solely by the prediction error. When a
previously encountered situation is encountered again,
learning starts from scratch. Further, when a process
is cycling through multiple operating modes, adaptation
deteriorates model accuracy.

The data-centric approach is an alternative to both
these prevailing paradigms. It extends recent-data fitting
to relevant-data fitting (see Figure 3). This “shift of
paradigm” combines the advantages of global and local
modeling. Namely, it provides

• a global description of the data behavior,

• through a collection of simple local models built on
demand,

• using all data relevant to the case.

The price we pay for this powerful mix is that all data
need to be at our disposal at all times (i.e., no single
compact model is returned as a result of modeling). The
data-centric model can be built out of the original data
stored in the database without any data compression.
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Figure 3: Global, local-in-time, and local-in-data
modeling.

When applied for forecasting at the enterprise level, the
data needs to be aggregated properly. The forecasting
literature (see, e.g., West and Harrison, 1989) shows that
forecasting from aggregated data yields more robust and
more precise forecasts. The design of proper aggrega-
tion or more sophisticated preprocessing of data thus
becomes a crucial part of data-centric modeling. Poor
preprocessing strategies will need to be corrected before
data-centric models can be effective.

Data-Centric Modeling with Locally Weighted
Regression

To be more specific, we describe one possible implemen-
tation of data-centric modeling, namely, locally weighted
regression with local variable bandwidth. The algorithm
is by no means the only option and should be understood
only as an illustration of the general idea.

It is difficult to trace the originator of local modeling.
The concept appeared independently in various fields un-
der names such as locally weighted smoothing (Cleve-
land, 1979), nonparametric regression (Härdle, 1990), lo-
cal learning (Bottou and Vapnik, 1992), memory-based
learning (Schaal and Atkeson, 1994), instance-based
learning (Deng and Moore, 1994), and just-in-time es-
timation (Cybenko, 1996).

General Regression. Assume that a single depen-
dent variable or response y depends on n independent or
regressor variables ϕ1, ϕ2, . . . , ϕn through an unknown
static nonlinear function f(·) with precision up to an
unpredictable or stochastic component e

y = f(·) + e.
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The objective is to estimate response y0 for any par-
ticular regressor ϕ0.

Linearization in Parameters. Rather than trying
to fit the above global model to all the data available,
data-centric modeling suggests the application of a sim-
pler model to data points (y1, ϕ1), . . . , (yN , ϕN ) selected
so that ϕ1, ϕ2, . . . , ϕN are close to a specified regressor
ϕ.

A typical example is a model linearized around a given
column vector ϕ:

y = θ′(ϕ)ϕ+ e,

where θ denotes a column vector of regression coefficients
and θ′ its transposition.

Curse of Dimensionality. A word of caution ap-
plies here. As the dimension of ϕ increases, the data
points become extremely sparsely distributed in the cor-
responding data space. To locate enough historical data
points within a neighborhood of the query regressor ϕ0,
the neighborhood can become so large that the actual
data behavior cannot be explained through a simplified
model.

Consider, for instance, a 10-dimensional data cube
built over 10-bit data; it contains 2100 ≈ 1030 bins! Even
a trillion (1012) data points occupy an almost zero frac-
tion of the data cube bins. Even with 5-bit (drastically
aggregated) data, 99.9% of bins are still empty.

We have an obvious contradiction here. To justify
a simple model, we must apply it in a relatively small
neighborhood of the query point. To retrieve enough
data points for a reliable statistical estimate, we must
search within a large enough neighborhood. One must
ask: Can data-centric modeling work at all?

Coping with Dimensionality. Luckily, real data
behavior is rarely that extreme. First, the data is usu-
ally concentrated in several regions around typical oper-
ating conditions, which violates the assumption of uni-
form distribution assumed in mathematical paradoxes.
Second, the regressor ϕ often lives in a subspace of lower
dimension. That is, ϕ = ϕ(x) where x is a vector of di-
mension smaller than the dimension of ϕ. Suppose, for
instance, that y, x1, and x2 denote process yield, pres-
sure, and temperature, respectively, and the model is a
polynomial fit with

ϕi(x1, x2) = x
m(i)
1 x

n(i)
2 .

The dimension of regressor ϕ can easily be much larger
than the dimension of x, but it is the dimension of x
that matters here; it defines the dimension of a data
space within which we search for “similar” data points.

Under the assumption ϕ = ϕ(x), the model is lin-
earized around the vector x:

y = θ′(x)ϕ+ e

and applied to data points (y1, x1), . . . , (yN , xN ) selected
so that ‖xk − x0‖ ≤ d for k = 1, 2, . . . , N , where ‖∆‖ is
an Euclidean norm of vector ∆, x0 is a query vector, and
d is a properly chosen upper bound on the distance.

Weighted Least Squares. The simplest statistical
scheme for estimating the unknown parameters θ is based
on minimizing the weighted sum of prediction errors
squared:

min
θ

N∑
k=1

K(‖xk − x0‖)(yk − θTϕk).

Each data point (yk, xk), k = 1, 2, . . . , N is assigned
a weight inversely proportional to the Euclidean dis-
tance of xk from x0 through a kernel function K(·).
Typical examples of kernel functions are the Gaussian
kernel K(∆) = exp(−∆2) or the Epanechnikov kernel
K(∆) = max(1−∆2, 0).

The kernel function assigns zero or practically zero
weight to data points (y, x) that appear too far from
the query vector x0. We can use this fact to accelerate
database query by searching only for data points within
the neighborhood of x0 defined by K(‖xk − x0‖) ≤ ε,
where ε is close to zero.

Performance Tuning. The performance of the
above algorithm crucially depends on the definition of
the Euclidean norm ‖∆‖. In general, the norm is shaped
by the “bandwidth” matrix S:

‖∆‖2 = ∆′S−1∆.

Through S, it is possible to emphasize or suppress
the importance of deviations from the query point x0 in
selected directions in the space of x-values. The matrix
S depends on x0 and can be determined, for example, by
the nearest neighbor or cross-validation method (Hastie
and Tibshirani, 1990).

Bayesian Prediction. The precision of prediction
is an important issue with any statistical method, but
in data-centric modeling it is even more pressing due to
the relatively small number of data points used for lo-
cal modeling. To quantify consistently the prediction
uncertainty, one can adopt the Bayesian approach to es-
timation and prediction (Peterka, 1981). Compared with
the least-squares method chosen above for simplicity, the
Bayesian method calculates a complete probability dis-
tribution of the estimated parameters. The distribution
is then used for calculating a probability distribution of
the predicted variable(s). From the predictive distribu-
tion, any derived statistic such as variance or confidence
interval can be computed. Due to the relative simplicity
of local models, the Bayesian calculations, notorious for
their computational complexity in many tasks, can be
performed here analytically, without any approximation
(for more details, see Kulhavý and Ivanova, 1999).



Emerging Technologies for Enterprise Optimization in the Process Industries 359

 

Figure 4: A comparison of predicted (bars) and ac-
tual (line) steam.

Reference Application

The first operating application of data-centric forecast-
ing and decision making is an operator advisory system
in a large combined heat and power company in the
Czech Republic. The company supplies heat to a dis-
trict heating network and electricity to a power grid.
The whole system is composed of five generation plants,
a steam pipeline network totaling 60 miles, and five pri-
mary, partially interconnected hot-water pipeline net-
works of a total length of 46 miles.

Data-centric forecasting is being applied to predict the
total steam, heat, and electricity demand, heat demand
in individual hot-water pipelines, and total gas consump-
tion. The forecasts are performed in three horizons—15-
minute average one day ahead, 1-hour average one week
ahead, and 1-day average one month ahead (Figure 4).
Altogether, this requires the computation of 1,632 fore-
casts every 15 minutes, 2,856 forecasts every hour, and
1,581 forecasts every midnight. The use of highly opti-
mized data marts makes it possible to perform all the
computations, including thousands of database queries,
while still leaving enough time for other analytic appli-
cations.

Data-centric decision making is applied to optimiza-
tion of set-points (supply temperature and pressure) on
hot-water pipeline networks and to economic load allo-
cation over 16 boilers. Insufficient instrumentation of
hot-water pipeline networks is solved by complement-
ing data-centric optimization with a simple determinis-
tic model-based procedure for evaluating the objective
function. The lack of data is thus compensated for with
prior knowledge, combining the underlying physical laws
and some simplifying assumptions. The solution can be
adapted to a wide range of heat distribution networks
with different levels of system knowledge and process
monitoring. Data-centric modeling takes into account
the outdoor temperature, current (or planned) electric-

ity production, time of day, day of week, whether it is
a working day/holiday, and the recency of data. Elec-
tricity production is considered to reflect the effect of
operators’ decisions in addition to external conditions.

Incomplete measurements on the boilers do not allow
for online estimation of combustion efficiency for each
boiler separately. Data-centric optimization is config-
ured so as to exploit only available information. From
the total fuel consumptions of generation plants and the
total heat generated, the overall efficiency of the current
boiler configuration is calculated. Data-centric optimiza-
tion then searches in the process history and suggests
possible improvements. For frequent situations and con-
figurations, important for the company, enough points in
the history are retrieved and reliable results are obtained.
Different configurations are tested and evaluated while
taking into account the costs of reconfiguration. One of
the most valuable features of data-centric optimization is
that it automatically adapts to changing operating con-
ditions (e.g., variations in fuel calorific value, changes in
boiler parameters, and aging of equipment).

Summary

A criticism frequently voiced about the data-centric ap-
proach is that it is incapable of modeling plant behav-
ior in previously unvisited operational regimes and of
handling changes in the plant, such as minor equipment
failures, catalyst aging, and general wear and tear. In
general, as with any statistical model, the quality of
data-centric models depends crucially on the availabil-
ity and quality of historical data. The lack of data can
be compensated only by prior knowledge. One option
is to populate the database with both actual and vir-
tual data, the latter coming from a simulation model or
domain expert (Kulhavý and Ivanova, 1999).

Thus, the data-centric approach itself suggests a solu-
tion to the problem of integrating data and knowledge.
A historical database can be merged with a database
populated with examples generated based on heuristics
or conventional models. Different weightings can be as-
sociated with records that depend on their source. Thus
historical data can be preferred for operational regions
that are well represented in the recent history of plant
operation, whereas “synthetic” data can be preferred for
contexts for which process history provides few associ-
ated samples. In effect, a synthesis of multiple types of
information sources can be achieved using the database
as a common foundation.

To sum up, data-centric models can be applied to a
range of problems in the process industries, subject only
to an ability to satisfy the database-intensive search re-
quirements and the absence of a single compact model
that would permit closed-form analytic solutions. The
former will cease to be a real constraint in a few years due
to continuing progress in database and computer technol-
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ogy. The latter issue is fundamental—with on-demand
modeling, all decision making becomes iterative. For this
reason, the data-centric model should not be considered
a replacement for the classical results of decision and
control theory, but as a tool that can extend the reach of
automation and control to processes that have not been
amenable to analytic methods.

Optimization with Adaptive Agents

The term agent is used in multiple senses in the com-
putational intelligence and related communities. We use
it here to mean software objects that represent prob-
lem domain elements. Agents can, for example, repre-
sent units and equipment in a chemical plant, parts of
an electricity transmission and distribution network, or
suppliers and consumers in supply chains (Garćıa-Flores
et al., 2000). An agent must be capable of modeling the
input/output behavior of a system at a level of fidelity
appropriate for problems of interest. Couplings between
systems, whether material or energy flows, sensing and
control data, or financial transactions, can be captured
through interagent communication mechanisms. In some
sense, agent-based systems can be seen as extensions of
object orientation, although the extensions are substan-
tive enough that the analogy can be misleading.

One common use of agents is to develop bottom-up,
componentwise models of complex systems. With sub-
system behaviors captured with associated agents, the
overall multiagent system can constitute a useful model
of an enterprise such as a process plant or even an indus-
try structure. Given some initial conditions and input
streams, the evolution of the computational model can
track the evolution of the physical system. Often a quan-
titative match will be neither expected nor obtained, but
if the essential elements driving the dynamics of the do-
main are captured, even qualitative trends can provide
insight into and guidance for system operation.

The increasing interest in agent systems can be at-
tributed in part to advances in component software tech-
nology. Provided that common interface specifications
are defined, agents can be developed in different pro-
gramming languages and can be executing on different
processes or computers. Agents can vary from very sim-
ple to extremely sophisticated, and heterogeneous agents
may work together in a single application. “Plug-and-
play” protocols for agent construction encourage code
reuse and modularity while enabling agent developers
to work in a variety of programming languages. Generic
agent toolkits are now available (e.g., swarm www.swarm.
org, Lost Wax www.lostwax.com, and Zeus http://
193.113.209.147/projects/agents/zeus/) that can
facilitate the design of agent applications for diverse
problems. Languages for interagent communication for
broad-based applications have also been developed. One
such language, KQML, has been fairly widely adopted

OUT-Box

IN-Box

Status

Control

Configure

Query

Online

Algorithms

Configuration

Internal State

Probe

 
Figure 5: Abstract agent architecture.

(Finin et al., 1994).

Decision Making and Adaptation in Agents

Figure 5 shows an example abstract agent architecture,
identifying some of the functions that are often incor-
porated. The In and Out boxes are the ports through
which the agent exchanges messages with other agents;
Status and Control are interfaces for the agent simulation
framework; and the Query, Configure, and Probe fea-
tures are used for initialization, monitoring, debugging,
and so on. An agent can maintain considerable inter-
nal state information, which can be used by algorithms
that implement its decision logic (its input/output be-
havior). Other online algorithms can be used to adapt
the decision logic to improve some performance criteria
(which may be agent-centric or global). The adaptation
mechanism is often internal to an agent, but it need not
necessarily be so.

The adaptation mechanism may be based on genetic
algorithms (Mitchell, 1996), genetic programming (Koza,
1992), evolutionary computing (Fogel, 1995), statistical
techniques, or artificial neural networks. These algo-
rithms act on structures within an agent, but the adap-
tation is often based on information obtained from other
agents. For example, a low-performing agent may change
its program by incorporating elements of neighboring,
better-performing agents.

The choice of learning algorithm interacts strongly
with how the agent represents its decision-making knowl-
edge and the kind of feedback available. For example,
LISP programs may lend themselves to genetic program-
ming. In a supervised learning situation, neural networks
may employ an algorithm such as back-propagation or
Levenburg-Marquardt minimization. However, in many
agent applications, only weaker information is available
(e.g., a final score, forcing agents to rely on reinforcement
learning algorithms). The learner must solve tempo-
ral and spatial credit assignment problems—determining
what aspect of its sequence of decisions led to the final
(or intermediate) score and what part of its internal rep-
resentation is responsible. Strategies such as temporal
differencing and Q-learning have been proposed for this
(Watkins and Dayan, 1992).

Multiple learning mechanisms can be incorporated
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Figure 6: SEPIA interface showing a four-zone,
three-generator, two-load scenario.

into the same agent environment, or even the same agent.
“Classifier systems” frequently incorporate a genetic al-
gorithm to evolve new classifiers over time. The use of
multiple adaptation mechanisms can offer unsuspected
advantages. One well-known example is the Baldwin
effect, in which learning interacts with evolution even
though the learned information is not inherited (Hinton
and Nowlan, 1987).

Example: A Simulator for Electric Power Indus-
try Agents

One industry where the integration of business and phys-
ical realms has recently taken on a new importance is
electric power. Deregulation and competition in the
power industries in several countries over the last few
years have resulted in new business structures. At the
same time, generation and transmission facilities impose
hard physical constraints on the power system. For a
utility to attempt to maximize its profit while ensur-
ing that its power delivery commitments can be accom-
modated by the transmission system—which is simulta-
neously being used by many other utilities and power
generators—economics and electricity must be jointly
analyzed.

A prototype modeling and optimization tool recently
developed under the sponsorship of the Electric Power
Research Institute provides an illustration. The tool,
named SEPIA (for Simulator for Electric Power Indus-
try Agents), integrates classical power flow models, a
bilateral power exchange market, and agents that repre-
sent both physical entities (power plants) and business
entities (generating companies). Through a full-featured
GUI, users can define, configure, and interconnect agents
to set up specific industry-relevant scenarios (see Fig-
ure 6). A scenario can be simulated with adaptation
capabilities enabled in selected agents as desired. For
example, a generation company agent can search a space

of pricing structures to optimize its profits subject to its
generation constraints, the transmission capabilities of
the system, and the simultaneous optimization of indi-
vidualized criteria by other agents that may bear a co-
operative or competitive relationship to it. Two reusable
and configurable learning/ adaptation mechanisms have
been incorporated within SEPIA: Q-learning and a ge-
netic classifier system.

SEPIA models a power system as a set of zones in-
terconnected by tie-lines. A transmission operator agent
conducts security analysis and available transfer capac-
ity calculation, including first contingency checks for all
proposed transactions. A dc power flow algorithm and a
simplified ac algorithm are included for this purpose.

Tools such as SEPIA have several potential uses:

• To identify optimized (although not necessarily opti-
mal) operational parameters (such as pricing struc-
tures or consumption profiles in the power industry
application).

• To determine whether an industry or business struc-
ture is stable or meets other criteria (such as fairness
of access).

• To evaluate the potential benefits of new technology
(e.g., superconducting cables and high-power trans-
mission switching devices).

• To generally help decision makers gain insight into
the operation and evolution of a complex system
that may not be amenable to more conventional
analysis techniques.

Further details on SEPIA are available in Harp et al.
(2000). A self-running demonstration can be down-
loaded from the project Web site at http://www.htc.
honeywell.com/projects/sepia.

Summary

Over the last several years, a technological convergence—
increasing processing power and memory capacities,
component software infrastructure developments, adap-
tive agent architectures—has made possible the devel-
opment of a new class of simulation and optimization
tools. With careful design, these tools can be used by
nonexperts, and they can provide a level of decision sup-
port and insight to analysts and planners. It is, how-
ever, important to recognize that agency architectures—
although the object of significant attention in both the
software research community and the high-technology
media—is no panacea (Wooldridge and Jennings, 1998).
Problems that will benefit from an agent-oriented solu-
tion are those that have an appropriate degree of mod-
ularity and concurrency. Even then, considerable effort
must be invested to endow agents with the necessary do-
main knowledge. For optimization applications, adapta-
tion capabilities must be carefully enabled in agents to
ensure that the flexibility of the agent-based approach
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does not immediately imply drastic computational inef-
ficiency.

Conclusions

We conclude with some “slogans” that reflect the moti-
vations and philosophy underlying the research reported
above.

Embrace pluralism. The more complex and encom-
passing the problems we attempt to solve, the less likely
that any one solution approach will suffice. Key problem
characteristics-such as the degree of knowledge and the
amount of data available-will vary considerably across
the range of enterprise optimization applications. Cov-
ering the space of problems of interest requires a mul-
tipronged research agenda and the development of ap-
proaches that are applicable across the diversity of prob-
lem instances.

Leverage existing foundations. New classes of prob-
lems need not mean new built-from-scratch solutions.
Especially from a pragmatic perspective, an ability to
create technology that can “piggy-back” on existing in-
frastructure can be a key differentiator. The extent of
disruption of systems and processes is always a consid-
eration in the adoption of new research results.

Exploit IT advances. Advances in hardware, soft-
ware, and communication platforms do not just allow
more complex algorithms to be run; they also suggest
new ways of thinking about problems. The doing away
with traditional technology constraints can be a liber-
ating event for the research community, although it is
important to remember that the inertia of a mature, es-
tablished industry is a significant constraint in its own
right.

Pursue multidisciplinary collaborations. Another
corollary of complexity is that its management is a mul-
tidisciplinary undertaking (Samad and Weyrauch, 2000).
In the current context, this is not only a matter of marry-
ing control theory, chemical engineering, and computer
science. As we attempt to automate larger-scale sys-
tems and pursue the autonomous operation of entire en-
terprises, any delimiting of multidisciplinary connections
seems arbitrary.

It appears to be a law of automation that the larger the
scale of the system to be automated, the more special-
ized and less generic the solution. At one extreme, the
PID controller is ubiquitous across all industries (pro-
cess, aerospace, automotive, buildings, etc.) for single-
loop regulation. At the multivariable control level, MPC
is the technology of choice for the process industries but
has had little impact in others. For enterprise optimiza-
tion, effective solutions will likely be even more domain-
specific. The fact that we have discussed three very dif-
ferent technologies does not imply a fundamental uncer-
tainty about which one of these will ultimately be the
unique “winner”; rather, it reflects a fundamental belief

that process enterprise optimization is too complex and
diverse a problem area for any one solution approach to
satisfactorily address.
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Härdle, W., Applied Non-parametric Regression. Cambridge Uni-
versity Press (1990).

Harp, S. A., S. Brignone, B. F. Wollenberg, and T. Samad,
“SEPIA: A simulator for electric power industry agents,” IEEE
Cont. Sys. Mag., pages 53–69 (2000).

Hastie, T. J. and R. J. Tibshirani, Generalized Additive Models.
Chapman & Hall, London (1990).

Hinton, G. E. and S. J. Nowlan, “How learning can guide evolu-
tion,” Complex Systems, 1, 495–502 (1987).

Kalman, R. E., “A New Approach to Linear Filtering and Pre-
diction Problems,” Trans. ASME, J. Basic Engineering, pages
35–45 (1960).

Koza, J., Genetic Programming. MIT Press, Cambridge, MA
(1992).
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Abstract
Chemical process synthesis typically accounts for model uncertainty by ensuring process flexibility. However, ensuring
process flexibility does not guarantee steady-state robust feasibility (i.e., the existence of a plantwide control system to
maintain the process at a desired steady state in the presence of uncertainty). We show, through examples, that the
difference between process flexibility and steady-state robust feasibility can be observed at three levels of severity. A
definition for plantwide controllability that guarantees steady-state robust feasibility is proposed.
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Introduction

A minimum requirement for process synthesis is to de-
sign an operable process. A process is operable if there
exists a plantwide control system to maintain the pro-
cess at a desired steady state in the presence of uncer-
tainty. Considering uncertainty explicitly during process
synthesis is important for many reasons. For example,
models used for process synthesis are rarely perfect and
assumptions made during process synthesis may not hold
exactly. As a result, the process may not be operable if
the uncertainty is not properly accounted for.

Researchers have proposed using various process flexi-
bility conditions during process synthesis to ensure that
there exist feasible steady-state operating conditions in
the presence of uncertainty. In general, these conditions
are independent of plantwide control systems. Gross-
mann and co-workers (Swaney and Grossmann, 1985a,b,
etc.), for example, have developed several methods to
deal with uncertainty optimally. More recent work in
this area has been by Pistikopoulos and co-workers (Pis-
tikopoulos, 1995; Georgiadis and Pistikopoulos, 1999,
etc.) who focus on combining more than one operability
characteristics during synthesis—such as flexibility, con-
trollability and reliability. In this paper, we will show
that ensuring process flexibility does not guarantee the
existence of a plantwide control system. In fact, we iden-
tify three cases in which the process design satisfies the
process flexibility conditions although the process is not
plantwide controllable at the desired steady state.

Controllability is generally considered after a process
has been synthesized. Many tools have been proposed
to study process controllability issues (Lee et al., 1991;
Braatz et al., 1991; Braatz and Morari, 1994; Skoges-
tad and Wolff, 1992, etc.). However, most of the tools
assume a fixed control structure (i.e., a fixed set of con-
trolled variables and manipulated variables) and focus
on the controller synthesis. The plantwide controllabil-
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†To whom all correspondence should be addressed. zzheng@
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ity definition proposed in this paper does not assume a
fixed control structure.

Process Flexibility

Process flexibility is defined by Grossmann and Swaney
(Swaney and Grossmann, 1985a) as “the ability of a de-
sign to tolerate and adjust to variations in conditions
which may be encountered during operation.” Mathe-
matically, this definition means that, for each allowable
value of p and d, there exist allowable values of u and y
such that the following is feasible:

{
f (u, d, y, x, p) = 0
g (u, d, y, x, p) ≤ 0 (1)

where x are the design variables, u are the manipulated
variables, d are the disturbances, y are the outputs and
p are the system parameters. The equation set, f , cor-
responds to all the energy and material balances and
other algebraic equations (e.g., vapor-liquid relations),
while g corresponds to the process constraints for the
system (e.g., input and output constraints). Notice that
for simplicity, we have only considered the parametric
uncertainty and ignored the structural uncertainty.

This process flexibility definition assumes that both u
and y can be adjusted based on the values of d and p to
ensure (1) is feasible. However, in practice, both d and p
are rarely known exactly. A common strategy is to adjust
u to maintain some of the outputs at desired setpoints
via a plantwide control system, an aspect not considered
by the process flexibility definition. Therefore, we would
expect that ensuring process flexibility is not sufficient
to guarantee the steady-state robust feasibility, defined
below.
Steady-State Robust Feasibility: A process is ro-
bustly feasible at steady state if there exists a plantwide
control system so that (1) is feasible for all allowable
values of p and d.

364
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Plantwide Controllability

We propose a definition for plantwide controllability
which explicitly considers the plantwide control sys-
tem. In this definition, the steady-state relations
for the plantwide control system are represented by
h(u, d, y, x, p, r) = 0, where r represents the setpoints
for a set of controlled variables.

Steady-State Plantwide Controllability: A process
is plantwide controllable at steady state if there exist h
and r such that the following is feasible for all allowable
values of d and p: f (u, d, y, x, p) = 0

g (u, d, y, x, p) ≤ 0
h (u, d, y, x, p, r) = 0

(2)

Notice that h and r are not unique. For fixed h and r,
the plantwide controllability reduces to the conventional
controllability.

Comparing the process flexibility condition (1) and
the proposed plantwide controllability condition (2), it
should be clear that ensuring process flexibility is a nec-
essary but not a sufficient condition to guarantee steady-
state plantwide controllability (i.e., a design which satis-
fies the process flexibility condition may not be steady-
state plantwide controllable). In fact, there are three
cases where (2) is not feasible even if (1) is feasible:

• Case 1: The steady-state plantwide controllability is
not guaranteed for a fixed set of controlled variables
at fixed setpoints (i.e., h and r are fixed). However,
the steady-state plantwide controllability may be re-
stored by simply choosing alternative setpoints.

• Case 2: The steady-state plantwide controllability is
not guaranteed for a fixed set of controlled variables
regardless of their setpoints (i.e., h is fixed but r
is not). The steady-state plantwide controllability
may be restored by choosing an alternative set of
controlled variables.

• Case 3: The steady-state plantwide controllability
is not guaranteed regardless of the controlled vari-
able set and their setpoints (i.e., both h and r are
not fixed). The steady-state plantwide controllabil-
ity can only be restored through process retrofits or
redesign.

We illustrate the first two cases using the Hy-
drodealkylation of Toluene (HDA) process and the third
case using a reactor-separator-recycle (RSR) process.

HDA Process—Cases 1 and 2

We assume that the reactions involved in this process are

Rxn 1 Toluene+Hydrogen→ Benzene+Methane

Rxn 2 2Benzene↔ Diphenyl +Hydrogen

Parameter Reaction 1 Reaction 2
Rate constant 6× 1014 7.6×1014

∆Hrxn (kJ/kgmol) -42,000 8,100
Activation Energy

(kJ/kgmol) 220,000 130,000

Table 1: Kinetic parameters for the HDA process:

units for reaction 1 rate constants are (ft3)1/2

lbmol1/2−hr

while the units for reaction 2 rate constants are
ft3

lbmol−hr
.
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Figure 1: Simplified flowsheet for HDA process.

Both reactions are elementary and the nominal values
of the kinetic parameters for these reactions are sum-
marized in Table 1. To study the effect of model uncer-
tainty, we assume a 50% uncertainty in the rate constant
for Reaction 1.

The flowsheet of the HDA process (Figure 1) is simpli-
fied by assuming that diphenyl is recycled to extinction
and that there is no impurity in the feed stream nor any
by-product other than diphenyl. The stabilizer is also
assumed to yield a perfect split. Finally, fixing the pres-
sure in the benzene column (P = 2 atm) and the fresh
feed flowrates, there are four degrees of freedom—one for
the reactor, two for the benzene column, and one for the
gas recycle splitter.

Constraints for this process include a benzene product
purity constraint (99.97%), flooding and weeping con-
straints for the benzene column (2000 and 500 kgmol/hr
respectively (Kister, 1989)), and a maximum reactor out-
let temperature (700 deg C) to prevent coking.

In the following sections, we present designs for Cases
1 and 2. Both designs consist of a 54 stage benzene col-
umn with the feed entering at the 38th stage and a reac-
tor diameter fixed at 3.05 meters. However, the reactor
length in the two designs differs.

Case 1: Infeasible at Fixed Setpoints

Consider the process with a reactor length of 24.4 me-
ters. We can verify that this design satisfies condition
(1) by fixing the benzene bottoms composition and gas
recycle ratio at 0.05% and 88% and decreasing the reac-
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Figure 2: Reactor inlet temperature setpoint as func-
tion of the rate constant for the designs in Cases 1
and 2.
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Figure 3: Minimum and maximum column vapor
flows as functions of reactor inlet temperature set-
point with gas recycle setpoint of 88% and benzene
bottoms composition setpoint of 0.05%.

tor inlet temperature with increasing values of the rate
constant as shown in Figure 2. The maximum vapor
flow, minimum vapor flow and maximum reactor out-
let temperature obtained when following this trajectory
are 1800 kgmol/hr, 1300 kgmol/hr and 689 deg C re-
spectively. Since there exist steady-state operating con-
ditions which satisfy all process constraints despite the
uncertainty, this design satisfies condition (1).

However, to change the reactor inlet temperature set-
point according to this trajectory, exact values of the
rate constant are needed. Since this is usually not the
case in practice, we instead control the reactor inlet
temperature, benzene product purity, benzene bottoms
composition, and gas recycle ratio setpoints at 636 deg
C, 99.97%, 0.05%, and 88%, respectively. Note that
since we are only interested in the steady-state plantwide
controllability, we merely need to select a set of con-
trolled variables and their setpoints. Figure 3 shows
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Figure 4: Feasibility regions for the design in Case 2.

that, for this reactor inlet temperature setpoint, the min-
imum vapor flow is less than the weeping constraint of
500 kgmol/hr. Therefore, the design with the proposed
plantwide control system is not feasible at the specified
setpoints although condition (1) is satisfied. In fact, no
setpoint for the reactor inlet temperature would satisfy
both flooding and weeping limits in this case.

Steady-state plantwide controllability can be restored
to this process by choosing alternative setpoints. For ex-
ample, changing the benzene bottoms composition set-
point to 0.01% and the reactor inlet temperature to 649
deg C would guarantee that all process constraints are
satisfied.

Case 2: Infeasible for Fixed Controlled Variables

With a reactor of length 18 meters, the design still sat-
isfies condition (1) (Figure 2 for Case 2). The maximum
and minimum vapor flows in this case are 1900 and 1400
kgmol/hr while the maximum reactor outlet temperature
is 695 deg C. However, steady-state plantwide controlla-
bility is still not guaranteed since the rate constant is not
known exactly in practice.

Suppose we choose the benzene bottoms composition,
gas recycle ratio, reactor inlet temperature and the ben-
zene product purity as controlled variables. Figure 4
then maps the regions in which the flooding, weeping and
reactor outlet temperature constraints are satisfied for
different gas recycle ratios and benzene bottoms compo-
sitions setpoints. In this diagram, Region I corresponds
to the setpoints which satisfy the flooding and weep-
ing constraints, while Region II corresponds to the set-
points which satisfy the flooding and the reactor outlet
temperature constraints. Since Region I and II do not
overlap, there does not exist a gas recycle ratio and ben-
zene bottoms composition setpoint satisfying all process
constraints. This controlled variable set is therefore not
feasible regardless of the setpoints.

Steady-state plantwide controllability can be restored
to this system, by choosing an alternative set of con-



A Definition for Plantwide Controllability 367

29 Stage 
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Qheat
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100 kgmol/hr 
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Trout

Trin

Figure 5: Reactor-Separator-Recycle process.

trolled variables. This can be accomplished, for exam-
ple, by using the reboil duty (with a setpoint of 3× 106

kJ/hr) instead of the benzene bottoms composition as a
controlled variable.

Case 3: RSR Process

Determining a HDA design that is infeasible for all
steady-state control structures requires the evaluation
of all controlled variable alternatives and setpoints. To
illustrate this third case without the associated com-
plexity, we use a simpler process with one less degree
of freedom—a reactor-separator-recycle (RSR) process
(Figure 5).

The reactor in this process is a CSTR with a volume
of 0.6 m3, while the separator is a 29-stage distillation
column with the feed entering at the 15th stage. The
reaction is A → B with elementary kinetics. The ac-
tivation energy and heat of reaction are 5 × 104 and
−8.5 × 103 kJ/kgmol, respectively, while the nominal
value of the rate constant, kr, is 105. The effects of un-
certainty are studied by assuming that the actual rate
constant could be any value between krmin = 3.5 × 104

and krmax = 1.65× 105.
Constraints for this process include flooding and weep-

ing limits (12000 kgmol/hr and 3000 kgmol/hr, respec-
tively) for the distillation column, a minimum reactor
feed temperature (Trin ≥ 55 deg C), a maximum reactor
effluent temperature (Trout ≤ 117.5 deg C), and a prod-
uct purity constraint in the distillate of 99.9% B. We
can verify that condition (1) is satisfied for this design
by choosing setpoints according to the rate constant as
shown in Figure 6: The maximum and minimum vapor
flows in the column are 12000 and 7000 kgmol/hr, re-
spectively, the minimum reactor feed temperature is 65
deg C and the maximum reactor effluent temperature is
114 deg C.

However, choosing setpoints in this fashion assumes
that the rate constant is known exactly. Since this may
not be the case in practice, the question is: Can we
synthesize a plantwide control system such that all con-
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Figure 6: Reactor duty and reboil ratio setpoints as
functions of the rate constant.

straints can be satisfied for all possible values of the rate
constant? For this system, we have to choose three con-
trolled variables—two for the distillation column and one
for the reactor. Choosing the product purity of B as one
controlled variable, we are left with selecting two more
controlled variables. Controlled variable alternatives for
the reactor include the reactor duty and the reactor ef-
fluent temperature while controlled variable alternatives
for the stripping section of the distillation column in-
clude the reboil ratio, the reboil duty and the bottoms
composition of A.

With the reactor effluent temperature as the controlled
variable for the reactor, there are two important limits.
When the reaction rate constant is at the minimum pos-
sible value (i.e., kr = krmin), a reactor effluent tempera-
ture setpoint greater than 114 deg C is required to ensure
that the maximum vapor flow in the column would be
less than 12000 kgmol/hr. On the other hand, when
the rate constant is at the maximum possible value (i.e.,
kr = krmax), a reactor effluent temperature setpoint less
than 109 deg C is necessary to satisfy the weeping con-
straint. Since there does not exist a reactor effluent tem-
perature setpoint satisfying both the flooding and weep-
ing constraints for all possible values of the rate constant,
any controlled variable set with the reactor effluent tem-
perature would not be feasible and can be eliminated.
The only controlled variable alternative remaining for
the reactor is the reactor duty. Note that the reactor
duty setpoint has to be less than 106 kJ/mol to satisfy
the reactor effluent temperature constraint. With the
product purity and reactor duty as controlled variables,
we now discuss three alternatives with the bottoms com-
position of A, reboil ratio, or reboil duty as the other
controlled variable.

For the controlled variable set with the bottoms com-
position of A, the setpoints for which the flooding and
weeping constraints are satisfied are shown in Figure 7.
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Since there do not exist setpoints which satisfy both the
constraints, this controlled variable alternative is also not
feasible. A graph similar to Figure 7 is obtained when
using the reboil ratio instead of the bottoms composition
of A and therefore, the controlled variable set with reboil
ratio and reactor duty is also not feasible.

The final alternative to be studied utilizes the reac-
tor duty, reboil duty and the product purity of B as
controlled variables. With this controlled variable set,
Figure 8 indicates that for reactor duties greater than
9 × 105 kJ/hr, there exist reboiler duty setpoints which
satisfy both the flooding and weeping constraints. How-
ever, these setpoints are yet again infeasible since the
minimum reactor feed temperature is below 55 deg C at
these operating conditions.

From this discussion, it should be apparent that al-
though this design satisfies condition (1), there may not
exist a set of controlled variables and corresponding set-
points which would satisfy all process constraints for the
given uncertainty. It should be emphasized that we only

explored the obvious controlled variable alternatives and
that we did not explore all possible alternatives (e.g.,
control of tray temperature, control of a variable that
is a function of the column composition profile, etc.).
While the steady-state plantwide controllability can be
restored to designs corresponding to cases 1 and 2 with
relatively small modifications, processes which fall in this
third case have no recourse but for a major redesign or
retrofit.

Conclusions

In this paper, we showed that ensuring process flexibil-
ity does not guarantee steady-state robust feasibility. A
definition for steady-state plantwide controllability that
ensures steady-state robust feasibility is proposed. The
difference between this definition of plantwide control-
lability and the conventional controllability definition is
that plantwide controllability does not assume a fixed
controlled structure.
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Abstract
This paper highlights some of our recent results on control of single-input single-output constrained uncertain nonlinear
processes. The main issues and challenges that arise in control of such processes are discussed and a novel Lyapunov-
based framework for nonlinear controller synthesis is presented to address these issues. The proposed framework leads
to the explicit synthesis of nonlinear robust optimal state feedback controllers, with well-characterized stability and
performance properties, that cope effectively with the simultaneous problems of severe process nonlinearities, significant
model uncertainty, and hard constraints on the manipulated input. The impact of the proposed framework is analyzed
and its implications for nonlinear process control are identified.
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Introduction

In designing an effective process control system, there
are several fundamental issues that transcend the bound-
aries of specific process applications. Although they may
vary from one application to another and have differ-
ent levels of significance, these issues remain generic in
their relationship to the control design objectives. Cen-
tral to these issues is the requirement that the con-
trol system provide satisfactory performance in the face
of severe process nonlinearities, modeling errors, pro-
cess variations, and actuator constraints. Nonlinear be-
havior, model uncertainty and input constraints repre-
sent some of the more salient features whose frequently-
encountered co-presence in a multitude of chemical pro-
cesses renders the task of controlling such processes a
challenging one. For example, many important indus-
trial processes including highly exothermic chemical re-
actions, high purity distillation columns, and batch sys-
tems exhibit strong nonlinear behavior and cannot be ef-
fectively controlled with controllers designed on the ba-
sis of approximate linear or linearized process models.
The limitations of traditional linear control methods in
dealing with nonlinear chemical processes have become
increasingly apparent as chemical processes may be re-
quired to operate over a wide range of conditions due to
large process upsets or set-point changes. This realiza-
tion has consequently motivated intense research activity
in the area of nonlinear process control over the last fif-
teen years. The literature on nonlinear process control is
really extensive (see, e.g., (Allgöwer and Doyle III, 1997)
for references).

