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Abstract: Hysteresis is a nonlinear behavior encountered in a wide variety of processes in
which the input-output dynamic relations between variables involve memory effects. In Ikhouane
(2010) a framework aimed to characterize these systems is proposed. The systems that are
considered are seen as operators that map an input signal and initial condition to an output
signal, all of them belonging to some specified sets. A definition of the quasi-static regime is
motivated and proposed. The aim of the present paper is to generalize the concepts introduced
in Ikhouane (2010).
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1. INTRODUCTION

Motivated by the mathematical characterization of hys-
teresis systems, Ikhouane (2010) proposed a framework
for the analysis of the quasi-static regime. The systems
that are considered are seen as operators that map an
input signal and initial condition to an output signal,
all of them belonging to some specified sets. The inputs
and output are taken to be finite dimensional; however,
if the system (or operator) has a state description, the
state may be finite or infinite dimensional. The system
(or operator) may be continuous or discontinuous, and
if it is a hysteresis it may be rate-dependent or rate-
independent. One of the main results of Ikhouane (2010) is
that, when the input signal is such that its total variation
is increasing, the existence, uniqueness and mathematical
description of the quasi-static regime can be done in a
very general framework in which the only assumption on
the operator is causality. When the input signal can be
constant on some interval (or intervals) so that its total
variation is only nondecreasing, an additional assumption
has to made on the operator in order to characterize its
quasi-static regime. This condition expresses that, when
the input stops and remains constant, the output stops
and remains constant.

The objective of the present paper is to show that the
quasi-static regime can be defined and analyzed even in the
absence of the constant input constant output property.
Within the same framework, the paper notes that, when
the input is such that its total variation is increasing, the
constant input constant output assumption is not needed
to define the quasi-static regime. For this reason, if the
input signal can be constant on some interval (or intervals)
so that its total variation is only nondecreasing, a series
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of signals are constructed in such a way that their total
variation is increasing, and they converge in some sense to
the input signal. If the operator is such that a converging
sequence of inputs leads to a converging sequence of out-
puts (in some precise sense), then the quasi-static regime
can be defined using these sequences of inputs and outputs.

It is shown that this definition is consistent with the
one given in Ikhouane (2010). Also, the relationship with
this new definition of quasi-static operators and rate-
independence is explored. A case-study is presented to
illustrate the concepts that are introduced in the paper.
Due to space limitation, the proofs have been eliminated.
They are given in Ikhouane (2009).

2. BACKGROUND RESULTS

This section summarizes the results obtained in Ikhouane
(2010).

2.1 Mathematical preliminaries

In this section, we present some mathematical tools that
will be useful in the next sections.
The Lebesgue measure on R is denoted µ. We say that a
subset of R is measurable when it is Lebesgue measurable.
Consider a function f : I ⊂ R+ = [0,∞) → Rm; we
say that f is measurable when f is (M,B)-measurable
where B is the class of Borel sets of Rm and M is the
class of measurable sets of R+. For a measurable function
f : I ⊂ R+ → Rm, ‖f‖∞,I denotes the essential supremum
of the function |f | where | · | is the Euclidean norm on Rm.
When I = R+, it will be denoted simply ‖f‖∞.
We consider the Sobolev space W 1,∞(R+,Rn) of abso-
lutely continuous functions u : R+ → Rn, where n is a
positive integer. For this class of functions, the derivative
u̇ is defined a.e. and is equal a.e. to the weak derivative
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of u. Moreover, we have ‖u‖∞ < ∞ and ‖u̇‖∞ < ∞.
Endowed with the norm ‖u‖1,∞ = max (‖u‖∞, ‖u̇‖∞),
W 1,∞(R+,Rn) is a Banach space Adams and Fournier
(2003).
For u ∈ W 1,∞(R+,Rn), let ρu : R+ → R+ be the total
variation of u on [0, t].

ρu(t) =

t∫
0

|u̇(τ)|dτ ∈ R+

The function ρu(t) is well defined as u̇ ∈ L1
loc(R+,Rn). 1

It is nondecreasing and absolutely continuous. Denote
ρu,max = lim

t→∞
ρu(t) and let

• Iu = [0, ρu,max] if ρu,max = ρu(t) for some t ∈ R+ (in
this case, ρu,max is necessarily finite).
• Iu = [0, ρu,max) if ρu,max > ρu(t) for all t ∈ R+ (in

this case, ρu,max may be finite or infinite).

Now, given some value % ∈ Iu, there exists at least some
t% ∈ R+ such that ρu(t%) = % due to the continuity of ρu.
The value t% may not be unique as the function ρu is not
necessarily increasing.

Lemma 1. u(t%) is independent of the particular choice of
t%. It depends solely on %.

Lemma 1 shows that we can define the following function

ψu : Iu → Rn
% → u(t%)

The function ψu depends only on the function u, and we
have Dom (ψu) = Iu. Note that we have ψu ◦ ρu = u.

