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Abstract— A simple procedure for the systematic computa-
tion of flat outputs for nonlinear control systems is presented.
After symbolic linearization of the system equations, a so-called
tangent flat output is determined. For this purpose, a new
algorithm which is based on the calculation of nullspaces and
generalized inverses is given. If some integrability conditions
are satisfied, the flat output of the nonlinear system can be
determined by integration. The procedure is illustrated in detail
by computational examples.

I. INTRODUCTION

Since the introduction of differential flatness about twenty
years ago [1], [2], it has been shown to be one of the most
powerful methods in the theory of nonlinear control systems
by an impressive number of applications (see e. g. the ref-
erences in [3]). Once a flat output of a system is known,
the trajectory planning and feedback controller design are
simplified significantly. However, deciding whether a system
is flat and furthermore calculating a flat output are non-
trivial tasks. Even though a considerable amount of work
has been done in this direction, see e. g. [4], [5], [6], [7],
[8], [9] for different approaches, it has been solved for some
special system classes only, see [10], [11] for an overview.
In general, this problem still remains open.

In this contribution, we consider control systems described
by implicit systems

0 = F (x, ẋ), x(t) ∈ Rn (1)

of n−m equations. These systems may be the result of an
input elimination an explicit differential equation

ẋ = f(x, u), x(t) ∈ Rn, u(t) ∈ Rm, (2)

with state x, its time derivative ẋ = d
dtx, and control input

u. By the implicit function theorem (see [12, Chapter 7], for
instance), this elimination is always possible provided that
∂f
∂u has full column rank m. We recall that the set of variables

y = (y1, . . . , ym) = h(x, ẋ, ẍ, . . .)

is called a flat output of system (1) if its components
are differentially independent (i.e., there is no differential
equation in y) and if x can be calculated from y and a finite
number of its derivatives [13].

An adapted version of the approach given in [14], [15]
is proposed here for the determination of flat outputs of
systems described by (1). The presented approach is also
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strongly related to [16], where the explicit description (2) is
considered. The idea is roughly sketched as follows. At first,
the differential equations are (symbolically) linearized. For
the resulting tangent system a so-called tangent flat output is
calculated. This is done by a new algorithm, which can easily
be implemented in a computer algebra system. Subsequently,
one tries to integrate this linear flat output to get a flat output
of the nonlinear system. The main obstacle is that there is
an infinite amount of possible flat outputs of the tangent
system that need to be taken into account when checking
integrability conditions. Nevertheless, the procedure proves
to be successful in many applications. This is illustrated by
three examples here.

The present paper is structured as follows. Section II
deals with the linearized system and gives an algorithm for
the determination of the tangent flat output. Subsequently,
flatness conditions are discussed in terms of integrability
conditions of the tangent flat output in section III. Finally,
three examples are presented in Section IV.

II. TANGENT FLAT OUTPUTS
The linearization of (1) gives

0 = dF =

n∑
i=1

(
∂F

∂xi
dxi +

∂F

∂ẋi
dẋi
)
, (3)

with the exterior derivative d. We are interested in a flat
output of the linearized system (3), i. e. a system of m
independent one-forms ωj , j = 1, . . . ,m, from which the
coordinates dx can be calculated. Such a system of one-
forms is called tangent flat output here. In the following, we
will give an algorithm for calculating a tangent flat output
ωj , j = 1, . . . ,m, posessing the special structure

ωj =

n∑
i=1

ωji dx
i, (4)

with smooth functions ωji depending on x and its derivatives.
The procedure is based on an iteration which in every
step consists of a coordinate transformation followed by an
elimination of some variables. Thus, the dimension of the
system can be reduced successively, which ends up with
a trivial system (no equations) of flat outputs – provided
that the tangent system is controllable. For convenience of
notation, we introduce the (n−m)× n matrices

P0,[0] =
∂F

∂x
(x, ẋ), P1,[0] =

∂F

∂ẋ
(x, ẋ). (5)

We use v[0] instead of dx as coordinates for the tangent
system such that (3) reads

0 = P0,[0]v[0] + P1,[0]v̇[0], (6)
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which is the starting point of the following algorithm. The
subscript in brackets denotes the iteration counter. The fol-
lowing two steps have to be done repeatedly (i = 0, 1, . . .):

1) The variables v[i] in

0 = P0,[i]v[i] + P1,[i]v̇[i] (7)

are replaced by v[i+1] and w[i+1] according to

v[i] = P+
1,[i]v[i+1] + P⊥1,[i]w[i+1]. (8)

and its time derivative:

v̇[i] = P+
1,[i]v̇[i+1] + Ṗ+

1,[i]v[i+1]+

+ Ṗ⊥1,[i]w[i+1] + P⊥1,[i]ẇ[i+1].

