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Frequently applied micro models for gas–liquid mass transfer all assume the presence

of a liquid bulk. However, some systems are characterised by the absence of a liquid

bulk, a very thin layer of liquid flows over a solid surface. An example of such a

process is absorption in a column equipped with structured packing elements. The

penetration model was slightly modified, so that it can describe systems without

liquid bulk. A comparison is made between the results obtained with the modified

model and the results that would be obtained when applying the original penetration

theory for systems with liquid bulk. Both physical absorption and absorption

accompanied by first and second order chemical reaction have been investigated. It

is concluded that the original penetration theory can be applied for systems without

liquid bulk, provided that the liquid layer has sufficient thickness (d . d�pen). For

packed columns this means, in terms of Sherwood number, Sh � 4.

KEYWORDS: penetration theory, mass transfer, film, liquid layer, packed columns,

structured packing

INTRODUCTION
Mass transfer from a gas phase to a liquid phase proceeds via the interfacial area. Micro
models are required to model this interphase transport of mass that often takes place in
combination with a chemical reaction. Frequently applied micro models are the stagnant
film model in which mass transfer is postulated to proceed via stationary molecular diffu-
sion in a stagnant film of thickness d (Whitman, 1923), the penetration model in which the
residence time u of a fluid element at the interface is the characteristic parameter (Higbie,
1935) and the surface renewal model in which a probability of replacement is introduced
(Danckwerts, 1951). All these micro models assume the presence of a well mixed liquid
bulk, which limits the application of these models to systems where a liquid bulk is
present, for example absorption in a tray column or mass transfer in a tank reactor. The
question arises whether it is also possible to apply the micro models for systems where
no liquid bulk is present, for example absorption in a column with structured or random
packing elements. In this paper, the penetration model approach is modified, so that it
can describe systems without a liquid bulk. Next, a comparison is made between the orig-
inal penetration theory and the modified one.
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THEORY

INTRODUCTION
The problem considered is gas–liquid mass transfer followed by an irreversible first order
reaction:

A(g)! P(l ) (1)

Ra ¼ kR½A� (2)

The mathematical model used is based on the following assumptions:

1. Mass transfer takes place from the gas phase to a liquid layer that flows over a vertical
contact surface.

2. The mass transfer in the gas phase is described with the stagnant film model. In the
current work, the conditions are chosen so that the gas phase mass transfer is no limit-
ing factor.

3. The mass transfer in the liquid phase is described according to the penetration model
approach.

4. The reaction takes place in the liquid phase only.
5. The liquid phase components are non-volatile.
6. Axial dispersion in the liquid layer can be neglected.
7. The velocity profile in the liquid layer is either plug flow or a fully developed para-

bolic (laminar flow).
8. Temperature effects on micro scale are neglected.

HIGBIE PENETRATION MODEL
First, the standard penetration model is discussed (Figure 1). The phenomenon of mass
transfer accompanied by a chemical reaction is governed by the equation (3). To permit
a unique solution of the non-linear partial differential equation, one initial (4) and two
boundary conditions (5) and (6) are required:

@½A�

@t
¼ Da

@2½A�

@x2
� Ra (3)

t ¼ 0 and x � 0: ½A� ¼ ½A�l,bulk (4)

t . 0 and x ¼ 1: ½A� ¼ ½A�l,bulk (5)

Ja ¼ �Da

@½A�

@x

� �
x¼0

¼ kg ½A�g,bulk �
½A�x¼0

ma

� �
(6)

Species P do not need to be considered because of to the irreversibility of the
reaction (1).
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PENETRATION MODEL FOR SYSTEMS WITHOUT LIQUID BULK
In this section it is assumed that mass transfer takes place from a continuous gas phase to a
liquid layer that flows down over a vertical contact surface (Figure 2). The model can
however be modified easily to apply for non-vertical surfaces or for systems without
contact surface.

Mass transport in the x direction takes place by diffusion, as is the case with the pen-
etration model. Mass transport in the vertical (y) direction takes place primarily due to the
flow in the liquid layer over the contact surface. The contribution of diffusion or axial dis-
persion to the mass transport is neglected.