Lemma 2. Let u ∈W 1,∞(R+,Rn) be non-constant. Then,

ψu ∈W 1,∞(Iu,Rn), ‖ψu‖∞,Iu = ‖u‖∞ and ‖ψ̇u‖∞,Iu = 1.

Also, µ
[{
% ∈ Iu/ψ̇u(%) is not defined or |ψ̇u(%)| 6= 1

}]
=

0.

We consider the linear time scale change sγ(t) = t
γ for any

γ > 0.

Lemma 3. For any γ > 0, we have Iu◦sγ = Iu and
ψu◦sγ = ψu.

Definition 1. Suppose that the function w : R+ → R is
continuous and periodic with the period T > 0. Further-
more we assume that there exists a scalar 0 < T+ < T such
that the function w is increasing and C1 on the interval
(0, T+), and decreasing and C1 on the interval (T+, T ).
We denote wmin = w(0) and wmax = w(T+) > wmin the
minimal and maximal values of the function w respectively.
Due to the particular shape of w, we call it wave-periodic.

Lemma 4. Let u ∈ W 1,∞(R+,Rn) be a non-constant T -
periodic input. Then, Iu = R+ and ψu is periodic of period
ρu(T ) > 0. Moreover, if u is wave-periodic as in Definition

1, then ψu is also wave-periodic and we have ψ̇u(%) = 1 for

% ∈ (0, ρu(T+)) and ψ̇u(%) = −1 for % ∈ (ρu(T+), ρu(T )).

2.2 Class of operators

Let Ξ be a set of initial conditions. Let H be an operator
that maps the input function u ∈ W 1,∞(R+,Rn) and

1 L1
loc(R+,Rn) is the space of locally measurable functions R+ →

Rn.

initial condition ξ0 ∈ Ξ to an output in L∞(R+,Rm) where
m is a positive integer. So we have H : W 1,∞(R+,Rn) ×
Ξ→ L∞(R+,Rm).
In this paper we consider only causal operators. This
means that, for any function y = H

(
u, ξ0

)
, the value y(t)

may depend on the input values u(τ) for τ ≤ t, but cannot
depend on any value u(τ) for τ > t. This is an intrinsic
property of all physical systems so that it is a natural
assumption for an operator that represents a physical
system. Mathematically, this can be written as (Visintin,
1994, p.60): ∀

(
u1, ξ

0
)
,
(
u2, ξ

0
)
∈ W 1,∞(R+,Rn) × Ξ, if

u1 = u2 in [0, α], then H
(
u1, ξ

0
)

= H
(
u2, ξ

0
)

in [0, α].

2.3 Constant input constant output operators

In this section, we consider that the operator H of Section
2.2 satisfies the following.

Assumption 1. Let (u, ξ0) ∈ W 1,∞(R+,Rn) × Ξ; if there
exists a time instant θ ∈ R+ such that u is constant in
[θ,∞), then the corresponding output H(u, ξ0) is constant
in [θ,∞).

Note that, when the input u is constant on R+, the
corresponding output is constant on R+ by Assumption 1
so that the graph output versus input {(u(t), y(t)),∀t ≥ 0}
is reduced to a single point which makes the analysis of
the quasi-static regime irrelevant. For this reason, unless
otherwise specified, we will consider inputs that are not
constant on R+ which, due to the absolute continuity of

u, implies that ‖u̇‖∞ 6= 0 and
◦
Iu 6= ∅.

Some properties of the operator H Now, let (u, ξ0) ∈
W 1,∞(R+,Rn) × Ξ and let y = H

(
u, ξ0

)
∈ L∞(R+,Rm)

where the causal operator H satisfies Assumption 1.

Lemma 5. For any 0 ≤ t1 < t2, if u is constant on the
interval [t1, t2], then y is constant on [t1, t2].

Lemma 6. Let % ∈ Iu be given and let t% ∈ R+ such that
ρu(t%) = %. Then, y(t%) is independent of t%. It depends
solely on %.

Lemma 6 shows that we can define a function

ϕu : Iu → Rm
% → y(t%)

The function ϕu depends only on the input u and the
initial condition ξ0, and we have Dom (ϕu) = Iu. Note
that we have ϕu ◦ ρu = y.

Lemma 7. ϕu ∈ L∞(Iu,Rm) and ‖ϕu‖∞,Iu ≤ ‖y‖∞. If y
is continuous on R+, then ϕu is continuous on Iu and we
have ‖ϕu‖∞,Iu = ‖y‖∞.

Characterization of the quasi-static regime The objec-
tive of this section is to present a criterion for the ex-
istence of a quasi-static regime. To this end, we denote
Gu the graph output versus input defined as Gu =
{(u(t), y(t)) ,∀t ∈ R+} ⊂ Rn × Rm. Define the function

φu : Iu → Rn × Rm
% → (ψu(%), ϕu(%))
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Then, we have Dom(φu) = Iu and Range(φu) =
{(ψu(%), ϕu(%)) ,∀% ∈ Iu} ⊂ Rn × Rm.