The matrices P+
1,[i] and P⊥1,[i] are chosen such that

P1,[i]P
+
1,[i] = I (identity) and P1,[i]P

⊥
1,[i] = 0 hold1

true. Thus, they clearly depend on x and its time
derivatives (of order at most i + 1). In the new
coordinates, Equation (7) reads as

0 = v̇[i+1] +A[i]v[i+1] +B[i]w[i+1] (9)

with matrices

A[i] =
(
P0,[i] − Ṗ1,[i]

)
P+
1,[i],

B[i] =
(
P0,[i] − Ṗ1,[i]

)
P⊥1,[i].

Here, the identities P1,[i]Ṗ
+
1,[i] = −Ṗ1,[i]P

+
1,[i] and

P1,[i]Ṗ
⊥
1,[i] = −Ṗ1,[i]P

⊥
1,[i] have been exploited. Note

that the time derivatives ẇ[i+1] do not appear in
Equation (9). If the matrix B[i] does not have full
column rank, Remark 1 given below has to be taken
into account.

2) The variables w[i+1] are eliminated from (9). For this
purpose B⊥[i] of maximal rank is calculated, such that
B⊥[i]B[i] = 0. This leads to

0 = B⊥[i]A[i]v[i+1] +B⊥[i]v̇[i+1]

= P0,[i+1]v[i+1] + P1,[i+1]v̇[i+1], (10)

which is of the same form as (7) but of reduced
dimension.

The Moore-Penrose inverse B+
[i] of B[i] can be employed

together with (9) to determine w[i+1] from v[i+1] and its
derivative v̇[i+1]:

w[i+1] = −B+
[i]v̇[i+1] −B+

[i]A[i]v[i+1]. (11)

The relationship between successive coordinates v[i+1] and
v[i] can be calculated from (8) together with (11) as

v[i] = P+
1,[i]v[i+1] − P⊥1,[i]

(
B+

[i]v̇[i+1] +B+
[i]A[i]v[i+1]

)
=
(
P+
1,[i] − P

⊥
1,[i]

(
B+

[i]
d
dt +B+

[i]A[i]

))
︸ ︷︷ ︸

G[i](
d
dt )

v[i+1], (12a)

v[i+1] = P1,[i]v[i]. (12b)

1The matrix P⊥
1,[i]

should be of maximal rank, i. e., its columns span the
right nullspace of the matrix P1,[i].

The latter equation has been obtained by a multiplication of
(8) by P1,[i].

In every iteration step, the dimension of the system (7)
is reduced. The procedure finishes when, in the k-th step,
the matrix B[k] reaches full row rank. In this case, v[k+1]

does not need to fulfill any equations like (10) since B⊥[k]
does not exist. Thus, v[k+1] can be freely chosen and hence
it constitutes flat output. The original coordinates v[0] can
be computed from v[k+1] and vice versa by means of k + 1
repeated evaluations of (12):

v[0] = G[0](
d
dt )G[1](

d
dt ) · · ·G[k](

d
dt )v[k+1] (13a)

= G( ddt )v[k+1],

v[k+1] = P1,[k]P1,[k−1] · · ·P1,[0]v[0] = Qv[0]. (13b)

Remark 1: If the matrix B[i] = (P0,[i]− Ṗ1,[i])P
⊥
1,[i] in (9)

has linear dependent columns, the transformation (8) should
be replaced by

v[i] = P+
1,[i]v[i+1] + P̃⊥1,[i]w[i+1] + Z[i]z[i+1], (14)

such that B̃[i] = (P0,[i] − Ṗ1,[i])P̃
⊥
1,[i] has full column rank.