In addition to nonlinear behavior, many industrial pro-
cesses are characterized by the presence of model uncer-
tainty such as unknown process parameters and external

∗Financial support in part by UCLA through a Chancellor’s Fel-
lowship for N. H. El-Farra and the University of California Energy
Institute is gratefully acknowledged.

disturbances which, if not accounted for in the controller
design, may cause performance deterioration and even
closed-loop instability. Significant research work has con-
sequently focused on this problem including the use of
integral action in conjunction with feedback linearizing
controllers to compensate for constant model uncertainty
and the design of robust controllers through Lyapunov’s
direct method for processes with time-varying uncertain
variables (e.g., (Christofides et al., 1996)).

The above approaches, however, do not lead in gen-
eral to controllers that are optimal with respect to a
meaningful cost and therefore do not guarantee achieve-
ment of the control objectives with the smallest possible
control action. This is an important limitation of these
methods, especially in view of the fact that the capacity
of control actuators used to regulate chemical processes
is almost always constrained. The problems caused by
input constraints have consequently motivated many re-
cent studies on the dynamics and control of chemical
processes subject to input constraints. Notable contri-
butions in this direction include controller design and
stability analysis within the model predictive control
framework (e.g., (Rawlings, 1999; Kurtz et al., 2000)),
constrained quadratic-optimal control (Chmielewski and
Manousiouthakis, 1996), the design of “anti-windup”
schemes in order to prevent excessive performance dete-
rioration of an already designed controller when the in-
put saturates (Kothare et al., 1994; Valluri and Soroush,
1998; Kapoor and Daoutidis, 1999). However, these con-
trol methods do not explicitly account for robust uncer-
tainty attenuation.

Summarizing, a close look at the available literature
reveals the fact that, at this stage, existing nonlinear
process control methods lead to the synthesis of con-
trollers that can deal with either model uncertainty or
input constraints, but not simultaneously or effectively
with both. This clearly limits the achievable control
quality and closed-loop performance, especially in view

369
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of the commonly-encountered co-presence of uncertainty
and constraints in chemical processes. Therefore, the
development of a unified framework for control of non-
linear processes that explicitly accounts for the presence
of model uncertainty and input constraints is expected
to have a significant impact on chemical process control.
Motivated by this, we outline in this paper some of our
recent results on the development of this framework and
discuss, in particular, its implications for enriching our
existing arsenal of nonlinear control tools.

Nonlinear Processes with Uncertainty and
Constraints

We consider single-input single-output nonlinear pro-
cesses with uncertain variables and input constraints
modeled by the class of continuous-time nonlinear or-
dinary differential equation systems with the following
state-space description:

ẋ = f(x) + g(x)sat(u) +
q∑

k=1

wk(x)θk(t)

y = h(x)

(1)

where x ∈ IRn denotes the vector of process state
variables, u ∈ IR denotes the manipulated input,
θk(t) ∈ W ⊂ IR denotes the k-th uncertain (possibly
time-varying) but bounded variable taking values in a
nonempty compact convex subset W of IR, y ∈ IR de-
notes the output to be controlled, and sat refers to the
standard saturation nonlinearity. The presence of the
sat operator in Equation 1 signifies the presence of hard
constraints on the manipulated input. The uncertain
variable θk(t) may describe time-varying parametric un-
certainty and/or exogenous disturbances. It is assumed
that the origin is the equilibrium point of the nominal
(i.e., u(t) = θk(t) ≡ 0) system of Equation 1.

Main Issues on Control of Constrained
Uncertain Nonlinear Processes

Towards our end goal of developing an effective control
strategy that enforces the desired stability and perfor-
mance properties in nonlinear processes subject to model
uncertainty and actuator constraints, we begin in this
section by identifying some of the outstanding issues
that arise in this problem and must be addressed prop-
erly. While the individual presence of either model un-
certainty or input constraints poses its own unique set
of problems that must be dealt with at the stage of con-
troller design, the combined presence of both uncertainty
and constrains is far more problematic for process stabil-
ity and performance. The difficulty here emanates not
only from the cumulative effect of the co-presence of the
two phenomena but is, more importantly, due to the ad-
ditional issues that arise from the interaction of the two.

Nominal Nonlinear
Process Model

Conflict !!

Manipulated
Input 

Constraints
Uncertainty

High Gain
Control 
Action

Limited 
Control
Action

Robust Optimal 
Control

Figure 1: Paradigm for control of constrained uncer-
tain nonlinear processes.

At the core of these issues are the following two prob-
lems:

1. The co-presence of model uncertainty and input con-
straints creates an inherent conflict in the controller
design objectives and control policy to be imple-
mented. On one hand, suppressing the influence of
significant external disturbances requires typically
large (high-gain) control action. On the other hand,
the availability of such action is often limited by the
presence of input constraints. Failure to resolve this
conflict will render any potential control strategy es-
sentially ineffective. A schematic representation of
this conflict is depicted in Figure 1.

2. The set of feasible process operating conditions un-
der which the process can be operated safely and
reliably is significantly restricted by the co-presence
of uncertainty and constraints. While, on their own,
input constraints place fundamental limitations on
the size of this set (and consequently on our abil-
ity to achieve certain control objectives), these lim-
itations become even stronger when uncertainty is
present. At an intuitive level, many of the feasi-
ble operating conditions permitted by constraints
under nominal conditions (i.e. predicted using a
nominal model of the process) cannot be expected
to continue to be feasible in the presence of signif-
icant plant-model mismatch. The success of a con-
trol strategy in effectively addressing the problems
of uncertainty and constraints hinges, therefore, not
only on the design of effective controllers, but also
on the ability to predict a priori the feasible condi-
tions under which the designed controllers are guar-
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anteed to work in the presence of both uncertainty
and constraints.

Having discussed some of the main issues involved,
we are now motivated to proceed in the next two sec-
tions with the presentation of some of our recent results
on this problem, which directly address the issues out-
lined above and culminate in the development of a gen-
eral Lyapunov-based framework for control of nonlinear
processes with model uncertainty and input constraints.
More specifically, the developed framework entails:

1. The synthesis of nonlinear robust optimal con-
trollers that account explicitly for the problems of
significant model uncertainty and input constraints
and enforce the desired stability, robustness, opti-
mality, and explicit constraint-handling properties
in the closed-loop system.

2. The explicit and quantitative characterization of the
limitations imposed by the co-presence of uncer-
tainty and constraints on our ability to steer the
nonlinear process in a desired direction.

To lay the appropriate foundation for the development of
the proposed framework, we begin in the next section by
presenting first some of the key tools necessary to address
the first issue. Then, in the following section, we show
how these tools can be built upon to address the second
issue, leading finally to the desired framework.

Robust Optimal Control

The control paradigm presented in Figure 1 suggests a
natural approach to resolve the inherent conflict between
the need to compensate for the effect of model uncer-
tainty and the limitations imposed by input constraints
on the available control action. This is the robust op-
timal control approach which involves the synthesis of
robust controllers that use minimal or reasonably small
control action to compensate for the effect of significant
model uncertainty and achieve robust stabilization. In
(El-Farra and Christofides, 2001a), using a novel com-
bination of Lyapunov’s direct method and the inverse
optimal control approach, we synthesized robust opti-
mal controllers that enforce, in the presence of signifi-
cant model uncertainty and absence of constraints: a)
global stability, b) robust asymptotic output tracking
with arbitrary degree of attenuation of the effect of un-
certainty on the output, and c) optimal performance, in
the closed-loop system. The controllers take the general
form

u = −1
2
R−1(x, θb, φ)LḡV (2)

where

1
2
R−1(·) = c0 +

Lf̄V +
√

(Lf̄V )2 + (LḡV )4

(LḡV )2

+
ρ+ χ

∑q
k=1θbk|Lw̄kV ||2bTPe|

(LḡV )2(|2bTPe|+ φ)

(3)

is a strictly positive definite function, θbk’s represent the
available bounds that capture the magnitude of uncer-
tainty for all time, c0, ρ, χ, and φ are tuning parameters
that can be adjusted to achieve the desired degree of un-
certainty attenuation, V = eTPe is a scalar quadratic
Lyapunov function of the tracking error whose time-
derivative is rendered negative definite by the feedback
law of Equation 2 along the trajectories of the closed-
loop system, and LḡV is the standard Lie derivative no-
tation. Further details on the controller synthesis pro-
cedure and notation used can be found in (El-Farra and
Christofides, 2001a). In what follows, we outline some
of the key desirable features of the robust optimal con-
trollers proposed and their implications for the problem
of controlling constrained uncertain nonlinear processes.

1. The robust optimal controllers of Equation 2 possess
two desirable properties not present in other non-
linear controllers designed on the basis of feedback
linearization concepts. The first property is their
ability to recognize the presence of beneficial (sta-
bilizing) nonlinearities in the process and prevent
their unnecessary cancellation. As a result, these
controllers do not waste unnecessary control effort
to accomplish the desired closed-loop objectives. An
important implication of this property is the fact
that these controllers (though not designed to han-
dle constraints explicitly yet) are better equipped
to cope with the limitations imposed by input con-
straints on the available control action than other
controllers which may request unnecessarily large
control effort. The second property is the use of
domination, rather than cancellation, to eliminate
the effects of harmful (destabilizing) nonlinearities.
This property guards against the non-robustness of
nonlinear cancellation designs which increases the
risk of instability due to the presence of other un-
certainty not taken into account in the controller
design.

2. The use of Lyapunov’s direct method in the con-
troller design allows the synthesis of robust con-
trollers that can effectively attenuate the effect of
time-varying persistent uncertainty on the closed-
loop output which cannot be achieved using classi-
cal uncertainty compensation techniques, including
the incorporation of integral action and parameter
adaptation in the controller. For constant distur-
bances, the Lyapunov approach offers an alterna-
tive method for disturbance rejection that avoids
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the use of integral action which contributes to the
problem of windup in the presence of constraints.
Furthermore, robust stabilization is accomplished
regardless of how large the disturbances are so long
as bounds are available that capture their magni-
tude. For nonlinear controller design, in general,
Lyapunov methods provide useful and systematic
tools (see, e.g.,(Kazantzis and Kravaris, 1999)).

3. Using the inverse optimal control approach
(Freeman and Kokotovic, 1996; El-Farra and
Christofides, 2001a), one can rigorously prove that
the robust Lyapunov-based controller of Equation 2
is optimal with respect to a meaningful performance
index of the form:

J =
∫ ∞

0

(l(e) + uR(x)u)dt (4)

which imposes physically sensible penalties on both
the tracking error (l(e) is a smooth positive definite
nonlinear function bounded below by a quadratic
function of the norm of the tracking error) and the
control action. The inverse optimal approach pro-
vides a sound theoretical basis for explaining the
origin of the controllers’ optimality properties out-
lined in the first remark. Another major advantage
of using the inverse optimal approach in controller
design is the fact that it provides a convenient route
for the synthesis of robust controllers that are op-
timal with respect to meaningful cost functionals
without recourse to the unwieldy task of solving the
Hamilton-Jacobi-Isaacs partial differential equation
which is the optimality condition for the robust sta-
bilization problem for nonlinear systems.

Integrating Robustness, Optimality, and
Constraints

While optimality is certainly a desirable feature that ev-
ery well designed controller must possess to cope with the
limitations imposed by input constraints on the control
action, it might not always be sufficient to address the
problem in its entirety. For example, one can envision sit-
uations where the control objectives cannot be achieved
in the presence of constraints, irrespective of the partic-
ular choice of the control law. Therefore, for an optimal
control policy, such as the one presented in the previous
section, to effectively address the problem of constraints,
it is imperative that it also identifies, explicitly, the fea-
sible operating conditions under which stability of the
process can be guaranteed in the presence of constraints.
In this regard, we note that although the robust optimal
controllers of Equation 2 are equipped with the appropri-
ate tools to resolve the conflict between uncertainty and
constraints, they are not designed to address the second
issue of explicitly characterizing the limitations imposed
by input constraints on the feasible operating conditions

and cannot therefore be expected to enforce the same
closed-loop properties in the presence of arbitrary input
constraints.

To address this issue, we developed in (El-Farra
and Christofides, 2001a) a novel scaling procedure that
bounds the robust optimal controllers in Equation 2:

|u| ≤ umax (5)

where | · | is the Euclidean norm and umax represents the
available information on the actuator constraints. The
result of this bounding procedure was the direct synthe-
sis of nonlinear bounded robust optimal controllers that
are conceptually aligned with the robust optimal con-
trollers of Equation 2, but possess the additional capabil-
ities of: a) incorporating both uncertainty and actuator
constraints explicitly in the controller synthesis formula,
and b) characterizing explicitly the set of feasible initial
conditions starting from where the desired stability and
performance properties are guaranteed in the closed-loop
system under uncertainty and constraints. The result-
ing bounded robust optimal controllers have the general
form:

u = −1
2
R̄−1(x, umax, θb, φ)LḡV (6)

where

1
2
R̄−1(·) =

L∗
f̄
V +

√
(L∗

f̄
V )2 + (umaxLḡV )4

(LḡV )2[1 +
√

1 + (umaxLḡV )2]
(7)

is a strictly positive definite function of its arguments
and L∗

f̄
V = Lf̄V +

∑q
k=1θbk|Lw̄kV |+ρ|e|. For details on

the notation used, see (El-Farra and Christofides, 2001a).
We have shown in (El-Farra and Christofides, 2001a)
that whenever the following inequality is satisfied:

Lf̄V + ρ|e|+ χ

q∑
k=1

θbk|Lw̄kV | ≤ umax|LḡV | (8)

the bounded robust optimal controllers of Equation 6 en-
force the following properties in the constrained closed-
loop system, including: a) stability, b) robust asymptotic
output tracking with arbitrary degree of uncertainty at-
tenuation, and c) optimal performance with respect to
a meaningful performance index of the general form of
Equation 4 that imposes meaningful penalties on the
tracking error and control action. In what follows, we
outline some of the key features of the proposed bounded
robust optimal controller design method and discuss its
implications for the development of the desired unified
framework for control of constrained uncertain nonlinear
processes.

1. The inequality of Equation 8 describes explicitly
the largest region in state space where the time-
derivative of the Lyapunov function is guaranteed
to be negative definite along the trajectories of the
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closed-loop system, in the presence of uncertainty
and constraints. Therefore, guided by this inequal-
ity, one can explicitly identify the set of admissi-
ble initial states, starting from where the aforemen-
tioned closed-loop properties are guaranteed, and
ascertain a priori (before implementing the con-
troller) whether stability and robust set-point track-
ing can be guaranteed in the constrained closed-loop
system for a given initial condition. This aspect of
the proposed method has important practical impli-
cations for efficient process operation since it pro-
vides the plant operators with a systematic guide to
select feasible operating conditions. This is particu-
larly significant in the case of unstable plants (e.g.,
exothermic chemical reactors) where lack of such a
priori knowledge can lead to undesirable outcomes.

2. In addition to providing the desired characteriza-
tion of the region of guaranteed closed-loop stabil-
ity, the inequality of Equation 8 also depicts the
region where the control action satisfies the input
constraints. Within this region, no mismatch exists
between the controller output and the actual process
input.

3. The inequality of Equation 8 captures, in an intu-
itive way, the limitations imposed by uncertainty
and constraints on the size of the closed-loop sta-
bility region. To this end, note that Equation 8
predicts that the tighter the input constraints (i.e.,
smaller umax) and/or the larger the plant-model
mismatch (i.e., larger θbk), the fewer the initial con-
ditions that can be used for stabilization.

4. In light of the above remarks, it’s important to com-
pare the above control method with other methods
of nonlinear control for nonlinear processes with in-
put constraints. For example, in contrast to the
traditional two-step approaches employed in ana-
lytical process control, which involves first the de-
sign of a controller for the unconstrained process
and then accounts for input constraints through a
suitable anti-windup modification, the bounded ro-
bust optimal control method offers a direct approach
to the problem whereby the controllers of Equa-
tion 6 use directly the available information on ac-
tuator constraints (umax) and uncertainty (θb) to
compute the necessary control action; thus integrat-
ing robustness, optimality, and explicit-constraint
handling capabilities in a single design. Other di-
rect approaches for dealing with input constraints
include optimization-based methods such as model
predictive control. In these methods, however, the
feedback law is not given explicitly, but implicitly
through the optimization problem, which must be
solved at each time step. Furthermore, issues of
computational effort, robustness, and the a priori

characterization of the region of closed-loop stabil-
ity have yet to be addressed satisfactorily within
these approaches.

The proposed Lyapunov-based control approaches re-
viewed here were applied successfully in (El-Farra and
Christofides, 2001a) to benchmark examples including
nonisothermal chemical reactors with unstable dynam-
ics. Finally, we note that the problem of output feedback
was recently addressed in (El-Farra and Christofides,
2001b, 2000) through combination of the robust optimal
state feedback controllers with high gain observers. This
approach was shown to practically preserve both the op-
timality properties as well as the region of guaranteed
closed-loop stability obtained under state feedback.
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Abstract
The growing interest in model predictive control for nonlinear systems, also called NMPC, is motivated by the fact that
today’s processes need to be operated under tighter performance specifications to guarantee profitable and environmentally
safe production. One of the remaining essential problems for NMPC is the high on-line computational load. At each
sampling instant, a nonlinear optimal control problem must be solved. In this paper, we summarize recent results showing
the practical applicability of NMPC for process control. We show how recent advances in NMPC theory and dynamic
optimization can be used to make the real-time application of NMPC feasible even for high dimensional problems. As an
application example the real-time control of a high purity distillation column is considered.
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Introduction

Over the last two decades model predictive control
(MPC), also referred to as moving horizon control or
receding horizon control, has become an attractive feed-
back strategy. Linear MPC approaches have found
successful applications, especially in the process indus-
try (Qin and Badgwell, 1996). Nowadays, tighter prod-
uct quality specifications, increasing productivity de-
mands and environmental regulations require systems to
be operated closer to the boundary of the admissible op-
erating region. To allow operation near the boundary, a
linear model is often not adequate to describe the pro-
cess dynamics. This motivates the use of nonlinear sys-
tem models, non-quadratic cost functions and nonlinear
constraints in the predictive framework, thus leading to
nonlinear model predictive control (NMPC).
Recently NMPC schemes with favorable properties in-
cluding guaranteed closed-loop stability or reduced com-
putational demand have been developed, see for exam-
ple De Nicolao et al. (2000); Allgöwer et al. (1999) for a
review. Despite these advances concern has been raised
that due to the high on-line computational load none of
the available NMPC schemes can be used for real-time
control in practice. This concern is based on the fact
that at every sampling instant a high-dimensional non-
linear, finite horizon optimal control problem has to be
solved.
In this paper we summarize results of an ongoing
study (Nagy et al., 2000; Bock et al., 2000b; Allgöwer
et al., 2000) showing the practical applicability of NMPC

∗findeise@ist.uni-stuttgart.de
†allgower@ist.uni-stuttgart.de
‡moritz.diehl@iwr.uni-heidelberg.de
§bock@iwr.uni-heidelberg.de
¶schloeder@iwr.uni-heidelberg.de
‖znagy@chem.ubbcluj.ro

to medium/high dimensional processes. We consider the
control of a high purity distillation column using NMPC.
In contrast to (Nagy et al., 2000; Bock et al., 2000b) we
consider the output feedback case in this paper.
Our goal is to outline the key components for real-
time application of NMPC. The conclusion is that a
successful application of NMPC is possible even nowa-
days, if a combination of special dynamic optimization
strategies (Bock et al., 2000b; Biegler, 2000) and NMPC
schemes with reduced online computational load (Chen
and Allgöwer, 1998; De Nicolao et al., 1996) is used.
The paper is organized as follows: In the first section, we
review NMPC strategies that require reduced computa-
tional load. In the second section, one specially tailored
dynamic optimization strategy for the solution of the oc-
curring optimal control problems is described. Finally,
the control of a high-purity distillation column is consid-
ered.

Nonlinear Model Predictive Control

In Figure 1 the general principle of model predictive
control is shown. For simplicity of exposition, we as-
sume that the control and prediction horizon have the
same length. Based on measurements obtained at time
t, the controller predicts the future dynamic behav-
ior of the system over a control horizon Tc and de-
termines the manipulated input such that a predeter-
mined open-loop performance objective functional is op-
timized. In order to incorporate some feedback mech-
anism, the open-loop manipulated input function ob-
tained is implemented only until the next measurement
becomes available. We assume that this is the case ev-
ery δ seconds (sampling time). Using the new measure-
ment, at time t+δ, the whole procedure—prediction and
optimization—is repeated to find a new input function.

374
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Figure 1: Principle of model predictive control.

Mathematical Formulation of NMPC

We assume that the system is given by nonlinear index-
one differential algebraic equations (DAE) of the form

ẋ(t) = f(x(t), z(t),u(t)), x(0) = x0 (1a)
0 = g(x(t), z(t),u(t)), (1b)

where x(t) ∈ Rn denotes the differential variables, z(t) ∈
Rp the algebraic variables and u(t) ∈ Rm the inputs.
The control objective is to stabilize this system around
a given setpoint, denoted by (xs, zs,us), while satisfying
constraints on the input and states of the form:

h(x, z,u) ≥ 0. (2)

In the simplest case the constraints are box constraints,
i.e. umin ≤ u ≤ umax, xmin ≤ x ≤ xmax. The control is
given by the following open-loop optimization problem
that is solved at every sampling instant:

min
ū(·)

J(ū(·);x(t)) (3a)

with:

J(ū(·);x(t)) =
∫ t+Tc

t

F (x̄(τ), ū(τ))dτ (3b)

subject to:

˙̄x(τ) = f(x̄(τ), z̄(τ), ū(τ)), x̄(t) = x(t) (3c)
0 = g(x̄(τ), z̄(τ), ū(τ)) (3d)

h(x̄(τ), z̄(τ), ū(τ)) ≥ 0 τ ∈ [t, t+ Tc]. (3e)

Internal controller variables are denoted by a bar. The
function F , often called stage cost function, specifies
the desired control performance. Often, F is chosen as
quadratic in x and u: F (x,u) = (x − xs)TQ(x − xs) +
(u− us)TR(u− us). The system input during the sam-
pling time δ is given by the optimal input resulting from
the solution of the open-loop control problem at time t:
u(τ) = ū?(τ), τ ∈ [t, t+ δ).

Efficient Formulation of the NMPC Problem

While the NMPC formulation described above can be
applied straightforwardly in practice, in general noth-
ing can be said about stability of the closed loop and
performance. One way to achieve good closed-loop per-
formance and stability is the use of an infinite horizon
length (Keerthi and Gilbert, 1988), i.e. Tc is set to ∞.
However, for an infinite horizon, the resulting nonlinear
program (NLP) is in practice not solvable in finite time.
If finite prediction and control horizons are used, the
closed-loop system trajectories differ from the predicted
open-loop ones. As a consequence it is not clear how the
resulting performance is related to the “optimal” infinite
horizon cost and whether the closed-loop is stable.

To allow an efficient solution of the resulting open-
loop optimal control problem while guaranteeing stabil-
ity and good performance several NMPC schemes have
been proposed (Chen and Allgöwer, 1998; De Nicolao
et al., 1996). These methods lead to a similar open-
loop optimization problem as Equation 3a, however the
cost function, Equation 3b, is augmented by a terminal
penalty term Es(·)

J(ū(·);x(t)) =∫ t+Tc

t

F (x̄(τ), ū(τ))dτ + Es(x̄(t+ Tc)) (4)

and the following final region constraint is added

r(x̄(t+ Tc)) ≥ 0. (5)

Roughly speaking the terminal state penalty term Es

gives an (upper bound) estimate of the infinite horizon
cost and thus approximately recovers the infinite horizon.
For this approximation however, the final predicted state
has to be restricted to a predetermined region given by
the terminal region constraint r. Detailed descriptions
of these approaches and how to obtain Es and r can
be found in Allgöwer et al. (2000); Chen and Allgöwer
(1998); Findeisen and Allgöwer (2000); De Nicolao et al.
(2000). The computational advantage of the described
schemes lies in the fact, that shorter horizons can be
used, while not jeopardizing performance and stability.
We propose to use this kind of NMPC schemes in com-
bination with specially tailored dynamic optimization
strategies as outlined in the next section.

Efficient Solution of NMPC Problems

An numerically efficient solution of the NMPC optimiza-
tion problem should: 1) take advantage of the special
problem structure of the open loop optimization prob-
lem, 2) reuse as much information as possible from the
previous sampling interval in the current sampling in-
terval. One dynamic optimization scheme that can be
adapted to provide all these properties is the so-called di-
rect multiple shooting approach (Bock and Plitt, 1984).



376 Rolf Findeisen, Frank Allgöwer, Moritz Diehl, H. Georg Bock, Johannes P. Schlöder and Zoltan Nagy
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Figure 2: Principle of direct multiple shooting.

Direct Multiple Shooting for NMPC

In the following, the basic idea of direct multiple shoot-
ing is outlined. More can be found in Bock et al. (2000b).
We assume, that the controls are parametrized as piece-
wise constant on each of the N = Tc

δ so-called multi-
ple shooting intervals, i.e. ū(τ) = ūi for τ ∈ [τi, τi+1),
τi = t + iδ. The DAE solution is decoupled on these
intervals by considering the initial values s̄x

i and s̄z
i of

differential and algebraic states at the times τi as addi-
tional optimization variables (compare Figure 2). The
solution of the “decoupled” initial value problems obeys
the following relaxed DAE formulation on the intervals
[τi, τi+1):

˙̄xi(τ) = f(x̄i(τ), z̄i(τ), ūi) (6a)
0 = g(x̄i(τ), z̄i(τ), ūi)− g(s̄x

i , s̄
z
i , ūi) (6b)

x̄i(τi) = s̄x
i , z̄i(τi) = s̄z

i . (6c)

The subtrahend in Equation 6b is introduced to allow
an efficient DAE solution for initial values and controls
s̄x
i , s̄

z
i , ūi that violate temporarily the consistency condi-

tions 0 = g(s̄x
i , s̄

z
i , ūi) (Bock et al., 2000a). The contri-

bution of the integral cost term on [τi, τi+1) is determined
by:

Ji(s̄x
i , s̄

z
i , ūi) =

∫ τi+1

τi

F (x̄(τ), ūi)dτ.

The resulting large but structured NLP takes the form:

min
ūi,s̄i

N−1∑
i=0

Ji(s̄x
i , s̄

z
i , ūi) + Es(s̄x

N ) (7)

subject to:

s̄x
0 = x(t), (8a)

s̄x
i+1 = x̄i(τi+1), i = 0, 1, . . . , N−1, (8b)

0 = g(s̄x
i , s̄

z
i , ūi), i = 0, 1, . . . , N−1, (8c)

h(s̄x
i , s̄

z
i , ūi) ≥ 0, i = 0, 1, . . . , N−1, (8d)

rs(s̄x
N ) ≥ 0. (8e)

This large structured NLP problem is solved by a spe-
cially tailored partially reduced SQP algorithm (see Bock
et al. (2000a) for a detailed description). To further im-
prove the solution time, one should taken into account

that the optimization problems at consecutive sampling
instants are quite similar. We propose to consider the
following strategy to decrease the computation time:

Initial Value Embedding Strategy: Optimization
problems at subsequent sampling instants differ only by
different initial values x(t), that are imposed via the ini-
tial value constraint, Equation 8a: s̄x

0 = x(t). Accepting
an initial violation of this constraint, the complete so-
lution trajectory of the previous optimization problem
can be used as an initial guess for the current problem.
Furthermore, all problem functions, derivatives as well
as an approximation of the Hessian matrix have already
been found for this trajectory and can be used in the new
problem, so that the first QP solution can be performed
without any additional DAE solution.
The application of this strategy does improve the ro-
bustness and speed of the optimization algorithm signif-
icantly. More details can be found in Diehl et al. (2001a).

Example Process

We outlined two key components for a computationally
feasible application of NMPC: 1) the use of efficient, tai-
lored dynamic optimization algorithms and 2) the use of
efficient NMPC formulations. In this section we utilize
these components to show that a successful application
of NMPC to a nontrivial process control example is fea-
sible already nowadays.

High Purity Distillation

As an application example the control of a high purity
binary distillation column for the separation of Methanol
and n-Propanol is considered (see Figure 3). The binary
mixture is fed into the column with flow rate F and
molar feed composition xF . Products are removed at
the top and bottom of the column with concentrations
xB and xD. The liquid flow rate L and the vapor flow
rate V are the control inputs (L/V configuration). The
control problem is to maintain the specifications on the
product concentrations xB and xD despite disturbances
in the feed flow F and the feed concentration xF . It
is assumed that only the temperatures on the 14th tray
and 28th tray can be measured and that the disturbance
quantities xF and F are not measured.

System Models and State Estimation

For comparison, two models of different complexity for
the prediction are used in the controller. Modeling of the
distillation column under the assumptions of constant
relative volatility, constant molar overflow, no pressure
losses, no energy balances and hydrodynamics leads to
a 42nd order ODE model. The second model considered
is a 164th order model with 122 algebraic states and 42
differential states. A more detailed description is given
in Nagy et al. (2000). The controller needs estimates of
all differential states, as well as of the disturbances F
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Figure 3: Considered distillation column.

and xF . They are reconstructed from measurements of
the temperatures T14, T28 using an Extended Kalman
Filter (EKF).

Controller Setup

As common in distillation control, the product concen-
trations xB and xD are not controlled directly, i.e. they
do not appear directly in the cost function. Instead an
inferential control scheme, which controls the deviation
of the concentrations on tray 14 and 28 from the set-
points, is used. Based on the estimates from the EKF
in a first step, the system state at the next sampling
instant is predicted. Using this state, the open-loop op-
timal control problem is solved. The resulting first input
is implemented at the next control instant and the pro-
cedure is repeated. Note that this leads to a delay in the
control scheme. This is necessary since the solution of
the dynamic optimization problem cannot be obtained
instantaneously. As NMPC scheme, the quasi-infinite
horizon NMPC scheme for index–one DAE systems is ap-
plied (Findeisen and Allgöwer, 2000). A quadratic stage
cost and a quadratic terminal penalty term are used.
The choice of the weighting matrices and the derivation
of the terminal region is described in (Nagy et al., 2000).
For all simulations, the real plant is given by the 164th

order model. The 42nd and 164th order models are used
for the controller predictions. The control input param-
eterization (controller sampling time) δ is 30s, while the
EKF is updated with the plant measurements every 10s.
The control horizon Tc is fixed to 10 minutes (N = 20).

model
size max avrg
42 1.86s 0.89s

164 6.21s 2.48s

Table 1: Necessary CPU time for one sampling time.
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Figure 4: Behavior of the closed-loop.

Performance and Computational Complexity

In Table 1, the necessary solution times for the input dis-
turbance scenario as shown in Figure 4 are given1. One
can see that the proposed strategy of combining NMPC
schemes that require reduced computational time with a
direct multiple shooting approach does lead to a rather
low computational load. In our example the solution is
easily feasible in the sampling time of 30s, even for the
164th order model and a horizon length of N = 20. In
Figure 4 the performance of the closed-loop for the dif-
ferent model sizes is compared. The temperatures T14

and T28 are kept in a narrow band, which is certainly
more than satisfying. As shown, real-time application of
NMPC is possible even for rather large models, if NMPC
schemes with a low computational load and specialized
optimization schemes are employed. Currently, the pre-
sented algorithms are experimentally applied to control
a medium scale distillation column. Results will be pre-
sented in a forthcoming paper (Diehl et al., 2001b).

Conclusions

From an industrial/application point of view there is a
strong demand to use NMPC schemes, since these meth-
ods allow to directly use (nonlinear) first principle mod-
els that are able to describe a wider range of operation
than linear models can do. However, concern has been
raised that NMPC cannot be applied in practice, since
at every sampling instant a nonlinear optimization prob-

1All computations are carried out on a Compaq Alpha XP1000.
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lem has to be solved. In this paper, we outlined the key
components for a computationally feasible application of
NMPC: The use of efficient NMPC schemes like quasi-
infinite horizon NMPC in combination with specially tai-
lored, efficient dynamic optimization techniques. Using
these techniques, a successful application of NMPC even
for high dimensional systems is feasible. This has been
demonstrated considering the real-time control of a high
purity distillation column.
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and Z. Nagy, Real-time Optimization and Nonlinear Model Pre-
dictive Control of Processes Governed by Differential-algebraic
Equations, In Proc. Int. Symp. Adv. Control of Chemical Pro-
cesses, ADCHEM, pages 695–703, Pisa, Italy (2000b).
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Abstract
In this paper, an integrated model of the human circulatory system with a brushless DC axial flow ventricular assist
device (VAD) was developed. The resulting nonlinear hybrid model is then used to design the VAD feedback control
system. The VAD controller is designed to maintain a physiologically motivated perfusion; it is tested using computer
simulations of different scenarios ranging from the normal heart to the left heart asystole.
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Introduction

Ventricular assist devices (VAD) have been in use for
many years as a bridge to transplantation (Olsen, 1999)
and hold a potential to become a long-term alternative
to donor heart transplantation. VADs are mechanical
support systems used in parallel with the failed heart to
reduce the heart’s workload.

Currently, a control system for continuous-flow VADs,
which automatically responds to physiological cardiac
demand, does not exist. In hospitals, the flow rate gen-
erated by the continuous flow VAD, such as the DeBakey
pump, is selected manually by a physician or trained sup-
port personnel. Mobile patients can operate implanted
continuous flow VADs in one of two ways: “automatic”
or manual. During automatic control, the patient, fol-
lowing guidelines provided by the doctor, sets the desired
pump rpm depending on the level of physical activity.
The VAD controller automatically adjusts the current
and voltage applied to the pump to achieve the desired
rpm setpoint. A feedback system based on physiological
measurements (such as pressures, flows, O2 saturation,
etc.) is currently not available. In manual mode, the
patient directly adjusts the pump rpm by “twisting the
knob” until the comfort level of perfusion is achieved.

A recent paper (Waters et al., 1999) is representative
of the current state-of-the-art in developing an improved
control of continuous flow VADs; in this paper, a PI
controller was designed using a simple computer model
of the circulatory system. The assumptions made by
Waters et al. (1999) are unrealistic, including contin-
uous flow throughout the circulatory system, no heart
valves and linear correlation between pump generated
pressure difference, ∆P , and pump voltage, current and
rpm. Further research is clearly needed before a physio-
logically motivated continuous VAD control system can
be developed for devices used in patients.

The selection of an adequate model, which avoids the
overwhelming complexity of the full-scale CFD model,
but retains all relevant characteristics of the circulatory

∗gurug@eng.utah.edu
†mikhail.skliar@m.cc.utah.edu

system motivated our selection of the network-type cir-
culation model. However, unlike the previous work by
Waters et al. (1999), where the linear model with con-
tinuous flow throughout the system was assumed, we pre-
serve such characteristics as nonlinearity, pulsativity and
discontinuity due to the effects of the heart valves.

The selected control objective is to maintain the pres-
sure difference between the left heart (LH) and the aorta
close to the specified reference pressure. We show that
this control objective leads to an adequate and physi-
ologically motivated perfusion. At the same time, the
simplicity of the objective allows for an implementation
of simple control laws. In particular, a PI controller, de-
veloped to vary the VAD electrical current to minimize
the difference between the reference and the actual differ-
ential pressure, results in a surprisingly good perfusion
in vastly different clinical cases, ranging from the normal
heart to a completely failed (asystolic) left heart.

During the development of the feedback system, we as-
sumed that two implanted pressure sensors and an rpm
sensor were available for the feedback. However, the need
for implantable pressure sensors (the least reliable com-
ponents) can potentially be eliminated by using readily
available measurements of the pump rpm, voltage, and
current to estimate the differential pressure between the
left heart and the aorta.

Model Development

The model used in the controller design incorporates a
model of the human circulatory system with a model of
the continuous flow left ventricular assist device (LVAD).

Model of the Circulatory System

The Utah Circulation Model (UCM) is a network type
model, which subdivides the human circulatory system
into an arbitrary number of lumped parameter blocks,
each characterized by its own resistance, compliance,
pressure and volume of blood. In its simplest configura-
tion, the UCM has eleven elements: 4 heart valves, and
7 blocks including the left heart, the right heart (RH),
pulmonary and systemic circulation, the vena cava and
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Figure 1: Schematic of the UCM.

the aorta, Figure 1. An arbitrary modeling detail can be
achieved by increasing the number of blocks. The model
was developed under the typical (McLeod, 1972) assump-
tions that blood is a Newtonian fluid, heart valves open
and close instantaneously, and constant flow resistance
in all blocks. Except for the heart blocks, the compliance
of all other blocks remains constant.

Each block of the model is characterized by its resis-
tance, R, to the flow, F , and its compliance, C, which
characterizes the ability of a block to store a volume of
blood, V . Two idealized elements, resistance and stor-
age, are used to characterize each block. The storage
element provides zero resistance to the flow, while the
resistive element has zero volume. The resistance of the
n-th block, Rn, is defined as a proportionality constant
between pressure drop and blood flow across the block
so that flow rates into and out of the block are given by

F in
n =

Pn−1 − Pn

Rn−1
, F out

n =
Pn − Pn+1

Rn
, (1)

where Pn is the pressure at the inlet of the n-th block,
etc. The compliance, Cn, is defined as the ratio between
the inlet pressure, Pn, to the stored volume of blood, Vn:
Cn = Vn

Pn
.

We further classify blocks as passive and active. Ac-
tive blocks represent heart chambers; they are charac-
terized by the varying compliance within each cardiac
cycle. The rest of the blocks are referred to as passive.
The varying compliance of the active blocks is responsi-
ble for the progression of a heartbeat. Figure 2 gives the
typical value of the compliance of an active block used
in the simulations.

The volume of blood in each block is described by
a differential equation, which is an expression for the
macroscopic material balance for a block.

The resistances and compliances will differ in differ-
ent patients. In this work, typical values of Cs and Rs
were assumed for all passive and active blocks. Parame-
ters of the active blocks were adjusted to reflect different
pathological conditions during the evaluation of the VAD
control system performance under different scenarios.

The UCM includes four heart valves. Introducing
valve conductance of the i-th valve, Ch

i , as an inverse of
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Figure 2: Typical compliance of an active block as a
function of time.

the valve resistance, Rh
i , obtain: Ch

i = 1
Rh

i

= chi δi, chi =

constant, i = 1, 4, where the Kronecker delta is a logical
function of the differential pressure ∆Pi across the valve:

δi =
{

0 when ∆Pi ≥ 0
1 when ∆Pi < 0 . (2)

The resulting model of the circulatory system now
includes both dynamic and logical components, and is
therefore, a hybrid system.

Model of the Axial Flow VAD

The integrated circulatory model includes a model of the
axial flow LVAD, such as DeBakey LVAD, as an assist
device. The LVAD is driven by a brushless DC motor.
A typical brushless DC motor can be described by the
following equations (Pillay and Krishnan, 1989):

J
dω

dt
= Te −Bω − Tp, (3)

where J is the inertia of the rotor, ω is the rotor speed
in rads/sec, Te is the motor torque, Tp is the load torque
and B is the damping coefficient.