Please note that this equation is similar to the penetration model (equation (3)). The
vertical velocity vy and the vertical position y have replaced the time t. To permit a unique
solution of the non-linear partial differential equation (7), one boundary condition (8) and
two boundary conditions (9, 10) are required:

vy

@½A�

@y
¼ Da

@2½A�

@x2
� Ra (7)

y ¼ 0 and x � 0: ½A� ¼ ½A�l,0 (8)

y . 0 and x ¼ d:
@½A�

@x
¼ 0 (9)

Ja ¼ �Da

@½A�

@x

� �
x¼0

¼ kg ½A�g,bulk �
½A�x¼0

ma

� �
(10)

Figure 1. Penetration model for systems with liquid bulk
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Please note that the boundary condition for x ¼ 1 has been replaced by a boundary
condition for x ¼ d (9). This boundary condition is a mathematical formulation for the fact
that no species diffuse through the solid surface.

VELOCITY PROFILE
The velocity profile, required to solve the model, is limited by two extremes:

1. Plug flow, the velocity vy is independent of position x.
2. Laminar flow with no-slip boundary condition, the velocity vy at the wall is zero.

Assuming a parabolic velocity profile vy can be calculated from:

vy ¼ vmax 1�
x

d

� �2
� �

(11)

vmax ¼
rgd2

2m
(12)

The most likely situation is that the velocity profile gradually changes from plug
flow at t ¼ 0 to parabolic.

Figure 2. Penetration model for systems without liquid bulk
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MASS TRANSFER FLUX
The mass transfer flux is calculated as the average flux over the contact time u (penetration
model) or the contact length L (layer model):

Ja,bulk ¼
1

u

ðu
0

�Da

@½A�

@x

� �
x¼0

dt (13)

Ja,layer ¼
1

L

ðL

0

�Da

@½A�

@x

� �
x¼0

dy (14)

NUMERICAL TREATMENT
The approach used to solve the model equations is based on the method presented by
Versteeg et al. (1989). The special error-function transformation used by Versteeg et al.
was not implemented, because this can only be applied on systems with a liquid bulk.

RESULTS

INTRODUCTION
The main objective of this paper is to investigate the differences between the results of the
penetration model for systems with liquid bulk and the results of the modified model for
systems where a thin liquid layer flows over a vertical contact surface.

Two different kinds of absorption have been investigated: physical absorption
(section 3.2) and absorption and irreversible 1,0 reaction (section 3.3). Both plug flow
and parabolic velocity profiles in the liquid layer were studied. All main parameters
([A], Da, kR, d, kl, ma, vmax) have been varied over a wide range.

It was found that most results could be summarised into only a few plots, using
dimensionless numbers. The important dimensionless numbers used are:

h ¼
Ja,layer

Ja,bulk

(15)

Xi ¼
d

dpeni

¼
dffiffiffiffiffiffiffiffiffiffi

4Diu
p (16)

Ha ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kR½B�

nDa

p
kl

(17)

Sat ¼
½A�0l

ma½A�g
(18)
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PHYSICAL ABSORPTION
First consider physical absorption (kR ¼ 0). The analytical solution for the penetration
model is given by:

Ja,bulk ¼ kl(ma½A�g � ½A�l) (19)

As a basecase, the following conditions were taken: kl ¼ 5.1025 m/s, ma ¼ 0.5,
[A]g ¼ 100 mol/m3, Da ¼ 1.1029 m2/s, plug flow velocity in layer with vy ¼ 0.1 m/s.
The corresponding penetration depth (dpen) is 45 mm. The mass transfer flux found with
the modified model is given for layers of different thickness in Table 1.

It is found (Table 1) that the mass transfer flux decreases with decreasing layer
thickness. If the layer has a thickness of at least the penetration depth (d . dpen) the
mass transfer flux approaches a value that corresponds to the mass transfer flux according
to the penetration theory (Ja,dpen ¼ Ja,bulk).

The reason that the mass transfer flux decreases once the layer becomes thinner than
the penetration depth is obvious: species A penetrates so deeply into the liquid layer during
the available contact period that it reaches the solid contact interface. Since species A can
not pass the contact surface, the penetrated molecules will collect in the liquid layer. The
build up of these molecules results in an increasing liquid phase concentration of species
A, thus reducing the effective driving force. As a result, the gradient of species A at the
gas-liquid interface will decrease and also the average mass transfer flux during the
contact period will decrease (equations (10) and (14)).