Additionally for Z[i], it should hold (P0,[i] − Ṗ1,[i])Z[i] = 0
as well as P1,[i]Z[i] = 0. When applying the transformation
(14), the coordinates z[i+1] do not appear in (7). The result
is the same as in (9) where B[i] has to be replaced by
B̃[i] = (P0,[i] − Ṗ1,[i])P̃

⊥
1,[i]. Consequently, z[i+1] can be

chosen freely and constitute a part of the flat output of the
tangent system. The inverse transformation of (14) is given
by

z[i+1] = Z+
[i]v[i]

= Z+
[i]P1,[i−1]P1,[i−2] · · ·P1,[0]v[0] (15)

where the matrix Z+
[i] is uniquely determined by the condi-

tions

Z+
[i]Z[i] = I, Z+

[i]P̃
⊥
1,[i] = 0, Z+

[i]P
+
1,[i] = 0.

Remark 2: If the matrix B[i] in (9) is actually a zero
matrix, the coordinates w[i+1] disappear and (9) becomes
a completely determined differential equation in the coordi-
nates v[i+1], namely

0 = v̇[i+1] +A[i]v[i+1].

This differential equation corresponds to a noncontrollable
subsystem of (3). Hence, the nonlinear system (1) cannot be
locally reachable and thus is not flat. Consequently, if we
assume local reachability of (1), the case B[i] = 0 cannot
occur.

Remark 3: To reduce the computational effort, the matrix
P⊥1,[i] (i = 1, 2, . . .) in the transformation (8) can be chosen to
equal B[i−1] of the last iteration step provided that Remark 1
does not apply. This can be done since P1,[i] = B⊥[i−1] holds.
In summary, the coordinates of a flat output (4) of the tangent
system are given by (13b) and by (15). The latter equation
applies for all i with B[i] of nonfull column rank. In both
equations v[0] shall be replaced by dx. Obviously, the one
forms ωj have only dx terms.
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III. FLATNESS AND INTEGRABILITY
CONDITIONS

So far, a tangent flat output (ωj), j = 1, . . . ,m of the
linearized system has been calculated. Every other tangent
flat output (ω̃j), j = 1, . . . ,m can be calculated by means
of a unimodular m×m polynomial2 operator matrix U( ddt ):

(ω̃j) = U( ddt )(ω
j).

By unimodularity of U( ddt ), the inverse

(ωj) = Ū( ddt )(ω̃
j)

of this transformation exists and furthermore only ω and its
derivatives are needed to calculate ω̃ (no integrals have to
be solved). It is well known (see [16], [6]) that a system is
flat, if and only if there exist such ω̃ that is integrable, i. e.
there are m functions hj , such that

dhj = ω̃j , j = 1, . . . ,m.

This condition may lead to practically intractable calculations
since the order of the differential operators in U( ddt ) is in
general not bounded a priori. Thus, it is not useful as a
necessary condition. Nevertheless, checking the condition for
low order polynomials in U( ddt ) may be enough in some
applications. The easiest case of zeroth order is covered by
the classical Frobenius theorem, see e. g. [19], which reads
as

dωj ∧ ω1 ∧ · · · ∧ ωm = 0, j = 1, . . . ,m, (16)

where ∧ is the exterior product. This is the dual version of
the well-known formulation of Frobenius’ theorem in terms
of Lie brackets [12, Proposition 19.7]. If (16) is satisfied,
there exists a matrix U = (U ji ) such that

ω̃j =

m∑
i=1

U ji ω
i

is integrable. The flat output h is then given by integration
of dhj = ω̃j . Since we can furthermore restrict the consid-
erations to dF = 0 (and time derivatives of this expression)
the condition (16) can be further relaxed to

dωj ∧ ω1 ∧ · · · ∧ ωm ∧ dF 1 · · · ∧ dFn−m = 0, (17)

for j = 1, . . . ,m.

2To be more precise, we consider matrices of skew polynomials ([17],
also called Ore polynomials [18]) U( d

dt
) ∈ K[ d

dt
]m×m here. The field of

coefficients K is given by the meromorphic functions in x and its derivatives
and the multiplication rule is determined by d

dt
a = ȧ + a d

dt
with a ∈ K.

Since the classical notions for polynomial matrices can be generalized to
the skew polynomial case, we do not stress the non-commutativity in the
remainder of the paper. In particular, a (skew) polynomial matrix U( d

dt
) is

called unimodular, if it possesses a (skew) polynomial inverse Ū( d
dt

) such
that Ū( d

dt
)U( d

dt
)= U( d

dt
)Ū( d

dt
) = Im, see [18].

IV. EXAMPLES

A. A Satellite Model

The movement of a satellite is assumed to be described
by the Euler equations of rigid body motion, cf. also [20]:

ẋ1 = a1x
2x3 + u1,

ẋ2 = a2x
1x3 + u2

ẋ3 = a3x
1x2.