If the motor has a sinusoidal back EMF, the phase
current also has a sinusoidal waveform. In this case
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(Choi et al., 1997), the motor torque is related to the
amplitude of the phase current, I, as

Te =
3
2
KBI, (4)

where KB is the constant of the back EMF. Following
Choi et al. (1997), we adopt the following functional form
for the correlation between the pump rotational speed,
ω, generated flow rate, Fp, and the load torque:

Tp = a0ω
3 + a1Fpω

2, (5)

where a0 and a1 are correlation constants.
To obtain the LVAD model in the closed form, we need

an additional correlation between the pump flow rate
and the corresponding pressure rise across the pump,
∆P = P5 − P4, and the rotational speed of the pump.
Following Konishi et al. (1994), the following differential
equation is used to describe the axial pump flow rate,
and close the VAD model:

dFp

dt
= −b0

b1
Fp −

b2
b1
ω2 +

1
b1

∆P, (6)

where b0, b1 and b2 are experimental constants.

Model integration

In most cases, the assist device works in parallel with the
natural heart taking blood from the LH and returning
it to the aorta. Using the same block numbering as in
Figure 1, we obtain the integrated model in the following
form:

[
v̇

Ḟp

]
=
[

A1 A2

A3

] [
v
Fp

]
+
[

0
− b2

b1

]
ω2

ω̇ = −B
J
ω − a1

J
Fpω

2 − a0

J
ω3 +

3KB

2J
I,

(7)

where v = {Vi|i = 1, 7}, A2 = [0 0 0 − 1 1 0 0]T ,
A3 = [0 0 0 − 1

b1C4

1
b1C5

0 0 − b0
b1

], and 0 is a zero vector
of an appropriate dimension. In diagonal form A1 =
diags{ 1

C1(R7+Rh
4 )

0 0 0 0 a1 a2 a3 0 0 0 0 1
C7(R7+Rh

4 )
},

a1 =



1
C1(R1+Rh

1 )
1

C2R2
1

C3(R3+Rh
2 )

1
C4(R4+Rh

3 )
1

C5R5
1

C6R6


,a3 =



1
C2(R1+Rh

1 )
1

C3R2
1

C4(R3+Rh
2 )

1
C5(R4+Rh

3 )
1

C6R5
1

C7R6


, (8)

where Rh
i = 1

ch
i δi
, i = 1, 4 describes the resistance of the

i-th heart valve, and the main diagonal

a2 =



− 1
C1

(
1

R7+Rh
4

+ 1
R1+Rh

1

)
− 1

C2

(
1

R1+Rh
1

+ 1
R2

)
− 1

C3

(
1

R2
+ 1

R3+Rh
2

)
− 1

C4

(
1

R3+Rh
2

+ 1
R4+Rh

3

)
− 1

C5

(
1

R4+Rh
3

+ 1
R5

)
− 1

C6

(
1

R5
+ 1

R6

)
− 1

C7

(
1

R6
+ 1

R7+Rh
4

)


. (9)

Equation 7 is the nonlinear, time-varying, hybrid
model of the circulatory system with LVAD; its dimen-
sion depends on the number of blocks used to model
the human circulatory system, and is equal to 9 in the
present case. The pump current, I, is the manipulated
variable.

In this work, we assume that the rotational speed of
the pump, ω, and the pressure difference between the
left heart and the aorta are directly measured. The rpm
sensor can be integrated into the VAD design, as is the
case with the DeBakey pump. However, measurements
of differential pressure require an implantation of two
pressure sensors, thus motivating an effort in developing
“sensorless” VAD control systems, which relies on the
estimation of ∆P from readily available measurements
of pump current I, voltage V and rotational speed ω.

The compliances and resistances may differ from pa-
tient to patient. The variations with time within a pa-
tient can also be substantial. A limited number of iden-
tification schemes were previously proposed (Yu et al.,
1996), which unfortunately require the implantation of
additional pressure and flow sensors.

VAD Control

Control Objective and Design

The significance of the VAD control cannot be over-
stated. Though the design of a VAD itself is critical to
the long-term success of the mechanical implant, the con-
trol of a VAD determines the confidence of doctors and
patients in mechanically supported perfusion as a per-
manent solution and an alternative to the donor heart
transplantation. The key requirement for the control
system is the adaptation of the VAD generated flow to
the changing physiological requirements of the patient.

Maintaining a reference differential pressure is known
to be an effective way to correctly adapt the cardiac out-
put to the changing requirements of the body. Such
adaptation is possible because the vascular bed resis-
tance can increase or decrease by a factor of 2 to 5 (Wa-
ters et al., 1999); since the flow is directly proportional to
∆P and is inversely proportional to the vascular bed re-
sistance, maintaining a constant ∆P with changing bed
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Figure 3: Volume and aortic pressure of a weakened
heart.

resistance can increase or decrease the flow rate by a
factor of 2 to 5. A reference ∆P can be maintained
by adjusting pump rpm within physiologically admissi-
ble limits despite changes in a patient’s vascular resis-
tance, stroke volume and pulse of the natural heart, all
of which represent the response to natural regulatory
mechanisms (Rao et al., 1999; Henson et al., 1995, 1994)
to changing physiological cardiac output demands. By
maintaining the prescribed ∆P we, in effect, synchro-
nize the assist and natural perfusion, thus indirectly in-
corporating natural cardiovascular regulation into VAD
control.

Controlling the ∆P also leads to relatively simple con-
trol algorithms and requires the implantation of only
pressure sensors. An additional argument in favor of
designing a ∆P controller is an observation that by con-
trolling differential pressure we can ensure that pump
rpm is maintained within limits dictated by physiologi-
cal limitations related to possible collapse of the LH due
to excessive suction, or back flow to the heart as a re-
sult of an inadequate pressure head developed by the
VAD. The overall control problem can be formulated as
the design of the feedback controller to regulate pump
rpm within physiologically acceptable constraints, while
minimizing the difference between the reference and the
actual ∆P . Since pulsativity of the natural heart leads
to the periodic changes in the ∆P , an additional objec-
tive is to keep oscillations of the pump rpm low, and,
thus, increase pump life and the patient’s comfort level.
The formal expression of the control objective is to min-
imize the objective function J by selecting control input
I subject to inequality constraints:

min
I
J =

∫ t

0

(∆Pr −∆P )2 + rω̇2dt, (10)

ωmin(v) ≤ ω(I) ≤ ωmax(v), (11)

where v and ω must satisfy the system of nonlinear hy-
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Figure 4: Characteristics of the weakened heart: (a)
RH volume, (b) RH pressure, (c) ∆P between LH and
aorta, (d) pressure-volume loop.

brid equations (7), and r > 0 is a user selectable weight.
The optimal solution to the formulated constrained

quadratic optimal control problem for nonlinear hybrid
systems is not known. Therefore, our approach is to se-
lect a fixed control structure followed by the optimization
of the tuning parameters. In particular, for PI controller

I = KP (∆Pr −∆P ) +KI

∫ t

0

(∆Pr −∆P )dt, (12)

the problem is to select the proportional and integral
constants KP and KI , which minimize the objective
function J . These constants were selected using an
exhaustive, direct numerical search for the minimum
of J for different weighting r until the desired trade-
off between speed of response and rpm oscillations was
achieved. The maximum value of r was limited to insure
that the upper constraint in (11) is not violated.

Simulation Results

The controller performance was evaluated under differ-
ent clinical conditions, ranging from the healthy heart
to an asystolic LH. Figures 3 and 4 show characteris-
tics of the weakened heart without assistance, indicating
lower than normal stroke volume of approximately 65 ml
and the aortic systolic and diastolic pressures are around
105/65 mmHg. The LH volume is considerably higher
than normal. The RH pressure is also much higher at
the normal 40 mmHg (Figure 4b), and is typical for RH
pressure with the failing left heart. Though not shown in
the figures for the weakened heart, the simulation pre-
dicts edema in the pulmonary circulation. Figure 4d
shows the work done by the weakened heart, which is
less than the work typical of the healthy heart.

The effect of the LVAD with the designed PI controller
was tested with the weakened heart, assuming the pulse
rate was 60 beats per minute, and the same LVAD pa-
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Figure 5: The LH characteristics and aortic pressure
for a weakened heart with LVAD controlled by the PI
controller.

rameters as those used by Choi et al. (1997). At time
t = 0, arbitrarily selected as the end of the diastole, the
LVAD assistance was initiated with the reference differ-
ential pressure of 75 mmHg sent to the VAD controller.
Initial VAD flow rate and rpm were set to zero, causing
large initial back flow of blood to the left heart. Figures
5 and 6 show the results for the weakened heart assisted
by the VAD with the designed controller. Figure 5 indi-
cates a fairly constant aortic pressure 99/91 mmHg. The
LH systolic and diastolic pressures are much closer to
each other compared to a healthy heart with the LVAD.
The volume of the LH with a VAD support reduces from
215/280 ml, observed without VAD assistance, to ap-
proximately 80/120 ml, which is in the normal range.
The LH pressure is also reduced to about 45/12 mmHg.
Though not shown in the figure, the RH pressure re-
duces to around 35/0 mmHg, which is within the nor-
mal range. The lung edema gradually reduces indicating
an adequate perfusion. Figure 6 shows no pump back
flow and the average pressure head of 75mmHg, which
is the setpoint. After about 30 seconds the limit cycle
is reached, at which time the rpm variations are reduced
considerably, indicating inability of the weakened heart
to produce high pressure variations.

Conclusions

The simulations show that maintaining an average pres-
sure difference between the left heart and the aorta is
an effective way to integrate the LVAD with the natu-
ral heart over a wide range of clinical conditions. The
proposed control objective is effective in reflecting the
physiological demands on perfusion, and simple enough
to allow for simple control laws, which is a desirable fea-
ture because it simplifies FDA approval of a new device.
However, the simplicity comes at a cost, since at least
two implantable sensors are required. The feedback con-
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Figure 6: Weakened heart with LVAD assistance: (a)
pump flow rate of the LVAD, (b) aorta volume, (c)
RH volume and (d) ∆P between LH and aorta.

trol without implantable sensors will necessitate the im-
plementation of a more sophisticated control system, in-
corporating a ∆P estimator based on the measurements
of the intrinsic pump characteristics. A further compli-
cation of adaptive control algorithms will be needed to
account for inter- and intra- patient variability.
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Abstract
Assessment of performance in tracking set-point changes for single loop systems is presented. In contrast to the works
that used stochastic performances, the current assessment uses a deterministic performance measure, i.e. the integration
of absolute tracking errors (abbr. IAE). A benchmark system that has an open loop transfer function (abbr. OLTF)
comprised of one LHP zero, one integrator, and dead time is established. This benchmark system is used to provide
a goal of performance that the existing system can practically achieve. For assessing an existing control system, the
performance of the system in terms of IAE is computed and an index that indicates the extent of achievement toward
this benchmark system is computed. Evaluation of control based on this index can then be made. The model required
in computing the aforementioned performance index can be obtained from an auto-tuning procedure.

Keywords
Single loop, Assessment, Benchmark system, IAE performance, Auto-tuning

Introduction

Assessment and monitoring of control systems with
stochastic performance has been an active area of re-
search for the last decade(Harris, 1989; Stanfelj et al.,
1993; Harris et al., 1996; Qin, 1998; Harris et al., 1999;
Leung and Romagnoli, 2000). The developments of re-
search works have been focused on formulating the per-
formance in terms of variance of the systems which
are disturbed by stochastic inputs. As a result, with
few exceptions, for example: Leung and Romagnoli
(2000), controllers are implemented with discrete-time
algorithms to pursuit minimum variance. On the other
hand, the researches regarding assessment for determin-
istic performance have been reported, lately. For such
assessments, technical developments have been focused
on estimating maximum log modules (Lc,max) of closed-
loops, (Chiang and Yu, 1993; Ju and Chiu, 1997), fre-
quency responses (Kendra and Cinar, 1997), process
characteristics(Piovoso et al., 1992), rise time (Åström
et al., 1992), and settling time (Swanda and Seborg,
1999), etc. But, those works mentioned did not provided
any implication regarding the best performance that an
existing system can practically achieve.

In this paper, a benchmark system based on an IAE
measure for an existing control system of single loop is
presented. This benchmark system is to provide a prac-
tical goal of performance that the existing system can
achieve. It has a loop transfer function comprised of
one LHP zero, one integrator, and dead time. An in-
dex based on this benchmark system is thus presented
to evaluate the existing system comparing with its con-
trol limit. This control limit is obtained based on what
has been known about the process in terms of a model
with specific dynamic order. Models to be required for
this purpose can be obtained from an ATV experiment

∗Phone: 886-2-2363-8999 Fax: 886-2-2362-3935
Email: huanghpc@ccms.ntu.edu.tw

Figure 1: The conventional feedback control system.

with relay feedback.

Developing Benchmark System for Per-
formance Assessment

According to the IMC design principle, an IMC equiva-
lent controller in a single loop of Figure 1 is given by:

Ḡc(s) =
Ḡ−1

p,−F (s)
1− Ḡp,+F (s)

(1)

Where, Ḡp(s) designates the model for the process, and
Ḡp,− and Ḡp,+ designate the invertible and noninvert-
ible parts of Ḡp. The transfer function F (s) is an IMC
filter. For design purpose, the dynamics of a open loop
process can in general be represented by a transfer func-
tion either of first-order-plus-dead-time (abbr. FOPDT)
or of second-order-plus-dead-time (abbr. SOPDT) of the
following:

FOPDT:

Ḡp(s) =
kpe
−θs

τs+ 1
(2)

SOPDT:

Ḡp(s) =
kp(as+ 1)e−θs

τ2s2 + 2τζs+ 1
; a ≥ 0 (3)
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Notice that the SOPDT process with RHP zero can
also be modeled with the one of Equation 3 by making
use of the following approximation. Let the RHP zero is
given in the form of 1− βs. Then,

−βs+ 1 ≈ e−2βs × (1 + βs) (4)

By using Gc in Equation 1 and Gp in Equations 2–3,
the resulting open loop transfer function (abbr. OLTF)
of the system becomes:

GOL(s) = GcGp(s)

=
Gp,+F (s)

1−Gp,+F (s)

=
e−θsF (s)

1− e−θsF (s)
(5)

Thus, if Gc is implemented exactly with Equation 1, the
performance of the system depends on the choice of F (s).
The limiting performance of such a system can be ob-
tained from the result of Holt and Morari (1985) with
a slight modification to take into account the additional
dead time.

For conventional loops, Gc is used to be confined to
have the following form:

Gc(s) =
bms

m + bm−1s
m−1 + · · ·+ b0

ansn + an−1sn−1 + · · ·+ a0
(6)

To obtain Gc(s) in the above form, e−θs in the de-
nominator of Equation 1 should be replaced with a
Pade’ approximation of proper order. After introduc-
ing the same Pade’ approximation into the denominator
of Equation 5, it is easy to see that the OLTF becomes:

GOL = H(s)
e−θs

s
(7)

where, H(s) is considered a loop filter and its functional
form varies with the choices of F (s) and the Pade’ ap-
proximation being used. But, in general, H(s) consists
of finite number of poles and zeros.

Due to the approximation that has been made for syn-
thesizing Gc(s), the performance limit set by the IMC
will no longer be applicable to the system in Figure 1.
Thus, the performance limit for a single loop system has
to be obtained from a minimization process. The min-
imization process starts with an H(s) of the following
form:

H(s) = ko
βs+ 1
γs+ 1

(8)

In other words, with an OLTF of the following:

GOL = ko
βs+ 1
γs+ 1

e−θs

s
(9)

If the performance in terms of IAE is used, then the
procedure is to find the values of ko and those of β and

Model or method IAE
θ Remark

Benchmark system 1.38 k∗o = 0.76
θ ; β∗ = 0.47θ

Rovira(PI)∗ 1.93 FOPDT; τ = θ
Rovira(PID)∗ 1.52 FOPDT; τ = θ
Sung et al.(PID)† 2.06 Gp(s) = 1

(s+1)5

Sung et al.(PID)† 2.22 Gp(s) = e−s

(9s2+2.4s+1)(s+1)

Swanda and Seborg‡ 2.0 PI control

∗Smith and Corripio (1997, pg. 325)
†Sung et al. (1996)
‡Swanda and Seborg (1999)

Table 1: The minimum IAE
θ

values for different con-
trol systems.

γ that minimize the following integral:

J∗IAE = Min[ko,β,γ]

∫ ∞
0

|e(t)|dt (10)

where e(t) is given as the inverse transformation of e(s),
which is the tracking error of the system, i.e.:

e(t) = L−1

{
1

1 +GOL
R(s)

}
(11)

This above optimization problem was solved numerically
by simulations. The result turns out to be:

G∗OL =
k∗o(1 + β∗s)

s
e−θs (12)

where,

k∗o =
0.76
θ
, β∗ = 0.47θ, andγ∗ = 0 (13)

Notice that GOL should not have excess number of ze-
ros than poles. Thus, for processes of Equations 2 and 3,
the H(s) in the form of Equation 8 is most appropriate
for developing the benchmark system. Thus, with the
optimization results given above, the benchmark system
is selected as the one that has OLTF of the following:

G∗OL(s) =
0.76(1 + 0.47θs)

θ s
e−θs (14)

The IAE value of this benchmark system subjected
to an unit step set-point change is found to be 1.38 θ.
It is also found that this benchmark system has a gain
margin of 2.11, and a phase margin of 64.4o. The system
with such margin values is considered to have acceptable
stability robustness.

Based on the FOPDT model of Equation 2, and the
the SOPDT processes of Equation 3, the controllers in
the form of Equation 6 that yield the benchmark OLTF
are given as follows:
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FOPDT:

Gc,1(s) =

(
0.76

kpθ

)
(τs + 1)(0.47θs + 1)

s
(15)

SOPDT:

Gc,2(s) =

(
0.76

kpθ

)
(τ2s2 + 2τζs + 1)(0.47θs + 1)

s(as + 1)
(16)

Obviously, these controllers are not physically realizable.
For controllers to be realizable, one or two low pass filters
with small time constants have to be introduced some-
where in Gc. The value of the resulting IAE will thus
be degraded. But, the change is really too small to be
considered. Thus, if Gc(s) has not been confined to the
conventional PID controllers, the minimum achievable
IAE will be:

IAE∗ = 1.38θ (17)

In Table 1, some IAE values of several systems are
given. These systems include the benchmark one and
some others, which have optimal controllers from differ-
ent sources. It is to show none of these other systems
from different sources has IAE less than the benchmark
one.

This above equation can be adapted to apply to the
case where Gp(s) has 1 − βs as a factor in the numera-
tor (i.e. a RHP zero). In this case, the minimum IAE
becomes:

IAE∗ = 1.38× (θ + 2β) (18)

As an example, Consider a system that has open loop
transfer function of the following:

GcGp(s) =
ko(1 + as)(1− 0.5s)e−s

(1 + 0.05s)s

The minimum IAE of this closed loop system occurs
when ko = 0.4 and a = 0.21, and has a value of 2.8,
which is about 1.38× (1 + 2× 0.5) (i.e. 2.76).

Thus, assessment for a single loop control system that
has Gp(s) of Equation 2 or 3, will be targeting at the
minimum IAE values of Equation 17 and 18.

Assessment for Control Based on IAE

In the previous section, it has been mentioned that the
minimum achievable IAE value of a conventional feed-
back loop is 1.38 θ. In order to measure the achievement
of an existing system toward this achievable target for
set-point tracking, the following index is defined:

Φ =
1.38θ∫∞

0
|e(t)|dt

(19)

Where, in the denominator, the IAE measure of the ex-
isting system for tracking step set-point change is used.
This IAE measure can be obtained from experiment or
from prediction based on a model for Gp. The index Φ,

Figure 2: The Φ value for FOPDT process with
Rovira’s PI and PID controller.

always less than one, is used to represent the ability of
an existing system in eliminating the tracking errors. If
Φ is close to one, it indicates that the system is near its
performance limit.

To illustrate assessing with this presented index, first,
the control of FOPDT process with PID controllers is
considered. In order to be more inclusive for the results,
the FOPDT model is normalized with dimensionless time
unit. The normalized transfer function for the FOPDT
model is:

¯̄Gp(s) =
kpe
−s

τ̄ s+ 1
(20)

where, τ̄ = τ/θ. Then, for each τ̄ , Rovira’s tuning for-
mula(Smith and Corripio, 1997, pg. 325) are used to
tune the PI or PID controllers, which were claimed op-
timal for the IAE measure. As shown in Figure 2, the
values of Φ resulting from such PI and PID control sys-
tems are given. It is thus found that, these optimal PID
controllers give values of Φ higher than 0.8. On the other
hand, those for optimal PI controllers, have values sit-
ting between 0.65 and 0.75. Thus, as far as the control
for FOPDT processes is concerned, the PID controller is
a good choice.

Next, for dynamic systems of SOPDT, a normalized
Gp with dimensionless time units are also considered for
illustration:

¯̄Gp(s) =
kp(ās+ 1)e−s

(τ̄2s2 + 2τ̄ ζs+ 1)
(21)

where, ā designates a
θ , and τ̄ designates τ

θ .
The normalized transfer function shows that τ̄ and

ζ can be used to characterize the dynamic behaviors
of such a process. Thus, PID control systems for Gp

with different τ̄ and ζ are used for illustration. For PID
control of SOPDT processes, tuning rules of Sung et al.
(1996) are used to compute the values of Φ. The results
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Figure 3: The Φ value for SOPDT process with PID
controller given by Sung et al.

are given in Figure 3, where Φ is plotted along the val-
ues of θ/τ in the range between 0.1 and 2. The damping
factor ζ has been used as a parameter. The computed
Φ for such systems indicates that such PID controllers
are more close to the limit for well overdamped Gp. In
this figure, it is also observed that the Φ values com-
puted based on the IAE∗ from SOPDT models are lower
than those from FOPDT models. This does not imply ,
for control purpose, an FOPDT model is superior to the
SOPDT one. Instead, it indicates that with more knowl-
edge about the dynamics, the control performance would
have more stringent limit, and, if achievable, the perfor-
mance would be superior to those with simpler (such as
FOPDT) models.

In general, a Gp(s) of high order may have an FOPDT
and an SOPDT models at the same time as approxi-
mations of different accuracy. One may be questioned
which type of models to be used. To justify, let θ1 and
θ2 designate two apparent dead times in the FOPDT and
SOPDT models, respectively. In general, θ2 ≤ θ1. Two
values of Φ will be resulted:

Φ1 =
1.38θ1∫∞

0
|e(t)|dt

Φ2 =
1.38θ2∫∞

0
|e(t)|dt

Then, we shall have:

Φ2 = (1− η)× Φ1 (22)

where,

η =
θ1 − θ2
θ1

(23)

The value of η implies the portion of apparent dead
time, from this FOPDT model, that can be reduced by
the controllers based on SOPDT model. Thus, if the
value of η is too high, that means FOPDT model is not
sufficient for designing good control system.

Assessment with Relay Feedback Experi-
ments

The information needed for assessing the control will be
a model of FOPDT or of SOPDT that has an appar-
ent dead time. To obtain this model, a relay feedback
system can be used. The use of relay feedback has ad-
vantages on a few aspects. The most important one is
that the control loop is still operated under closed loop
and, hence, is still under control.

The relay feedback system is the same one as has been
used in the ATV test of Åström and Hagglund (1984).
The experiment consists of two stages. In the first stage,
the system is perturbed with a bias to the output of
the relay and wait until the system to appear constant
cycling at the output. At this time, the cycling period
(designated as P ) and the amplitude (designated as a)
of the cycles are measured to calculate the process gain:

kp =

∫ t0+P

t0
y(t)dt∫ t0+P

t0
u(t)dt

(24)

Then, in the second stage, the bias to the relay is set to
zero and wait again until the system appear constant cy-
cling again. The period as well as the amplitude of the
cycles are measured for estimating the other dynamic
parameters. With these data obtained on-line, param-
eter estimations are carried out. The procedures and
the algorithms for these estimations can be found else-
where(Huang et al., 1996, 2000).

Thus, with the estimated model, we can calculate the
predicted IAE for a set-point change by simulating the
following with computer, i.e.:

e(s) =
1

1 +Gc(s)Ḡp(s)
1
s

(25)

Predictions of IAE via this identification procedures and
simulations have been carried out over several example
processes of high order dynamics, and pretty close re-
sults are obtained. In other words, the computation of
Φ for assessment can be performed with an ATV test
mentioned above.

Conclusions

For a single loop control, a benchmark system that aims
at minimuming IAE for set-point change has been es-
tablished. This benchmark system system provides a
performance limit for all feasible controllers in the form
of Equation 6. It has an open loop transfer function
(abbr. OLTF) comprised of one integrator, one simple
lead, and dead time. For assessing an existing system,
an index for indicating the extent of achievement toward
this benchmark system is presented. This index is closely
associated with the knowledge of dynamics being avail-
able, and the knowledge is usually contained in models of
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different orders. To obtain these models an auto-tuning
experiment with relay feedback can be used. Technically,
this assessment reveals how close the existing system is
to the benchmark one, and, if the knowledge (model) for
design is sufficient.
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Abstract
A nonlinear control law is presented for stable, multiple-input, multiple-output processes, whether their delay-free part is
minimum- or non-minimum-phase. It is derived by exploiting the connections between continuous-time model-predictive
control and input-output linearization. The differential-geometric, control law induces a linear closed-loop response
approximately. It has a few tunable parameters (one for each controlled output), and thus, is easily tuned.
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During the past decade, the problem of analyt-
ical (non-model-predictive) control of non-minimum-
phase, nonlinear processes without deadtime has re-
ceived considerable attention, leading to several solutions
(Doyle III et al., 1996; Kravaris et al., 1998; Morari and
Zafiriou, 1989; Isidori and Byrnes, 1990; Devasia et al.,
1996; Isidori and Astolfi, 1992; van der Schaft, 1992;
Isidori, 1995). These methods are applicable to a very
small class of nonlinear processes, their application re-
quires solving partial differential equations, or are not
applicable to the class of general, nonlinear, stable, mul-
tivariable processes with time delays. More on advan-
tages and disadvantages of these methods can be found
in Kanter et al. (2000).

In the framework of model-predictive control, it is
well known that large prediction horizons are needed for
non-minimum-phase processes. For example, Hernández
and Arkun (1992) developed a p-inverse (long prediction
horizon) control law for nonlinear, single-input single-
output (SISO), non-minimum-phase, discrete-time pro-
cesses with arbitrary order and relative order.

An objective of this work is to derive a nonlinear con-
trol law for MIMO, stable, nonlinear, continuous-time
processes, whether their delay-free part is non-minimum-
phase or minimum-phase. This builds upon the single-
input single-output controllers presented in Kanter et al.
(2001), leading to the derivation of a continuous-time,
differential-geometric control law that is approximately
input-output linearizing (Allgöwer and Doyle III, 1998).

The paper is organized as follows. The scope of the
study and some mathematical preliminaries are given
in Section 2. Section 3 presents a method of nonlinear
feedforward/state-feedback design. A nonlinear feedback
control law with integral action is given in Section 4.

∗kanterjm@seas.upenn.edu
†seider@seas.upenn.edu
‡masoud.soroush@coe.drexel.edu

Scope and Mathematical Preliminaries

Consider the class of MIMO, nonlinear processes of the
form:

dx̄(t)
dt

= f [x̄(t), u(t)], x̄(0) = x̄0

ȳi(t) = hi[x̄(t− θi)] + di, i = 1, · · · ,m

}
(1)

where x̄ = [x̄1 · · · x̄n]T ∈ X is the vector of the pro-
cess state variables, u = [u1 · · ·um]T ∈ U is the vector
of manipulated inputs, ȳ = [ȳ1 · · · ȳm]T is the vector of
process outputs, θ1, · · · , θm are the measurement delays,
d = [d1 · · · dm]T ∈ D is the vector of constant unmea-
sured disturbances, f(., .) is a smooth vector field on
X ×U , and h1(.), · · · , hm(.) are smooth functions on X.
Here X ⊂ <n is a connected open set that includes x̄ss

and x̄0, U ⊂ <m is a connected open set that includes
uss, and D ⊂ <m is a connected set, where (x̄ss, uss) de-
notes the nominal steady-state (equilibrium) pair of the
process; that is, f [x̄ss, uss] = 0.

The system:

dx̄(t)
dt

= f [x̄(t), u(t)], x̄(0) = x̄0

ȳ∗i (t) = hi[x̄(t)] + di, i = 1, · · · ,m

}
(2)

is referred to as the delay-free part of the process.
The relative orders (degrees) of the controlled outputs
y1, · · · , ym with respect to u are denoted by r1, · · · , rm,
respectively, where ri is the smallest integer for which
dri ȳ∗i
dtri

explicitly depends on u for every x ∈ X and every
u ∈ U . The relative order (degree) of a controlled output
yi with respect to a manipulated input uj is denoted by
rij (i = 1, · · · ,m, j = 1, · · · ,m), where rij is the small-
est integer for which drij ȳ∗i

dtrij explicitly depends on uj for
every x ∈ X and every u ∈ U . The set-point and the set
of acceptable set-point values are denoted by ysp and Y ,
respectively, where Y ⊂ <m is a connected set.

The following assumptions are made:

(A1) For every ysp ∈ Y and every d ∈ D, there exists
an equilibrium pair (x̄ss, uss) ∈ X ×U that satisfies
ysp − d = h(x̄ss) and f [x̄ss, uss] = 0.
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(A2) The nominal steady-state (equilibrium) pair of the
process, (x̄ss, uss), is hyperbolically stable; that is,
all eigenvalues of the open-loop process evaluated at
(x̄ss, uss) have negative real parts.

(A3) For a process in the form of (1), a model in the
following form is available:

dx(t)
dt

= f [x(t), u(t)], x(0) = x0

yi(t) = hi[x(t− θi)], i = 1, · · · ,m

}
(3)

where x = [x1 · · ·xn]T ∈ X is the vector of model
state variables, and y = [y1, · · · , ym]T is the vector
of model outputs.

(A4) The relative orders, r1, · · · , rm, are finite.

The following notation is used:

h1
i (x)

.=
dy∗i
dt

...

hri−1
i (x) .=

dri−1y∗i
dtri−1

hri
i (x, u) .=

driy∗i
dtri

hri+1
i (x, u(0), u(1)) .=

dri+1y∗i
dtri+1

...

hpi

i (x, u(0), u(1), . . . , u(pi−ri)) .=
dpiy∗i
dtpi

(4)

where pi ≥ ri and u(`) = d`u/dt`.

Input-Output Linearization

For a process in the form of Equation 1, responses of
the closed-loop process outputs are requested, having the
linear form: (ε1D + 1)r1 ȳ1(t+ θ1)

...
(εmD + 1)rm ȳm(t+ θm)

 = ysp, (5)

where D is the differential operator (i.e., D .= d
dt ), and

ε1, · · · , εm are positive, constant, adjustable parameters
that set the speed of the response of the closed-loop pro-
cess outputs ȳ1, · · · , ȳm respectively. Substituting for the
process output derivatives from the model in Equation 5,
one obtains:

h1(x̄) +
(
r1
1

)
ε1h

1
1(x̄) + · · ·+

(
r1
r1

)
εr1
1 h

r1
1 (x̄, u)

...

hm(x̄) +
(
rm
1

)
εmh

1
m(x̄) + · · ·+

(
rm
rm

)
εrm
m hrm

m (x̄, u)


(6)

= ysp − d

where (
a

b

)
.=

a!
b!(a− b)!

.

Under the assumption of the nonsingularity of the char-
acteristic (decoupling) matrix:

∂

∂u

 hr1
1 (x̄, u)

...
hrm

m (x̄, u)


on X × U , Equation 6 represents a feedforward/state
feedback. When the process delay-free part exhibits non-
minimum-phase behavior, the input-output behavior of
the closed-loop system under the feedforward/state feed-
back of Equation 6 is governed by the linear response
of Equation 5, but the internal dynamics (unobservable
modes) of the closed-loop system are unstable.

The dynamic feedforward/state feedback

Φp(x̄, u,U) = ysp − d (7)

where the ith component of Φp(x̄, u,U):

[Φp(x̄, u,U)]i
.= hi(x̄) +

(
pi

1

)
εih

1
i (x̄) + · · ·+(

pi

ri−1

)
εri−1
i hri−1

i (x̄)

+
(
pi

ri

)
εri
i h

ri
i (x̄, u) +

(
pi

ri + 1

)
εri+1
i hri+1

i (x̄, u, u(1))

+ · · ·+
(
pi

pi

)
εpi

i h
pi

i (x̄, u, u(1), · · · , u(pi−ri))

(8)

U =
[
u(1) · · ·u(max[p1−r1,··· ,pm−rm])

]T
, p = [p1 · · · pm]

with

∂Φp/∂
[
u

max(p1−r11,··· ,pm−rm1)
1 , · · · ,

umax(p1−r1m,··· ,pm−rmm)
m

]T
nonsingular, ∀x ∈ X, also induces a linear, closed-loop,
output response of the form: (ε1D + 1)p1 ȳ1(t+ θ1)

...
(εmD + 1)pm ȳm(t+ θm)

 = ysp, (9)

Similarly, the dynamic feedforward/state feedback of
Equation 7 cannot ensure asymptotic stability of the
closed-loop system when the delay-free part of the pro-
cess exhibits non-minimum-phase behavior. Conse-
quently, an objective of this study is to design a feed-
back control law that ensures asymptotic stability of the
closed-loop system, whether the delay-free part of the
process is minimum- or non-minimum-phase.
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Nonlinear Feedforward/State Feedback
Design

Assume that for every x ∈ X, every d ∈ D, and every
ysp ∈ Y , the algebraic equation:

φp(x̄, u) = ysp − d (10)

where
φp(x̄, u)

.= Φp(x̄, u, 0) (11)

has a real root inside U for u, and that for every x̄ ∈ X
and every u ∈ U , ∂φp(x̄,u)

∂u is nonsingular. The corre-
sponding feedforward/state feedback that satisfies Equa-
tion 10 is denoted by

u = Ψp(x̄, ysp − d) (12)

Note that the preceding feedforward/state feedback was
obtained by setting all the time derivatives of u in Equa-
tion 7 to zero.

Theorem 1 For a process in the form of Equation 1, the
closed-loop system under the feedforward/state feedback
of Equation 12 is asymptotically stable, if the following
conditions hold:

(a) The nominal equilibrium pair of the process,
(x̄ss, uss), corresponding to ysp and d, is hyperboli-
cally stable.

(b) The tunable parameters p1, · · · , pm are chosen to be
sufficiently large.

(c) The tunable parameters ε1, · · · , εm are chosen such
that for every ` = 1, · · · ,m, all eigenvalues of
ε`Jol

.= ε`[ ∂
∂xf(x, u)](x̄ss,uss) lie inside the unit circle

centered at (−1, 0j).

Furthermore, as p1, · · · , pm −→ ∞, the state feedback
places the n eigenvalues of the Jacobian of the closed-
loop system evaluated at the nominal equilibrium pair at
the n eigenvalues of the Jacobian of the open-loop process
evaluated at the nominal equilibrium pair.

The proof can be found elsewhere (Kanter et al., 2000).
Condition (c) states that ε1, · · · , εm should be cho-

sen such that for every ε` (` = 1, · · · ,m) and for every
λi (i = 1, · · · , n), |ε`λi + 1| < 1, where λ1, · · · , λn are
the eigenvalues of Jol. For an overdamped, stable pro-
cess, ε1, · · · , εm should be chosen such that for every ε`,
` = 1, · · · ,m, and for every τi, i = 1, · · · , n, 0 <

ε`
τi
< 2,

where τ1, · · · , τn are the open-loop time constants of the
process. In other words, ε1, · · · , εm should be chosen to
be less than 2τmin, where τmin is the smallest time con-
stant of the process [i.e., τmin = min(τ1, · · · , τn)].

Note that the feedforward/state feedback of Equa-
tion 12 does not induce the linear, closed-loop response
of Equation 9, since in the derivation of the feedfor-
ward/state feedback the time derivatives of u were set

P λ1(Jcl) λ2(Jcl) λ3(Jcl)
1 7.28 -20.00 -10.00
2 64.75 -13.19 -7.14
3 -4.34 -15.69+2.13i -15.69-2.13i
4 -3.16 -11.18+3.25i -11.18-3.25i
5 -2.60 -9.63+2.25i -9.63-2.25i
6 -2.28 -8.76+0.96i -8.76-0.96i
7 -2.10 -9.63 -6.74
10 -1.86 -9.97 -4.45
20 -1.78 -10.00 -2.38
30 -1.55 -10.00 -2.02
40 -1.31 -10.00 -2.00
50 -1.18 -9.70 -2.00

Table 1: Closed-loop eigenvalues of Example 1 for
several values of p1 = p2 = P .

to zero. The nonlinearity of the resulting delay-free out-
put response is the price of ensuring closed-loop stability
for processes with a non-minimum-phase delay-free part.

Example 1 Consider a linear process without deadtime
in state space form with

A =

−2 5 −3
0 −1 3
0 0 −10

 , B =

2 5
5 0
2 22

 , C =
[
1 0 0
0 1 0

]
.

It is non-minimum-phase (has a right-half plane [RHP]
transmission zero at s = 7.28) and hyperbolically stable
(has three left-half plane [LHP] eigenvalues at s = −1,
s = −2 and s = −10). Its relative orders r1 = 1 and r2 =
1. With ε1 = 0.1 and ε2 = 0.05, the eigenvalues of ε1A
are -0.2, -0.1 and -1, while the eigenvalues of ε2A are -
0.5, -0.1 and -0.05. These eigenvalues are inside the unit
circle centered at (-1,0i), so ρ(ε1A + I) = 0.9 < 1 and
ρ(ε2A + I) = 0.95 < 1. The location of the closed-loop
eigenvalues, λ1(Jclp), λ2(Jclp) and λ3(Jclp), for several
values of p1 = p2 = P are given in Table 1; the closed-
loop eigenvalues converge to the open-loop eigenvalues
(s = −1, s = −2, s = −10), as P →∞.

Nonlinear Feedback Controller Design

The feedforward/state feedback of Equation 12 lacks in-
tegral action, and thus, it cannot induce offset-free re-
sponse of the process output when process-model mis-
match exists. To resolve this problem, the feedfor-
ward/state feedback of Equation 12 is implemented with
a disturbance estimator, leading to the derivation of the
feedback control law with integral action, given in The-
orem 2.

Theorem 2 For a process in the form of Equation 1
with incomplete state measurements, the closed-loop sys-
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tem under the error-feedback control law

dx

dt
= f [x, u]

u = Ψp

x, e+

 h1[x(t− θ1)]
...

hm[x(t− θm)]



 (13)

where e = ysp − ȳ, is asymptotically stable, if the follow-
ing conditions hold:

(a) The nominal equilibrium pair of the process,
(x̄ss, uss), corresponding to ysp and d, is hyperboli-
cally stable.

(b) The tunable parameters p1, · · · , pm are chosen to be
sufficiently large.

