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Abstract

This work introduces a novel strategy for designing optimal water using networks (WUN) involving fixed contaminant load and fixed flowrate operations and featuring multiple contaminants and water sources. A new mixed-integer linear programming (MILP)-based procedure is used to generate a single initial point for the solution of the general non-convex nonlinear program (NLP). It assumes that the freshwater streams go through the units in sequence. Binary variables are used to select the best unit for a particular position in the sequence, from the first to the last. One MILP is required per unit. The new procedure is fairly fast but is also not totally efficient in finding the global optimum due to its inherent singularity. A compromise can be reached and global optimal solutions can be located straightforwardly by specifying the first operation in the sequence, and consequently generating multiple starting points for the NLP.
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1. Introduction
Available water around the world is undergoing a severe shortage due to a growing population and a huge consumption in agriculture, as well as in several industrial sectors, where it is probably the most extensively used raw-material for a wide range of processes. A significant consequence of this usage is the generation of a vast quantity of wastewater that may impose critical environmental problems. Escalating water costs and restrictions on water have motivated engineers towards the conception of more rational water systems. Several contributions have emerged in the literature looking at the identification of re-use and recycle opportunities for water-using networks and/or into the design of distributed wastewater treatment networks, WTN (e.g. Gunaratnam et al., 2005, and Karuppiah & Grossmann, 2006).

This paper builds on our recent work (Teles et al., 2007), where a LP-based heuristic procedure was used to generate multiple structurally different starting points for the solution of the general WUN, NLP design problem and successfully overcome the difficulties resulting from the presence of non-convex bilinear terms in some of the constraints. The aim was to locate the global optimal solution without relying on computationally expensive global optimization solvers. That strategy relied on the pre-selection of all possible sequences of units and subsequently dealing with one operation at a time from the first to the last in the sequence, seeking the lowest inlet freshwater into each operation through successive sequences of linear programs (LPs). That procedure has the advantage of providing feasible networks, some of which may even be global optimal solutions to the problem. The drawback is that a large number of LPs and NLPs is involved, which may lead to a prohibitively high total computational effort as the problem size increases. 
The novel idea presented in this work intends to overcome such weakness. Like in the previous method we also assume that system’s inlet freshwater streams go through the units in sequence but now the position of each is not fixed a priori. Instead, the optimizer will select the most appropriate operation for a particular position (calculation stage) through binary variables. Specifically, the MILP corresponding to the first stage considers all operations but only enables a positive inlet flowrate to the one for which the allocation variable is equal to 1. Identical procedure takes place in the second and following stages, but now the solver is restricted to previously unselected units. To generate a particular starting point, |O| MILPs are required followed by 1 NLP to determine the optimal solution. The new procedure is almost instantaneous but is also less able to find the global optimal solution, since a single starting point, no matter how good it is, is generally insufficient to escape suboptimal solutions. 
Positive enhancements can be considered if for instance one specifies the first operation in the sequence and considers all |O| distinct sequence possibilities to generate multiple initializations for the general NLP. The best found solution is then assumed to be a global optimal solution. Nevertheless, there is no theoretical certainty that the proposed heuristic procedure can always achieve a global optimal solution. Overall, the proposed algorithm can deal with both fixed contaminant load and fixed flowrate operations, and can be viewed as a powerful and systematic search method to achieve high quality designs for WUNs, as will be seen through the solution of some examples problems taken from the literature.
2. Problem description
The design of a water using system involves a set W of fresh water sources containing a number of pollutants (set C), with known concentrations (
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), that are available to satisfy the demands of every water-using operation (set O), which fall in two broad categories (Prakash & Shenoy, 2005): fixed contaminant load operations (set Ofl) which are quality controlled and may be modelled as mass transfer units, and fixed flowrate operations (set Off) that are quantity controlled and do not involve any mass transfer. In relation to the former, data is often expressed by a limiting flowrate (
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) concentrations, which can be related to the mass exchange (
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) through eq 1. For the latter the flowrates entering (
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) any particular unit can be different, whilst their inlet concentrations can vary up to 
[image: image8.wmf]max

in

c

o,

c

. Outlet concentrations are fixed to 
[image: image9.wmf]max

out

c

o,

c

 and are thus independent on the inlet concentrations. The objective is to minimize the total freshwater flowrate into the system, given by eq 2.
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3. Mathematical NLP formulation
A general network superstructure similar to the one proposed by Wang & Smith (1994), which embeds all possible alternative arrangements, including stream reuse and recycling, can be utilized as the basis for a systematic search to obtain globally optimal designs of the NLP problem defined in the previous section. The model variables are the following: 
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, represents the flowrate of fresh water source w needed to satisfy the demand for operation unit o; 
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 are, respectively, the inlet and outlet concentrations for the fixed contaminant load operations; 
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 is the total flowrate into fixed load operation o; 
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 gives the total flow rate from operation j to operation o; and 
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 represents the outlet flowrate from operation o heading for the treatment system.