The coordinates xi, i = 1, 2, 3, represent the angular ve-
locities around the i-th principal axes of inertia. The inertia
parameters a1, a2, and a3 are assumed to be positive. The
torques applied around the first and second principal axis
by gas jet actuators are represented by u1 and u2. The last
equation is free of inputs and thus can be taken as the implicit
system description:

0 = F (x, ẋ) = ẋ3 − a3x1x2.

We are looking for a flat output of this system. For this
purpose, the implicit desription is linearized

0 = dF = −a3x2dx1 − a3x1dx2 + dẋ3. (18)

The matrices corresponding to (5) are

P0,[0] =
(
−a3x2 −a3x1 0

)
,

P1,[0] =
(
0 0 1

)
.

In the first step, we calculate

P+
1,[0] =

0
0
1

 , P⊥1,[0] =

1 0
0 1
0 0


which gives

A[0] = (P0,[0] − Ṗ1,[0])P
+
1,[0] =

(
0
)
,

B[0] = (P0,[0] − Ṗ1,[0])P
⊥
1,[0] =

(
−a3x2 −a3x1

)
.

Since the matrix B[0] is not of full column rank, the case
described in Remark 1 has to be considered. We are looking
for a matrix Z[0] such that (P0,[0] − Ṗ1,[0])Z[0] = 0 and
P1,[0]Z[0] = 0. This holds true for

Z[0] =

 x1

−x2
0

 .

We choose

P̃⊥1,[0] =

x2x1
0


and it follows

B̃[0] = (P0,[0] − Ṗ1,[0])P̃
⊥
1,[0] =

(
−a3(x2)2 − a3(x1)2

)
.

The algorithm finishes since B[0] has full row rank. The
tangent flat output consists of v[1] = P1,[0]v[0] and z[1] =
Z+
[0]v[0], where

Z+
[0] =

(
x1

(x1)2+(x2)2 − x2

(x1)2+(x2)2 0
)
.
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Using the coordinates dx we have(
ω1

ω2

)
=

(
0 0 1
x1

(x1)2+(x2)2 − x2

(x1)2+(x2)2 0

)dx1

dx2

dx3

 . (19)

For the sake of completeness, the inverse transformation is
also stated here:

dx =
(
P+
1,[0] − P̃

⊥
1,[0]

(
B+

[0]
d
dt +B+

[0]A[0]

))
v[1] + Z[0]z[1]

=

 x2

a3((x1)2+(x2)2)
d
dt x1

x1

a3((x1)2+(x2)2)
d
dt −x2

1 0

(ω1

ω2

)
,

with B+
[0] = −1

a3((x2)2+(x1)2) . By putting this into (18) it
is easily seen that ω1 and ω2 can be chosen freely. The
singularity of the transformation at 0 = x1 = x2 is due to
the noncontrollability of the model at this point.

To get a flat output of the nonlinear system, one can try
to integrate the system of one-forms (19)

ω1 = dx3

ω2 =
x1

(x1)2 + (x2)2
dx1 − x2

(x1)2 + (x2)2
dx2.

Since we have dω1 = 0 and dω2 ∧ ω2 = 0 the system is
integrable. Indeed, by multiplying ω2 by ((x1)2 +(x2)2) we
can solve the integral. A corresponding flat output is

y1 = x3

y2 =
1

2
((x1)2 − (x2)2).

B. The Rolling Disc

The kinematic model of a disc rolling without slipping on
a horizontal plane is described by

0 = F 1 = ẋ1 cosψ + ẋ2 sinψ + a(ψ̇ cos θ + φ̇)

0 = F 2 = −ẋ1 sinψ + ẋ2 cosψ + aθ̇ sin θ
(20)

where (x1, x2) are the coordinates of the projection of the
center of the disc on the plane, ψ is the angle of rotation
around the vertical axis, θ is the tilt angle of the axle, and φ
is the rotation angle of the disc about the axle, cf. Fig. 1. We
remark that, in contrast to the example studied for instance
in [21], tilting of the disc is explicitly permitted here.

The rolling without slipping condition is represented by
(20), see also [22], [23]. Since there are two restricting
equations for this system described in the five coordinates
(x1, x2, θ, φ, ψ), a flat output will be of dimension three. It
was shown in [24] that this system is flat but no flat output
was given there.