(c) The tunable parameters ε1, · · · , εm are chosen such
that for every ` = 1, · · · ,m, all eigenvalues of
ε`Jol

.= ε`[ ∂
∂xf(x, u)](x̄ss,uss) lie inside the unit circle

centered at (−1, 0j).

Furthermore, the error-feedback control law of Equa-
tion 13 has integral action.

The proof can be found elsewhere (Kanter et al., 2000).
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Self-optimizing Control of a Large-scale Plant:
The Tennessee Eastman Process
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Abstract
The paper addresses the selection of controlled variables, that is, “what should we control”. The concept of self-optimizing
control provides a systematic tool for this, and in the paper we show how it may be applied to the Tennessee Eastman
process which has a very large number of candidate variables. In the paper we present a systematic procedure for
reducing the number of alternatives. One step is to eliminate variables which with constant setpoints result in large
losses or infeasibility when there are disturbances (with the remaining degrees of freedom reoptimized).
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Process control, Plantwide control, Steady-state optimization, Control structure

Introduction

This paper addresses the selection of controlled vari-
ables for the Tenessee Eastman process. We base the
selection on the concept of self-optimizing control us-
ing steady state models and steady state economics.
“Self-optimizing control” is when an acceptable (eco-
nomic) loss can be achieved using constant setpoints for
the controlled variables, without the need to reoptimize
when disturbances occur (Morari et al., 1980) (Skoges-
tad, 2000). The constant setpoint policy is simple, but
it will not be optimal (and thus have a positive loss) due
to the following two factors

1. Disturbances, i.e. changes in (independent) vari-
ables and parameters compared to their nominal
values, which cause the optimal setpoints to change.

2. Implementation errors, i.e. differences between the
setpoints and the actual values of the controlled
variables (e.g. due to measurement errors or poor
control) (Skogestad, 2000).

The effect of these factors (the loss) depends on the
choice of controlled variables, and the objective is to find
a set of controlled variables for which the loss is accept-
able.

(Downs and Vogel, 1993) introduced the Tennessee
Eastman challenge problem at an AIChE meeting in
1990. The purpose was to supply the academics with
a problem that contained many of the challenges that
people in industry meet. There are eight components,
including an inert (B) and a byproduct (F). The process
has four feed streams (of A, D, E and A+C), one product
stream (a mix of G and H) and one purge stream. The
inert (B) enters in the A+C feedstream. The process
has five major units; a reactor, a product condenser, a
vapor-liquid separator, a recycle compressor and a prod-
uct stripper, see Figure 1. There are 41 measurements

∗Presently at Aker Offshore Partner, Stavanger, Norway
†skoge@chembio.ntnu.no

and 12 manipulated variables. We here study the op-
timal operation of the base case (mode 1) with a given
50/50 product ratio between components G and H, and
a given production rate. This plant has been studied by
many authors, and it has been important for the devel-
opment of plantwide control as a field. Many authors
has used it to demonstrate their procedure for the de-
sign of a control system, e.g. (McAvoy and Ye, 1994),
(Lyman and Georgakis, 1995), (Ricker, 1996), (Luyben
et al., 1997), (Ng and Stephanopoulos, 1998), (Tyreus,
1999). To summarize, most authors do not control all
the variables which are constrained at the optimum, thus
they can not operate optimally in the nominal case. Most
control reactor pressure, reactor level, reactor tempera-
ture and composition of B (inert) in reactor feed or in
purge. It is common to control stripper temperature,
separator temperature, and composition of C and/or A
in reactor feed.

Stepwise Procedure for Self-optimizing
Control

The main objective of operation, in addition to stabi-
lization, is to optimize the economics of the operation
subject, e.g in terms of minimizing the economic cost
function J . To achieve truly optimal operation we would
need a perfect model, we would need to measure all dis-
turbances, and we would need to solve the resulting dy-
namic optimization problem on-line. This is unrealistic,
and the question is if it is possible to find a simpler im-
plementation which still operates satisfactorily (with an
acceptable loss). More precisely, the loss L is defined as
the difference between the actual value of the cost func-
tion and the truly optimal value, i.e. L = J −Jopt. Self-
optimizing control is when we can achieve an acceptable
economic loss with constant setpoint values for the con-
trolled variables (without the need to reoptimize when
disturbances occur). This sounds very simple, but it is
not necessarily clear for a given problem what these con-
trolled variables should be. The main objective of this
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Figure 1: Tennessee Eastman process flowsheet.

paper is to search for a set of controlled variables which
results in self-optimizing control for the Tennessee East-
man process. We will apply the stepwise procedure for
self-optimizing control of (Skogestad, 2000). The main
steps are

1. Degree of freedom analysis

2. Definition of optimal operation (cost and con-
straints)

3. Identification of important disturbances

4. Optimization

5. Identification of candidate controlled variables

6. Evaluation of the loss with constant setpoints for
the alternative combinations of controlled variables
(caused by disturbances or implementation errors)

7. Final evaluation and selection (including controlla-
bility analysis)

(Skogestad, 2000) applied this procedure to a reactor
case and a distillation case, but in both cases there were
only one unconstrained degree of freedom, so the eval-
uation in step 6 was managable. However, for the Ten-
nessee Eastman process there are three unconstrained
degrees of freedom, so it is necessary to do some more
effort in step 5 to reduce the number of alternatives. We
present below some general criteria that are useful for
eliminating controlled variables.

Degrees of Freedom Analysis and Optimal
Operation

The process has 12 manipulated variables and 41 mea-
surements. All the manipulated variables have con-
straints and there are “output” constraints, including
equality constraints on product quality and product rate.
(Downs and Vogel, 1993) specify the economic cost J
[$/h] for the process, which is to be minimized. In words,

J = (unreacted feed)
+ (steam costs) + (compression costs)

The first term dominates the cost. An analysis, see
Table 1, show that there are eight degrees of freedom
at steady state which may be used for steady-state op-
timization. (Ricker, 1995) solved the optimization prob-
lem using the cost function of (Downs and Vogel, 1993)
and gives a good explanation on what happens at the
optimum. At the optimum there are five active con-
straints and these should be controlled to achieve op-
timal operation (at least nominally). This leaves three
unconstrained degrees of freedom, which we want to se-
lect such that a constant setpoints policy results in an
acceptable economic loss (self-optimizing control).

We consider the following three disturbanves:

• Disturbance 1: Change in A/C ratio in feed 4

• Disturbance 2: Change in %B (inert) in feed 4

• Throughput disturbances: Change in production
rate by ±15 %.
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Manipulated variables 12
D feed flow

E feed flow

A feed flow

A + C feed flow

Compressor recycle flow

Purge flow

Separator liquid flow

Stripper liquid product flow

Stripper steam flow

Reactor cooling water flow

Condenser cooling water flow

Agitator speed

- Levels without steady state effect 2
Separator level

Stripper level

- Equality constraints 2
Product quality

Production rate

= Degrees of freedom at steady state 8
- Active constraints at the optimum 5

Reactor pressure

Reactor level

Compressor recycle valve

Stripper steam valve

Agitator speed

= Unconstrained degrees of freedom 3

Table 1: Degrees of freedom and active constraints.

We use the same contraints (and safety margins) as
given by (Ricker, 1995). The optimal (minimum) op-
eration cost is 114.323 $/h in the nominal case, 111.620
$/h for disturbance 1, and 169.852 $/h for disturbance 2.
We define an “acceptable loss” to be 6 $/h when summed
over the disturbances.

Selection of Controlled Variables

What should we control? More precicely, we have 8 de-
grees of freedom at steady state, and we want to select
8 controlled variables which are to be controlled at con-
stant setpoints. We can choose from 41 measurements
and 12 manipulated variables, so there are 53 candidate
variables. Even in the simplest case, where we do not
consider variable combinations (such as differences, ra-
tios, and so on), there are

53 · 52 · 51 · 50 · 49 · 48 · 47 · 46
8 · 7 · 6 · 5 · 4 · 3 · 2 · 1

= 886 · 106

possible combinations. It is clearly impossible to evalu-
ate the loss with respect to disturbances and implemen-
tation errors for all these combinations. The following
criteria are proposed to reduce the number of alterna-
tives. Most of them are rather obvious, but nevertheless
we find them useful.

Use Active Constraint Control

We choose to control the active constraints. This reduces
the number of controlled variables to be selected from 8
to 3.

Eliminate Variables Related to Equality Con-
straints

The equality constraints must be satisfied, and if there
are directly related variables then these must be elim-
inated from further consideration. The stripper liquid
flow (product rate) is directly correlated with produc-
tion rate which is specified (eliminates 1 manipulated
variables and 1 directly related measurement).

Eliminate Variables with no Steady-state Effect

Two variables have no steady-state effect, namely strip-
per level and separator level (eliminates 2 measure-
ments). (Of course, we need to measure and control
these two variables for stabilization, but we are here con-
cerned with the next control layer where the steady-state
economics are the main concern).

Eliminate/Group Closely Related Variables

The controlled variables should be independent.

• Six of the remaining manipulated variables are mea-
sured (A feed, D feed, E feed, A+C feed, stripper
liquid flow, purge flow) that is, there is a one to
one correlation with a measurement (eliminates 5
mesurements).

• There is a only small differences between controlling
the composition in the purge flow and in the reactor
feed. We therefore eliminate reactor feed composi-
tion (eliminates 6 measurements)

Process Insight: Eliminate Further Candidates

Based on understanding of the process some further vari-
ables were excluded form the set of possible candidates
for control (since they should not be kept constant):
pressures in separator and stripper, condenser and reac-
tor cooling water flowrates, reactor and separator cool-
ing water outlet temperatures, and separator liquid flow.
Finally the fractions of G in product and H in product
should be equal (specified), so by keeping one of these
fractions constant, we will idirectly specify their sum,
which is optimally about 0.98. However, their sum can-
not exceed 1.0, so taking into account the implemen-
tation error we should not keep G in product or H in
product constant.

Eliminate Single Variables that Yield Infeasibility
or Large Loss

The idea is to keep a single variable constant at its nom-
inally optimal value, and evaluate the loss for (1) vari-
ous disturbances (with the remaining degrees of freedom
reoptimized), and (2) for the expected implementation
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Variable Nominal Nearest feasible
(constant) with disturb. 2

D feed [kg/h] 3657 3671
E feed [kg/h] 4440 4489
A+C feed [kscmh] 9.236 9.280
Purge rate [kscmh] 0.211 0.351

Table 2: Single variables with infeasibility

error. If operation is infeasible or the loss is large, then
this variable is eliminated from further consideration.

Infeasibility. Keeping one of the following four ma-
nipulated variables constant results in infeasible opera-
tion for disturbance 2 (inert feed fraction): D feed flow,
E feed flow , A+C feed flow (stream 4) and purge flow.
This is independent on how the two remaining degrees
of freedom are used, see Table 2.

Loss. We have now left 1 manipulated variable (A
feed flow) and 17 measurements. Table 3 shows the loss
(deviation above optimal value) for fixing one of these
18 variables at a time, and reoptimizing with respect to
the remaning two degrees of freedom. The losses with
constant A feed flow and constant reactor feedrate are
totally unacceptable for disturbance 1 (eliminates 1 ma-
nipulated variable and 1 measurement), in fact, we could
probably have eliminated these earlier based on process
insight. The remaining 15 measurements yield reason-
able losses. However, we have decided to eliminate vari-
ables with a loss larger than 6 $/h when summed for
the three disturbances. This eliminates the following 5
measurements: separator temperature, stripper temper-
ature, B (inert) in purge, G in purge, and H in purge.

Eliminate Pairs of Constant Variables with Infea-
sibility or Large Loss

We are now left with 11 candidate measurements. that
is, (11 ·10 ·9)/(3 ·2) = 165 possible combinations of three
variables. The next natural step is to proceed with keep-
ing pairs of variables constant, and evaluate the loss with
the remaining degree of freedom reoptimized. However,
there are 55 combinations of pairs, so this does not result
in a large reduction in the number of possibilities. We
therefore choose to skip this step in the procedure.

Final Evaluation of Loss for Remaining Combi-
nations

A quick screening indicates that one of the three con-
trolled variables should be reactor temperature, which
is the only remaining temperature among the candidate
variables. A further evaluation shows that we should
eliminate F (byproduct) in purge as a candidate vari-
able, because the optimum is either very “sharp” in this
variable, or optimal operation is achieved close to its
maximum achievable value (see a typical plot in Fig-
ure 2). In either case, operation will be very sensitive to

Fixed variable Dist.1 Dist.2 Throughput
+15/-15%

A feed ∗ 709.8 6.8
Reactor feed∗ 53.5 0.5
Recycle 0.0 0.8 0.5 / 0.3
Reactor T. 0.0 0.9 1.2 / 0.7
Sep T∗ 0.0 0.5 4.2 / 2.3
Stripper T∗ 0.1 0.3 4.3 / 2.3
Compr. Work 0.0 0.6 0.2 / 0.1
A in purge 0.0 0.7 0.4 / 0.2
B in purge∗ 0.0 7.4 3.1 / 1.6
C in purge 0.0 0.5 0.1 / 0.1
D in purge 0.0 0.0 0.2 / 0.1
E in purge 0.0 0.4 0.0 / 0.1
F in purge 0.0 0.5 0.0 / 0.0
G in purge∗ 0.0 0.4 4.1 / 2.2
H in purge∗ 0.0 0.4 4.2 / 2.2
D in product 0.0 0.1 0.2 / 0.1
E in product 0.0 0.0 1.2 / 0.7
F in product 0.0 1.5 1.4 / 0.8

Table 3: Loss [$/h] with one variable fixed at its nom-
inal optimal value and the remaining two degrees of
freedom reoptimized. Variables marked with ∗ have a
loss larger than 6 $/h.
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Figure 2: Unfavorable shape of cost function with F
(byproduct) in purge as controlled variable. Shown
for case with constant reactor temperature and C in
purge.

the implementation error for this variable.
The losses for the remaining 9 ·8/2 = 36 possible com-

binations of 2 variables were computed (not shown). Not
surprisingly, keeping both recycle flow and compressor
work constant results in infeasibility or large loss for dis-
turbance 2 and for feed flow changes. This is as ex-
pected, because from process insight these two variables
are closely correlated (and we could probably have elim-
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inated one of them earlier). We note that constant F in
product in all cases results in a large loss or infeasibility
for disturbance 2. This, combined with the earlier find-
ing that we should not control F in purge, leads to the
conclusion that it is not favorable to control the compo-
sition of byproduct (F) for this process. The following
four cases have a summed loss of less than 6 [$/h]:

I. Reactor temp., Recycle flow, C in purge (loss 3.8).

II. Reactor temp., Comp. work, C in purge (loss 3.9).

III. Reactor temp., C in purge, E in purge (loss 5.1).

IV. Reactor temp., C in purge, D in purge (loss 5.6).

Evaluation of Implementation Loss

In addition to disturbances, there will always be a im-
plementation error related to each controlled variable,
that is, a difference between its setpoint and its actual
value, e.g. due to measurement error or poor control. By
plotting plot for “best” case I the cost as a function of
the three controlled variables (not shown) we find that
the optimum is flat over a large range for all three vari-
ables, and we conclude that implementation error will
not cause a problem. In comparison, for cases III and
IV the cost is sensitive to implementation errors, and we
get infeasibility if purge composition of D (case III) or E
(case IV) becomes too small.

Should Inert be Controlled?

A common suggestion is that it is necessary to control
the inventory of inert components, that is, in our case, to
control the mole fraction of component B (Luyben et al.,
1997) (McAvoy and Ye, 1994) (Lyman and Georgakis,
1995) (Ng and Stephanopoulos, 1998) (Tyreus, 1999).
However, recall that we eliminated B in purge at an early
stage because it gave a rather large loss for disturbance 2
(see Table 3). Moreover, and more seriously, we generally
find that the shape of the economic objective function as
a function of B in purge is very unfavorable, with either
a sharp minimum or with the optimum value close to
infeasibility. A typical example of the latter is shown in
Figure 3. In conclusion, we do not recommend to control
inert composition.

Summary

In conclusion, control of reactor temperature, C in purge,
and recycle flow or compressor work (cases I or II) re-
sult in a small loss for disturbances and a flat optimum
(and is thus insensitive to implementation error), and are
therefore good candidates for self-optimizing control.

The analysis in the paper is based on steady-state eco-
nomics, but we have also performed dynamic simulations
that show that this proposal may be implemented in
practice using a simple decentralized feedback control
structure based on PI controllers.
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Figure 3: Typical unfavorable shape of cost function
with B (inert) in purge as controlled variable (shown
for case with constant reactor temperature and C in
purge).
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Abstract
In this paper, a new approach is developed for robust control of nonlinear chemical processes. The methodology proposed
is based on passivity theory. Uncertainty and perturbations are taken into account in the stability analysis and controller
synthesis such that the resulting closed-loop system can achieve better robustness and performance. The suggested
passivity framework can deal with a large class of uncertainties and perturbations in chemical processes.
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Introduction

The effective control of process plants using high per-
formance control systems must consider both stability
and performance in the face of uncertainty - the so
called robust control problem. Many modern robust
control methods are based on finite gain (H∞) control
theory. However, finite gain designs can be overly con-
servative for some uncertain systems because it ignores
phase information of the feedback systems (Sakamoto
and Suzuki, 1996).

Recent work on robust control design has employed
the concept of passivity(Bao et al., 1999). Often robust
stability of a system can be determined by evaluating
passivity of a subsystem. Many uncertain systems can
be converted into equivalent interconnected feedback sys-
tems which consist of a linear block and possibly a non-
linear and/or time-varying block. By studying the pas-
sivity of the interconnected systems, sufficient stability
conditions can be derived for the original uncertain sys-
tems. Specifically, if the linear block is strictly passive
and the nonlinear block is passive, then the original un-
certain system is robustly stable.

In general, the nonlinear block of the interconnected
system can be classified into four types: 1. Non-passive;
2. Near-passive; 3. Passive; and 4. Over-passive. It
is very difficult to guarantee robust stability and robust
performance if the nonlinear block is strictly non-passive.
In order to apply passivity theory, it is necessary that the
nonlinear is at least near passive.

However, it is not always straightforward or advanta-
geous to combine all of the uncertainties into the nonlin-
ear block. It is sometimes desired to leave some bounded
uncertainties, for example, linearization errors, to the
linear block such that the nonlinear block is passive or
near-passive. It may be relatively simple to guarantee
that the linear block with the bounded uncertainties is
robust strictly passive.

This paper deals with robust stability and control
design using the passivity approach. Near-passive and

∗plee@central.murdoch.edu.au. Corresponding author
†parisa@eng.murdoch.edu.au
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Figure 1: Interconnected feedback system.

over-passive uncertain blocks are considered for the non-
linear block, while the the linear block may also contain
uncertainty. A methodology for robust stability criteria
and controller synthesis is proposed. The results pre-
sented in this work provide better robust stability and
system performance for those systems that have a over
passive nonlinear block or contain other uncertainties in
the linear block. Two examples are presented to high-
light the benefits of the proposed approach.

Preliminaries

Consider the feedback system depicted in Figure 1, where
P is a linear system and ∆ represents a nonlinear/time-
varying uncertainty.

The passivity concept is closely related to energy in an
interconnected feedback system. For stability analysis,
inputs r and d can be set to zero. For such a system,
stability results can be established by observing energy
consumption in the feedback loop. Let us assume that
there is an abnormal energy burst occurring in the feed-
back loop. If the uncertain block ∆ is passive, then at
least this block does not inject energy into the feedback
loop. In addition, if the linear block P is strictly pas-
sive, it means that this block absorbs energy. As there is
no energy injection into the feedback loop, it is expected
that energy in the feedback loop will be finally consumed
by blocks ∆ and P, and hence stability is maintained.
Technical details about the passivity approach can be
found in Desoer and Vidyasagar (1975).

In the sequence, we call ∆ block near passive if it is not
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Figure 2: Transformed feedback system.

passive, but is close to being passive. Similarly, we call
∆ over passive if it remains passive even under certain
additive perturbation.

When ∆ is near passive, transforms (Desoer and
Vidyasagar, 1975; Xie et al., 1998) can be applied on
the interconnected system to render the transformed ∆
block passive, as depicted in Figure 2. Similarly, trans-
forms can also be applied to reduce conservatism if ∆
is over passive. In both cases, stability analysis are per-
formed on the feedback system with two transformed
blocks.

Methodology

In general, there is no unique way to find the transform
T. If ∆ is linear time-invariant and near passive, then
the easiest way to find T is to use the passivity index
v(∆) (Bao et al., 1999) such that T = v(∆)I and T + ∆
is passive. If ∆ is over passive, then it is always possible
to set T = βI where β can be any scalar such that T +∆
is still passive. A general form for T when ∆ is over
passive can be found in Xie et al. (1998).

Once the transformed ∆ block is rendered passive, a
controller can be synthesized to render the other trans-
formed block strictly passive.

A nonlinear chemical process can be represented by
the diagram in Figure 3, where ∆1 is generally used to
represent the output sensor errors or neglected high fre-
quency dynamics for the process, Pp is the linearized
model for the process at a specific operating point, and
K is a controller. However, due to nonlinearity and un-
known perturbations, a better model for the process may
be Pp(∆2), where ∆2 represents all of the uncertainties
which are not absorbed by ∆1. Note that ∆2 can always
be set to zero if the linearized model Pp is relatively ac-
curate. In this case, further constraints can be manually
imposed on ∆1 to cope with the influence of omitting
∆2 (Bao et al., 1999). It can be viewed as a special case
under the framework of Figure 3.

For stability analysis, it is assumed that r(t) = 0. It

∆1

3p�∆2)
-

r z1Κ yu

ξ1

Figure 3: Diagram of a typical chemical process.
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3
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∆2

u(t)y(t)
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z2(t) ξ2(t)

K
r(t)

-

Figure 4: System diagram after ‘pulled out’ uncer-
tainty.

is easy to check that for the special case ∆2 = 0, Figure
3 is equivalent to Figure 1 with ∆ = ∆1 and

P = −PpK(I + PpK)−1.

In general, the uncertainties ∆1 and ∆2 can be ‘pulled
out’ to form an interconnected feedback system (see, for
examples, Zhou et al., 1996), as depicted in Figure 4. We
use operator matrix P1 to denote the remaining linear
system after ‘pulled out’ uncertainties.

If ∆1 is passive, a controller can be synthesized for
the low half part with input ξ1(t) and output z1(t) to
render it robustly strictly passive. The same controller
also guarantees that the closed-loop system in Figure 3
is robustly stable.

If ∆1 is near passive or over passive, a transform T

can be applied to ∆1 and the low half part in Figure 3,
as shown in Figure 5. Note that T is set to T = βI for
both near passive and over passive in this paper, and
β ≥ v(∆1) for the near passive case.

The transformed feedback system can be viewed as an
interconnection of two transformed blocks, namely, ‘Pas-
sive Uncertainty’ block with input z(t) and output ξ(t)
and ‘System’ block with input ξ(t) and output z(t), as
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Figure 5: Transformed feedback system.

shown in Figure 5. K only needs to render the ‘System’
block robustly strictly passive.

The ‘System’ block can be described in the following
state-space form:

ẋ(t) = A(β)x(t) +B(β)u(t) +H1ξ(t) +H2ξ2(t)
y(t) = C(β)x(t) +D(β)ξ(t)
z(t) = E11x(t) + E12u(t) + E13ξ(t)
z2(t) = E21x(t) + E22u(t) + E23ξ(t)

(1)

where x(t) ∈ Rn is the state, y(t) ∈ Rm is the measured
output of the process, u(t) ∈ Rr is the manipulated in-
put to the process. Vectors ξ(t) and z(t) can be viewed
as the input and output of the ‘System’ block. Map-
ping z2(t) → ξ2(t) describes the uncertainty ∆2. This
mapping can be very general, for example, it can be rep-
resented using integral quadratic constraints (IQCs) (see
Boyd et al., 1994, for details). It has been shown that
time delay uncertainties in systems can be represented
by IQCs (see Xie et al., 1998, for details). However,
to represent the linearization errors for a chemical pro-
cess, it is often sufficient to set E22 = 0, E23 = 0 and
ξ2(t) = ∆2(t)z2(t) where ‖∆2(t)‖∞ ≤ 1.
β is a constant scalar. Although β can be pre-selected

F1, c1 F2, c2

V, c

F, c

Figure 6: A mixing system.

based on the passivity index, we intentionally leave it
intact as a design parameter. A β dependent controller
can be synthesized, and then an iterative procedure or
quasi-convex optimization can be applied to find the sub-
optimal β which preserves the passive property of the
‘Passive Uncertainty’ block while achieving the best per-
formance for the closed-loop system.

Based on the discussion above, we arrive at the follow-
ing result:

Theorem 1 If there exists a controller u = Ky which
renders system (1) robustly strictly passive, then the
same controller guarantees that the closed-loop system
shown in Figure 3 is robustly stable.

Results are available in the literature to synthesize
controller u = Ky such that system (1) is robustly
strictly passive. We omit the details in this paper due
to page limitations. The interested readers may refer to
Xie and Soh (1995) and the references therein.

Justification in Chemical Processes

In this section, we consider two examples. The main
purpose of this section is to justify the framework pro-
posed above for chemical processes. The details of the
two examples are deleted for clarity.

The first example is a mixing system adopted from Bao
et al. (1999). The well-stirred tank is fed with two inlet
flows with flowrates F1(t) and F2(t). Both inlet flows
contain the same dissolved material with concentrations
c1 and c2 respectively. The outlet flowrate is F (t). F1(t)
and F2(t) are manipulated to control both F (t) and the
outlet concentration c(t).

It was assumed in Bao et al. (1999) that inlet con-
centration disturbances cause the nominal plant trans-
fer matrix P̂ (s) to be shifted to P (s). It was shown
that the control problem can be described by Figure 3
with a near passive ∆1(s) = (P (s) − P̂ (s))P̂−1(s) and
Pp(∆2) = P̂ (s). Following the settings in Bao et al.
(1999), it is straightforward to verify that the feedback
system in Bao et al. (1999) is equivalent to Figure 5 with
E13 = 0, E21 = 0, E22 = 0 and E23 = 0 in (1). As (1)
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is reduced to a linear system with no uncertainty in this
case, standard passivity synthesis procedure can be ap-
plied to (1) to design the controller u = Ky.

It is also easy to show that ∆1(s) = (P (s) −
P̂ (s))P̂−1(s) can be over passive under different inlet
concentration disturbances.

Next, we consider the stability problem of a CSTR.
The component and energy balances for a CSTR with
jacket cooling and first order irreversible exothermic re-
action A→ B are:

dC

dt
=
F

V
(C0 − C)− kC

dT

dt
=
F

V
(T0 − T ) +

∆H
ρcp

kC − UAr

V ρcp
(T − TC)

where V is tank volume, F is feed flowrate, C0 is feed
concentration, C is outlet concentration, V is heat trans-
fer coefficient, ρ is density, cp is specific heat, T is reactor
temperature, T0 is feed temperature, ∆H is exothermic
heat of reaction, U is heat transfer coefficient, Ar is heat
transfer area from jacket to reactor, and TC is cooling
water temperature. k is defined by Arrhenius relation
k = k0e

− E
RT where k0 is a rate coefficient factor, E/R

is a activation energy factor. The measured variables
are outlet concentration C and reactor temperature T ,
and the manipulated variables are feed flowrate F and
cooling water temperature TC .

The component and energy balance equations are lin-
earized at a specific operating point to obtain two linear
differential equations. If there is no feed perturbation,
then linearization errors for the two balance equations
depend on the state variables C and T only. It was shown
in Doyle III et al. (1989) that if the linearization errors
are conic-sector bounded, then the process description
can be given by

ẋ(t) = (A+ ∆2A1)x(t) +Bu(t)
z1(t) = Cx(t)

where ∆2 is a bounded matrix.
However, the above plant description is obtained by

assuming that the measurements are perfect. The mea-
surement errors may be not significant when the process
is operating at steady state. However, the instrument
measurement response can often be important in the
overall system response in the transition period (Myl-
roi and Calvert, 1986), or when the process is operat-
ing under the influence of uncertainty and perturbations.
Therefore, the true measured output y(t) is not identical
to z1(t) in the above process description.

For simplicity, it is assumed that both temperature
and concentration measurements can be represented by
first-order lag models 1/(τT s + 1) and 1/(τCs + 1)
where τT and τC are time constants which may change
due to the variations in the unit inputs (Mylroi and
Calvert, 1986). Therefore, the measured output is
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Figure 7: Control errors of outlet concentration for
the mixing system.

y = diag{1/(τT s + 1), 1/(τCs + 1)}z1. In the frame-
work of Figure 3, this leads to an uncertain ∆1 =
diag{−τT s/(τT s+ 1),−τCs/(τCs+ 1)}. It can be easily
verified that ∆1 is a near passive block and the passive
index v(∆1) = 1. Similarly, it is straightforward to see
that the CSTR case fits into the framework of Figure 5
with β = 1, E12 = 0, E13 = 0, E22 = 0 and E23 = 0.
These four matrices can be non-zero, for example, if there
is a disturbance on the feed flowrate F .

Furthermore, it is possible to convert a multi-model
control problem for multi-unit chemical processes in Lee
et al. (2000) into a passivity framework shown in Fig-
ure 5. The passivity based multi-model approach will be
addressed in a subsequent paper.

Illustrative Examples

We again consider the stability problem of the two ex-
amples mentioned above.

The first example verifies that over passive uncertainty
needs to be properly addressed in order to reduce con-
servatism. This example takes the mixing system dis-
cussed in Bao et al. (1999). Differing slightly from (Bao
et al., 1999), it is assumed that the c1(t) changes from
0.5kmol/m3 to 1.0kmol/m3 while c2(t) changes from
2.0kmol/m3 to 3.0kmol/m3. Rest of the values follow
exactly as those in (Bao et al., 1999). Following the same
procedure, it is easy to verify that ∆1 block is over pas-
sive. Two passivity based designs were carried out. As
∆1 is already passive, design based on conventional pas-
sivity approach only renders the nominal system P̂ (s)
strictly passive. Design based on the proposed frame-
work first renders ∆1(s) passive by transform βI where
β is negative, then a controller is synthesized to render
the ‘System’ block strictly passive.

It is also assumed that at the 5th minute both c1 and
c2 change simultaneously, c1 decreases from 1kmol/m3
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Figure 8: Closed-loop simulation results for the
CSTR.

to 0.5kmol/m3 and c2 increases from 2kmol/m3 to
3kmol/m3. Simulations shown in Figure 7 verifies that
the proposed design is less conservative. The only pur-
pose of this example is to show that conservatism can be
further reduced in the over passive case by simply ap-
plying a loop transform, therefore, simulation results are
less dramatic as uncertainty ∆2 = 0 in this case.

Our second example demonstrates the advantage of
the framework proposed in this paper. This example uses
the CSTR mentioned above. It is assumed that there
are linearization errors and perturbations on the feed
flowrate F , feed concentration C0 and feed temperature
T0, as well as first-order measurement dynamics. The
object is to design a controller such that the system is
stable under feed perturbations, measurement dynamics
and linearization errors. The details of the example have
to be omitted due to space limitations.

Similar to Bao et al. (1999), a standard H∞ design
was carried out for comparison purpose. The H∞ design
assumes that there are no measurement dynamics.

Two passivity based design were studied, namely, Pas-
sivity Design I and Passivity Design II. Passivity Design
I is similar to the one in Bao et al. (1999) by assuming
that there are no measurement dynamics. The process
was only perturbed by the feed perturbations which lead
to a near passive ∆1 in Figure 3. Similar to Bao et al.
(1999), linearization error was partially taken into ac-
count by the ∆1 block. However, unlike the procedure
in Bao et al. (1999), frequency weighting was not used
for simplicity. Passivity Design II uses the methodol-
ogy proposed in this paper. There was no specific as-
sumption on perturbation, linearization errors or mea-
surement dynamics as those imposed in the H∞ design
and the Passive Design I. Similar to Passive Design I,
frequency weighting was not used. However, it should
be stressed that frequency weighting can be adopted for

all three designs to further improve performance.
Three controllers were synthesized using the three de-

sign methods. They were then applied to the nonlinear
component and energy balance model to simulate the be-
haviour of the closed-loop system. It was assumed that
simultaneously feed perturbations occur at t = 1min af-
ter the closed loop reached steady state. Figure 8 shows
the control errors of the reactor temperature correspond-
ing to the three controllers. It can be observed that the
H∞ controller performs worse with a steady state offset
and longer transition period, and the Passivity Design II
controller is the best.

Conclusion

A new methodology is proposed in this paper to deal
with robust stability analysis and controller synthesis of
nonlinear chemical processes. The proposed approach is
based on passivity theory which may be less conservative
than the commonly used H∞ approach in robust control.
The framework used in this paper enables the consider-
ation of near passive and over passive uncertainties in a
unified way, and also allows a larger class of uncertainties
existing in the chemical processes.
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Abstract
This paper describes modeling and on-line optimization of a crude unit heat exchanger network at the Statoil Mongstad
refinery. The objective is to minimize the energy input in the gas fired heater by optimally distributing the cold crude oil
in the heat exchanger network. The steady state mass and energy balance of the 20 heat exchangers in the network yields
the process model. This model is fitted to the measured values using data reconciliation and unmeasured values like
heat exchanger duty and heat transfer coefficients are computed. The fitted model is used to compute the optimal split
fractions of crude in the network. This system has been implemented at the refinery and has resulted in a 2% reduction in
energy consumption. In operational modes where the unit is constrained on energy input this gives a increased throughput
and a significant contribution to the refinery profit.

Keywords
Reconciliation, Optimization, Crude unit, Heat exchanger network

Introduction

This paper describes the development of a real time opti-
mization system including model development, data rec-
onciliation and on-line optimization. The case studied
is a heat exchanger network for pre-heat of feed in a
crude oil distillation unit at the Statoil Mongstad Refin-
ery. The system is implemented and is now running in
closed loop at the refinery. The optimal operation is com-
puted using a steady state model which before each run
is fitted to the current operation point. Process measure-
ments contain uncertainties as random errors and possi-
bly gross errors. This may be a result of miscalibration
or failure in the measuring device. This uncertainty is
reduced when the current operation point is estimated
using a larger number of measurements, than the num-
ber of unknowns in the process model, to compute a set
of reconciled data. Model parameters are estimated si-
multaneously or computed from the reconciled data. The
optimal operation is computed as the maximum of the
objective subject to the process model, current process
operation and model parameters. The optimal operation
is finally implemented as setpoints in the process control
system. A large number of methods for data reconcilia-
tion have been suggested. These include robust objective
functions (Chen et al., 1998), statistical tests, analysis
of measurement redundancy and variable observability
(Crowe et al., 1983). However, most examples and case
studies presented in the literature are based on simulated
processes, and most papers consider the data reconcilia-
tion decoupled from the optimization. One noteworthy
exception is (Chen et al., 1998) who present an applica-
tion of data reconciliation to a Monsanto sulfuric acid
plant, but the paper is somewhat limited on details on
the specific approach they have taken. The objective of
this paper is therefore to present an actual industrial im-
plementation, where we provide details about the data

∗Tore.Lid@Statoil.com

reconciliation approach, model and optimization.

Data Reconciliation

Data reconciliation is used to determine the current op-
eration point. If measurement had no uncertainty the
current operation point could be determined from n−m
independent measurements, where n is the number of
variables and m the number of equations in the model.
Since the measurements are uncertain and there are a
surplus of measurements, compared to the number of
unknown variables in the model, data reconciliation is
used to reduce this uncertainty. The reconciled values
minimizes some function of all measurement errors sub-
ject to the model equations. This is written as

min
x

nm∑
i=1

ψ(εi/σi) (1)

subject to

Ax = 0
g(x) = 0

All variables are collected in the vector x of dimension
n × 1. The measurement errors εi = xi − yi where yi

is a measurement of the variable contained in xi. All
measurement errors is scaled by its standard deviation
σi. The process model is separated into a set of linear
equations, Ax = 0, and nonlinear equations, g(x) = 0,
since most NLP solvers take linear and nonlinear equa-
tions as separate arguments. If the uncertainty in the
measurements are normal distributed with zero mean
the summed squared measurement error is used as ob-
jective function, ψ, in equation 1. However, in the case
of nonzero measurement error mean, gross errors, this
method gives a biased estimate of the process variables.
There are several methods for reducing of the effect of
gross errors. In (Crowe et al., 1983) and (Crowe, 1986)
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Figure 1: Combined Gaussian objective function.
The standard deviation σ = 1, p = 0.3 and b = 6.

collective and individual statistical tests of the measure-
ment errors are used to exclude measurements with gross
errors. In (Chen et al., 1998),(Tjoa and Biegler, 1991)
and (Johnston and Kramer, 1995) objective functions
less sensitive to gross errors are used. In this work the
Combined Gaussian objective function is selected due to
its numerical robustness and promising “small example”
results. In all robust objective functions the measure-
ment error is scaled by its standard deviation. Nor-
mally this distribution is not known and the standard
deviation has to be estimated from measured data or
determined by a reasonable guess based on the actual
measurement equipment installed and its measurement
range. The Combined Gaussian function is based on a
weighted sum of two Gaussian distributions, one distri-
bution of the random errors and one of the gross errors.
The combined Gaussian probability density function is
written as

fi =
1

σi

√
2π

[
(1− p) exp

(
−1

2
ε2i
σ2

i

)
+
p

b
exp

(
−1

2
ε2i
σ2

i b
2

)]
(2)

with the probability of a gross error in the measurements
p and the ratio of the standard deviations of the gross
errors to that of the random errors b. The objective
function to be minimized is the negative logarithm of
the probability density function,

∑nm

i=1 log(1/fi). The
Combined Gaussian objective function is graphed in Fig-
ure 1 with the least squares function for comparison.
Compared to the least squares method the robust func-
tions gives less penalty for measurement errors larger
than 3σ. For the reconciled data this typically gives large
measurement errors in few variables and small error in
the other variables. At least intuitively this is what one
would expect from the process measurements though it
is difficult to verify. In equation 1 there is no limitation
on the number of measurements and on which variable
to measure. Before the reconciled variables are accepted
some analysis has to be made to check if the unmeasured
variables are observable. The measurements can also be
classified as redundant or nonredundant measurements
which can be used to evaluate the reconciled variables

and decide if data reconciliation can be done if a specific
measurement is out of service. Let x∗r be a solution to
the reconciliation problem in equation 1. The nonlinear
constraints are linearized at the optimal solution x∗r such
that g(x) ≈ g(x∗r)+G(x−x∗r), whereG = ∂g(x)/∂x|x=x∗r .
The linear and linearized constraints can now be written
as

Âx− b̂ = 0 (3)

where

Â =
[
A
G

]
b̂ =

[
0

g(x∗r)−Gx∗r

]
The variables in x are separated into measured variables,
y, and unmeasured variables, z. The matrix Â is parti-
tioned into Â1 and Â2 where Â1 holds the columns of
Â corresponding to the measured variables and Â2 the
columns of Â corresponding to the unmeasured variables.
Equation 3 can now be written as

Â1y + Â2z = b̂ (4)

To be able to compute the unmeasured variables, from
the measured variables, the matrix Â2 must have full col-
umn rank. If the number of measurements ny < n−m,
where n is the number of variables and m the number
of equations, the size of Â2 is m × nz where nz > m
and the matrix Â2 has rank less than nz. This implies
that equation 4 has no unique solution for z when y is
known. A requirement is that the number of measure-
ments ny ≥ n−m, which is obvious, and that Â2 has full
column rank. The measurements can also be separated
into redundant and nonredundant measurements. If a
variables measurement is redundant it is possible to com-
pute its value if its measurement is removed. This is not
the case for a nonredundant measurement and removing
this measurement causes Â2 to be rank deficient. A sim-
ple test for redundancy is to check if PT Â1 has columns
with only zero elements, where P is defined as a matrix
that span the null space of ÂT

2 . Any zero columns in
corresponds to nonredundant measurements. Also note
that for a nonredundant measurement i we always have
that yi − ymi = 0 and that this measurement does not
contribute directly in the calculations of the reconciled
values.