With respect to model constraints, eq 2 can easily be adapted to the optimization of total costs if one multiplies the flow variables by the appropriate cost parameters. Eq 3 is the total flow balance over the unit’s inlet mixers, where the inlet flow to operation o may come from freshwater streams and/or from the units’ outlet streams. Notice that unlike the total flowrate of fixed load operations, the inlet flowrate of fixed flowrate operations is known. Eq 4 is the total flow balance over the unit’s outlet splitters, where the exiting flow may be heading to the same or to other water-using units, and/or to the treatment system. The next set of constraints is dependent on the type of operation unit under consideration. For fixed contaminant load operations, eqs 5-8 apply, while for fixed flowrate operations eq 9 is the only one required. Eq 5-6 are the mass balances over the mixer of and over the fixed load units. Eq 7 and 8 represent the upper bounds on the units’ inlet and outlet concentrations, respectively. For fixed flowrate operations, the inlet concentration variables are not required since these do not affect their outlet concentrations. Therefore, it is sufficient to ensure that the inlet concentrations do not exceed their specified maximum values, eq 9. 
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4. Novel initialization strategy for the general NLP optimization
The above NLP includes non-convex equations arising due to the presence of bilinear terms, which means that we may get trapped in a suboptimal solution if a local optimization solver is used. Typically, such solutions are strongly dependent on the starting point used, making the initialization procedure an important step of the whole solution method. Methods relying on the solution of a general NLP for multiple starting points can be thought of valid alternatives to global solution methods, since in the limit (a very large number of points) they can find the global optimal solution. Based on the above premise, Teles et al. (2007) have presented a strategy for WUNs. It relies on the generation of all possible sequences of units, which are tackled sequentially, one unit at a time, from the first to the last one in the sequence. The total inlet freshwater is thus found after a successive sequence of linear programs (LPs). Particularly, for |O| fixed contaminant load operations, this leads to the solution of |O|!×|O| LPs, followed by |O|! NLPs, to generate |O|! starting points, a number that can become prohibitively high as the number of units increases. Employing the same decomposition approach, this paper presents a potent solution strategy that avoids the generation of redundant sequences (most of them unable to converge to global optimality by local solvers), by considering |O| MILPs. 
Figure 1 displays the basic structure underneath the new initialization procedure, which includes the full set of stages (one per operation unit) and both kinds of water-using units, as well as several nodes that are either splitters (circles) located immediately after the inlet freshwater streams and operations, or mixers (diamonds) located before operation units. To generate a very good feasible solution to the problem, the optimizer starts by selecting the most appropriate operation (the one that requires the lowest total freshwater intake) for the first position in the sequence. More specifically, the MILP corresponding to the first stage considers all operations but only enables a positive inlet flowrate to the one for which the integer variable in stage 1 retrieves the value 1 (the dark shadowed unit in Figure 1). Identical procedure takes place in the second stage. Now the available water sources are the system’s freshwater sources (with a flowrate equal to the initial value minus the amount consumed in the first stage) and also the outlet flow from the previously selected unit, which can no longer take any more positions in the sequence. Thus, the solver is restricted to the selection of one of the remaining units. After applying the same modus operandi in all subsequent stages, all units are assigned one position in the sequence. It can be easily seen that the strategy for re-using contaminated water streams becomes less restrictive as we move downstream, since more outlet streams can now be employed as an alternative to freshwater, with corresponding savings in both freshwater consumption and wastewater generation.
Overall, to determine the optimal solution, this simple method requires the solution of |O| MILPs followed by 1 NLP. In order to increase the probability of escaping local optima, the implemented algorithm considers that the first position in the sequence is fixed and generates |O| starting points that include all possible arrangements. The best solution from the set of NLPs solved is then assumed to be the global optimal solution, even though there is no theoretical guarantee.
The MILP formulation is given next. For each stage we define the objective function that seeks the minimum flowrate entering the set of active operation units (
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). As we go from one stage to the next, the number of active units decreases and the dynamic set 
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 is updated. The maximum inlet concentration constraint over the mixers is given by eq 11, where the dynamic set 
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comprises all units assigned to earlier stages. Eqs 12-13 are similar to eqs 3-4, but now the binary assignment variable 
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 is used to remove non selected fixed flowrate units from consideration. Similarly, the mass exchange term in eq 14 is only active for the chosen fixed load unit. Eq 15 assures that the outlet flowrate from previously selected unit j to the chosen unit o, does not exceed the amount available. Eq 16 ensures a zero inlet flowrate for non-selected fixed mass load units. The limiting flowrate acts as the upper bound. Finally, to guarantee that a single unit is assigned to each calculation stage, eq 17 is used.
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5. Overview of computational performance

Table 1 illustrates the performance of the novel solution strategy for 7 case studies taken from Teles et al. (2007). A description of solution methods M1-M4 can be found in that reference. The computational study was performed in an Intel Core 2 Duo 2.4 GHz processor, with 2 GB of RAM memory, running Windows XP Professional. All mathematical formulations and algorithms were executed in GAMS 22.2. The resulting MILPs were solved with CPLEX, while the NLPs were solved by the local solvers MINOS and CONOPT and also by the global solver BARON to evaluate which is the most adequate for WUNs. 
The results show that the new MILP-based approach could always find the global optimal solution or the best known solution to date. It is considerably faster than the other multiple starting point methods (M3 and M4) in problems restricted to fixed mass load units. In problems with fixed flowrate units the new algorithm can be improved to consider such operations as an independent system (Teles et al., 2007), which will have a particular position in the sequence, and hence reduce even further the total computational effort. The methods relying on 1 LP plus 1 NLP (M1 and M2) are naturally faster than the new approach but, unlike it, sometimes fail to find the global optimum.
6. Conclusions

This paper has presented a new MILP-based strategy for the optimal design of WUNs featuring multi-contaminants and both fixed contaminant load and fixed flowrate operations. A new approach has been proposed to generate a small set of very good starting points for the solution of the non-convex NLP. It assumes that the water flows through the units in sequence and then solves a MILP to determine the unit best suited to each position in the sequence. The performance of the new approach was tested with 7 example problems and compared to 4 other initialization methods taken from the literature. On the whole, it reveals to be a powerful scheme to reach global optimal solutions with noteworthy computational savings. 
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Figure. 1. Illustration of the solution method used in the MILP-based initialization process
Table 1. Computational statistics for five alternative methods and 7 example problems
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