At first the linearization of (20) is calculated:

dF 1 = cosψdẋ1 + sinψdẋ2 − aψ̇ sin θdθ+

+
(
ẋ2 cosψ − ẋ1 sinψ

)
dψ + adφ̇+ a cosψdψ̇,

dF 2 = − sinψdẋ1 + cosψdẋ2 + aθ̇ cos θdθ+

−
(
ẋ1 cosψ + ẋ2 sinψ

)
dψ + a sin θdθ̇.

Fig. 1. Coordinates of the disc rolling on a plane.

The matrices according to (5) are

P0,[0] =

(
0 0 −aψ̇ sin θ 0 ẋ2 cosψ − ẋ1 sinψ

0 0 aθ̇ cos θ 0 ẋ1 cosψ + ẋ2 sinψ

)
P1,[0] =

(
cosψ sinψ 0 a a cos θ
− sinψ cosψ a sin θ 0 0

)
.

The choice

P⊥1,[0] =


−a cosψ cos θ −a cosψ a sinψ sin θ
−a sinψ cos θ −a sinψ −a cosψ sin θ

0 0 1
0 1 0
1 0 0

 ,

P+
1,[0] =


cosψ − sinψ
sinψ cosψ

0 0
0 0
0 0


gives

A[0] =
(
P0,[0] − Ṗ1,[0]

)
P+
1,[0] =

(
0 −ψ̇
ψ̇ 0

)
B[0] =

(
P0,[0] − Ṗ1,[0]

)
P⊥1,[0] =

(
0 0 0

aφ̇ −aψ̇ 0

)
,

Since B[0] is not of full column rank (cf. Remark 1), a
matrix Z[0] is to be chosen such that P1,[0]Z[0] = 0 and(
P0,[0] − Ṗ1,[0]

)
Z[0] = 0. Take for instance

Z[0] = P⊥1,[0]

0 1

0 φ̇

ψ̇

1 0



=



a sinψ sin θ −a
(

cosψ cos θ + φ̇

ψ̇
cosψ

)
−a cosψ sin θ −a

(
sinψ cos θ + φ̇

ψ̇
sinψ

)
1 0

0 φ̇

ψ̇

0 1


.
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To complete the transformation, we single out a column of
P⊥1,[0] which is independent of the columns of Z[0]. This
column generates the matrix

P̃⊥1,[0] = P⊥1,[0]

0
1
0

 =


−a cosψ
−a sinψ

0
1
0

 .

Thus,

B̃[0] =
(
P0,[0] − Ṗ1,[0]

)
P̃⊥1,[0] =

(
0

−aψ̇

)
is specified as well. In the sequel, the matrix Z+

[0] is uniquely
determined as

Z+
[0] =

(
0 0 1 0 0
0 0 0 0 1

)
.

In the second step, one calculates the left nullspace of B[0]

spanned by
B̃⊥[0] =

(
1 0

)
.

Hence, we have

P1,[1] = B⊥[0] =
(
1 0

)
and

P0,[1] = B⊥[0]A[0] =
(
0 −ψ̇

)
.

With these two matrices, the next iteration step starts. We
choose

P⊥1,[1] =

(
0
1

)
,

P+
1,[1] =

(
1
0

)
and get

A[1] =
(
P0,[1] − Ṗ1,[1]

)
P+
1,[1] =

(
0
)

B[1] =
(
P0,[1] − Ṗ1,[1]

)
P⊥1,[1] =

(
−ψ̇
)
.

The iteration finishes since B[1] has full (row) rank. The
tangent flat output is given by

ω1

ω2

ω3

 =

(
P1,[1]P1,[0]

Z+
[0]

)
dx1

dx2

dθ
dφ
dψ



=

cosψ sinψ 0 a a cos θ
0 0 1 0 0
0 0 0 0 1




dx1

dx2

dθ
dφ
dψ

 .

The system of one-forms is integrable due to the fact that
dω2 = 0 = dω3 and dω1 ∧ω3 = 0. We need to calculate an
’integrating factor’, which is facilitated by the ansatz

ω̃1 = ω1 + µ(x1, x2, θ, φ, ψ)ω3.

After a few calculations, which are not given here, this results
in

ω̃1 = cosψdx1 +sinψdx2 +adφ+(x2 cosψ−x1 sinψ)dψ.

This one-form is integrable since dω̃1 = 0. A flat output y
of the nonlinear system is obtained by integration

y1 = x1 cosψ + x2 sinψ + aφ,

y2 = θ,

y3 = ψ.