Optimization

The typical process optimization problem has a linear
objective function like product price times product flow
which is to be maximized. For system simplicity the
same process model and variable vector are used in both
data reconciliation and process optimization. In the op-
timization problem some of the variable values are al-
ready known. These are typically disturbance variables
and connects the data reconciliation with the optimiza-
tion. The variable values are specified in the optimiza-
tion problem as a set of linear constraints (Rx = r) where
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Figure 2: Simplified crude unit overview.

r = Rx∗r . The matrix R has one nonzero element in each
row, equal to one, corresponding to the element in x,
which is set equal to its reconciled value. The optimiza-
tion problem can now be written as

min
x
−pTx (5)

subject to

Ax = 0
g(x) = 0
Rx = r

xmin ≥ x ≥ xmax

Inequality constraints in process optimization are typi-
cally bounds on singe variables. Inequality constraints
on combinations of variables may be added in this for-
mulation by introducing slack variables.

A Case Study

In the crude unit the crude feed is separated into suitable
components for production of propane, butane, gasoline,
jet fuel, diesel and fuel oil. The crude is preheated in
a heat exchanger network where heat is recovered from
the hot products and circulating refluxes. As shown in
Figure 2 the cold crude (DCR) is separated into seven
parallel streams (A-G) and heated by the hot products.
The flow in each pass and BSR heat exchanger bypasses
provides the degrees of freedom necessary for optimiza-
tion. The optimization objective is to save energy and
to recover as much heat as possible. The heater is the
main energy input in the process and heater outlet tem-
perature is held constant. The minimum energy is then
achieved by maximizing of the heater inlet temperature.
Both distillation columns have feed conditions indepen-
dent on the heat exchanger network operation. The inlet
temperatures of both columns are assumed to have per-
fect temperature control. The feed flow and composition
are then independent of operation of the heat exchanger

network. With this simplification a model of the dis-
tillation columns is not needed and a mass and energy
balance of the heat exchanger network is a sufficiently
detailed model for optimization. The optimal solution
must be within several process operating constraints.
The total crude flow or throughput is to be unchanged.
At each crude pass outlet there is a maximum tempera-
ture constraint to avoid flashing. On main column LGO
and HGO products, exiting the heat exchangers, there
is a maximum temperature limit as the products are fed
to the LGO and HGO driers (the driers are not drawn
in Figure 2). The preflash column inlet temperature is
to be unchanged. Some of the heat exchangers are also
included in the bottom circulating reflux (BSR) and the
total duty in BSR is to be unchanged.

The Process Model

The heat exchanger network can be viewed as a set of
nodes or unit operations connected by arcs or in this case
pipes. A set of balance equations, mass and energy bal-
ance, describes the internals of each node. Variables for
the arcs or pipes are fluid temperature and mass flow.
The nodes in this network are stream mix nodes, stream
split nodes and heat exchanger nodes. This selection of
variables makes all nodes independent of other variables
than those included in the input and output arcs. Heat
exchanger nodes also have some internal variables like
heat transfer coefficient and duty. This variable selec-
tion makes the model structure a simple and surveyable
and it makes it practical possible to compute analytical
derivatives of the nonlinear model equations. This re-
duces the numerical computational load in solving the
model. The following describes the simplified balance
equations for each type of node.

Mixing of Streams

In a node where n streams are mixed into one outlet
stream the mass and energy balance equations can be
written as

Fout −
n∑

i=1

Fini
= 0 (6)

Fouth(Tout)−
n∑

i=1

Fini
h(Tini

) = 0 (7)

where h(T ) is the specific enthalpy of the fluid. The mass
balance results in one linear equation and the energy
balance in one nonlinear equation.

Splitting of Streams

In a node where one inlet stream are separated into n
outlet streams the mass and energy balance equations
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can be written as

Fin −
n∑

i=1

Fouti = 0 (8)

Tin − Touti = 0 ∀ i = 1...n (9)

The mass balance results in one linear equation and the
energy balance results in n linear equations.

Heat Exchanger

For a heat exchanger node hot and cold side mass and
energy balance and heat transfer is written as

Fcin − Fcout = 0 (10)
Fhin − Fhout = 0 (11)

Q+ Fcin(h(Tcin)− h(Tcout)) = 0 (12)
Q− Fhin(h(Thin)− h(Thout)) = 0 (13)

Q− εCmin(Thin − Tcin) = 0 (14)

where the mass balance results in two linear equations
(10 ,11) and the energy balance results in two nonlin-
ear equations (12, 13). The heat transfer is described
by equation 14. The heat exchangers in this unit is of
multiple tube and multiple shell pass type and the ε-Ntu
method (Mills, 1995) is used for calculation of the heat
transfer. In equation 14 ε is the efficiency and Cmin is
the minimum capacity. Cmin is calculated as

Cmin = min(Cc, Ch) (15)

Cc = FcinCpc ≈ Fcin

h (Tcout)− h (Tcin)
Tcout − Tcin

(16)

Ch = FhinCph ≈ Fhin

h (Thout)− h (Thin)
Thout − Thin

(17)

The efficiency, ε, is a function of the number of transfer
units, Ntu, and the capacity ratio, RC . RC and Ntu is
calculated as

RC =
Cmin

Cmax
Ntu =

UA

Cmin
(18)

where Cmax = max(Cc, Ch). The efficiency ε equals ε1
for heat exchangers with single shell pass (n = 1) and
a even number of tube passes. ε equals ε2 for heat ex-
changers with even number of tube passes and n shell
passes. ε1 and ε2 is calculated as

ε1 = 2 {1 + RC

+
√

1 + R2
C

1 + exp
(
−Ntu

n

(√
1 + R2

C

))
1− exp

(
−Ntu

n

(√
1 + R2

C

))

−1

(19)

ε2 =

[(
1− ε1RC

1− ε1

)n

− 1

] [(
1− ε1RC

1− ε1

)n

−RC

]−1

(20)

When the equations for Cmin and ε is substituted into
equation 14 each heat exchanger is described by two lin-
ear and tree nonlinear equations.

Model Summary

There are totally 85 streams and 20 heat exchangers in
the heat exchanger network. There are 9 stream mixes
and 7 stream splits. The variables are 85 flows and 85
temperatures from the streams, 20 heat exchanger du-
ties, 20 heat transfer coefficients and adds up to totally
210 variables. From the heat exchangers we have 40 lin-
ear and 60 nonlinear equations. From the stream mixing
nodes we have 9 linear and 9 nonlinear equations and
from the split nodes we have 29 linear equations. Coef-
ficients for linear equations are collected in the matrix
A where each equation occupy one row. The equation
coefficients are placed in the column corresponding to its
variable position in x. The nonlinear equation residues
are collected in the residual vector g(x). The model is
now in the preferred form

Ax = 0 (21)
g(x) = 0 (22)

where A is a 78×210 matrix with the linear equation co-
efficients and g(x) is a 1×69 vector of nonlinear equation
residues.

On-line Data Reconciliation

Data is sampled from the process as one hour averages
and reconciled using the Combined Gaussian objective
function. Standard deviations for measurements are se-
lected to be 1◦C for temperature measurements and 2%
of the maximum measuring range for flow measurements.
The Combined Gaussian parameters p and b are set to 0.3
and 6. To avoid numerical difficulties in the model equa-
tions, like reversed flows, appropriate variable bounds
are added to the data reconciliation problem in equation
1. There are 88 measurements in the process, which is
a surplus of 25 compared to the number of unknown in
the process model. The described analysis shows that all
unmeasured variables are observable and that all mea-
surements are redundant. As a example Figure 3 shows
measured and reconciled values for 300 successive sam-
ples of one hour averages. The imbalance in the data is
most likely caused by a gross error in the flow measure-
ment of the hot stream Fh. The average error is 3.1 T/h
and is fairly constant in all samples.

On-line Optimization

In the optimization problem the number of equality con-
straints are increased to 205 which leaves 5 degrees of
freedom. These degrees of freedom corresponds to the
flow trough each of the seven passes in the hot train mi-
nus two since the total flow and BSR duty is set equal
to the reconciled value. As a example measured data is
reconciled and optimum operation computed. Compared
to current operation the pass flow (A-G) is changed by
[0.0,-9.2,-0.1,+9.0,+0.1,+1.0,-0.8]%. In addition bypass
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Figure 3: Measured (thin lines) and reconciled values
(thick lines) for one of the heat exchangers.

flows of heat exchangers in the BSR is changed such that
more heat is added in each pass while keeping the total
duty constant. This increases the heater pre-heat duty
by 2.3MW. Compared to the heater duty of ≈ 100MW
this gives a 2% reduction of energy requirement. Con-
straints on pass G outlet temperature and LGO drier
inlet temperature is active at optimal operation. Opti-
mal operation is implemented as flow ratio setpoints in
the MPC controller. Both the data reconciliation and
optimization problems is solved using a software pack-
age for constrained optimization problems (NPSOL from
Stanford University). This system runs on a DEC-Alpha
computer and the average solution time is 3 minutes.

Conclusion

A process model describing the mass and energy balance
is developed and used for data reconciliation and opti-
mization. The model is fitted to the measured values
and optimal feed split fractions are computed and im-
plemented in the control system once an hour. The rec-
onciled values provides valuable information about the
current condition of the measurement equipment and of
the condition of the heat exchangers. Comparison of
reconciled values and measured values have detected sev-
eral flow measurements with pour performance and also
a temperature measurement that was found to be in-
stalled in the wrong pipe. The evolution of heat transfer
coefficients during operation is also used to detect fouling
and schedule cleaning of the heat exchangers. The model
is sufficiently detailed for optimization purposes and the
predicted optimal heater inlet temperature is achieved
in the process.
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Abstract
This paper analyzes three statistical techniques commonly applied to estimate the potential benefit from improved
process control. A brief overview of process control benefit estimation and a derivation of the statistical approaches used
to estimate process control benefits is presented. The assumptions made in the derivation are outlined and the merits
of each technique are discussed. The results from applying these techniques are then compared to the value actually
obtained with improved process control using a semi-continuous distillation process.
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Introduction

Estimation of the economic benefit that can be obtained
from implementing advanced process control and/or con-
trol system upgrades is essential for both justification
and prioritization of these projects. Process control im-
provements result in both qualitative and quantitative
benefits. The qualitative benefits can include more ef-
ficient evaluation of process and control system perfor-
mance, improved access to real-time and historical pro-
cess information, and better evaluation and management
of abnormal conditions. Although improving the process
operation, it can often be difficult to accurately and con-
sistently assign a direct economic value to these benefits.
The quantitative benefits can include improved energy
efficiency, increased production rate, and decreased off-
specification production. The direct economic benefits
are more straightforward to determine for these cases. In
this work, we consider three statistical techniques used
for a priori estimation of the quantitative economic ben-
efit from improved process control. These techniques
have commonly been applied to justify the investment
in process control projects for the petroleum and petro-
chemical industries (Tolfo, 1983), (Sivasubramanian and
Penrod, 1990), (Martin et al., 1991), and (Latour, 1992).

These techniques are only applicable to controlled vari-
ables with an operating constraint or product specifica-
tion limit and an economic incentive to operate as close
as possible to this limit without excessive violation. Sep-
aration processes that require a minimum product purity
are examples of a controlled variable with a product spec-
ification limit. A fired gas heater constrained by maxi-
mum tube skin or flue gas temperatures is an example
of a controlled variable with an operating constraint.

Process Control Benefit Estimation

Quantitative estimation of the economic benefit from im-
proved process control begins with determining the base
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Figure 1: Improved process control operation.

operation. Process data, which includes the key eco-
nomic controlled variables, are collected during a period
of normal closed-loop operation. This collection period
should be representative of the typical closed-loop opera-
tion of the process with the current control system. If the
process is operated at a number of different conditions,
a base operation is developed for each operating condi-
tion. The base operation mean value and variance for
the controlled variables are determined from this data.

Process control improvements are expected to reduce
the variance of the controlled variables. Because of the
reduction in the controlled variable variation, the mean
operating value can be shifted closer to the product spec-
ification or operating constraint without increasing the
frequency of violation. This operation is referred to as
the improved control operation as shown in Figure 1.

The economic benefit is realized from operation at this
new mean value. Quantification of the economic benefit
is performed by using some form of a process model to
determine the steady-state material and energy balance
changes resulting from the improved control operation.
Economic values are then used to estimate the mone-
tary benefit. If there are a number of different operating
conditions, this analysis is carried out for each and an
average monetary benefit is determined by weighting the
benefit realized from each operating mode by the fraction
of time the process operates in that mode.

Predicting the change in the steady-state mean op-

408
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erating value obtainable from improved process con-
trol is performed in a variety of ways. Heuristic ap-
proaches include assuming the controller can consistently
achieve the same performance as the best base operating
data (Tolfo, 1983), assuming the controller can operate
exactly at the specification or constraint (Martin et al.,
1991), and assuming the process can be described by a
low-order polynomial function (Stout and Cline, 1976).
In this work, we discuss statistical techniques that deter-
mine the change in the mean operating value based on
the reduction in the controlled variable variance.

Additional benefit may also be achieved from reducing
the controlled variable variation. For many processes,
such as polymerization, the product quality specifica-
tions are set by the desired end-use properties and can-
not be changed due to a variance reduction. In these
cases, the quantitative economic benefit comes from the
reduction in variation alone. The statistical estimation
techniques presented here are not appropriate for esti-
mating this benefit and it will not be considered further.

Statistical Estimation Background

The probability that a normally distributed random vari-
able X is less than a given value XL is P (X < XL)

P (X < XL) = P (Z < ZL) =
1√
2π

∫ ZL

−∞
exp

(
−Z

2

2

)
dZ

Z =
X − X̄

SX
, ZL =

XL − X̄

SX
(1)

in which Z is the standard normal variable, X̄ is the
mean of X, and SX is the standard deviation of X. The
probability that a normally distributed random variable
X is greater than a given value XL is P (X > XL) =
1−P (Z < ZL) = P (Z < −ZL) where the equalities fol-
low from the symmetry of the normal distribution. The
standard normal variable is used in these relationships
to determine the probability since the integral is inde-
pendent of the mean and variance of the process data.

Assuming that P (Z < ZL) also represents the frac-
tion of samples below a given value XL in a time series
realized from a normally distributed stochastic process,
Fmax(ZL) = P (Z < ZL), in which Fmax(ZL) represents
the fraction of samples in the base or improved control
time series that is below the maximum limit. Under
the same assumptions used in the maximum limit case,
Fmin(ZL) = P (Z < −ZL) where Fmin(ZL) represents the
fraction of samples in the time series that is above the
minimum limit. Note that ZL is a negative number in
the minimum limit case since the limit is less than the
mean. Therefore, the fraction of samples in the time se-
ries below a maximum limit or above a minimum limit
can be expressed as

F (ZL) = P (Z < |ZL|) (2)

in which ZL is the standard normal limit value deter-
mined from the actual process limitXL using Equation 1.

The standard deviation of the base and improved con-
trol operation is required to determine the normalized
limit values. The base operation variance, S2

B , is de-
termined from the base operating data. Assuming that
the sensor noise is independent of the controlled variable,
S2

B = S2
P +S2

M , which is the sum of the contribution from
the variance of the process, S2

P , and the variance of the
sensor, S2

M . Under the same assumption, the improved
control variance is the sum of the process variance after
implementing the process control improvements and the
sensor variance, S2

C = S2
I + S2

M , in which the improved
process variance is some function of the base process vari-
ance, S2

I = f(S2
P ). The measurement variance is typi-

cally neglected in this analysis since it is usually much
smaller than the process variance. The exception is new
and/or improved controlled variable sensors.

Estimating the reduction in the process variance ob-
tainable from control system improvement is typically
based on heuristics and prior experience. This reduc-
tion will depend on the process, the current control sys-
tem, and the control system improvement under study.
A typical assumption for advanced control implemen-
tation is a 50% reduction in the controlled variable
variance (Sharpe and Latour, 1986) or standard devia-
tion (Martin et al., 1991). Reductions in the standard de-
viation as large as 90% have been claimed (Tolfo, 1983).
A lower bound on the achievable variance can also be
estimated from the base operating data using controller
performance assessment techniques (Qin, 1999) and a
multiple of this value used. In this work, the improved
control variance is determined from the experimental
data and this value is used with each of the techniques.

Statistical Estimation Techniques

In this section, three published statistically-based tech-
niques for determining an improved control mean oper-
ating value are presented. Each uses the base operation
mean and variance and an improved control variance
estimate. These techniques implicitly assume that the
controlled variable time series for the base and improved
control operation are realized from a strictly stationary,
normally distributed, stochastic process. In addition, it
is implicitly assumed that the controlled variable set-
points are not changed during the base operating period.
If the setpoints change, there will be a contribution to
the base variance due to the tracking control action. In
this case, the setpoint deviation should be analyzed and
these techniques implemented on a differential basis.

Method 1: Equal Operation at the Limit

The first method is referred to as equal operation at the
limit. In this method, the improved control operation
is required to respect the limit or specification the same
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fraction of the time as the base operation. Since the vari-
ation in the improved control operation is reduced, the
mean operation can be moved closer to the limit. This
technique is claimed to be the most common method to
estimate the change in the mean operation for product
quality controlled variables (Sharpe and Latour, 1986)
and is applicable if an acceptable fraction of the base
operation violates the limit or specification (Sharpe and
Latour, 1986), (Martin et al., 1991).

The fraction of time that the limit is respected for the
base and improved control operation is determined us-
ing Equation 2. Assuming that these fractions are equal
results in F (ZB

L ) = F (ZC
L ) in which the superscript B

refers to the base operation and the superscript C refers
to the improved control operation. It then follows that

ZB
L = ZC

L ⇒ XL − X̄B

SB
=
XL − X̄C

SC
(3)

The change in mean operation is determined from Equa-
tion 3.

∆X̄ = X̄C − X̄B =
(

1− SC

SB

)
(XL − X̄B) (4)

Method 2: Final Fractional Violation

The second method, referred to as final fractional vio-
lation, is recommended when the base operation does
not violate the limit or specification (Sharpe and La-
tour, 1986). In this case, the improved control operation
is allowed to violate the limit a specified fraction of the
time f . The fraction of the time the improved control
operation respects the limit is then 1 − f resulting in
F (ZC

L ) = 1 − f ⇒ ZC
L = α in which α is deter-

mined from f using the standard normal distribution
P (Z < |α|) = 1− f . The change in the mean operation
is determined from ZC

L = (XL − X̄C)/SC = α.

∆X̄ = X̄C − X̄B = XL − X̄B − α(SC) (5)

Note that equal operation at the limit is a special case of
this method when the fractional violation and the distri-
butions for the base and improved control operation are
assumed to be the same. Substituting (XL−X̄B)/SB for
α in Equation 5 produces the expression in Equation 4.

Method 3: Equal Fractional Violation

The third method, referred to as equal fractional viola-
tion, is recommended when a significant fraction of the
base operation data violates the specified limit (Sharpe
and Latour, 1986), (Martin et al., 1991). In this method,
the limit is replaced with one that results in a more rea-
sonable fraction of violation by the base operation. The
improved control operation is then allowed the same frac-
tional violation of this new limit. The percent violation
suggested to determine the new limit for this method is
5% (Sharpe and Latour, 1986), (Sivasubramanian and
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Figure 2: Equal fractional violation sensitivity to f .

Penrod, 1990), (Martin et al., 1991), although no justi-
fication for the selection of this value is given.

The new limit, Xf
L, is that value violated by some frac-

tion f of both the base and improved control operation.
Therefore, the fraction of the time the base and improved
control operation respect this limit is 1 − f resulting in
F (ZB

f ) = F (ZC
f ) = 1− f . It then follows that

ZB
f = ZC

f = α ⇒
Xf

L − X̄B

SB
=
Xf

L − X̄C

SC
= α (6)

The change in the mean operation is determined by elim-
inating the unknown limit Xf

L from Equation 6.

∆X̄ = X̄C − X̄B = α(SB − SC) (7)

The value of the new limit or specification, Xf
L, for

this method is X̄B +α(SB) which depends on the choice
of f . The suggested value for f is 0.05 resulting in |α| =
1.645. Note that the value of α is the ratio of the change
in the mean to the change in the standard deviation,
∆X̄/(SB−SC). As shown in Figure 2, this ratio is quite
sensitive to f as the allowable violation is reduced.

Discussion of the Statistical Estimation Methods

We begin our discussion by suggesting that the equal
fractional violation method is not an appropriate esti-
mation technique. This method is recommended when
a significant fraction of the base operation violates the
specified process limit. If this limit is violated too often
during the base operation, it is either not the true process
limit or the base operation control system is functioning
poorly. If it is not the true process limit, a more realistic
limit should be determined based on process engineer-
ing, operation, and economics. It should not come from
this ad hoc statistical procedure. If the specified limit
is the true process limit, the improved control operation
should be determined from the fractional violation of this
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limit. There is no economic justification for the use of a
different limit to estimate the benefit in this case.

The first method, equal operation at the limit, implic-
itly assumes that the base and improved control oper-
ation have the same distribution. Applying the same
distribution to both the base and improved control op-
eration may be a very poor assumption in many cases.
The base operation fractional violation is also obtained
from the base operating data mean and variance. The
actual base operation fractional violation is not used. If
this computed fractional violation deviates significantly
from the actual fractional violation, this method can pro-
duce erroneous results. Finally, if equal violation of the
limit is not acceptable, this method is not appropriate.
These issues can limit the applicability of this technique.

The second method, final fractional violation, only re-
quires an assumed distribution for the improved control
operation. For advanced control applications, a normal
distribution is often a reasonable assumption. The base
operation fractional violation can be determined directly
from the base operating data. If equal operation at the
limit is desired, α in Equation 5 can be determined based
on this value. If the base operation very seldom or never
violates the limit, a value of α from a larger fractional
violation can be used. If the limit is violated too often,
the specified limit can be verified and either a more re-
alistic value determined or a value of α based on more
reasonable fractional violation selected.

Experimental Investigation

We present the results of an experimental investigation
to compare the predicted mean operation from the three
estimation techniques to the actual improved control op-
eration of a semi-continuous distillation process.

Process Description

The process is a twenty tray ethanol/water distillation
column used to produce concentrated ethanol from a di-
lute feed. The overhead ethanol product is recycled back
to the process. The operating objective of the column is
to maximize the recovery of ethanol subject to a mini-
mum 74 wt% purity limit for the distillate product.

The improved control system for the column is shown
in Figure 3. The column differential pressure is con-
trolled by manipulating the reboiler steam flow rate. The
differential pressure target is set slightly below the value
in which jet flooding occurs in order to maximize sep-
aration. The concentration of ethanol in the distillate
product is measured by an on-line density meter and
used to reset the distillate to feed ratio target. Reflux is
determined by the overhead liquid level. Since the total
overhead liquid capacity in the system is very small, the
composition responds quickly to changes in the distil-
late flow. The principal disturbances to the column are
steam quality and reflux flow rate. The feed rate and
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Figure 3: Distillation column control scheme.

Operation Mean Std. Dev. % Violation
Base 79.82 wt% 2.495 4.2
Improved 74.54 wt% 0.263 4.3

Table 1: Base and improved control operation.

composition were constant for this study. Base opera-
tion composition control was accomplished by manually
adjusting the distillate to feed ratio target. The base op-
eration differential pressure controller was poorly tuned.

Process Data

Overhead composition data was sampled every two min-
utes for both the base and improved control operation.
Base operating data was collected for 240 minutes which
is approximately the normal operating cycle for the col-
umn. Improved control data was collected for 90 minutes
due to adjustments made to the control system. How-
ever, we believe that this data is representative of an
operating cycle with improved control. Table 1 presents
the mean, standard deviation, and percent violation of
the distillate product purity limit for both the base and
improved control operating cycles. This study is based
on the comparison between these two operating cycles.

The normalized base operating data distribution pre-
sented in Figure 4 is a bimodal distribution. Assuming a
normal distribution is not appropriate in this case. The
normalized improved control data distribution is pre-
sented in Figure 5. It more closely resembles a normal
distribution although the tail below the mean is skewed.

Experimental Results

The improved control mean distillate composition pre-
dicted by each benefit estimation method is presented in
Table 2. The value in parentheses for methods 2 and 3 is
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Figure 4: Distribution for base operation.
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Figure 5: Distribution for improved control opera-
tion.

Benefit Estimation Method
1 2 (5%) 2 (4.5%) 3 (5%)

74.62 74.43 74.44 76.15

Table 2: Estimated improved control mean compari-
son.

the percent violation specified for the method. The ex-
perimental base and improved control variance was used
to determine these predictions. The actual improved
control mean distillate composition was 74.54 wt%.

The first two methods, equal operation at the limit and
final fractional violation, predict improved control mean
distillate compositions quite close to the actual value.
Since the first method assumes the same distribution for
each operation, this result appears to be due to the in-
teraction between the actual distributions in this case
and is not believed to be a general result. The second
method slightly under predicts the mean. Since the im-
proved control distribution contains a larger fractional

area that violates the limit than a normal distribution,
this result is expected. The prediction from the third
method, equal fractional violation, deviates significantly.
The new limit assumed by this method is 75.72 wt%
which helps explain the extent of the over prediction.

Conclusions

Three statistically-based techniques for a priori estima-
tion of the mean operating controlled variable value af-
ter the application of process control improvements were
presented. The equal fractional violation method is not
recommended since the constraint limit or specification
changes depending on the choice of the fractional viola-
tion. The equal operation at the limit method has limited
applicability due to the restrictive assumptions made for
the base operating data and equal fractional violation
of the base and improved control operation. The final
fractional violation method is the most general requiring
an assumed distribution only for the improved control
operation. The predictive capability of this method de-
pends on how well the assumed distribution describes the
improved control operation and how well the achievable
improved control variance can be estimated.
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Abstract
We show that the general Anti-Windup-Bumpless-Transfer (AWBT) controller structure naturally emerges from the
structure of Model Predictive Control (MPC) with input constraints and plant model structure that is linear or nonlinear
affine in the input variables. The key to establishing that relationship between AWBT control and MPC is a particular
interpretation of the maximum principle.
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Introduction

Controller design for linear or nonlinear processes with
actuator saturation nonlinearities has long been stud-
ied within various contexts (Kothare, 1997). There are
two distinct classes of control structures that handle
input saturation nonlinearities: (a) On-line optimiza-
tion based control structures, such as Model Predictive
Control (MPC), and (b) anti-windup bumpless transfer
(AWBT) controllers that have a closed form and do not
perform on-line optimization. If properly designed, MPC
can provide optimality, robustness, and other desirable
properties. However, because of the time needed to per-
form the on-line optimization, MPC is usually imple-
mented on relatively slow processes. On the other hand,
AWBT controllers completely bypass on-line optimiza-
tion; therefore they inherently have lower computational
requirements and can be used on faster processes.

The AWBT controller design approach is based on
the following two-step design paradigm: Firstly, a lin-
ear controller is designed ignoring input constraints. In
the next step, an anti-windup scheme is added to com-
pensate for the adverse effects of input constraints on
closed-loop performance. Campo (1997) and Kothare
et al. (1994) unified all heuristically developed AWBT
control schemes into the structure shown in Figure 1,
and developed a general framework for studying stabil-
ity and robustness issues. The importance of that work
lies in that model uncertainty can be taken into account
systematically and theory exists to analyze, at least in
principle, the closed-loop system for stability and robust-
ness. However, that analysis is also based on the stan-
dard conic sector nonlinear stability theory. Therefore,
the results could be potentially conservative. The design
of AWBT controllers for SISO systems relies on a mix of
intuitive and rigorous arguments, which become difficult
to use in the MIMO case (Peng et al., 1998). As pointed
by Doyle et al. (1987), for MIMO controllers, the satu-

∗Author to whom all correspondence should be addressed.
Email address: nikolaou@uh.edu. Phone: (713) 743-4309. Fax
(713) 743-4323.

K1

K2

y(k) u(k)

Figure 1: Classical AWBT controller structure.

ration may cause a change in the plant input direction
resulting in disastrous consequences. Through an ex-
ample, Doyle et al. (1987) showed that all anti-windup
schemes of the time failed to work on MIMO systems.
Recently, Kothare and Morari (1997) described three
performance requirements that should be incorporated
in a multi-objective multivariable AWBT controller syn-
thesis framework. Although promising lines for design-
ing an AWBT controller using dynamic output feedback
and one-step design were outlined, many of the details
like “recovery of linear performance” need to be worked
out.

The MPC design approach naturally and explicitly
handles multivariable input and output constraints by
directly incorporating them into the on-line optimiza-
tion problem. The issues of stability and robustness of
MPC are now a fairly well understood topic (Rawlings
and Muske, 1993; Mayne et al., 2000; Nikolaou, 2000).

For linear plants the MPC problem can be reduced
to a quadratic program (QP) which can be solved ef-
ficiently (Cutler and Ramaker, 1980; Garćıa and Mor-
shedi, 1986). Alternatively, to reduce the computational
load, MPC may use a cascaded on-line optimization
approach in which a steady-state target is first calcu-
lated on-line via linear programming (cost minimization)
and then an unconstrained least-squares problem steers
the controlled system towards the steady-state optimum
(Kassmann et al., 2000; Rao and Rawlings, 1999). It
should be stressed that the solution of the least-squares
problem (inputs to the controlled system) should sat-
isfy constraints, even though the latter are not explicitly
considered in the least-squares problem. Least-squares
solution inputs that do not satisfy constraints are sim-
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ply clipped, clearly a non-optimal solution.
MPC for nonlinear plants naturally leads to nonlin-

ear programs (NLP) which are in general non-convex
and computationally demanding (Biegler and Rawlings,
1991; Mayne and Michalska, 1991, 1990; Kreshenbaum
et al., 1994; Qin and Badgwell, 2000).

Both MPC and AWBT controllers each have their own
advantages and disadvantages. However, to the best of
our knowledge, no clear relationship between these two
control schemes has been established.

In this work, we rigorously show that there is a direct
relationship between MPC and AWBT control. In fact,
we show that the heuristically proposed AWBT structure
of Figure 1 naturally emerges from the structure of MPC
with quadratic objective, input constraints, and (linear
or nonlinear) plant model structure affine in the input
variables. This realization is important for a number of
reasons:
• It provides theoretical justification for the heuristi-

cally proposed AWBT structure of Figure 1.
• It allows direct substitution of MPC with input con-

straints by controllers with a closed-form structure,
which allows computations to be performed signif-
icantly faster. Computational efficiency has been
pursued by several other investigators using a vari-
ety of different approaches, such as approximation of
the on-line optimization (Zheng, 1999), or a priori
determination of active constraints (De Dona and
Goodwin, 2000; Bemporad et al., 2000).

• It facilitates the design of both MPC and AWBT
controllers, because the insight into a controller from
either class can be augmented by using insight into
an equivalent controller from the other class.

• It allows constrained least squares to be used with
computational efficiency in MPC systems that fol-
low a cascaded structure of linear programming fol-
lowed by (unconstrained) least squares (Kassmann
et al., 2000; Rao and Rawlings, 1999).

The proposed approach works for linear models as well
as nonlinear models in which the input appears affinely.
It also works equally well for SISO and MIMO systems.

From MPC to AWBT

MPC and On-line Optimization

Consider a discrete-time non-linear system in which the
input u(i) appears affinely in the right-hand side of the
system difference equation, i.e.:

x(i+1) = f [x(i)] + g[x(i)]u(i) + d(i), x(0) = x0 (1)
y(i) = h[x(i)]

where x(i) ∈ <n is the state vector, u(i) ∈ <m is
the control vector, d(i) ∈ <n is the disturbance vector,
f [x(i)] ∈ <n, and g[x(i)] ∈ <n×m. For the linear case

the system is

x(i+1) = Φx(i) + Γu(i) + d(i), x(0) = x0 (2)
y(i) = Cx(i)

where Φ ∈ <n×n and Γ ∈ <n×m.
The vector of manipulated variables is constrained as

umin ≤ u(i) ≤ umax (3)

where umin and umax are real vectors.
To simplify the discussion, we assume that x(i) is mea-

sured.
According to standard MPC practice, the optimization

problem to be solved at time step k is

min
z,v

N∑
i=0

[
zT
d (k+i)Qzd(k+i) + ∆vT (k+i)R∆v(k+i)

]
(4)

subject to

zd(k+i+1) = z(k+i+1)− r(k+i+1) (feedback error)
z(k) = x(k) (feedback measurement)

z(k+i+1) = fm [z(k+i)] + gm [z(k+i)] v(k+i) + d(k+i)

or

z(k+i+1) = Φmz(k+i) + Γmv(k+i) + d(k+i)

(prediction)
umin ≤ v(k+i) ≤ umax (input constraints)

where i = 0, 1, . . . , N−1; Q and R are diagonal posi-
tive definite matrices; fm and gm are the nonlinear plant
model vector functions; Φm and Γm are the linear plant
model matrices; r is the desired state; zd is the de-
viation from the desired state; x is the current state;
∆v(j) ≡ v(j) − v(j − 1) is the change in control vector
at time j; d(k) is a load disturbance (bias) at time k
estimated, for simplicity, as

d(k) = x(k)− (fm[x(k−1)] + gm[x(k−1)]u(k−1))

for the nonlinear case, or

d(k) = x(k)− (Φmx(k−1) + Γmu(k−1))

for the linear case.
The controlled system is assumed to be controllable.

Of the N control moves v̂(k), . . . , v̂(k+N−1) computed
at time k, only the first one is implemented: u(k) ≡
v̂(k). At the next time instant k+1, when the new value
for state x(k+1) becomes available, the minimization of
Equation 4 is performed with the new initial condition,
to provide u(k+1).

Necessary conditions satisfied by the solution of the
optimization problem of Equation 4 can be obtained us-
ing the discrete maximum principle (Polak and Jordan,
1964; Halkin, 1966). Note that Boltyanskii (1978, pg.
54) has showed that not all formulations of the discrete
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Figure 2: Block diagram for the system of Equa-
tions 5 through 10.

maximum principle that have appeared in literature are
correct.

Next, we apply the discrete maximum principle to the
MPC control problem with input bounds, in order to
obtain an analytical solution. The maximum principle is
a necessary condition. Under the additional assumption
that the problem is convex, the maximum principle is
also a sufficient condition for optimality (Theorem 47.7
in Boltyanskii, 1978).

The Discrete Maximum Principle and MPC

We apply the maximum principle to the optimization
problem of Equation 4. There are two crucial points to
stress:
• The matrix R in Equation 4 is diagonal, and
• The input constraints set is U ≡ {v|umin ≤ v ≤
umax}.

Under these conditions, we get the following necessary
conditions for the optimal solution:
System Equations:

ẑ(k+i+1)− ẑ(k+i) = fm [ẑ(k+i)]

− ẑ(k+i) + gm [ẑ(k+i)] v̂(k+i) + d(k)︸︷︷︸
=x(k)−fm(x(k−1))−
gm(x(k−1))u(k−1)

(5)

≡ Fi (ẑ(k+i), v̂(k+i)) , i = 0, . . . , N−1

ẑ(k) = x(k)

Adjoint equations:

p(k+i) =(
∂fm[ẑ(k+i)]

∂z
+

m∑
j=1

∂gm,j [ẑ(k+i)]

∂z
v̂j(k+i)

)T

︸ ︷︷ ︸
η[ẑ(k+1),v̂(k+i)]

p(k+i+1)

−Qzd(k+i), i = 0, . . . , N−1 (6)

where gm,j denotes the jth column of the matrix gm.
Transversality equation:

p(k+N) = 0 (7)

Minimization of the Hamiltonian:

v̂(k+i) = sat
[
v̂(k+i−1) +R−1gm[ẑ(k+i)]T p(k+i+1)

]
(8)

where v̂(k−1) = u(k−1) and the saturation function is
defined in a standard way, i.e., for u ∈ <m,

sat(u) ≡ [sat(u1) · · · sat(um)] . (9)

Based on the above, the input to the controlled process
at time k is

u(k) = v̂(k). (10)

A Revealing Block Diagram

Equations 5 through 10 correspond to a static (alge-
braic) system, namely knowledge of x(k) is, in princi-
ple, sufficient for computation of everything else. Fig-
ure 2, shows a block diagram interpretation of Equa-
tions 5 through 10.

The block M is the following set of algebraic equations:

ẑ(k+1) = fm[x(k)] + gm[x(k)]v(k) + d(k)
ẑ(k+2) = fm[ẑ(k+1)] + gm[ẑ(k+1)]v̂(k+1) + d(k)

...
ẑ(k+N) = fm[ẑ(k+N−1)]

+ gm[ẑ(k+N−1)]v̂(k+N−1) + d(k)

where

d(k) = x(k) = fm(x(k−1))− gm(x(k−1))u(k−1). (11)

The block G is the following set of algebraic equations:

p(k+N) = 0
p(k+N−1) = η [ẑ(k+N−1), v̂(k+N−1)] p(k+N)

−Qzd(k+N−1)
...

p(k) = η [ẑ(k), v̂(k)] p(k+1)−Qzd(k)

The block P is the projection matrix

P =


Im 0 · · · 0

0 0
...

...
. . .

...
0 · · · · · · 0


N×N

.

Remarks.
• An essential trait of the structure in Figure 2 is that

there is a feedback loop with the saturation func-
tion in the forward path and algebraic equations in
both the forward and feedback paths. This struc-
ture bears strong resemblance to the general AWBT
structure of Figure 1 (Kothare, 1997). However, un-
like the classical AWBT structure, which is based on
experience, the structure of Figure 2 emerges natu-
rally as a result of formulating the controller design
problem through MPC. In addition, Figure 2, pro-
vides guidelines on how to design an AWBT con-
troller starting from MPC.
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• Figure 2 implies that

e = N(Se, x, r), v̂ = Se, u = Pv̂ (12)

where S denotes the saturation function (Equa-
tion 9). On the other hand, if the saturation block
were placed right after the output of the feedback
loop, before P, in Figure 2 (i.e., if a saturation block
were appended to a controller designed without tak-
ing input constraints into account), then we would
have

e = N(e, x, r), v̂ = Se, u = Pv̂ (13)

The above equations make it clear that the second
alternative, Equation 13 is different from the first
one, Equation 12 and show what is the missing ele-
ment in controller design that does not take satura-
tion explicitly into account during the design. The
above comment will be more concrete in the linear
case, discussed below.