This is visualised by comparing Figures 3, 4 and 5, where the time dependent sol-
ution of the penetration and layer model is given and from which the mass transfer flux can
be obtained using equation (13) or (14). In Figure 3 the concentration profiles during the
absorption period are shown for a system with liquid bulk. In Figure 4 the same parameters
have been used for a system without liquid bulk and a liquid layer with a thickness dpen. In
Figure 4 it can be seen that for the last three lines species A starts to build up in the liquid
layer (please note that dpen is somewhat smaller than the actual physical penetration depth
d�pen). The influence on the mass transfer flux can however still be neglected since the gra-
dient of the lines at the gas-liquid interface (x ¼ 0) is still almost equal to that shown in
Figure 3. In Figure 5 the layer thickness has been reduced to dpen/2. Now, the gradient
of the lines at x ¼ 0 is significantly smaller so that the mass transfer flux will decrease
(see also Table 1).

Table 1. Mass transfer flux (mol/m2s) as a function of layer thickness, results are

valid for basecase

Layer model

Ja,bulk Ja,dpen Ja,dpen/2 Ja,dpen/4 Ja,dpen/8 Ja,dpen/16

0.0025 0.00249 0.00206 0.00111 0.00055 0.00028
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Figure 3. Concentration profiles for basecase with liquid bulk
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Figure 4. Concentration profiles for basecase with d ¼ dpen
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This is also shown in Figure 6, where the cumulative flux of the layer model during
the contact period is plotted (vertical axis) against the cumulative flux of the penetration
model (horizontal axis). Initially, the cumulative flux is independent of the layer thickness
(lower left corner of Figure 6) and at a certain moment, depending on the layer thickness,
the flux of the layer model falls behind that of the penetration model because species A
builds up in the liquid layer and reduces the driving force for mass transfer.

The results presented in Table 1 are valid for the basecase only. In Table 2, the
results are generalised by conversion in a dimensionless mass transfer efficiency compared
to a system with liquid bulk (equation (15)). Variation of various system parameters over a
wide range showed that Table 2 is valid for any value of kl, ma, [A]g, [A]l

0, Da and vy (plug
flow velocity profile).

The only parameters influencing the results presented in Table 2 are the occurrence
of a chemical reaction (see section 3.3 and 3.4) and the shape of the velocity profile. In
case of a fully developed parabolic velocity profile, the results are as given in Table 3.

Comparing Table 2 and Table 3 shows that the mass transfer efficiency with a para-
bolic velocity profile is lower than with a plug flow velocity profile. Since the mass transfer
flux for systems with bulk (Ja,bulk) will be the same for both cases, the same conclusion
holds with respect to the absolute value of the mass transfer flux. A possible explanation
is that with a parabolic velocity profile the liquid layer will move slower close to the solid
contact surface. This results in a larger accumulation of species A close to the solid contact
surface (close to y ¼ d) and thus lowers the driving force and the mass transfer flux.
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Figure 5. Concentration profiles for basecase with d ¼ dpen/2
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Table 3. Mass transfer efficiency compared to system with liquid bulk,

results are valid for physical absorption (parabolic flow profile)

hd�pen
hdpen hdpen/2 hdpen/4 hdpen/8 hdpen/16

0.99 0.92 0.59 0.30 0.15 0.07
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Figure 6. Cumulative (scaled) contribution of mass transfer flux with layer model versus bulk

model at various layer thickness, plug flow velocity profile

Table 2. Mass transfer efficiency compared to system with liquid

bulk, results are valid for physical absorption (plug flow profile)

hdpen hdpen/2 hdpen/4 hdpen/8 hdpen/16

1.00 0.82 0.44 0.22 0.11
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It is found (Table 3) that if the layer has a thickness of at least the physical penetration
depth (d . d�pen) the mass transfer flux approaches a maximum that corresponds to the mass
transfer flux according to the penetration theory. The requirement of a layer thickness of at
least d�pen is obvious, because this is the maximum distance that species A can penetrate
during the contact time. If the liquid layer has a thickness above this, species A will not
at all reach the solid contact surface and the flux will not be affected by it.

The fact that in case of a plug flow velocity profile the minimum required thickness
(dpen) is somewhat less than for a parabolic profile (d�pen ¼ dpen

.
p
p) is caused by the fact

that although species A does reach the contact surface during the contact period and
although species A starts to build up in the liquid layer, the gradient at the gas-liquid inter-
face is not significantly affected and especially the average gradient is not changing sig-
nificantly in case of plug flow (Figure 4) but does change in case of a parabolic profile
(Figure 7). This is also found by comparing the cumulative flux for parabolic flow
(Figure 8) and plug flow (Figure 6). In case of parabolic flow the flux obtained with a
layer of thickness dpen falls behind the flux of the penetration model (upper right corner
of Figure 8) while this is not the case for plug flow (Figure 6).