For the sake of completeness, we give the inverse transfor-
mation here as well:(

x1

x2

)
=

(
cos y3 − sin y3

sin y3 cos y3

) ÿ1− ÿ3

ẏ3 ẏ
1

(ẏ3)2

ẏ1

ẏ3

 ,

θ = y2,

φ =
1

a

 ÿ1 − ÿ3

ẏ3 ẏ
1

(ẏ3)
2 + y1

 ,

ψ = y3.

C. The Brockett Integrator

The so-called Brockett integrator given by

ẋ1 = u1

ẋ2 = u2

ẋ3 = u1x2 − u2x1

is considered, see [25]. We are looking for flat output. After
elminiating the inputs u1, u2, the system is described by the
implicit representation

0 = F (x, ẋ) = ẋ3 + x1ẋ2 − x2ẋ1.

The exterior derivative leads to the tangent system

dF = x2dẋ1 − ẋ2dx1 − x1ẋ2 + ẋ1dx2 + dẋ3.

The matrices according to (5) are

P1,[0] =
(
x2 −x1 1

)
P0,[0] =

(
−ẋ2 ẋ1 0

)
.

We calculate a basis of the nullspace and a generalized
inverse of P1,[0]

P⊥1,[0] =

−1 x1

0 x2

x2 0

 ,

P+
1,[0] =


x2

1+(x1)2+(x2)2

−x1

1+(x1)2+(x2)2
1

1+(x1)2+(x2)2

 .

Subsequently, we get the matrices

A[0] =
(
P0,[0] − Ṗ1,[0]

)
P+
1,[0] =

(
−2(x1ẋ1+x2ẋ2)
1+(x1)2+(x2)2

)
as well as

B[0] =
(
P0,[0] − Ṗ1,[0]

)
P⊥1,[i] =

(
2ẋ2 2(ẋ1x2 − x1ẋ2)

)
.
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Since B[0] does not have full column rank, the calcula-
tion of a matrix Z[0], such that

(
P0,[0] − Ṗ1,[0]

)
Z[0] = 0

P1,[0]Z[0] = 0 is necessary. Here,

Z[0] =

 ẋ1

ẋ1x2−x1ẋ2

ẋ2

ẋ1x2−x1ẋ2

−1


is chosen. By deletion of the first column of P⊥1,[0], the matrix

P̃⊥1,[0] =

x1x2
0


is constructed. The generalized left inverse of Z[0] which also
fulfills the conditions according to Remark 1 is given by

Z+
[0] =

(
x2 x1 −(x1)2 − (x2)2

)
,

Since B[0] has already full row rank, the algorithm is
finished. The tangent flat output is given by

ω1 = P[0]dx = x2dx1 − x1dx2 + dx3

ω2 = Z+
[0]dx = x2dx1 − x1dx2 −

(
(x1)2 + (x2)2

)
dx3.

For this system of one-forms, an ’integrating factor’ exists
since dω1 ∧ ω1 ∧ ω2 = 0 and dω2 ∧ ω1 ∧ ω2 = 0. Indeed,
the multiplication(
ω̃1

ω̃2

)
=

1

1 + (x1)2 + (x2)2

(
1 −1

(x1)2+(x2)2

x1x2
1

x1x2

)(
ω1

ω2

)
=

(
dx3

1
x1 dx1 − 1

x2 dx2

)
results in two directly integrable one-forms. The correspond-
ing flat output of the nonlinear system are computed by
integration of dy1 = ω̃1 and dy2 = ω̃2:

y1 = x3, y2 = ln
x1

x2
.

The original coordinates x can be calculated from:(
x1
)2

=
ẏ2

ẏ1
exp(y1),(

x2
)2

=
ẏ2

ẏ1
exp(−y1),

x3 = y2.

An alternative flat output can be obtained from ω̄2 = x1

x2 ω̃
2.

Integration leads to ȳ2 = x1

x2 .

V. CONCLUSIONS
A simple procedure for calculating flat outputs of nonlin-

ear control systems has been presented. The main contribu-
tion is a new algorithm, which is useful for the determination
of so-called tangent flat outputs. It is based on simple linear
algebraic operations, which can easily be implemented in a
computer algebra system. Although the problem of giving a
finitely checkable integrability condition for the tangent flat
output still remains open, the presented approach has proven
to be successful in numerous examples – three of them have
been given here.
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