On-line Implementation

The controller structure of Figure 2, albeit optimal in
the MPC sense, is not suitable for direct on-line im-
plementation, the reason being that the set of algebraic
equations 12 must be solved at each time step. A time-
recursive set of equations would be required, so that v̂(k)
could be computed from data up to and including time
k. To circumvent that difficulty, we use the following
heuristic:

Let the optimal input sequence computed at time k−1
be {ŵ(k−1), ŵ(k), . . . , ŵ(k+N−2)}. Then at time k we
use

{v̂(k), v̂(k+1), . . . , v̂(k+N−2), v̂(k+N−1)} =

{ŵ(k), ŵ(k+1), . . . , ŵ(k+N−2), ŵ(k+N−2)} (14)

in Equations 5 and 8. This heuristic introduces a mem-
ory (delay) in the feedback path of Figure 2, thus making
the structure suitable for on-line implementation. Note
that the choice v̂(k+N−1) = ŵ(k+N−2) implicitly as-
sumes that the optimal input sequence over the finite
optimization horizon reaches a virtually flat profile to-
wards the end of the horizon.

Analytical Solution for a Linear System with
Quadratic Objective

Consider the system of Equation 1 and corresponding
model used in Equation 4. In this case, the vector of
predicted optimal states satisfies the following equation:

 ẑ(k)
...

ẑ(k+N)

 =


I

Φm

...
ΦN

m


︸ ︷︷ ︸

L2

⊗x(k)

+



0 · · · · · · 0

I
. . .

...

Φm

. . .
. . .

...
. . .

. . .
. . .

...
ΦN−1

m · · ·ΦT
m I 0


⊗ Γm

︸ ︷︷ ︸
L2

 v̂(k)
...

v̂(k+N)

+

d(k)
...

d(k)



where d(k) is estimated as in Equation 11 and ⊗ de-
notes the Kronecker product. The adjoint equations,
Equation 6, imply that the costate vectors , satisfy the
following equations:

p(k+N)
...

p(k)

 = −



0 · · · · · · 0

I
. . .

...

ΦT
m

. . .
. . .

...
...

. . .
. . . 0

ΦT N−1

m · · ·ΦT
mI


⊗Q

︸ ︷︷ ︸
L3

ẑ(k+N−1)
...

ẑ(k)

 (15)

The minimization of the Hamiltonian, Equation 8, yields

v̂(k+i) = sat[v̂(k+i−1)

+ R−1ΓT
mp(k+i+1)], i = 0, . . . , N−1. (16)

Again, the approximation of Equation 14 can be used.

Remarks.
• It is straight forward to modify the previous discus-

sion for the objective function in Equation 4 con-
taining a term quadratic in v instead of ∆v. The
well-known advantage of using the ∆v is that step
disturbance or setpoint changes result in zero offset.

• Figure 2 indicates that

e = Lxx+ Lrr + Lv v̂ = Lxx+ Lrr + LvSe (17)

⇒ (I − LvS)e = Lxx+ Lrr (18)

Because the quadratic minimization of Equation 4 is
convex, there must exist a unique optimal solution,
which implies that the above equation must have a
unique solution for e, i.e., e = (I − LvS)−1(Lxx +
Lrr), from which we get

u = Pv̂ = PSe = PS(I−LvS)−1(Lxx+Lrr) (19)

It is interesting to note again that if the controller
was designed without taking input saturation into
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account, and a saturation block were appended to
it, then the corresponding mapping between (x, r)
and u would be

u = Pv̂ = PSe = PS(I − Lv)−1(Lxx+ Lrr) (20)

The above equation trivially shows that this design
approach is not optimal.

Conclusions

In this work we established a direct relationship between
multivariable AWBT control and MPC with quadratic
objective, input constraints and plant model structure
affine in the input variables. The key to establishing that
relationship was application of the discrete maximum
principle to the on-line optimization problem solved by
MPC.

The results of this work are important for both theo-
retical and practical reasons.

From a theoretical viewpoint, these results provide
fundamental justification for the empirical realization
that virtually all heuristically developed AWBT control
structures (Figure 1) follow a similar pattern involving
a nonlinear (saturation) block and linear transfer func-
tions (Figure 2). The structure of Figure 2 is actually
valid for nonlinear systems as well.

From a practical viewpoint, the substitution of model
predictive controllers with input constraints by con-
trollers with a closed-form structure allows computations
to be performed significantly faster. This is particularly
important for MPC systems that follow a cascaded struc-
ture of linear programming followed by (unconstrained)
least squares (Kassmann et al., 2000; Rao and Rawlings,
1999), because it allows constrained least squares to be
used with computational efficiency in place of uncon-
strained least squares.

Of both theoretical and practical importance is the
fact that insight into a controller from either the MPC
or AWBT class can be augmented by using insight from
an equivalent or related controller of the other class.

A number of simulation examples can be downloaded
from http://athens.chee.uh.edu.
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Efficient Nonlinear Model Predictive Control:
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Abstract
An analytical solution to the nonlinear model predictive control (NMPC) optimization problem is derived for single–input
single–output (SISO) systems modeled by second–order Volterra–Laguerre models. All input moves except the current
move (m > 1 in the NMPC framework) are approximated by solving an unconstrained linear MPC problem which utilizes
a locally accurate linear model of the process. This linear MPC problem has an analytical solution; this is substituted
into a nonlinear equation which is solved exactly for the current input move, ∆u(k|k). Results using this multi–m NMPC
formulation are superior to a previously developed analytical NMPC controller that required m = 1 (Parker and Doyle III,
1998).

Keywords
Bioreactor control, Nonlinear model predictive control, Volterra-Laguerre models

Introduction

Model predictive control (MPC) is a control algorithm of
industrial and academic interest (Allgöwer et al., 1999;
Biegler, 1998) that solves an optimization problem on-
line at each time step. For processes that display highly
nonlinear behavior, whether due to the operating con-
ditions or nonlinear dynamics (e.g. input multiplica-
tive processes and high-purity distillation), performance
degradation or instability can result when linear con-
trol algorithms are utilized. The use of nonlinear MPC
(NMPC) can diminish this performance loss while retain-
ing the multivariable and constraint handling capabilities
of MPC.

A high-fidelity nonlinear process model and an opti-
mization routine capable of solving the on-line optimiza-
tion problem in real-time are required to reap the ben-
efits of the NMPC algorithm. The use of a fundamen-
tal process model is conceptually appealing in that the
process physics can be explicitly incorporated. Unfortu-
nately, these models require significant time (often mea-
sured in man-months or more) and effort to construct,
and the resulting NMPC optimization problems are non-
convex and computationally unattractive for most real-
istic systems (Zheng, 1997; Mayne, 1996).

In place of a fundamental model one can substitute a
nonlinear empirical model identified from process data.
These data-driven models capture only the input-output
behavior of the process, thereby sacrificing physical un-
derstanding for rapid model development. One popular
model structure, and the model form used in this work,
is the second-order Volterra model (Doyle III et al., 1995;

∗email: rparker@engrng.pitt.edu, phone: +1-412-624-7364

Zheng and Zafiriou, 1995) given by the equation:

ŷ(k) =
M∑
i=1

h1(i)u(k − i)

+
M∑
i=1

M∑
j=1

h2(i, j)u(k − i)u(k − j) (1)

This model structure can capture the behavior of fading
memory nonlinear processes, such as the bioreactor case
study examined below. Highly parameterized Volterra
models can be efficiently projected onto the Laguerre
basis to produce a Volterra-Laguerre model (Schetzen,
1980; Dumont et al., 1994; Zheng and Zafiriou, 1995):

`(k + 1) = A(α)`(k) +B(α)u(k) (2)

ŷ(k) = CT `(k) + `T (k)D`(k) (3)

Nonconvex NMPC optimization problems result from
the use of this model form (the objective function is 4th-
order in u). If only a single input move is of interest,
the optimization problem can be solved analytically (Du-
mont et al., 1994; Parker and Doyle III, 1998). Another
approach to this NMPC problem is to solve for only the
current input (u(k|k)) exactly, and solve for any future
moves approximately using linear MPC and a locally ac-
curate process model (Zheng, 1997) because these future
moves are never actually implemented. This paper ad-
dresses the synthesis of an NMPC controller which an-
alytically calculates an input profile by combining ele-
ments of Parker and Doyle III (1998) and Zheng (1997).
Although a benefit of the current work is its compu-
tational efficiency, the concept of approximating future
manipulated variable moves is employed here because it
facilitates the analytical solution to the m > 1 problem.

418
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Input-Output Model Identification

Volterra model identification is accomplished using Al-
gorithm 3 from (Parker et al., 2001). This involves a
decomposition of (1) as follows:

y(k) = h0 + L(k) + D(k) + O(k) (4)

L(k) =
M∑
i=1

h1(i)u(k − i)

D(k) =
M∑
i=1

h2(i, i)u2(k − i)

O(k) = 2
M∑
i=1

i−1∑
j=1

h2(i, j)u(k − i)u(k − j)

Here the linear, second-order diagonal, and off-diagonal
coefficient contributions are given by L, D, and O, re-
spectively. Tailored input sequences, which excite spe-
cific contributions and minimize others, provide superior
coefficient identification compared to cross-correlation
techniques (Parker et al., 2001). The identified Volterra
model is then projected onto the Laguerre basis to ad-
dress the noise sensitivity of Volterra models and si-
multaneously reduce the model parameterization (9 vs.
860 unique parameters for the Volterra-Laguerre and
Volterra models, respectively). This projection yields a
Volterra-Laguerre model which optimally approximates
the identified Volterra model in the mean-squared error
sense. The C vector and D matrix are calculated via
least-squares from the identified Volterra kernels, and
the Laguerre time-scale, 0 < α ≤ 1, is selected to mini-
mize the error between the identified Volterra model and
the expanded Volterra-Laguerre model (where expansion
is the inverse of the projection operation). The resulting
process model is given by (2) and (3).

Controller Synthesis

The NMPC controller utilizes the standard squared 2-
norm objective function given by:

min
∆U(k|k)

‖Γy [R(k + 1)− Y(k + 1|k)] ‖22

+ ‖Γu∆U(k|k)‖22 (5)

The solution developed below employs the formalism of
solving for ∆U as opposed to absolute U. Matrices Γy

and Γu are used to trade off setpoint tracking versus
manipulated variable movement, respectively. The min-
imization problem in (5) is solved at each sample time for
a series ofmmanipulated variable moves which minimize
the objective over a prediction horizon of length p. An
analytical solution to the m = 1 problem has been de-
veloped for SISO problems modeled using the Volterra-
Laguerre structure (2) and (3) (Parker and Doyle III,

1998). Limits on the input-output dimension and m re-
sulted from an inability to solve a third-order vector or
matrix polynomial.

Utilizing the linear approximation of future manipu-
lated variable moves (Zheng, 1997), the setpoint tracking
term of (5) can be decomposed according to the following
equation:

min
∆U(k|k)

‖Γy [R(k + 1)− YN (k + 1|k)− YL(k + 1|k)] ‖22

+ ‖Γu∆U(k|k)‖22 (6)

Here the terms YN and YL represent the contributions
of the first calculated input move (nonlinear, exact) and
the remaining m− 1 future input moves (linear, approx-
imate), respectively. The linear component of the prob-
lem can be formulated as the solution to a modified ref-
erence signal, RL(k + 1|k) = R(k + 1)− YN (k + 1|k):

min
∆UL(k+1|k)

‖ΓyL [RL(k + 1|k)− YL(k + 1|k)] ‖22

+ ‖ΓuL∆UL(k + 1|k)‖22 (7)

An analytical solution to this problem exists (Garćıa
et al., 1989). The controller model is developed by com-
bining the linear process dynamics (2) with the lineariza-
tion of the process output (3). The resulting linear con-
troller model is given by (8) and (9).

xL(k + i|k) = (8)
0 i = 1∑i

j=1 Ām−j−1B∆u(k + j|k) 2 ≤ i ≤ m−1

Ai−m+1∑m−1
j=1 Ām−j−1B∆u(k + j|k) i ≥ m

= G∆UL(k + 1|k)

yL(k + i) = (9)[
CT + 2xT

linD
]
xL(k + i|k) = HxL(k + i|k)

The matrix Āi = (Ai−1 +Ai−2 + . . .+ I), and the m− 1
future input moves are given by ∆UL. For input mul-
tiplicative processes, the xlin vector must change with
operating point because no linear integrating controller
can stabilize an input multiplicative process at the op-
timum (Morari, 1983). In this work the matrix H was
recalculated at each time step using a local linearization
about the current process state, xL(k) (Garćıa, 1984).
The G matrix is static, and hence calculated off-line in
this work.

The solution to the linear problem is given by the fol-
lowing equation:

∆UL(k + 1|k) = K(R(k + 2)− YN (k + 2|k)) (10)

where

K =
(
GT HT ΓT

yLΓyLHG + ΓT
uLΓuL

)−1

GT HT ΓT
yLΓyL (11)
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The weighting matrices ΓyL = Γy(2 : p, 2 : p) and
ΓuL = Γu(2 : m, 2 : m) are of dimension p − 1 and
m− 1, respectively. Equation (10) represents a solution
for ∆UL(k + 1|k) in terms of only the first input move,
∆u(k|k). The remainder of the derivation, given below,
conceptually follows Parker and Doyle III (1998).

Substituting (10) into (6), yields the objective function

min
∆u(k|k)

ET
[
IT ΓT

y ΓyI + KT ΓT
uLΓuLK

]
E+∆u2(k|k)Γ2

u(1, 1)

(12)
where

E = (R(k + 1)− YN (k + 1|k)) (13)
I = Ip−1×p−1 −HGK (14)

YN (k + i|k) = ε0 + ε1∆u(k|k) + ε2∆u2(k|k) (15)

ε2(k + i|k) = BT ĀT
i DĀiB (16)

ε1(k + i|k) = CT ĀiB + 2`T (k)
(
Ai
)T
DĀiB

+ 2ε2(k + i|k)u(k − 1) (17)

ε0(k + i|k) = CT
(
Ai
)
`(k) + `T (k)

(
Ai
)T
D
(
Ai
)
`(k)

+ ε1(k + i|k)u(k − 1) (18)

The matrices K and Āi are defined as above, and I is an
appropriately sized identity matrix. This objective func-
tion is a function of the current Volterra-Laguerre state,
`(k), the immediate past input, u(k − 1), and ∆u(k|k).
If Ei is defined as

Ei =


εi(k + 1|k)
εi(k + 2|k)

...
εi(k + p|k)

 (19)

then the optimal ∆u(k|k) can be calculated by differenti-
ating equation (12) with respect to ∆u(k|k) and setting
the result equal to zero:

0 = ξ3∆u3(k|k) + ξ2∆u2(k|k) + ξ1∆u(k|k) + ξ0 (20)

where

ξ3 = 2ET
2 ΓT

yNΓyNE2 (21)

ξ2 = 3ET
1 ΓT

yNΓyNE2 (22)

ξ1 = 2ET
2 ΓT

yNΓyNE0 + ET
1 ΓT

yNΓyNE1

− 2ET
2 ΓT

yNΓyNR(k + 1) + Γ2
u(1, 1) (23)

ξ0 = ET
1 ΓT

yNΓyNE0 − ET
1 ΓT

yNΓyNR(k + 1) (24)

ΓyN =
[

Γy(1, 1) 0
0 IT ΓT

yLΓyLI + KT ΓT
uLΓuLK

]
(25)

Provided that the ξi’s are real, a solution to (20) exists
(Tuma, 1987). The solution method involves a substi-
tution for ∆u(k|k), and interested readers are referred
to (Tuma, 1987) as the complete derivation is omitted

due to space limitations. The cubic equation solution
involves a term, D, which lies beneath a radical similar
to
√
b2 − 4ac in the quadratic equation. Roots of (20)

are determined by the value of D as follows:

D > 0 one real root, 2 complex roots
D = 0 3 real roots, at least 2 equal
D < 0 3 real unequal roots

(26)

All real roots are transformed back to the initial prob-
lem space and are analyzed for optimality by simulating
the Volterra-Laguerre model over the prediction hori-
zon to calculate an objective function value (OFV). The
∆u(k|k) which minimizes the OFV is implemented.

The analytical NMPC algorithm developed in this
work retains the constraint handling capabilities of the
algorithm developed previously (Parker and Doyle III,
1998). However, only the first (nonlinear) input move is
constrained. In this formulation, solutions which cause
the manipulated variable to violate imposed magnitude
constraints are replaced by the constraint itself, and the
OFV is recalculated. The unconstrained solution of the
linear controller subproblem is used. This is done to
maintain the existence of an analytical solution to the
control problem, (5). Constraint handling on the fu-
ture moves can be implemented in a “soft” framework,
where ΓuL can be tuned independently from Γu(1, 1), so
that the linear moves are penalized for large magnitude
changes. Although the algorithm developed in the cur-
rent work has relaxed the limitation ofm = 1 imposed on
the analytical NMPC algorithm in Parker and Doyle III
(1998), it is still limited to SISO problems. Formula-
tion of the multivariable problem with m > 1 is feasible
in the context of this algorithm. However, equation (20)
would be a third-order vector polynomial, and an analyt-
ical solution for this problem requires further work. Rate
constraints are not included in this formulation because
they are not relevant to the case study below, but incor-
poration of rate constraints into the nonlinear problem
would be straightforward.

Case Study: Continuous Bioreactor

A model for the growth of Klebsiella pneumoniae on glu-
cose in a continuous-flow bioreactor was developed by
Baloo and Ramkrishna (1991). Cell biomass exit con-
centration (g/L) was the output of interest, and dilution
rate (hr−1) was the manipulated variable. The nomi-
nal operating condition used in this study was 0.97 hr−1

yielding a biomass concentration of 0.2373 g/L.
From this system, a second-order Volterra-Laguerre

model was identified using Algorithm 3 from Parker
et al. (2001). The sample time was 15 minutes, and the
Volterra model memory was M = 40. The inputs and
outputs were scaled according to u = uactual−unominal

0.08

and y = yactual−ynominal

0.01 . The input sequence amplitude
for identification was 2.375. After projection, the result-



Efficient Nonlinear Model Predictive Control: Exploiting the Volterra-Laguerre Model Structure 421

0 5 10 15 20
0.18

0.2

0.22

0.24
B

io
m

as
s 

C
on

c.
 (

g/
L)

0 5 10 15 20
0.2

0.4

0.6

0.8

1

Time (hr)

D
ilu

tio
n 

R
at

e 
(h

r−
1 )

Figure 1: Response to a -0.05 g/L change in the ref-
erence (dotted) at t = 5 hr for various move horizon
lengths: m = 1 (solid), m = 14, (dashed), and m =
14 w/ RLS (dash-dot). Other tuning parameters:
p = 16, Γy = Ip×p, Γu(1, 1) = 0, ΓuL = Im−1×m−1.

ing Volterra-Laguerre model ((2), (3)) with α = 0.59 had
the following matrices:

A =

 0.59 0 0
0.652 0.59 0
−0.385 0.652 0.59

 (27)

B = [0.807 − 0.476 0.281]T (28)

C = [−0.249 0.128 0.002]T (29)

D =

 −0.050 −0.006 0.010
−0.006 −0.023 0.008
0.010 0.008 −0.013

 (30)

Validation resulted in unbiased residuals of less than 0.5
mg/L, such that in the region of identification, the iden-
tified model and the actual differ by less than 2%.

Partial motivation for developing the analytical
NMPC controller capable of handling m > 1 is the
expectation that the use of larger move horizons would
result in more aggressive controller response and there-
fore improved performance. Magnitude constraints of
0.2 ≤ u(k) ≤ 1.1 hr−1 were imposed on the dilution
rate, so that the cells did not starve or get washed out
of the reactor, respectively. The response of the system
under analytical NMPC control to a step change of -0.05
g/L in the reference signal is shown in Figure 1. The
nonlinear programming MPC solution to this problem is
not shown, because it is trapped in a local minimum at
the high dilution rate constraint, and is therefore unable
to track the setpoint change. The increase in move
horizon improves tracking performance by 5%. A more
aggressive response to the offset observed before t = 10
hr can be seen in the manipulated variable. Typical
of more aggressive controllers, greater undershoot is
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Figure 2: Response to a +0.025 g/L change in the
reference at t = 5 hr for various move horizon lengths:
m = 1 (solid), m = 14, (dashed), and m = 14
w/ RLS (dash-dot), and nonlinear programming MPC
with m = 14 and RLS (dotted). Other tuning pa-
rameters: p = 16, Γy = Ip×p, Γu(1, 1) = 0, ΓuL =
0.1Im−1×m−1.

also observed. The addition of a recursive least-squares
(RLS) algorithm to update the Volterra-Laguerre model
on-line is straightforward, and the C and D matrices
are updated using a standard algorithm (Ljung, 1987).
The improvement in the model accuracy is evidenced by
the lack of undershoot and reduced oscillation around
the reference. The more accurate model improves the
controller prediction, thereby improving performance
by 14% versus m = 14 without RLS and by 18% versus
the m = 1 analytical NMPC controller. It should be
noted that changes in the tuning weights, Γy and Γu,
will change the degree of performance improvement.

In the case of an unreachable setpoint, the analyt-
ical NMPC algorithm performs as shown in Figure 2.
All controllers remained stable. There was little observ-
able difference between the m = 1 and m = 14 con-
trollers. The full nonlinear solution implemented with
RLS (nonlinear programming MPC, the dotted line) out-
performed the controllers without RLS, but the analyt-
ical solution controller with m = 14 and RLS reached a
steady state closest to the actual process optimum (dilu-
tion rate= 0.89hr−1). It is possible that the full nonlin-
ear solution could approach the analytical solution if the
measurement signal were not noise-free, which limited
the ability of the algorithm to update the model after
t = 10 hr.

Summary

Given the nonlinear nature of many processes (e.g. biore-
actors and CSTRs) and the nonlinear behaviors which
result from operating in certain regimes (e.g. high purity
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distillation), nonlinear MPC can offer significant perfor-
mance improvements. The use of data-driven models
in NMPC facilitates model development, and the choice
of a particular structure can further simplify controller
synthesis. By exploiting the structure of the Volterra-
Laguerre (or equivalently, Volterra) model, an analytical
solution to the NMPC problem was derived. Although
this solution is not exact for m > 1, as it includes an ap-
proximation for the future input moves, significant per-
formance improvement was observed in comparison with
controllers synthesized using m = 1. A standard recur-
sive least-squares algorithm, used in conjunction with the
analytical NMPC controller, led to superior performance
due to the ability of the algorithm to further update the
model based on the current operating point.
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Abstract
Reactor engineering generally uses distributed parameter models for design purpose. These models are not often used
for process control design. May the use of this kind of complex models improve control performance? This paper
compares different control strategies based on a distributed parameter model to a time-scaled DMC that only uses a
simple input-output model for the control of a bleaching reactor.
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Introduction

The design of tubular reactors is usually performed by
using mass and energy balances on a thin slice of the
reactor. This modelling approach leads to partial differ-
ential equation models. However, process control prac-
tice for this type of reactor often uses lumped models
such as first order plus delay transfer functions. Could
there be some advantage to use the distributed parame-
ter model for control purposes? On one hand, answering
this question is easier when actuators and sensors are
also distributed like in furnace heat control. Using a
distributed parameter model then allows to use all the
information in a structured manner. On the other hand,
when sensors and actuators are only present at bound-
aries, performance enhancement using a distributed pa-
rameter model is not obvious. This question will be ex-
plore in this paper on a bleaching reactor application.

The bleaching process is the last step of pulp prepa-
ration. Its purpose is to improve the brightness of the
pulp to a specified level which fulfills customers needs.
The control objective for a bleaching reactor is then to
obtain the desired brightness with a minimum output
brightness variance at the lowest chemical cost. Tradi-
tional approaches to this control problem include vari-
ations around compensated brightness and scheduling,
but the increase of computer power and the introduc-
tion of on-line analyzers offer new possibilities for model-
based control such as directly using the PDE model.

Different models for the bleaching are presented in the
literature for control purposes. Traditionally transfer
function or other input-output models are used. But
the need for more complex models is pointed out with
the use of mixed model. Barrette and Perrier (1995) use
multiple CSTR and Wang et al. (1995) use a combina-

∗Now with GE Corporate Research & Development, General
Electric Company, Building KW Room D-211, P.O. Box 8 Sch-
enectady NY 12301. Email: renou@crd.ge.com.

tion of CSTR and PFR. Recently, a PDE model have
been proposed by Renou et al. (2000b).

Various approaches have been considered to use a PDE
phenomenological model directly. Ray (1981) proposed
to divide control approaches on PDEs in two groups .
The first group is composed of early lumping methods
where a preliminary discretization of the PDE model is
used to obtain a set of ODEs. This lumping is often re-
alized by numerical techniques such as finite difference,
orthogonal collocation or finite elements. Christofides
(1996) has used the Galerkin method for the control of
parabolic PDE. Early lumping techniques also includes
the use of global differentiation proposed by Dochain
(1994) as an approximation of partial derivative. This
approach have been applied to hyperbolic PDE on a
bioreactor by Bourrel (1996) and on a bleaching reactor
model by the authors (Renou et al., 2000b). The second
group of techniques is based on late lumping methods
where the controller design problem is solved directly
with the PDE model. When necessary, lumping may
be applied for controller implementation. Christofides
(1996) has used this approach in the case of hyperbolic
system with a distributed control action. The control of
parabolic PDE has been previously addressed by Hong
and Bentsman (1994). They provide a design solution for
systems in which the control action appears explicitly in
the PDE system. For the boundary control problem, the
authors have proposed a direct adaptive control strategy
in Renou et al. (2000a) for the linear case.

The objective of this study is to present some results
on the use of more complex models to enhance control
performance. For this purpose, an early lumping and
a late lumping strategy are compared to a simple time-
scaled Dynamic Matrix Control (DMC) algorithm. The
first section of the paper presents the PDE model devel-
opment for a ClO2 bleaching reactor. The second section
briefly show the design ideas for each controller. The fol-
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lowing section presents the main comparative results in
terms of response to flow variations, step point changes
and kinetic parameter mismatch.

Bleaching Reactor Model

The bleaching process for chemical pulp consists of ex-
tracting lignin from wood fibre. This brownish colored
complex polymer is responsible for wood fiber coloration.
It could be degraded by using a strong oxidant like ClO2.
A PDE model for this process reactor can be obtained by
mass balances on lignin (L) and ClO2 (C) on a thin sec-
tion of the reactor. The following space axial dispersion
model is then obtained:

∂L(z, t)
∂t

= −v ∂L(z, t)
∂z

+D
∂2L(z, t)
∂z2

− rL(L(z, t), C(z, t)) (1)

∂C(z, t)
∂t

= −v ∂C(z, t)
∂z

+D
∂2C(z, t)
∂z2

− rC(L(z, t), C(z, t)) (2)

∂L(z, t)
∂z

∣∣∣∣
z=0

=
v

D
(L(0, t)− Lin(t))

∂C(z, t)
∂z

∣∣∣∣
z=0

=
v

D
(C(0, t)− Cin(t))

∂C(z, t)
∂z

∣∣∣∣
z=`

=
∂Cout

∂z
= 0

∂L(z, t)
∂z

∣∣∣∣
z=`

=
∂Lout

∂z
= 0

(3)

In this model, reaction kinetics explicitly appears and
can be identified by laboratory batch experiments. Hy-
drodynamical parameters v and D can be determined by
tracer analysis. Here the kinetic data obtained by Savoie
and Tessier (1997) have been considered and hydrody-
namical parameters were deduced from Pudlas et al.
(1999) as shown in Renou et al. (2000b). The follow-
ing kinetics model and hydrodynamical parameters are
used:

rL1(L,C) = −kL C2L2 = −0.0065 C2L2 (4)

rC1(L,C) = −kC C2L2 = −0.0010 C2L2 (5)

v = 1m/s, D = 0.001m2/s (6)

for a 30 meter tower. Finally we consider the inlet con-
centration of ClO2, Cin, and the lignine concentration
at the outlet, Lout, as the manipulated variable and the
controlled variable, respectively. Lignine and ClO2 mea-
surement are assumed to be available at the both ends
of the reactor.

Time-Scaled DMC

The DMC controller is designed using two dynamic ma-
trices: βCL for ClO2 input to lingin output response and

Figure 1: Global differences controller.

βLL for lignin input to lignin output response. At each
control step, the following criterion is applied:

min
∆u(k)

φ = [e(k + 1)− βCL +K2∆u(k)T ∆u(k)T ]T

[e(k + 1)− βCL +K2∆u(k)T ∆u(k)T ] (7)

The prediction error takes the input lignin disturbances
into account such as:

e(k + 1) ≡ y∗(k + 1)

− [ŷ0(k) + w(k + 1) + βLL∆L(k)] (8)

In the preceding equation, y∗ is the set point, ŷ0 is the
prediction if no further control action is taken, w is the
estimation of disturbance and ∆L is the variation of
lignin at the inlet. Traditional DMC is sensitive to flow
rate variations since they represent, in fact, a variation
of dead-time from an input-output point of view. To
overcome this problem efficiently, information about the
flow rate has to be transmitted to the controller. To
reach this goal, the prediction time span is scaled by the
variation of flow rate. Thus, the ∆t between each calcu-
lation of the control action is scaled by the ratio between
the new flow rate and the old flow rate. This approach
can be practically implemented by using oversampling or
interpolating dynamic matrices and prediction.

Early Lumping Approach

One of the problems with the PDE model described by
Equations 1–3 is that the control action does not ap-
pear explicitly in the PDE equations. Dochain (1994)
have proposed to use global differences as an approxi-
mation for space partial derivatives. This early lumping
approach introduces ClO2 input and lignin output in an
approximate model. An exact linearization approach of
this model can then be considered. The following ap-
proximation are used for both species:

∂L(1, t)
∂z

=
L(1, t)− L(0, t)

∆z
= Lout(t)− Lin(t) (9)

∂2L(1, t)
∂z2

=
L(2, t)− L(1, t)− L(0, t)

∆z2

= Lin(t)− Lout(t) (10)
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Figure 2: Late lumping internal model controller.

To obtain the approximate model, system mass balances
are expressed at the reactor outlet, global differences are
introduced and both equations are combined by their
kinetic term. These operations give the following result:

dLout(t)
dt

= −v(Lout(t)− Lin(t)) +D(Lin(t)− Lout(t))

+
kL1

kC1

(dCout(t)
dt

+ v(Cout(t)− Cin(t))

−D(Cin(t)− Cout(t))
)

(11)

Using a backward finite difference to approximate the
ClO2 time derivative, an input-output relation between
ClO2 input and lignin output can be obtained. Exact
linearization principle can be applied on this equation to
obtain the following control law in which λ and γ are
external loop tuning parameters:

Cin(t) =
1

v +D

(
vCout(t) +DCout

+
Cout(t)− Cout(t− 1)

∆t
+
kC1

kL1

[
u

+ v(Lout(t)− Lin(t)) +D(Lin − Lout)
])

(12)

u(t) = λ
[
(Lsp − Lout(t))

+ γ

∫ t

0

(Lsp − Lout(t))dt
]

(13)

To insure more robustness to this algorithm, an adap-
tation mechanism is added for the reaction rate ratio as
shown in Figure 1. A model is simulated in parallel with
a variable kL1, noted kA, which is modified according to
the error between the adaptation model and the system
model on lignin using a linear first order filter.

Late Lumping Approach

To use the whole information of the PDEs model an in-
ternal model approach is considered. The error between
the model and the system is then used in direct adap-
tive control scheme. To account for lignin inlet variation
a feedforward compensation is added to this controller.
The feedforward controller action is divided in two parts.
The first part uses an internal model of the process to
give an estimation of the reference output to the con-
troller. The second part directly gives a correction of

ClO2 needed to compensate for the deviation of lignin
from the nominal operating point. Those calculation are
based on a relaxation algorithm. Figure 2 shows the
proposed control structure.

The controller design is performed using the Lyapunov
second method following the approach presented in Re-
nou et al. (2000a). The controller and adaptation laws
are defined by:

˙̃Cin =
(Cin −Refin)2

w + (Cin −Refin)2
C̃in (14)

+
(Cin −Refin)

w + (Cin −Refin)2
fc

Ċin = C̃in (15)

fc = 〈eC ,−v
∂eC

∂z
〉+ 〈eL,−v

∂eL

∂z
〉

+ 〈eC , k̃CQ〉+ 〈eL, k̃LQ〉

+
θ

ε
(Cin −Refin) ˙Ref in (16)

˙Ref in = −θ(Lout(t)−Refff (t) (17)
˙̃
kL = −a〈eL, Q〉 (18)
˙̃
kC = −b〈eC , Q〉 (19)

using the following error functions:

eL(z, t) = L(z, t)−M(z, t) (20)
eC(z, t) = C(z, t)−N(z, t) (21)

Q(z, t) = L2C2 −M2N2 (22)

In those equations, M(z, t) and N(z, t) are the lignin and
chlorine dioxide model profiles, respectively. The con-
troller law uses, or implementation purposes, only infor-
mation from sensors at both ends of the reactor. Overall
this control structure will behave as a feedforward con-
troller if the model match the system. Otherwise the
feedback part will account for model mismatch.

Simulation Results

Numerical simulation of the control algorithm applied
to the system has been performed using a sequencing
algorithm with a 100 node mesh (Renou et al., 2000c).
In this algorithm, convection, dispersion and reaction
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Figure 3: Operating conditions variations.
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Figure 4: Flow rate variations.

phenomena are successively considered at each time step.
The controller parameters have been chosen to minimize
overshoot and oscillations. Simulations are started at
steady state with Lin = 31 Kappa and Cin = 2.35 g/l.
The Kappa index is a measure of pulp whiteness. A
sequence of events is applied to deviate the process from
its nominal operating point as shown in in Figure 3.

Figure 4 shows the response of the system to flow rate
variations. In each case the response of the controller
to the variation of the delay is adequate. This result is
guaranteed in the DMC case by the time-scaling of the
model. In PDE based models, the time delay is implicit,
and therefore, including flow rate variation directly in
the control law accounts for time delay variation. The
late lumping controller gives the less important deviation
from set point in transient.

Figure 5 shows the response of the system to set-point
variations. In this simulation, time-scaled DMC and late
lumping controller give similar results that match open-
loop dynamics of the reactor. The early lumping con-
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troller exhibits an overshoot in case of set-point varia-
tion : this is due to the use of important simplifications
in the PDE model. This overshoot can be reduced at
the cost of a slower response time. Figure 6 shows the
response of the system to kinetic parameter disturbances
and parameter adaptations in PDE-based controller are
shown in Figure 7. In this simulation time-scaled DMC
exhibits oscillations. The linear model use in this con-
troller is showing its limits to the successive deviations
from the nominal operating point. The early lumping
controller induces a large deviation from the set point
as for the set-point variation, but the transient is still
smooth. The late lumping controller provides a fast re-
sponse to kinetic parameter variation.

Conclusion

A comparison between three levels of modeling for con-
trol have been presented: time-scaled DMC, a early
lumping approach based on global differentiation of par-
tial derivatives and a late lumping approach based on
Lyapunov second method with feedforward action. The
simulation results show the improvement by using a PDE
model for tubular reactors. This improvement is partic-
ularly important when the process moves away from its
nominal operating point where the nonlinearities in the
kinetics cannot be followed adequately by a simple linear
model.
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Steady State Multiplicity and Stability in a Reactive Flash
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Abstract
In this paper, we study the steady state solutions and their stability for an isobaric, adiabatic reactive flash. We show
that the presence of vapor-liquid equilibrium can remove or create steady state multiplicity. For example, a system that
does not have multiple steady states in a one phase CSTR can display multiple steady states as a two phase reactive
flash unit. Both input multiplicity and output multiplicity are possible. Some of the multiplicities can be observed
within the reactive flash operation. Others are observed when combining the operation of the reactive flash with the one
phase CSTR. The existence of multiple steady states and their stability properties are related to a dimensionless quantity
that depends on the heats of reaction and vaporization as well as the vapor-liquid equilibrium behavior. Three typical
examples are shown.

The effect of reflux is also studied by adding a condenser for an exothermic reaction. This system can display multiple
steady states with respect to the reflux ratio. At a sufficiently large reflux ratio, the system eventually ceases to display
steady state multiplicity.

Keywords
Reactive distillation, Stability, Multiple steady states

Introduction

Reactive distillation (RD) systems combine chemical re-
action and distillation, which are traditionally done sepa-
rately. Hybrid combinations also include catalytic distil-
lation, reactive extraction, phase-transfer catalysis, etc.
By combining different unit operations into one consol-
idating system (whenever feasible), one could take ad-
vantage of the properties of one operation to enhance
the others and sometimes improve the profitability of
the overall process. As stated by Doherty and Malone
(2001, page 427): “Reactive or catalytic distillation has
captured the imagination of many recently because of
the demonstrated potential for capital productivity im-
provements (from enhanced overall rates, by overcoming
very low reaction equilibrium constants, and by avoid-
ing or eliminating difficult separations), selectivity im-
provements (which reduce excess raw materials use and
byproduct formation), reduced energy use, and the re-
duction or elimination of solvents.”

Dynamic modeling of RD columns has received atten-
tion recently. Early studies were based on models that
included the material balances and simultaneous phase
and reaction equilibrium (e.g., Grosser et al. (1987)).
More recent work has involved more complex models
involving material and energy balances and kinetically
controlled reactions (e.g., Alejski and Duprat (1996); Ku-
mar and Daoutidis (1999)). Despite significant progress
on design and dynamic modeling of reactive distilla-
tion systems, more general results are needed concerning
the steady state and dynamic behavior of RD systems.
Steady state multiplicity has been demonstrated for spe-
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Figure 1: Diagram of a reactive flash.

cific RD systems (e.g., Ciric and Miao (1994); Kumar
and Daoutidis (1999); Hauan et al. (1997)). Some of the
causes of steady state multiplicity have been established
for the case of simultaneous reaction and phase equi-
librium (Güttinger and Morari (1999)), but this is not
the case for kinetically controlled RD systems. This pa-
per establishes some of the conditions under which the
steady state multiplicity is possible in a simple model
system. The current work focuses on a simple RD sys-
tem, the isobaric, adiabatic flash with chemical reaction
for a binary mixture. We assume mass-transfer rates be-
tween the liquid and the vapor to be fast when compared
to other characteristic times in the system; therefore the
vapor composition is in equilibrium with the liquid com-
position at all times.