ABSORPTION AND IRREVERSIBLE 1,0-REACTION
Absorption can be accompanied by a chemical reaction. In case of an irreversible 1,0-
reaction, species A is converted to one or more products (P):

A(g)! A(l )! P(l ) (20)

Ra ¼ kR½A� (21)
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Figure 7. Concentration profiles for basecase with d ¼ dpen and parabolic velocity profile
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An important parameter that characterises how the mass transfer is affected by the
chemical reaction is the reaction-diffusion modulus (Hatta number (Hatta, 1932)):

Ha ¼

ffiffiffiffiffiffiffiffiffiffi
kRDa

p

kl

(22)

For systems with bulk, the ‘fast reactions’ (Ha . 2) are considered to proceed pre-
dominantly near the gas–liquid interface, while the ‘slow reactions’ (Ha , 0.2) are con-
sidered to occur mainly in the liquid bulk. Based on this, it can be expected that the
differences between the mass transfer flux for systems with bulk and systems with a
liquid layer are most important at low Hatta numbers. To confirm this, the mass transfer
efficiency was determined as a function of Hatta number and layer thickness. It was found
that the results do not depend on kl, ma, [A]g, Da and vy (plug flow velocity profile). The
reaction kinetics (kR) do influence the results and this is included in the results using the
dimensionless Ha number (Figure 9).
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Figure 8. Cumulative (scaled) contribution of mass transfer flux with layer model versus bulk

model at various layer thickness, parabolic velocity profile
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With increasing reaction rate (increasing Ha) the minimum required layer thickness
for optimal mass transfer (h ¼ 1) decreases. For example, for Ha ¼ 0.1 a layer with a
thickness of dpen is required to obtain an efficiency of 1.0. For Ha ¼ 10 a layer with a
thickness of only dpen/8 is sufficient. This can be explained by the fact that with increasing
reaction rate, the effective penetration depth of species A decreases because more
molecules have been converted into products C and D before they reach the solid
contact surface.

Again, in case of plug flow velocity profile, a layer thickness of at least dpen ensures
a mass transfer flux equal to that of a system with liquid bulk, for any Ha.

The parameter [A]l
0 also influences the results and this is included in the results using

the dimensionless number Sat. A saturation of 80% means for example that the liquid layer
was initially loaded with gas phase species A to an amount of 80% of the saturation
capacity (equation (18)). It is found that the initial saturation of the liquid layer (Sat)
has an influence on the efficiency factor for Hatta numbers from approximately 0.1 to
2.0 (Figure 10). For these Hatta numbers, the efficiency factor increases with the
amount of initial saturation. To explain this result, the three different regions have to be
discussed separately. For low Hatta numbers (Ha , 0.1) the mass transfer flux decreases
linear with (1-Sat), this will be the same for systems with and without liquid bulk, so that
the efficiency is not dependent of Sat. For high Hatta numbers (Ha . 2) the reaction is so
fast that the saturation decreases to zero very fast and the initial saturation (Sat) does not at
all influence the flux. Again, the efficiency is not a function of Sat. In the intermediate
region (0.1 , Ha , 2) the situation is more complex, the flux is dependent of Sat, but
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Figure 9. Mass transfer efficiency relative to system with liquid bulk. First order reaction,

initially clean liquid, plug flow velocity profile
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varies not linear with (1-Sat). In this region, the mass transfer is affected by the chemical
reaction as well as the diffusion process. The diffusion process itself is however influenced
by the presence of the solid contact surface as well as by the value of Sat. As can be seen
from Figure 10 this becomes more important with decreasing layer thickness (the relative
difference in efficiency between a saturation of 0% and 95% increases with decreasing
layer thickness, see Table 4).

In case of a fully developed parabolic velocity profile, a similar plot is obtained
(Figure 11). A layer thickness of at least d�pen is required to ensure a mass transfer flux
equal to that of a system with liquid bulk, for any Hatta. Again, the influence of pre-satur-
ating the liquid was investigated (Figure 12). It can be seen that in case of a parabolic
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Figure 10. Mass transfer efficiency relative to system with liquid bulk. First order reaction,

plug flow velocity profile

Table 4. Relative influence of initial saturation on mass transfer efficiency as a

function of layer thickness (plug flow, Ha ¼ 0.4)

dpen dpen/2 dpen/4 dpen/8 dpen/16

hSat¼0% 1.00 0.848 0.485 0.248 0.125

hSat¼95% 1.00 0.905 0.583 0.311 0.158

hSat¼95%
hSat¼0%

1.00 1.07 1.20 1.25 1.26
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Figure 11. Mass transfer efficiency relative to system with liquid bulk. First order reaction,