The Reactive Flash

Figure 1 shows a graphical representation of the reac-
tive flash system. An exothermic isomerization reaction

428



Steady State Multiplicity and Stability in a Reactive Flash 429

occurs in the liquid phase (A 
 B) only. The reactant
is the heavier component. Both phases are assumed to
be well mixed. Including the energy balance along with
the overall mass balance and the species balance (for the
reactant) yields:

dH

dt
= F − V − L (1)

τ
dx

dt
= z − x− φ(y − x)− τr (2)

τCp
dT

dt
= τr(−∆Hrxn)− Cp(T − Ti)− φ(∆Hvap) (3)

In these equations, H is the molar liquid holdup, F is
the molar feed flowrate, L is the liquid molar flowrate out
of the reactor, V is the vapor molar flowrate out of the
reactor, t is the time, and x and y are the mole fractions
of reactant A in the liquid and the vapor, respectively.
Ti and z are the feed’s temperature and mole fraction of
A, respectively. Meanwhile, T is the temperature of the
reactive flash and Cp is the liquid heat capacity (which
has been assumed to be constant). The reaction rate is
given by r which has units of (time)−1. The fraction of
the feed that leaves as vapor is defined as φ (= V/F ).
The residence time is given by τ (= H/F ).

Steady State Behavior

If one considers the mass-transfer within the phases to
be relatively fast, then one can relate the compositions
of the phases by a vapor-liquid equilibrium relationship.
Since the system is isobaric, knowing either T , x or y
allows one to determine the other two quantities. One
could use one of the balances, Equation 2 or Equation 3,
to calculate T and the other one to determine the value
of φ. For example,

0 =
Da · r
kref

(−∆Hrxn)− Cp(T − Ti)− φ(∆Hvap) (4)

φ =
z − x+ Cp(Ti−T )

−∆Hrxn

∆Hvap

−∆Hrxn
+ y − x

(5)

Λ ≡ ∆Hvap

−∆Hrxn
+ y − x (6)

In Equation 4, the Damköhler number, Da
(Damköhler, 1939) is defined as the ratio of the residence
time to a characteristic reaction time, Da = τ

1/kref
. The

characteristic reaction time is given by the reciprocal
of the forward reaction rate constant evaluated at a
reference temperature, kref . From Equation 4, we have

dT

dDa
=

−∆Hrxn · r/kref

Cp + d(φ∆Hvap)
dT −Da(−∆Hrxn/kref ) dr

dT

(7)

The steady state characteristics of this equation can
be obtained by studying its denominator (since its nu-
merator is always positive). After some manipulations,

the denominator of this equation becomes[
(y − x)Cp −

dr

dT
Da(−∆HrxnΛ)/kref

+
d∆Hvap

dT
(y − x)φ

− (φ
dy

dT
+ (1− φ)

dx

dT
)∆Hvap

]
1/Λ (8)

Some isomerizations are exothermic with large heats
of reaction (see Frenkel et al. (1993) for examples). One
example of such a reaction is the isomerization of quadri-
cyclane to norbornadiene. Its heat of reaction has been
measured to be around −∆Hrxn = 89, 000 J/mol while
the heat of vaporization of the two compounds lie in the
range of 34, 830 to 37, 850 J/mol (An and Xie (1993)).
In the examples that follow, the heat released by the re-
action is used to heat the system and vaporize part of
the reacting mixture. The heat of reaction (−∆Hrxn)
is assumed to be greater than the heat of vaporization
of the mixture (∆Hvap). Also, since the mole fractions
correspond to those of the heavier component the value
of Λ can be either positive or negative depending on the
particular properties of a given system.

Case 1: Λ > 0

The mole fractions in Expression 8 are those of the heav-
ier component, therefore y − x < 0 (for systems with-
out an azeotrope) and the first term in expression (8)
is negative. Since dx

dT > 0, dy
dT > 0, and 0 ≤ φ ≤ 1,

the last term is negative. Since the reaction rate gener-
ally increases with the temperature (i.e., dr

dT > 0) and
Λ > 0, the second term is negative. The third term in-
volves d∆Hvap

dT . If the value of the heat of vaporization
is approximately constant for the temperature range of
interest, then d∆Hvap

dT ≈ 0. Therefore, if Λ > 0, then
expression (8) is negative. Since the sign of Equation 7
depends on the sign of its denominator, then dT

dDa < 0
and there is only one steady state for each Da within the
two phase region. It can also be shown that this steady
state is stable (Rodŕıguez et al., 2001).

Figure 2 shows the temperature for a case with Λ > 0
(parameters are given in Table 1). Here, a case with a
small relative volatility and a small ratio ∆Hvap

−∆Hrxn
is de-

picted. The two phase region starts at φ = 0 and ends at
φ = 1, after which steady state solutions are infeasible
with the current setup. The small relative volatility en-
sures that Λ > 0 and a single steady state exists within
the two phase region.

The one phase adiabatic CSTR steady states are also
shown for comparison. All of those steady states (CSTR)
are attainable at high pressures such that the system
does not boil. If one decreases the pressure and allows
the system to reach a boiling point, then one starts to
move along the two phase region trajectory. Therefore,
the CSTR states that lie above the two phase region are
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Figure 2: Temperature as a function of the
Damköhler number for a CSTR and a reactive flash
(also as inset). A system that displays multiple steady
states as a CSTR only displays a single steady state
as a reactive flash.

Quantity Description Value

k0 Pre-exponential factor 1000 (1/s)

Ea/R Activation energy/ 6362 (K)
universal gas constant

Keq Equilibrium constant 1.4843 exp[117.7
(1/T − 1/298)]

r Reaction rate law k[x− 1−x
Keq

] (1/s)

Cp Liquid heat capacity 252 (J/mol K)

Ti Feed Temperature 280 (K)

z Mole fraction of 1
A in the feed

Figure 2

α Relative volatility 2

∆Hvap Heat of vaporization 36,600 (J/mol)

−∆Hrxn Heat of reaction 115,000 (J/mol)

Figure 3

α Relative volatility 12

Figure 4

∆Hvap Heat of vaporization 9,900 (J/mol)

−∆Hrxn Heat of reaction 25,000 (J/mol)

Figures 5 and 6

∆Hvap Heat of vaporization 36,622 (J/mol)

−∆Hrxn Heat of reaction 155,000 (J/mol)

Table 1: Values used for the examples.
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Figure 3: The reactive flash (also as inset) displays
output multiplicity within the two phase region as well
as with the CSTR operation.

no longer accessible at this lower pressure (light colored
line).

Comparing the one phase and two phase regions si-
multaneously one can see that there is the possibility of
input multiplicity for this system. The behavior of the
system in those two regions is significantly different, as
is the required control policy for each case. If one is
measuring temperature to control the system then it is
important to be aware of this characteristic of the system
as it affects the required control strategy.

Case 2: Λ < 0

If Λ < 0, the second term inside the brackets in expres-
sion (8) changes sign and becomes positive. This means
that expression (8) and consequently dT

dDa could change
sign and result in multiple steady states. If the slope,
dT

dDa , is positive the system is stable and unstable other-
wise (Rodŕıguez et al., 2001).

Figure 3 shows the results of such a case. In this sit-
uation, a system with a higher relative volatility is de-
picted. The value of Λ is negative and one can observe
the appearance of multiple steady states within the two
phase region. The lower and upper branches of steady
states are stable and the middle one is unstable.

When Λ < 0, the temperature increases as the sys-
tem goes from φ = 0 to φ = 1. In doing so, there is
a multi-directional enhancement in the reaction rate for
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Figure 4: The presence of a separation operation al-
lows the system to display output multiplicity as a
reactive flash.

the system, as both T and x increase simultaneously.
This increase in reaction rate can promote the appear-
ance of steady state multiplicity in the system. There-
fore the fact that one is carrying out a separation and
reaction simultaneously can lead to the appearance of
multiple steady states even for some cases in which a
single steady state is observed for every Da for the one
phase CSTR.

Figure 4 presents the results for a system that does
not display multiple steady states as a one phase CSTR
but does as a reactive flash. One can observe the locus of
steady states for the one phase CSTR in the figure and
the fact that there is a single steady state for each value
of Da. On the other hand, as the pressure is decreased
and the system is allowed to reach a boiling point one can
notice the appearance of two steady states for different
values of Da within the two phase region. As before the
two phase region starts at φ = 0 and ends at φ = 1.

Flash and Condenser

The influence of heat removal on the behavior of the
system can be studied with the addition of a condenser
to the vapor stream leaving the reactive flash. A re-
boiler or heating the flash directly would be necessary
if the heat of reaction was not large enough to boil the
reacting mixture (since enough heat is provided by the
heat of reaction, external heating is not included in this
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Figure 5: As the reflux ratio R increases, the re-
gion of multiplicity decreases and eventually only one
steady state exists for the reactive flash with con-
denser.

analysis). The total condenser provides saturated liquid
product and reflux but no chemical reaction. The exit-
ing saturated liquid from this unit is partly removed as
distillate and the rest returned as reflux to the reactive
flash.

One could use this heat removal unit to possibly re-
move the steady state multiplicity observed in the cases
when Λ < 0. The following figures show the results for a
system in which the value of Λ is negative at zero reflux.
When the reflux is equal to zero, this system corresponds
to a reactive flash with Λ < 0, similar to the ones pre-
sented earlier.

In Figure 5, adding a condenser to the system can re-
duce the region of multiplicity until one is left with a
single steady state for each value of Da. The addition of
this condenser has more than one effect on the system. It
removes energy released by reaction and lowers the tem-
perature of the flash by introducing a cooler stream. For
the reactive flash examples discussed previously, multi-
plicity exists as the separation in the system improves
and the reaction is enhanced by the increase in temper-
ature as well as reactant concentration. By returning
this colder stream which has a larger concentration of
product than the reacting mixture does, one reduces the
enhancing effect that the separation has on the reaction
(and the heat generated by it). Ultimately this causes
the reduction and eventual elimination of the multiple
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Figure 6: There is output multiplicity for some values
of the reflux ratio R.

steady states for the reactive flash/condenser system.
Figure 6 depicts the situation for which we already

have a fixed Da and would like to affect the purity or
conversion by adjusting the reflux ratio, R. Once again,
at high R there is a single steady state. At lower values
of the Damköhler number there are two and sometimes
three steady states possible for certain R values. At R =
0 the model reduces to that of the reactive flash where
there were only two steady states for the particular Da
chosen (Da = 0.85), for example. As Da increases the
region of output multiplicity decreases and eventually
only a single steady state is possible for each value of R.

Conclusion

The presence of vapor-liquid separation can remove or
promote the appearance of multiple steady states in a re-
active flash operated adiabatically and isobarically. Un-
der some reasonable assumptions, the quantity Λ, re-
lating the heat of vaporization, heat of reaction and the
compositions in the system, is shown to be a key quantity
to determine when steady state multiplicity is possible
for the system. A negative value of Λ allows the system
to operate in a region where the rate of reaction is en-
hanced by an increase in temperature as well as reactant
composition in the liquid phase. In considering both the
CSTR one phase steady states and the reactive flash, in-
put and output multiplicities can be observed in some
systems.

The use of a heat transfer unit for removing heat can
reduce the region of instability and eventually eliminate
steady state multiplicity. This could be accomplished
by adding a total condenser to the vapor stream efflu-
ent from the reactive flash. As the reflux increases, the
steady state multiplicities eventually disappear.
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Abstract
This paper discusses an algorithm for efficiently calculating the control moves for constrained nonlinear model predictive
control. The approach focuses on real-time optimization strategies that maintain feasibility with respect to the model
and constraints at each iteration, yielding a stable technique suitable for suboptimal model predictive control of nonlinear
process. We present a simulation to illustrate the performance of our method.
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Introduction

Model predictive control (MPC) has become a well-
established tool for advanced control applications, now
one of the most prominent industrial control strategies.
For many applications, linear MPC has proven to be a
sufficient control tool. However, many processes exist
that possess such a high degree of nonlinearity that lin-
earized MPC produces inadequate results. For these pro-
cesses, nonlinear model predictive control (NMPC) has
been proposed. Some of the major challenges of NMPC
are the solution of a global optimization problem in real-
time and the appropriate handling of process constraints.
In this paper, we present a method for real-time applica-
tion of constrained NMPC with the possibility of running
suboptimally, if required by a short sampling time.

Recent Advances in NMPC

In NMPC, stability is guaranteed for the finite hori-
zon problem by applying a terminal constraint. Origi-
nally, the terminal state was required to be at the ori-
gin (Keerthi and Gilbert, 1988; Mayne and Michalska,
1990). The historical trend in the research that followed
had the common theme of relaxing the constraints for
an easier optimization formulation. Termination in a
neighborhood around the origin with a terminal penalty
is becoming a more popular formulation (Michalska and
Mayne, 1993; Parisini and Zoppoli, 1995; Nicolao et al.,
1998; Chen and Allgöwer, 1998a).

Less stringent criteria for stability were developed
by Scokaert et al. (1999) and Chen and Allgöwer
(1998b), who require only a decrease in the cost func-
tion at every time for stability, resulting in a suboptimal
control law. The alternative formulation is that any con-
troller that yields a closed-loop trajectory that ends in
the terminal region is stable.

After the advances in NMPC theory, the next chal-
lenges came from the desire to calculate the control

∗tenny@bevo.che.wisc.edu
†jbraw@bevo.che.wisc.edu, author to whom correspondence

should be addressed
‡RBindlish@dow.com

moves on-line in real-time. Significant effort has been
made in reducing the computational burden of integrat-
ing the model over time; Bock et al. (1999) have inves-
tigated the use of simultaneous direct multiple shooting
methods in which the solution to an ODE is determined
at all points simultaneously. This method has been
demonstrated to be faster than the traditional method
of integration in series (Nagy et al., 2000).

Significant research also has been performed on the
optimization approach utilized by the regulator. Some
investigators have focused on global optimization, specif-
ically genetic algorithms (Staus et al., 1996; Onnen et al.,
1997; Rauch and Herremoës, 1999). However, this ap-
proach tends to be slow, and thus not implementable in
real-time unless the time constants for the process are
large.

Others have chosen to increase the speed of local op-
timization methods by tailoring them to take advantage
of the specific structure of the MPC formulation. The
approach uses an interior point method to solve a sequen-
tial quadratic programming problem (SQP) that, due to
causal structure of the model, has a banded or almost
block diagonal structure (Rao et al., 1998; Albuquerque
et al., 1999). This method has been successful in easing
the computational burden of optimizing large systems,
and has recently come into favor with researchers.

This article describes the desired qualities of a real-
time NMPC algorithm that can be run suboptimally, if
required. We then discuss the method for achieving the
desired objectives. Finally, we demonstrate our method
on a nonlinear example.

Algorithm Requirements

We employ a typical ordinary differential equation model
throughout this discussion. The process model has the
form

dx

dt
= f(x, u) (1)

that, when integrated, becomes the discrete model

xi+1 = F (xi, ui) = xi +
∫ ti+1

ti

f(x(τ), ui)dτ (2)

433
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in which i represents the sampling time and a zero-order
hold is assumed for the inputs.

One of the strengths of model predictive control is its
ability to handle constraints in the regulator. The finite
horizon regulator problem we consider is

min
ui

Φ(ui, x0) =
N∑

i=0

L(xi, ui) + h(xN )

subject to: xN ∈Wα

xi+1 = F (xi, ui)
x ∈ X,u ∈ U

(3)

Here, a terminal penalty is added to approximate the
cost of the infinite horizon problem from the end of the
trajectory in the terminal region. The approximation is
valid because the terminal region is constructed in such a
way that the nonlinear plant is not significantly different
from the linear approximation in that neighborhood of
the steady-state target. The problem is also constrained
in the states and inputs. We assume the existence of a se-
quence of control moves that steers the state to setpoint
asymptotically.

It is not necessary, however, to find the global op-
timum of Equation 3. Instead, asymptotic stability is
guaranteed provided that the trajectory of states termi-
nates in the regionWα (Scokaert et al., 1999). Therefore,
the horizon length N need only be long enough to sat-
isfy this restriction and the cost function does not need
to be minimized for the control technique to reach the
set-point. This concept eases the computation since a
suboptimal set of control moves provides a stable con-
troller. Therefore, the optimizer can stop early if the
sampling time is small, and the process can still be con-
trolled.

Algorithm Description

In the last section, we developed the requirements for
regulating a nonlinear system with finite horizon MPC.
Now, we must address the issue of solving the optimiza-
tion problem according to our requirements. For this op-
timization, a sequential quadratic programming (SQP)
technique is used. We exploit the structure of the prob-
lem to speed up the computation to run in real-time.

First, we present the fundamentals of the SQP
method. Suppose we wish to solve the following problem:

min
w

h(w)

subject to: c(w) = 0
d(w) ≥ 0

(4)

The method reduces the problem in Equation 4 to a
series of quadratic programs. Quadratic programs are
well-studied and quickly solved with available methods,

making SQP methods a suitable choice for nonlinear
problems.

We present two methods for performing the quadratic
programming approximation; the first does not have
quadratic convergence properties, but may be easier to
set up, depending on the structure of h(w). The second
has quadratic convergence properties for points near the
solution, but the set-up may be computationally inten-
sive.

Straightforward Formulation. First, define the
superscript j to represent an iteration of the SQP
method. In this formulation, we approximate h(w) as
a quadratic function around the current iterate wj . We
then compute a linear approximation to the constraints
c(w) and d(w) around wj . Defining p = w−wj , we solve

min
p

1
2
pT∇2h(wj)p+∇h(wj)T p

subject to: ∇c(wj)T p+ c(wj) = 0

∇d(wj)T p+ d(wj) ≥ 0

(5)

No knowledge of the Lagrange multipliers by the user
is required to form Equation 5. However, no spe-
cial local convergence properties exist for this problem.
It converges, but not quadratically near the solution.
Quadratic convergence is important only when the ini-
tial guess is good enough that the minimizer is known to
be close to the open loop prediction.

Quadratic Convergence Formulation. In order
to obtain quadratic local convergence properties, the La-
grangian is first defined:

L(w, λ) = h(w)− λT [c(w) d(w)] (6)

The Hessian of the Lagrangian with respect to the vari-
ables is denoted by

H(w, λ) = ∇2
wwL(w, λ) (7)

By the first-order KKT conditions, Equation 5 is equiv-
alent to

min
w

1
2
pT H(wj , λj)p+∇h(wj)T p

subject to: ∇c(wj)T p+ c(wj) = 0

∇d(wj)T p+ d(wj) ≥ 0

(8)

The solution to this problem is equal to a step of
Newton’s method (Nocedal and Wright, 1999), which
is quadratically convergent in the region near the solu-
tion. This method requires an estimate of the Lagrange
multipliers, which may not be estimated well until a few
iterations have been performed. Also, a second order ap-
proximation of the constraints are required, which may
be computationally intensive. We now relate the method
of solution to the nonlinear MPC problem structure.
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Dense Hessian SQP

In this näıve approach, we substitute Equation 2 into
Equation 3 and solve it using an SQP method. We need
first to define wj = uj . The equality constraints c(w)
are eliminated. The function that must be minimized,
h(w), is a complex nonlinear function. To form the
quadratic approximation of h(w), the value of ∇2h(wj)
is required. It can be seen that each xi relies on all the
ui−k, k = 1, 2, . . . , i. In fact, the last term relies on all of
the ui. The implications of this fact are that the Hessian
of h(w) is dense, making it difficult to take advantage of
the specific architecture of the MPC problem in this for-
mulation. To handle the MPC problem more efficiently,
we propose a different approach.

Banded Hessian SQP

The banded Hessian SQP approach for MPC is described
by Rao, Wright, and Rawlings (Rao et al., 1998) for the
case of linear MPC. However, we can naturally extend it
to the nonlinear case with a few modifications.

The key difference in the banded Hessian approach is
not to plug the model equation into the Equation 3. In-
stead, it is left as an explicit equality constraint. Note
that the constraint matrix is highly structured due to
the causality of only the past state and input on the cur-
rent state. In the quadratically convergent method, we
require the Hessian of c(w) as well. The differentiation
could be performed by finite differences, which is slow
and innaccurate, or an approximate Hessian could be
calculated. However, popular Hessian update strategies,
such as the BFGS update, destroy the banded structure
of the Hessian, yielding instead a dense matrix. Until a
more sophisticated update strategy is employed, it may
be more suitable to solve Equation 8 for real-time appli-
cations.

The terminal region may be calculated offline (Tenny,
2000). However, we exclude the terminal region con-
straint in the quadratic program. This is done for a
number of reasons:

1. If the horizon length N is chosen to be too short,
the problem is infeasible.

2. If the horizon length is nominally long enough to
reach the terminal region, the closed-loop solution
may differ appreciably from the open-loop predic-
tion.

3. Ellipsoidal constraints in quadratic programs are
not exact; the constraint would be approximated.

A banded QP solver is then used for the structured
optimization. The method of solution is an interior point
method (Rao et al., 1998) that has been geared for the
MPC structure. The cost of this approach is linear with
respect to horizon length N , compared to cubic growth
for the dense Hessian approach.

A solution to the approximate problem is then cal-
culated. Instead of solving the nonlinear problem, the
solution to the quadratic program points in a direction
of objective function decrease. The next iterate is found
using a trust region constraint.

Feasibility

One of the desired properties of the optimization al-
gorithm is feasibility at all times with respect to the
constraints. State inequalities are handled as soft con-
straints; they may be violated, but a term is added to
the cost function to penalize the violation of such a con-
straint. The integration of the model can be accom-
plished using multiple shooting methods (Bock et al.,
1999). We now describe how we maintain feasibility
with respect to the input constraints and the equality
constraints at all times so that we may terminate the
optimization at any point to run the regulator subopti-
mally.

To guarantee feasibility of the initial guess w0, we gen-
erate each u0

i as follows:

• In the case of small or no disturbances, the result
from the previous open-loop prediction is feasible
and becomes the initial guess for the current regu-
lator problem.

• For startup or large disturbances, u0
i is determined

based on the feedback law u0
i = Kx0

i in which K is
the linear quadratic regulator feedback gain of the
system linearized about the origin. If Mu0

i > m,
we simply take those elements of u0

i that violate the
constraint and clip them such that they meet the
constraint. We maintain an initial guess of a feed-
back law in case large unmeasured disturbances are
present and previous iterates are no longer valid.
Alternatively, a local constrained linear MPC prob-
lem can be solved and one can use its solution as an
initial guess for the regulator problem.

• Each x0
i is generated by substituting u0

i−1, x
0
i−1 into

Equation 2.

We now have a w0 that satisfies the input and equality
constraints.

The linearized system of constraints is formed and a
quadratic program is solved. The state variables x̄ from
the result w̄, are discarded and replaced with the states
resulting from injecting the inputs ū into the nonlinear
model. If the cost function increases, we refine the trust
region or line search method and regenerate the state
predictions via the nonlinear model. However, if the
cost function decreases, the method yields a new iter-
ate w1 that is feasible with respect to both the input
and equality constraints and has a lower cost function.
We now repeat the process using w1 as the new initial
guess. The algorithm repeats this process until the next
sampling time is reached (suboptimal MPC) or until the
iterates converge (‖wj − wj−1‖ ≤ δ).
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Grade

Polymer
production

rate
(kg/min)

MMA Mole
fraction in
copolymer

Copolymer
viscosity

(10−6m3/kg)

A 0.3 0.60 35000
B 0.25 0.75 36725

Table 1: Product grades for MMA-VA copolymeriza-
tion.

Once the iterates converge, the resulting vector wfinal

is the minimizer of the cost function without a terminal
region constraint. Now, the final state in the wfinal vector
is xfinal

N . We check to see if xfinal
N ∈Wα. If it is, then the

algorithm terminates. If not, then the horizon length N
is not long enough. Therefore, N is increased (Rao et al.,
1998) and the initial guess is the solution wfinal with new
inputs generated by Kxfinal

N , etc. The initial guess is
still feasible, and it takes advantage of the work of the
previous optimization. We ignore the case of degenerate
terminal regions for the purposes of this discussion.

An Example Process

We investigate the process of MMA-VA copolymeriza-
tion as described by Bindlish (1999), which consists of a
well-mixed reactor followed by a product separator. Sev-
eral grades of polymer, characterized by the mole frac-
tion of monomer A (MMA) in the copolymer product
and the intrinsic viscosity of the copolymer product, are
manufactured using this process. Depending on the de-
mands of the market, the desired copolymer viscosity and
composition are varied during operation. The feed to the
reactor consists of the monomers (MMA and VA), initia-
tor (AIBN), transfer agent (acetaldehyde) and inhibitor
(m-dinitrobenzene) dissolved in a solvent (benzene). To
remove heat released by the polymerization reaction, a
coolant is employed. The polymer product is then sepa-
rated from the unreacted hydrocarbons in a downstream
separator. The reactor and separator are represented by
a physical model based on first principles. The model
has 15 states, 3 inputs, and 7 output variables, of which
only three have set-points. The sampling time for this
process is 5 minutes and the prediction horizon is 20
time steps (100 minutes). We wish to switch from prod-
uct grade A to grade B, with output set-points as shown
in Table 1. Figure 1 shows the output variables during
the simulation for both the proposed nonlinear controller
and nominal linear model predictive control based on a
linearization of the nonlinear model at Grade B. In the
case of the linear model predictive controller, the system
becomes unstable. We note that the nonlinear model
predictive controller returns a local optimal solution in
this scenario because the computation time is smaller
than the sampling time for this example.
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Figure 1: Output of transition from Grade A to B.

Conclusion

In this paper, we have devised and demonstrated a proto-
type algorithm for NMPC that can run suboptimally, if
required. The method is capable of stabilizing nonlinear
systems and obtaining optimal performance in real-time.
Future directions for this research include real-time non-
linear state estimation.
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Chen, H. and F. Allgöwer, Nonlinear Model Predictive Con-
trol Schemes with Guaranteed Stability, In Berber, R. and
C. Kravaris, editors, NATO ASI on Nonlinear Model Based
Process Control, pages 465–494. Kluwer (1998b).

Keerthi, S. S. and E. G. Gilbert, “Optimal Infinite-Horizon Feed-
back Laws for a General Class of Constrained Discrete-Time
Systems: Stability and Moving-Horizon Approximations,” J.
Optim. Theo. Appl., 57(2), 265–293 (1988).

Mayne, D. Q. and H. Michalska, “Receding Horizon Control of
Nonlinear Systems,” IEEE Trans. Auto. Cont., 35(7), 814–824
(1990).

Michalska, H. and D. Q. Mayne, “Robust Receding Horizon Con-
trol of Constrained Nonlinear Systems,” IEEE Trans. Auto.
Cont., 38(11), 1623–1633 (1993).

Nagy, Z., R. Findeisen, M. Diehl, F. Allgöwer, H. G. Bock,
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Industrial Experience with State-Space Model Predictive Control
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Abstract
Experience with infinite-horizon state-space model predictive control confirms that the algorithm offers several advantages
over the more conventional finite-horizon step-response based model predictive control algorithms, particularly in the
specification of sample time and handling a wide range of process time constants. Examples illustrate our use of state
space based model predictive control and its integration with conventional control techniques.
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Introduction

The Advanced Controls Technology Group at Eastman
Chemical Company has nine years of experience apply-
ing predictive control on industrial processes. The first
five of those years, we applied our own variation of Dy-
namic Matrix Control (DMC). Our DMC is similar to the
conventional finite-horizon, step-response-model based
predictive control technology commonly applied in the
chemical process industries (Cutler and Ramaker, 1980;
Richalet et al., 1978). Four years ago, we began applying
infinite-horizon state-space model predictive control, de-
noted here as MPC. We now have 35 installations of this
technology. The state space formulation offers several
advantages over the convolution model approach. As a
result, all of our new applications use MPC. The DMC
applications are still in service and, so far, we have not
converted any of them to MPC. While the MPC algo-
rithm offers several advantages, it still has some features
which make it challenging to implement. In this paper,
we briefly describe the strengths and weaknesses we have
found in our experience with the MPC algorithm. We
also discuss control strategy design with MPC and give
two example problems.

MPC Implementation

The state-space predictive controller implemented at
Eastman follows that documented by Muske and Rawl-
ings (1993). Our implementation uses a fixed gain
Kalman filter for the observer and a quadratic program
formulation to determine the steady state targets. The
regulator portion of the algorithm uses input parame-
terization as described by Muske (1995). This technique
assumes that the inputs follow a u = −Kx path from the
end of the move horizon onward. The feasibility of out-
put constraints is achieved by softening the constraints as
presented by Ricker et al. (1988) and Zheng and Morari
(1995). Although there can be significant performance
limitations with this approach for non-minimum phase
systems as discussed by Scokaert and Rawlings (1999),
we have not observed the problems they discuss. The
steady-state and dynamic optimization problems result-

ing from the state-space control algorithm are solved
using a quadratic programming algorithm described by
Powell (1985) and Schmid and Biegler (1994).

Strengths and Weaknesses of State-Space
MPC

Process Dynamics

One of the strengths of state-space MPC is the rela-
tive independence of controller sample time and process
time constants. Because the algorithm does not use a
step-response model, the sample time can be very small
relative to the process time constants. Also, the range
of process time constants can be very wide. This ca-
pability is important when the MPC strategy includes
variables that can respond quickly, such as distillation
column differential pressure, and variables that can re-
spond much more slowly, such as column product com-
position. The variables that respond quickly require a
short sample time. The ability to have small sample
times relative to process time constants makes state-
space MPC applicable on a broader range of problems
and provides more flexibility in its implementation, com-
pared to step-response based algorithms. Additionally,
the sample time is much easier to select with state-space
MPC, because of the independence from the process time
constants.

Dead time can still present a problem for state-space
MPC. Because every sample time of dead time creates
an additional state, small sample times relative to the
dead time lead to a large number of states. While we
have not encountered any implementation problems as-
sociated with the number of dead time states, our expe-
rience in this area is limited. So far, our largest number
of dead time states for a single input/output pair has
been 11.

Tuning

The state-space MPC algorithm has three major parts:
the state observer, the steady-state target calculation,
and the dynamic regulator. The calculations for each of
these parts are performed each control interval. Each
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of these parts must be tuned for the specific application.
The final steady-state is affected only by the steady-state
tuning. The dynamic performance of the controller is
affected by the tuning of both the state observer and the
regulator.

The separation of the steady-state performance and
the dynamic performance within state-space MPC is a
good feature. The steady-state weighting/tuning param-
eters have proven relatively easy to set to achieve the de-
sired final steady-state. However, the dynamic weight-
ing/tuning parameters in both the state observer and the
regulator are more difficult to set to achieve the desired
dynamic response. Further, the dynamic response can
be adjusted by changing parameters in either the state
observer or in the dynamic regulator. The best method
for dynamic tuning is not fully clear.

State-space MPC offers the option of modeling distur-
bances on either the process input or output. Our algo-
rithm includes both options. We have experimented with
each option on some applications, but the best choice for
that decision is seldom clear. We normally assume un-
measured disturbances enter at the process input unless
process understanding dictates otherwise. Our applica-
tions have not required the identification of disturbance
models other than the common step disturbance. In a
proportional-integral controller sense, we view the reg-
ulator as providing the proportional part and the ob-
server providing the integral mode. Unmeasured distur-
bances are picked up by the observer via the disturbance
model and require reset action. Tuning of the distur-
bance model has become similar to tuning resets on con-
ventional controllers.

State-space MPC has many tuning parameters. They
require adjustment based on observed performance. For
most problems, our experience has been that MPC tun-
ing needs to be done off-line with a simulation.

Control Strategy Design

While the previous section discussed aspects of the state-
space MPC algorithm itself, we have found that the con-
trol strategy design with MPC has a far bigger impact on
the success of a project than the performance of the MPC
algorithm itself. By control strategy design, we mean
definition of the control objectives, selection of control
technology (MPC or traditional SISO structures), and
the selection of controlled, manipulated, and constraint
variables for MPC.

To illustrate our use of MPC, two examples are given
below. A common control problem at Eastman is the dis-
tribution of load between parallel unit operations. The
ability to handle non-square systems makes model pre-
dictive controllers an attractive control technology for
this problem. In the first example, the capability to char-
acterize the process control objective and to prioritize
competing objectives is illustrated along with the capa-

dPFC

dPFC

dPFC

dPFC

Figure 1: Distilation columns in parallel.

bility to specify widely different closed-loop time con-
stants within the same controller. In the second exam-
ple, the capability to cascade multiple MPC layers and
to integrate MPC with conventional control is shown to
further enhance the strength of this technology.

Example 1—Distillation Columns in Parallel

Figure 1 shows four distillation columns in parallel ser-
vice. The columns already have an excellent regulatory
SISO strategy in place to control top and bottom com-
positions. The control problem is to distribute the total
throughput subject to the hydraulic limits of the columns
as indicated by their maximum differential pressures.
Therefore, this problem has one controlled variable (total
throughput), four manipulated variables (column feed
rate set points), and four constraint variables (column
differential pressures).

The control strategy objectives are summarized below
in order of priority with the first item being the most
important.
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Objective Speed

1. Satisfy manipulated variable
constraints (hard
constraints).

Instantaneous

2. Satisfy differential pressure
constraints (soft constraints).

Fast

3. Satisfy total throughput
target or maximize total
throughput subject to
constraints.

Slow

4. Distribute feed so all columns
are equally loaded as
measured by the distance
from their differential
pressure constraints.

Very slow

The specification of the control objectives is a ma-
jor step in an advanced control application and typically
goes through several iterations. Often, the best way to
operate the equipment is discovered through experimen-
tation with different objectives. In this case, the objec-
tives are given above and the next step is to decide on the
control technology and configuration required to meet
the objectives. There are several possibilities including
an exclusively SISO strategy, an exclusively MPC strat-
egy, or a hybrid. The best choice depends not only on
which technology will best meet the objectives, but also
on several other factors: the size of the MPC problem
(number of controlled and manipulated variables), main-
tenance of the algorithm, maintenance schedules for the
physical units, reliability of the measurement and com-
munication links, and understandablity.

For this particular application, we chose to use MPC,
but with four additional controlled variables. In order to
distribute the feed so all columns are an equal distance
from their differential pressure constraints, we included
for each column the difference between the high differen-
tial pressure limit and the current differential pressure.
Those four controlled variables have a set point of zero.
With a high steady-state weight in state-space MPC,
we specify that the total throughput should be at set
point. The four “constraint distance” controlled vari-
ables have a low steady-state weight. Since there are
five controlled variables and four manipulated variables,
all the set points cannot be reached. The total through-
put goes to its set point and state-space MPC distributes
the set point error equally for the four constraint distance
variables.

The four column differential pressures are still needed
as high constraint variables in MPC for speed of response
reasons. The tuning is such that the distribution of
the feed happens very slowly, but if something happens
which drives a differential pressure to the constraint, the
associated feed rate is moved quickly to compensate.

Figure 2: Total production rate for distillation
columns in parallel.

Figure 3: Differential pressures and feed rates for dis-
tiallation columns in parallel.

Figures 2 and 3 demonstrate the response for a pro-
duction rate target increase beyond what is achievable.
Figure 2 shows that prior to the change, the total rate
is at target. After the target change, the total flow does
not reach the target, but is maximized subject to the
constraints. Figure 3 shows the column differential pres-
sures all at approximately the same distance from the
high limit prior to the target change. After the target
change, the differential pressures are running at the high
limits. Also, note that prior to the target change, the
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Figure 4: Cracking furnace.

column feed rates move relatively slowly. However, the
column feed rates move more aggressively after the target
change when the columns are running on their differen-
tial pressure constraints.

Example 2—Cracking Furnaces in Parallel

A process gas is cracked in a natural gas fired furnace.
Figure 4 shows a process diagram of a furnace. The pro-
cess gas flows through four separate coils in the furnace.
Each coil has its own inlet feed flow controller, inlet pres-
sure measurement (downstream of the feed valve), and
outlet temperature measurement. The combustion air
flow is ratioed to the natural gas flow. There are 5 ma-
nipulated variables for controlling the furnace: each of
the 4 inlet feed flow controller set points and the fuel
flow controller set point.

The furnace production rate (sum of all 4 coil flows)
is set by product demand (sometimes to be maximized).
Coil outlet temperature is indicative of conversion and
needs to be controlled on each coil. Coil inlet pressure
can float but must not exceed a high limit because exces-
sive coil inlet pressure causes a relief valve to open. The
maximum fuel rate limit is determined by the furnace
emission permit.

Changing a coil flow not only affects its own outlet
temperature, but it also affects the outlet temperatures
of the other 3 coils as well. As a result, most process
changes or disturbances require adjustment to all 5 ma-
nipulated variables. Thus, it is a true multivariable con-
trol problem.

MPC is an excellent control technology for this prob-
lem because it is multivariable and because of the pro-
cess constraints. For this application we used state-space
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Figure 5: Cracking furnaces in parallel.

MPC with 5 controlled variables (total rate and 4 outlet
temperatures), 5 manipulated variables (fuel flow and 4
inlet feeds), and 4 constraint variables (4 coil inlet pres-
sures).

In our application, there are 8 of these furnaces in par-
allel supplying a common user. Figure 5 shows a diagram
of the system. The control objectives for this system are
very similar to those for the distillation column system
and are summarized below in order of priority with the
first item being the most important.

Objective Speed

1. Satisfy manipulated variable
constraints (hard
constraints).

Instantaneous

2. Satisfy coil inlet pressure
constraints (soft constraints).

Fast

3. Control coil outlet
temperatures at their target.

Medium

4. If a furnace becomes
constrained or if a furnace is
shut down or started up,
redistribute load to maintain
total rate.

Medium

5. Control the downstream
inventory at target or
maximize throughput subject
to constraints.

Slow

6. Distribute feed so all furnaces
are at equal total rate to
maximize run length.

Very slow

Again, MPC is attractive for this load distribution ap-
plication. However, it is a significantly bigger problem
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Figure 6: MPC control strategy for cracking furnaces
in parallel.

than the distillation example above: 33 controlled vari-
ables (1 level, 32 temperatures), 40 manipulated vari-
ables (32 process feeds, 8 fuel rates), and 32 constraint
variables (32 coil inlet pressures). Because of the size
of the problem, several MPC control strategy options
should be considered. One option is to do this problem
with one big MPC. A second option is to control each
furnace with an MPC and layer a master load distribu-
tion MPC on top of the 8 slave MPCs.

The solution we implemented is a variation of the lat-
ter choice and is shown in Figure 6. We chose this con-
figuration for several reasons:

1. The top MPC layer can easily be turned off and
furnace MPCs operated individually.

2. A PID controller was used for level controller be-
cause it was easier to tune and it met the need.

3. The smaller MPCs are less of a computational load.
4. The system could be built in steps. Successive fur-

nace MPCs could be built and brought on-line with-
out disturbing ones commissioned earlier.

5. The system is easier to maintain. Any
code/configuration maintenance can be done
while a furnace is down without disturbing running
furnaces.

Except for very small problems, such as the distillation
example, we normally choose to layer a master MPC on
top of slave MPCs that manage parallel unit operations.

Conclusions

While state-space MPC offers several advantages over
step response based algorithms, implementation still re-
quires a great deal of expertise simply to use and tune the
algorithm. The control strategy design when incorporat-
ing MPC has a far bigger impact on success of a project

than the performance of the MPC algorithm itself. The
examples illustrated the flexibility of state-space MPC
to achieve a variety of control objectives, both in im-
portance and speed of response. The state-space MPC
technology has become an important tool for Eastman
Chemical Company when solving control problems that
have complex control objectives and widely different time
frames.
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In this paper, we present an off-line approach for robust constrained MPC synthesis that gives an explicit control law using
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Introduction

The practicality of Model Predictive Control (MPC) is
partially limited by its ability to solve optimization prob-
lems in real time. Moreover, when MPC incorporates ex-
plicit plant-model uncertainty, the additional constraints
imposed to guarantee robust stability result in significant
growth of the on-line MPC computation. Researchers
have begun to study methods for fast computation of
an optimal or suboptimal solution to the quadratic pro-
gramming problem associated with nominal MPC (Be-
mporad et al., 1999; Zheng, 1999; Van Antwerp and
Braatz, 2000). For systems with polytopic model un-
certainty and input constraints, receding horizon dual-
mode paradigm can be used to reduce the computational
complexity in MPC (Lee and Kouvaritakis, 2000). In
this paper, we present an off-line approach for robust
constrained MPC synthesis for both polytopic uncertain
systems and norm bounded uncertain systems.

Background

Models for Uncertain Systems

Consider a linear time varying (LTV) system

x(k + 1) = A(k)x(k) +B(k)u(k)
y(k) = Cx(k)

(1)

[
A(k) B(k)

]
∈ Ω

where u(k) ∈ Rnu is the control input, x(k) ∈ Rnx is the
state of the plant and y(k) ∈ Rny is the plant output.

For polytopic uncertainty, Ω is the polytope
Co {[A1 B1] , ..., [AL BL]}, where Co denotes the
convex hull, [Ai Bi] are vertices of the convex hull.
Any [A B] within the convex set Ω is a linear combi-
nation of the vertices A =

∑L
j=1 αjAj , B =

∑L
j=1 αjBj

with
∑L

j=1 αj = 1, 0 ≤ αj ≤ 1.

∗email: zhw2@lehigh.edu
†Corresponding author: phone (610) 758-6654, fax (610) 758-

5057, email: mayuresh.kothare@lehigh.edu

For norm bounded uncertainty, the LTV system is ex-
pressed as a LTI system with uncertainties or perturba-
tions appearing in a feedback loop:

x(k + 1) = Ax(k) +Bu(k) +Bpp(k)
y(k) = Cx(k)
q(k) = Cqx(k) +Dquu(k)
p(k) = (∆q)(k)

(2)

where the operator ∆ = diag(∆1, ...,∆l) with ∆i :
Rni −→ Rni , i = 1, ..., l. ∆ can represent either a memo-
ryless time varying matrix with ‖∆i(k)‖2 ≡ σ̄(∆i(k)) ≤
1, k ≥ 0, or a convolution operator (for, e.g., a sta-
ble LTI dynamical system), with the operator norm
induced by the truncated l2 -norm less than 1, i.e.,∑k

j=0 pi(j)T pi(j) ≤
∑k

j=0 qi(j)
T qi(j), i = 1, ..., l, ∀k ≥

0.

On-line Robust Constrained MPC Using LMIs

Consider the following problem, which minimizes the ro-
bust or worst case infinite horizon quadratic objective
function:

min
u(k+i|k)=F (k)x(k+i|k)

max
[A(k+i) B(k+i)]∈Ω, i≥0

J∞(k) (3)

subject to

|ur(k + i|k)| ≤ ur,max, i ≥ 0, r = 1, 2, ..., nu (4)
|yr(k + i|k)| ≤ yr,max, i ≥ 1, r = 1, 2, ..., ny (5)

where J∞(k) =
∑∞

i=0[x(k + i|k)TQ1x(k + i|k) + u(k +
i|k)TRu(k+i|k)] with Q1 > 0, R > 0. In (3), we assume
that at each sampling time k, a constant state feedback
law u(k + i|k) = F (k)x(k + i|k) is used to minimize the
worst case value of J∞(k). Following an approach given
in (Kothare et al., 1996), it is easy to derive an upper
bound on J∞(k). First, at sampling time k, define a
quadratic function V (x) = xTP (k)x, P (k) > 0. For any
[A(k+ i) B(k+ i)] ∈ Ω, i ≥ 0, suppose V (x) satisfies the
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following robust stability constraint:

V (x(k + i+ 1|k))− V (x(k + i|k))
≤ −

[
x(k + i|k)TQ1x(k + i|k)

+u(k + i|k)TRu(k + i|k)
]

(6)

Summing (6) from i = 0 to i = ∞ and requiring
x(∞|k) = 0 or V (x(∞|k)) = 0, it follows that

max
[A(k+i) B(k+i)]∈Ω, i≥0

J∞(k) ≤ V (x(k|k)) ≤ γ (7)

(6) and (7) give an upper bound on J∞(k). The condi-
tion V (x(k|k)) ≤ γ in (7) can be expressed equivalently
as the LMI [

1 x(k|k)T

x(k|k) Q

]
≥ 0, (8)

where Q = γP (k)−1.
The robust stability constraint (6) for the system (1)

is satisfied if for each vertex of Ω
Q QAT

j + Y TBT
j QQ

1/2
1 Y TR1/2

AjQ+BjY Q 0 0
Q

1/2
1 Q 0 γI 0

R1/2Y 0 0 γI


≥ 0, j = 1, ..., L (9)

where, Q = γP (k)−1 and F (k) is parameterized by
Y Q−1. This set of conditions is convex in Ω. So if (9) is
satisfied, then for any [A(k+ i) B(k+ i)] ∈ Ω, i ≥ 0, (6)
is satisfied. For the system (2), the stability constraint
(6) is satisfied if

Q QAT + Y TBT QCT
q + Y TDT

qu

AQ+BY Q−BpΛBT
p 0

CqQ+DquY 0 Λ
Q

1/2
1 Q 0 0

R1/2Y 0 0

QQ
1/2
1 Y TR1/2

0 0
0 0
γI 0
0 γI

 ≥ 0 (10)

where Λ = diag(λ1In1 , ..., λlInl
) > 0. The input con-

straints (4) are satisfied if there exists a symmetric ma-
trix X such that [

X Y
Y T Q

]
≥ 0 (11)

with Xrr ≤ u2
r,max, r = 1, 2, ..., nu. Similarly, the out-

put constraints (5) for the system (1) are satisfied if there
exists a symmetric matrix Z such that for each vertex of
Ω, [

Z C (AjQ+BjY )
(AjQ+BjY )T

CT Q

]
≥ 0

j = 1, ..., L
(12)

with Zrr ≤ y2
r,max, r = 1, 2, ..., ny. The output con-

straints (5) for the system (2) are satisfied if for each
row of C

 y2
r,maxQ (CqQ+DquY )T

CqQ+DquY Tr

C<r>(AQ+BY ) 0

(AQ+BY )TC<r>T

0
I − C<r>BpTrB

T
p C

<r>T

 ≥ 0 (13)

where C<r> is the rth row of C, Tr =
diag(tr,1In1 , ..., tr,lInl

) > 0, r = 1, 2, ..., ny

Theorem 1 (On-line robust constrained MPC)
(Kothare et al., 1996). For the system (1) or (2),
at sampling time k, let x(k) = x(k|k) be the state.
Then the state feedback matrix F (k) in the control law
u(k + i|k) = F (k)x(k + i|k), i ≥ 0, which minimizes the
upper bound γ on the worst case robust MPC objective
function J∞(k), is given by F (k) = Y Q−1 where Q > 0
and Y are obtained from the solution (if it exists) of one
of the following linear objective minimization problems:
(a) for system (1), min

γ,Q,X,Y,Z
γ subject to (8), (9), (11)

and (12).
(b) for system (2), min

γ,Q,X,Y,Λ,T1,...,Tny

γ subject to (8),

(10), (11) and (13).
Furthermore, the time varying state feedback matrix

F (k) robustly asymptotically stabilizes the closed-loop
system.

Off-line Robust Constrained MPC

In this section, we present an off-line approach based on
the concept of the asymptotically stable invariant ellip-
soid. Without loss of generality, we use the algorithm
for polytopic uncertain systems (Theorem 1 (a)) to il-
lustrate the following lemmas, corollaries and theorem.
Similar results can be obtained for Theorem 1 (b).

Asymptotically Stable Invariant Ellipsoid

Definition 1 (Asymptotically stable invariant el-
lipsoid). Given a discrete dynamical system
x(k+1) = f(x(k)), a subset E = {x ∈ Rnx |xTQ−1x ≤ 1}
of the state space Rnx is said to be an asymptotically
stable invariant ellipsoid, if it has the property that,
whenever x(k1) ∈ E at k1 ≥ 0, then x(k) ∈ E for all
times k ≥ k1 and x(k) −→ 0 as k −→∞ .

Lemma 1 Consider a closed-loop system composed of
a plant (1) and a static state feedback controller u =
Y Q−1x, where Y and Q−1 are obtained by apply-
ing the robust constrained MPC defined in Theorem 1
(a) to a system state x0. Then, the subset E = {x ∈
Rnx |xTQ−1x ≤ 1} of the state space Rnx is an asymp-
totically stable invariant ellipsoid.
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Proof. When the robust constrained MPC defined in
Theorem 1 (a) is applied to a state x0 of a plant (1), the
only LMI in Theorem 1 (a) that depends on the system
state is (8) which is automatically satisfied for all states
within the ellipsoid E. So the minimizer γ,Q,X, Y and
Z at the state x0 is also feasible (though not necessarily
optimal) for any other state in E, which means we can
apply the state feedback law u = Y Q−1x to all the states
in E with the satisfation of (9), (11) and (12).

Consider the closed-loop system composed of the plant
(1) and the static state feedback controller u = Y Q−1x,
where Y and Q−1 are obtained by applying the robust
constrained MPC defined in Theorem 1 (a) to a system
state x0. Then, for any state x̃(k) ∈ E, the satisfaction of
(9) ensures that in real time x̃(k+i+1)TQ−1x̃(k+i+1) <
x̃(k+i)TQ−1x̃(k+i) ≤ 1, i ≥ 0. Thus, x̃(k+i) ∈ E, i ≥ 0
and x̃(k + i) −→ 0 as i −→∞, which establish that E is
an asymptotically stable invariant ellipsoid.

Remark 1 From Lemma 1, we know that for system
(1), an asymptotically stable invariant ellipsoid can be
constructed by applying Theorem 1 (a) to an arbitrary
feasible state x0. The minimization at x0 gives a state
feedback law u = Y Q−1x. Once a state enters into the
ellipsoid, the static state feedback controller u = Y Q−1x
can keep it within the ellipsoid and converge it to the ori-
gin. The following corollaries state the dependence of the
ellipsoidal weighting matrix Q−1 and the state feedback
matrix Y Q−1 on the state x0.

Corollary 1 For a nominal and unconstrained system,
the ellipsoid weighting matrix Q−1 and the feedback ma-
trix Y Q−1 obtained by applying Theorem 1 (a) without
(11) and (12) to an arbitrary state x0 are 1

xT
0 Pare x0

Pare

and −(R+BTPareB)−1BTPareA respectively, where Pare

is the solution of the Algebraic Riccati Equation Pare −
ATPareA+ATPareB(R+BTPB)−1BTPareA−Q1 = 0.

Corollary 2 For an uncertain and unconstrained sys-
tem (1), the ellipsoid weighting matrix Q−1 and the
feedback matrix Y Q−1 obtained by applying Theorem
1 (a) without (11) and (12) to an arbitrary state x0

are 1
xT
0 P x0

P and F , where P and F are constant
along an arbitrary one-dimensional subspace S ={x ∈
Rnx |αx0, α ∈ R} of the state space Rnx .

Proof. Along the one-dimensional subspace S, let
γopt, Qopt and Yopt be the minimizers at x0. It is easy to
verify that α2γopt, α

2Qopt and α2Yopt is the minimizers
at αx0. Therefore, at αx0, F = α2Yopt

1
α2Q

−1
opt = Fopt

and P = α2γopt
1

α2Q
−1
opt = Popt.

Remark 2 From Corollary (1) and (2), we can see that
when we apply Theorem 1 (a) without (11) and (12) to
an arbitrary state x0, for a nominal system, the state
feedback matrix is independent of the state, while for an

uncertain system (1), the state feedback matrix is inde-
pendent of the state along a one dimensional subspace,
but may change according to different orientations of the
one dimensional subspace.

Off-line Robust Constrained MPC

For a constrained system, we know that the nearer the
state is to the origin, the less restrictions on the choice
of the feedback matrix. To provide the state space with
a sense of distance, we define the norm of any vec-
tor within the asymptotically stable invariant ellipsoid
E = {x ∈ Rnx |xTQ−1x ≤ 1} as ‖x‖Q−1 ,

√
xTQ−1x.

The distance between the state and the origin is the
norm of the state. On-line MPC in Theorem 1 has the
advantage of determining the control law based on the
norm of the state (see the derivation of (11) and (12) in
(Kothare et al., 1996)). Off-line we can still achieve this.
When we apply Theorem 1 to a state far from the origin,
the resulting asymptotically stable invariant ellipsoid has
a more restrictive feedback matrix. It is not necessary
to keep this feedback matrix constant while the state is
converging to the origin. We can construct inside the el-
lipsoid another asymptotically stable invariant ellipsoid
based on a state nearer to the origin, which can have a
less restrictive feedback matrix. By adding asymptot-
ically stable invariant ellipsoids one inside another, we
have more freedom to adopt suitable feedback matrices
based on the distance between the state and the origin.

Lemma 2 (Existence) Consider the minimization de-
fined in Theorem 1 (a). If there exists a minimizer
γ,Q,X, Y and Z at x, then, at an arbitrary x̃ satisfy-
ing ‖x̃‖2Q−1 < 1 there exists a minimizer γ̃, Q̃, X̃, Ỹ and
Z̃ for the minimization defined in Theorem 1 (a) with an
additional constraint Q > Q̃.

Proof. Consider the minimization defined in Theorem
1 (a) at x. The minimizer defines an ellipsoid E = {x ∈
Rnx |xTQ−1x ≤ 1}. An arbitrary x̃ satisfying ‖x̃‖2Q−1 < 1
means that the state x̃ is inside E. So ∃α > 1, ‖αx̃‖2Q−1 =
1 and 1

α2 γ,
1

α2Q,
1

α2X,
1

α2Y,
1

α2Z is a feasible solution
for the minimization defined in Theorem 1 (a) with the
additional constraint Q > 1

α2Q satisfied.

Algorithm 1 (Off-line robust constrained MPC) Off-
line, given an initial feasible state x1, generate a sequence
of minimizers γi, Qi, Xi, Yi and Zi (i = 1, ...N) as fol-
lows.

1. compute the minimizer γi, Qi, Xi, Yi and Zi at xi by
using Theorem 1 with an additional constraint Qi−1 >
Qi (ignored at i = 1), store Q−1

i and Fi(= YiQ
−1
i ) in a

look-up table;
2. if i < N , choose a state xi+1 satisfying

‖xi+1‖2Q−1
i
< 1. Go to 1.

On-line, given a dynamical system (1) and an initial
state x(0) satisfying ‖x(0)‖2Q−1

1
≤ 1, let the state be x(k)
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at time k. Perform a bisection search over Q−1
i in the

lookup table until a Q−1
i is found satisfying ‖x(k)‖2Q−1

i
≤

1 and ‖x(k)‖2Q−1
i+1

> 1 (i = 1, ..., N−1), or ‖x(k)‖2Q−1
i
≤ 1

(i = N). Apply the control law u(k) = Fix(k).

Theorem 2 Given a dynamical system (1) and an ini-
tial state x(0) satisfying ‖x(0)‖2Q−1

1
≤ 1, the off-line ro-

bust constrained MPC algorithm 1 robustly asymptoti-
cally stabilizes the closed-loop system.

Proof. For the minimization at xi, i = 2, ..., N, the ad-
ditional constraint Qi−1 > Qi is equivalent to Qi−1

−1 <
Q−1

i . This implies that the constructed asymptotically
stable invariant ellipsoid Ei= {x ∈ Rnx |xTQ−1

i x ≤ 1}
is inside Ei−1, i.e., Ei ⊂ Ei−1. So for a fixed x, ‖x‖2Q−1

i

is monotonic with respect to the index i, which ensures
the on-line bisection search over the lookup table finds a
unique Q−1

i .
Given a dynamical system (1) and an initial state x(0)

satisfying ‖x(0)‖2Q−1
1

≤ 1, the closed–loop system be-
comes

x(k+1) =


(A(k) +B(k)Fi)x(k)

‖x(k)‖2Q−1
i
≤ 1

∩ ‖x(k)‖2Q−1
i+1

> 1
(i = 1, ..., N − 1)

(A(k) +B(k)FN )x(k) ‖x(k)‖2Q−1
N
≤ 1

When x(k) satisfies ‖x(k)‖2Q−1
i
≤ 1 and ‖x(k)‖2Q−1

i+1
> 1,

i = 1, ..., N − 1, the control law u(k) = Fix(k) corre-
sponding to the ellipsoid Ei is guaranteed to keep the
state within Ei and converge it into the ellipsoid Ei+1,
and so on. Lastly, the smallest ellipsoid EN is guaran-
teed to keep the state within EN and converge it to the
origin.

Remark 3 Algorithm 1 is a general approach to con-
struct a Lyapunov function for uncertain and constrained
systems. The Lyapunov function is

V (x) =


xTQ−1

i x
‖x(k)‖2Q−1

i
≤ 1 ∩ ‖x(k)‖2Q−1

i+1
> 1

(i = 1, ..., N − 1)

xTQ−1
N x ‖x(k)‖2Q−1

N
≤ 1

Note that this Lyapunov function is not continuous on
the boundary of ellipsoids. Due to the special charac-
teristics of the robust asymptotically stable invariant el-
lipsoid, it is enough to have V (x) be monotonically de-
creasing within the smallest ellipsoid and within each
ring region between two adjacent ellipsoids to stabilize
the closed-loop system.

From algorithm 1, we can see that the choice of the
state xi+1 satisfying ‖xi+1‖2Q−1

i
< 1 is arbitrary. From

the point of view of easy implementation, we provide
the following suggestions. We can choose an arbitrary
one dimensional subspace S ={x ∈ Rnx |αx0, α ∈ R},
and discretize it and construct a set of discrete points,
Sd={x ∈ Rnx |αix

max, 1 ≥ α1 > ... > αN > 0}. Be-
cause the asymptotically stable invariant ellipsoid con-
structed for each discrete point actually passes through
that point, ‖αi+1x

max‖2Q−1
i

< ‖αix
max‖2Q−1

i
= 1 is sat-

isfied. And in order to obtain a look-up table that can
cover a very large portion of the state space with a lim-
ited number of discrete points, we suggest a discretiza-
tion of the one dimensional subspace using a logarithmic
scale.

Complexity Analysis

The on-line computation mainly comes from the bi-
section search in a lookup table. Because a sequence
of N stored Q−1

i (N generally less than 20) requires
log2N searches and the matrix-vector multiplication in
one search has quadratic growth O(n2

s) in the number
of flops with ns the number of state variables, the to-
tal number of flops required to calculate an input move
is O(n2

s log2N). On the other hand, the fastest interior
point algorithms are cubic growth in the number of flops
as a function of problem size, which is O((n2

s

2 + nsnc)3)
for the robust algorithm in Theorem 1 (a) with nc the
number of manipulated variables. So we can conclude
that this off-line approach can substantially reduce the
on-line computation.

Example

Consider the linearized model derived for a single, non-
isothermal CSTR (Marlin, 1995), which is discretized us-
ing a sampling time of 0.15 min and given in terms of
perturbation variables as follows:

x(k + 1) =

[
0.85− 0.1α(k) −0.001α(k)

α(k)β(k) 0.05 + 0.01α(k)β(k)

]
x(k)

+

[
0.15 0
0 −0.9

]
u(k)

y(k) = x(k)

where x is a vector of the reactor concentration and tem-
perature, and u is a vector of the feed concentration
and the coolant flow, 1 ≤ α(k) = k0/109 ≤ 10 and
1 ≤ β(k) = −∆Hrxn/107 ≤ 10. The polytopic uncer-
tain set has four vertices. The robust performance ob-
jective function is defined as (3) subject to |u1(k + i|k)|
≤ 0.5 kmole/m3 and |u2(k + i|k)| ≤ 1m3/min, i ≥ 0,
with Q1 = [ 1 0

0 1 ] and R = 0.2. We choose the x1 axis
as the one dimensional subspace, and discretize it in ten
points. Figure 1 shows the ellipsoids defined by Q−1

i for
all ten discrete points.

Given an initially perturbed state x(0) = [ 0.1
2 ] , Fig-

ure 2 shows the closed-loop responses of the system cor-
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Figure 2: Closed-loop responses: solid lines, on-line
MPC algorithm in Theorem 1; dashed lines with (+),
off-line MPC in Algorithm 1.

responding to α(k) ≡ 1.1 and β(k) ≡ 1.1. The off-line
approach gives nearly the same performance as the on-
line robust constrained MPC algorithm (Kothare et al.,
1996). The average time for the off-line MPC to get a
feedback gain is 6.6 × 10−4 sec, while the average time
required for the on-line MPC is 0.6 sec. The calculation
of this off-line approach is 900 times faster than that
required for on-line MPC.

Conclusions

In this paper, based on the concept of asymptotically
stable invariant ellipsoid and by using LMIs, we devel-
oped an off-line robust constrained MPC algorithm with
guaranteed robust stability of the closed-loop system and
substantial reduction of on-line MPC computation.
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Abstract
This paper describes a Quantization Regression (QR) algorithm which generates a nonlinear estimate of an autoregressive
time series from quantized measurements. Its purpose is to retrieve the underlying information from quantized signals
such as those from the analogue to digital converter of a plant instrument. The reconstructed signals have uses in
data-centric applications such as controller performance assessment and system identification. The algorithm based upon
Ziskand and Hertz is a combination of the ‘Gaussian Fit’ scheme of Curry with expectation-maximization (EM) algorithm
of Dempster et al. The performance of Quantization Regression algorithm is compared with two other methods in fitting
of an autoregressive time series for the reconstruction of a quantized signal.

Keywords
EM algorithm, Linear regression, Quantization, Performance analysis, Time series analysis

Introduction

A great deal of engineering data occurs in the form of
time series where observations are dependent and where
the nature of this dependence is of interest. For exam-
ple, Desborough and Harris (1992) used routine closed
loop process data to estimate the normalized control loop
performance index. In that case, an AR model was im-
plemented. Thornhill et al. (1999) observed that quan-
tization of the measurements influenced the normalized
performance index and thus motivated the need for an
algorithm to accurately recover a signal from a quantized
time series. Quantization is often observed in the out-
puts of process instruments even though 10 bit A/D con-
version provides 1024 quantization levels because a mea-
surement controlled to a steady value is likely to sample
just a few of the available quantizer levels.

Ziskand and Hertz (1993) proposed an algorithm to es-
timate coefficients of a quantized autoregressive (qAR)
process. Their implementation and examples illustrated
the case of one-bit (two level) quantization. The al-
gorithm was based on the following two developments:
Dempster et al. (1977) presented a method for computing
maximum likelihood estimates from “incomplete” data,
i.e. data having a many-to-one mapping in the measure-
ment function. Quantized process data are incomplete
because many values of the underlying signal map to
each quantizer level. The algorithm comprised two steps:
the first expectation, the second maximization, and was
called the EM algorithm. Shumway and Stoffer (1982)
proposed an approach to smoothing and forecasting for
time series with incomplete observations. The EM algo-
rithm was used in conjunction with Kalman smoothed
estimators to derive a recursive procedure for estimating
the qAR parameters by maximum likelihood. The algo-
rithm is a general technique for finding maximum likeli-

∗Author to whom all correspondence should be addressed.
email: n.thornhill@ee.ucl.ac.uk, Tel: +44 20 7679 3983, Fax:
+44 20 7388 9325

hood estimates from incomplete data (Little and Rubin,
1986).

Expectation calculations for the maximum likelihood
step are provided by the Gaussian Fit algorithm. The
method was proposed by Curry (1970) for a discrete-time
nonlinear filter that recursively fits a Gaussian distribu-
tion to the first two moments of the conditional distri-
bution of a system state vector. The Gaussian Fit algo-
rithm is easy to compute and can handle non-stationary
data and its operation is independent of the quantiza-
tion scheme used. However, it requires more compu-
tation than a linear filter and can be applied only to
Gauss-Markov processes. It is applicable to quantized
process data because such data can be expressed as a
Gauss-Markov process in state-space form.

The algorithm presented by Ziskand and Hertz (1993)
estimated the coefficients of several superimposed qAR
signals of known model order using a two-level quantizer.
The signals represented sinusoids at different frequencies.
The contribution of this paper is the extension of quan-
tized regression to multiple quantizer levels and to qAR
signals of order 2 and higher. The Akaike Information
Criterion was used to determine the order of the AR
model. Further, the QR algorithm was compared with
two other methods to illustrate why it can recover the
underlying signal better. Simulations and experimental
data support the studies. The conclusion is that the QR
algorithm can optimally estimate the model parameters
and recover the underlying signal at the same time.

Methods

Problem Description

Quantized autoregressive (AR) time series are the sub-
ject of the work. The process may be written as follows:

S(n) = φ · S(n− 1) + w(n)
x(n) = h · S(n) + v(n)
z(n) = g(x(n))

448
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where S(n) = (s(n−m+1), . . . , s(n))T is a state vector,
{x(n)}N

n=1 the N samples from an autoregressive process
of order m and {z(n)}N

n=1 the quantized measurements
of the process. w(n) and v(n) are white noise samples
with mean zero and variances σ2

w and σ2
0 respectively and

independent from each other. The state transition ma-
trix, φ, has the autoregressive coefficients a1, a2, . . . , am

in the last row:

φ =


0 1

0 1

. . .
. . .

0 1
am · · · · · · a2 a1



The observation vector h = (0, 0, . . . , 0, 1) is of length
m, and g is the non-linear quantizer function whose input
is the AR signal plus noise. The algorithm is suitable for
both uniform and non-uniform quantizers, although in
this paper uniform quantization intervals were used. The
quantization interval is the distance between quantizer
levels. The problem is to determine the model order,
m, to estimate the AR coefficients a1, a2, . . . , am and to
recover the underlying signal {s(n)}N

n=1.

Implementation of QR Algorithm

The Quantization Regression (QR) algorithm is iterative
and includes two main conceptual steps:

Step 1: A modified Kalman smoothing algorithm finds
smoothed estimates and their covariances. At step n the
key calculations are:

Sn
n = Sn−1

n +Kn

(
(E(x(n))|zn)− hSn−1

n

)
Pn

n = Pn−1
n −KnhP

n−1
n +Kncov (x(n)|zn)KT

n

where Sn−1
n and Pn−1

n are one step ahead predictions
of the state vector and its variance, zn the sequence of
quantized measurements and Kn is the Kalman gain. A
conventional Kalman filter would use the quantized mea-
surement zn directly, but the modified algorithm calcu-
lates the expected value of xn given that the quantized
measurement falls within the observed quantization in-
terval. The expectation is computed using the Gaussian
Fit approximation (Curry, 1970). The last term in the
calculation for Pn

n captures the inflation in the variance
of the estimate caused by quantization.

Step 2: The likelihood function is maximised by itera-
tive adjustment of the AR coefficients a1, a2, . . . , am, the
estimated signal and σ2

w and σ2
0 .

Typing errors found in Ziskand and Hertz were cor-
rected as follows where the underline indicates the al-
tered terms,

Kn = Pn−1
n hT (σ2

x)−1

PN
n−1 = Pn−1

n−1 + Jn−1

(
PN

n − Pn−1
n

)
JT

n−1

PN
n−1,n−2 = Pn−1

n−1 J
T
n−2 + Jn−1

(
PN

n,n−1 − φ(r)Pn−1
n−1

)
JT

n−2

and the loop in the lag-one covariance calculation was
for n = N,N − 1, . . . , 2.

The following improvements were made: (1) σ2
0 was

updated during the iteration rather than being taken as
known; (2) the innovative form of the log liklihood func-
tion (Shumway and Stoffer, 1982) was used as a stopping
criterion.

∆(logL) = −1
2

N∑
n=1

log(σ2
x)

− 1
2σ2

x

N∑
n=1

(
z(n)− hSn−1

n

)T (
z(n)− hSn−1

n

)
Iterations stopped when the innovation became small;

(3) the initial variance in the iteration was fixed and the
state vector was initialised thus: S0

0(r + 1) = SN
0 (r).

Determination of Model Order and Quality of Fit

Ziskand and Hertz assumed the model order m was
known. Where the model order is unknown one approach
to determining m is to fit AR process of progressively
high order, to calculate the sum of squared errors (SSE)
for each value of m and to plot SSE against m (Chatfield,
1989). One chooses the value of m where the addition
of extra parameters gives little improvement in fit. The
method does not work here since the aim is to recover the
underlying signal not the quantized observation. An ap-
proach suited to maximum likelihood estimation is to use
Akaike Information criterion (AIC) to determine model
order. The required complete-data log likelihood func-
tion (logL) is presented in Ziskand and Hertz (1993), and
Shumway and Stoffer (1982). AIC can be calculated from
logL and the model order m as AIC = −2 logL + 2m.
The model order is the value of m where the largest de-
crease occurs.

The multiple coefficient of determination R2 (Scheaffer
and McClave, 1995) was used to determine the quality
of the reconstruction:

R2 = 1−

N∑
n=1

(y(n)− ŷ(n))2

N∑
n=1

(y(n)− ȳ)2

where ŷ(n) is the reconstruction of a true underlying
signal y(n) and ȳ is its mean. R2 = 0 implies the variance
of the reconstruction error is as large as the variance of
the measurements, and thus that there is a complete
lack of fit of the model, while R2 = 1 implies a perfect
reconstruction.

Other Methods for Comparison

Two other methods for estimation of the AR coefficients
were implemented for comparison.



450 M. Wang, S. Saleem and N. F. Thornhill

One method was a one-step linear least squares esti-
mate (LLS) of the AR coefficients. The quantized data
{z(n)}N

n=1 themselves were modelled as an AR series:


z(n)

z(n− 1)

.

.

.
z(m + 1)

 =


z(n− 1) · · · z(n−m)
z(n− 2) · · · z(n−m− 1)

.

.

.
.
.
.

z(m) · · · z(1)




a1
a2

.

.

.
am

 +


e(n)

e(n− 1)

.

.

.
e(m + 1)

 (1)

The above matrix equation can be written as:

Y = X · a+ e

and least squares estimates of the AR parameters deter-
mined from:

â =
(
XTX

)−1
XTY

The above calculation coincides with the linear regres-
sion approach in Desborough and Harris (1992) using a
one-step prediction. It was also used in Thornhill et al.
(1999) where the adverse influence of quantization was
noted.

The other method, termed Kalman smoothing, used
the same formulation as the QR algorithm but without
the Gaussian Fit step. The Kalman smoother equations
became:

Sn
n = Sn−1

n +Kn

(
z(n)− hSn−1

n

)
Pn

n = Pn−1
n −KnhP

n−1
n

Results

Simulation Examples

A unit amplitude sinusoid wave was used as the quan-
tizer input with quantization interval 0.5. Therefore the
signal used just five quantizer levels and was coarsely
quantized. The sine wave had a period of 51.2 sam-
ples, the value being selected so that 10 cycles used 512
samples (a power of 2). Using the method of backward
differencing the sine wave sin(2πt/51.2) can be expressed
as a two term AR series:

y(n) = 1.990y(n− 1)− 0.998y(n− 2)

Therefore we require the QR algorithm to give a model
with m = 2 and coefficients a1 = 1.990 and a2 = −0.998.
The AIC indicated that the optimum model order for the
qAR time series was indeed m = 2. The QR algorithm
was used to reconstruct an AR model with two terms
and the results were compared with the reconstruction
of m = 2 AR models using Kalman smoothing alone
and the one-step linear least squares estimate. The re-
covering ability is compared in the left hand panel of

Figure 1, where it can be seen visually that the QR algo-
rithm provided the best reconstruction of the underlying
sine wave. The results with the LLS method were the
least satisfactory.

The estimated AR coefficients and R2 values were:

QR: a1 = 1.977, a2 = −0.993, R2 = 0.998
Kalman: a1 = 1.276, a2 = −0.304, R2 = 0.996
LLS: a1 = 0.982, a2 = −0.018, R2 = 0.968

The QR algorithm recovered both coefficients with less
than 1% error from the true values, while the LLS coef-
ficients had large errors and could only achieve a model
that said the next sample would be almost the same as
the previous sample. Kalman smoothing without the
Gaussian Fit step gave an intermediate result with the
model coefficients in error by 36% and 70%. It is con-
cluded that the major benefit of the QR algorithm with
coarsely quantized data is the expectation step using the
Gaussian Fit approximation.

A noisy sine wave with a signal to noise ratio of 1:1 was
used as a second test signal into the quantizer input. Ap-
plication of AIC indicated a model order of 5 or 6 for the
QR algorithm and 6 for Kalman smoothing. The recov-
ering ability of the three methods for m = 6 AR models
is compared in the right hand panel of Figure 1. The
QR algorithm and Kalman smoothing provided good re-
construction of the underlying sine wave and both were
superior to the LLS reconstruction which provided less
filtering of the noise. The R2 values were:

QR: R2 = 0.981
Kalman: R2 = 0.978
LLS: R2 = 0.764

Influence of Quantization Interval

Figure 2 compares the R2 measure across a range of
quantization intervals. The left panel shows the re-
sults for the quantized sine wave signal using AR mod-
els with model order m = 2. The uppermost trend is
for the QR algorithm, the lowest is the LLS algorithm
and the Kalman smoothing algorithm is in-between. As
was suggested by Figure 1, the Gaussian Fit element
of the QR algorithm gave benefits over and above its
Kalman smoothing component. The benefit increased as
the quantization interval increased.

The right hand panel of Figure 2 shows the recon-
struction performance of the quantized noisy sine wave
using AR models with m = 6. The R2 values for Kalman
smoothing and QR were almost identical in this case, and
both gave improvements over the LLS method. Thus
when the unquantized signal included white noise, no
matter what the quantization interval was, the recovery
was contributed by Kalman smoothing. It is concluded
that the benefit of the Gaussian Fit to the QR algorithm
reduces as the influence of quantization reduces relative
to the noise.
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Figure 1: Reconstruction of a sine wave from quantized samples (left) and noisy quantized samples (right). (a): the sine
wave signal; (b) quantized signal; (c) reconstructed with QR; (d) reconstructed with Kalman smoothing; (e) reconstructed
with LLS.
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Figure 2: Reconstruction performance for a sine wave from quantized samples (left) and noisy quantized samples (right).
QR: squares; Kalman smoothing: circles; LLS: diamonds.

Ensemble a1 a2 R2

Length
N = 1440 1.977 -0.993 0.9981
N = 1280 1.979 -0.994 0.9981
N = 1024 1.977 -0.992 0.9980
N = 768 1.974 -0.989 0.9979
N = 512 1.968 -0.984 0.9977
N = 256 1.952 -0.968 0.9976

Table 1: The influence of ensemble length.

Influence of Ensemble Length

Table 1 shows the influence of data ensemble length,
which was examined using the sine wave signal with

quantization interval of 0.5.
The table shows that the values of the AR coefficients

recovered by the QR algorithm diverged from the correct
values as the data ensemble length became smaller. In
this example a data ensemble length of 800 gave errors
compared to the true values of about 1% in each of the
AR coefficients, therefore it is recommended that the
data ensemble length be at least 800 samples.

Performance with Plant Data

Figure 3 shows the behaviour of the QR, Kalman
smoothing and LLS algorithms with pilot plant mea-
surements. The measurements were from the transient
response of the pH control in a buffered fed-batch yeast
fermentation process. They were quantized by the A/D
converter of the pH probe. The aim of the analysis was
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Figure 3: Reconstruction of quantized plant data.
(a) quantized trend from plant; (b) reconstructed us-
ing QR; (c) using Kalman smoothing; (d) using LLS.

to recover the underlying smooth transient response of
the fermenter pH. The closed loop under proportional-
plus-integral control of the process has dominant under-
damped complex conjugate poles and therefore the AR
time series should have m = 2. The s-plane poles are
s = −0.025 ± 0.108j corresponding to damped oscilla-
tions with a period of 58 samples and an exponential
time constant of 40 samples. These s-plane poles map
to z-plane poles at z = 0.969± 0.105j.

Application of AIC to the QR algorithm indicated
that the model order should indeed be m = 2. The
reconstructions of m = 2 AR models using QR, Kalman
smoothing and the LLS methods are shown in Figure 3.
It was not possible to determine the R2 values because
the true underlying signal was not known. A quantita-
tive comparison of the z-plane poles shows the QR al-
gorithm has achieved the correct reconstruction because
the AR model was:

y(n) = 1.914y(n− 1)− 0.934y(n− 2)

which has z-plane poles at z = 0.957 ± 0.090j. These
poles are near those of the closed loop process and it is
concluded that the AR coefficients determined by the QR
algorithm captured the under-damped oscillatory behav-
ior of the pH response. The other models were:

Kalman: y(n) = 1.210y(n− 1)− 0.231y(n− 2)
LLS: y(n) = 0.972y(n− 1) + 8 · 10−3y(n− 2)

both of whose z-plane poles are real. These recovered
AR time series have no oscillatory behavior of their own
and the reconstructions appear oscillatory only because
they are driven by the experimental data.

Conclusion

For coarsely quantized signals, the QR (quantized re-
gression) algorithm can recover the underlying signal
from quantized observations better than the LLS (lin-
ear least squares) algorithm, as measured by the R2 val-
ues. The fundamental reason behind the phenomenon is
that QR algorithm based on the Gaussian Fit algorithm
and Kalman smoothing can recover some nonlinear parts
from the quantized observation, while the LLS algorithm
assumes the quantizer has a fixed input-output relation-
ship.

Kalman smoothing was also used without the Gaus-
sian Fit scheme. Its performance was also superior to
that of the LLS method. When the effects of quantiza-
tion were dominant the performance of the QR algorithm
was significantly better than that of Kalman smoothing
alone. When the underlying signal was noisy, however,
the performances of the QR and Kalman smoothing al-
gorithms were similar. Therefore it is concluded that
the Gaussian Fit scheme offers the most improvement
when quantization is severe, but that when noise is pre-
dominant the majority of the benefit is due to Kalman
smoothing.

QR reconstruction of a transient response signal from
experimental plant data gave an AR series of the cor-
rect order and with z-plane poles close to the true val-
ues. It can be concluded that QR reconstruction has the
capacity to be useful in the accurate reconstruction of
autoregressive time series from quantized process data.
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Rodŕıguez, Iván E., 428
Ruppen, D., 255

S
Sakizlis, Vassilis, 223
Saleem, S., 448
Samad, Tariq, 352
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