initially clean liquid, parabolic velocity profile
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velocity profile the mass transfer flux of an initially partially saturated liquid can in theory
be higher in case of a liquid layer with thickness of dpen/2 than for a system with liquid
bulk (an efficiency of 1.13 is found for a 95% saturated liquid layer at Ha ¼ 0.4). This
can be explained by the fact that for these conditions, the liquid is initially containing
more of species A then it does after the contact period. In other words, at t ¼ 0 the
value of Sat is so high that species A is consumed faster than it is transferred from the
gas phase to the liquid phase. The chemical reaction enhances the mass transfer, and
this influence is favoured by the parabolic velocity profile due to extra refreshment near
the gas–liquid interface. For thinner liquid layers this becomes more important because
dvy/dx is larger. Please note that this is not of practical importance because in practice
the liquid will initially never be saturated so much that the consumption of A is higher
than the transport of A to the liquid.

DESIGN IMPLICATIONS
The criteria found for successful application of the penetration model are summarised in
Table 5.

To understand the impact of the criteria presented above on equipment design let’s
consider an absorption column with structured packing. In Table 5, the criteria for para-
bolic flow are stricter than for plug flow. In practice a system will be in between plug
flow and parabolic flow, so that the criteria for parabolic flow should be chosen. Combi-
nation of equation (23) and Table 5 gives the final operation window in terms of Sherwood
number as shown in Table 6. The Sherwood number for mass transfer is defined as:

Sh ¼
kld

Da

(23)

Table 5. Operation window of the penetration model

Absorption Flow Hatta Operation window

Physical Plug – d � dpen

Physical Parabolic – d � d�pen

1,0-reaction Plug any d � dpen

1,0 reaction Parabolic any d � d�pen

Table 6. Operation window of the penetration model

in terms of Sh (packed column)

Absorption Operation window

Physical Sh � 4

1,0-reaction, with any Ha Sh � 4
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Typical Sherwood numbers for packed columns are 10 to 100 (Westerterp et al.,
1990). From this we can conclude that for most practical applications the penetration
model can be used without error.

CONCLUSIONS
Existing micro models for gas–liquid mass transfer assume the presence of a liquid bulk.
Strictly, this means that they can only be applied provided that a liquid bulk is available.
The calculations in this paper indicate that application of the penetration model is in many
situations also possible for systems without liquid bulk.

If a thin layer of liquid flows down over a solid contact surface, the penetration
model will give good results as long as the layer thickness d is at least equal to the pen-
etration depth d�pen. In terms of Sherwood number this means Sh � 4. If this condition is
not fulfilled, the penetration model may over-estimate the mass transfer flux.

NOTATION
d film or layer thickness, m
dpen effective physical penetration depth of species A for plug flow

(defined by
p

4Dau), m
d�pen actual physical penetration depth (defined by dpen

.
p
p).

Dsubscript diffusivity, m2 s21

Ea enhancement factor, 1
Ea,1 enhancement factor instantaneous reaction, 1
g gravitational constant, m/s2

Ha Hatta number (defined by equation (17)), 1
Jsubscript molar flux, mol m22 s21

Ja,subscript molar flux of species A, the subscript defines the layer thickness
d, mol m22 s21

ksubscript mass transfer coefficient, m s21

kR reaction rate constant, s21

L contact length (defined by vyu), m
msubscript gas–liquid partition coefficient, l
Rsubscript reaction rate, mol m23 s21

Rgas ideal gas constant, J mol21 K21

Sat saturation liquid by component A (equation (18)), 1
Sh Sherwood number (defined by equation (23)), 1
t time variable, s
vsubscript velocity, m/s
x position perpendicular to interface, m
X dimensionless layer thickness (equation (16)), m
y position parallel to interface, m
[]subscript concentration at position subscript, mol m23

d film or layer thickness, m
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m dynamic viscosity, Pas
h efficiency compared to system with liquid bulk (relative flux)

(defined by equation (15)), 1
r density, kg m23

u contact time according to penetration model (defined by
4Da/pkl

2), s

SUBSCRIPTS
0 initial value
a,p of respectively species A, P
bulk at bulk conditions
g gas phase
i interface
i species i
l liquid phase
layer for systems without liquid bulk
pen according to penetration theory
x/y in x direction/in y direction
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