Lemma 8. Range(φu) = Gu.

Using Lemma 3 it follows that

Gu◦sγ = Range
(
{(ψu(%), ϕu◦sγ (%)), % ∈ Iu}

)
(1)

which motivates the following definition.

Definition 2. Let H be an operator as in Section 2.2 that
satisfies Assumption 1. Let u ∈W 1,∞(R+,Rn) and initial
condition ξ0 ∈ Ξ be given. The operator H is said to
have a quasi-static regime with respect to the input u and
initial condition ξ0 if and only if the series of functions
{ϕu◦sγ}γ>0 converges in L∞(Iu,Rm).

Note that Dom(ϕu◦sγ ) = Iu for all γ > 0 by Lemma 3.
Definition 2 implies that there exists a function ϕ?u ∈
L∞(Iu,Rm) such that limγ→∞ ‖ϕu◦sγ − ϕ?u‖∞,Iu = 0.
Define the function

φ?u : Iu → Rn × Rm
% → (ψu(%), ϕ?u(%))

Then, we have Dom(φ?u) = Iu and Range(φ?u) =
{(ψu(%), ϕ?u(%)) ,∀% ∈ Iu} ⊂ Rn × Rm. The function φ?u
describes completely the quasi-static behavior of the oper-
ator H with respect to (u, ξ0). This function is unique due
to the uniqueness of the limit ϕ?u in L∞(Iu,Rm).
Now, for any two nonempty compact sets S1 and S2 in
Rn+m, define the Hausdorff metric

d(S1, S2) = max

{
sup
η1∈S1

(
inf
η2∈S2

|η1 − η2|
)
,

sup
η2∈S2

(
inf
η1∈S1

|η1 − η2|
)}

Then, the collection of all nonempty compact subsets of
Rn+m is a complete metric space with respect to the
Hausdorff metric d (Edgar, 1990, p.67).

Lemma 9. Suppose that the operator H has a quasi-static
regime with respect to (u, ξ0). Then, the series of sets
{Closure(Gu◦sγ )}γ>0 converges to Closure (Range(φ?u))
with respect to the metric d.

2.4 The case of periodic inputs

In this section we consider input functions u ∈W 1,∞(R+,Rn)
that are T -periodic. In this case, Lemmas 2 and 4
show that the function ψu ∈ W 1,∞(R+,Rn) is ρu(T )-
periodic. The quasi-static regime is characterized by the
function φ? = (ψu, ϕ

?
u). Define the functions ϕ?u,k ∈

L∞([0, ρu(T )],Rm), k ∈ N by the relation ϕ?u,k(%) =

ϕ?u(kρu(T ) + %), ∀% ∈ [0, ρu(T )].

Definition 3. The quasi-static regime of the operator H
defined by the function φ? is said to have a steady-state if
and only if the series of functions {ϕ?u,k}k∈N converges with

respect to the norm ‖ · ‖∞,[0,ρu(T )] in L∞([0, ρu(T )],Rm).

Let L∞([0, ρu(T )],Rm) 3 ϕ�u = limk→∞ ϕ?u,k, and let

ψu|[0,ρu(T )] be the restriction of the ρu(T )-periodic func-
tion ψu to the interval [0, ρu(T )]. The steady-state is char-
acterized completely by the function φ� = (ψu|[0,ρu(T )], ϕ

�
u)

defined on the interval [0, ρu(T )]. The range of the function
φ�, that is the set {(ψu(%), ϕ�u(%)), % ∈ [0, ρu(T )]} is called
the steady-state graph, and it satisfies the following.

Lemma 10. Suppose that the quasi-static regime of the
operator H has a steady-state as in Definition 3. Then,
given z ∈ Range(φ�), there exists an increasing divergent
sequence {ti}i∈N such that limi→∞,γ→∞ |(u◦sγ(γti), [H(u◦
sγ , ξ

0)](γti))− z| = 0.

3. RELAXATION OF THE CONSTANT INPUT
CONSTANT OUTPUT ASSUMPTION

We consider a causal operatorH as in Section 2.2 for which
the constant input constant output assumption (that is
Assumption 1) may fail. If the input u is such that ρu
is increasing, then the function ϕu can be constructed
exactly as in Section 2.3. In this case, all the results of
Section 2.3 hold. In particular, Definition 2 of the quasi-
static regime needs no change and all the results that are
related to this definition hold. This means that, if the input
u is such that ρu is increasing, the analysis of the quasi-
static regime can be done as in Section 2.3 under a very
general framework in which the only assumption on the
operator H : W 1,∞(R+,Rn)×Ξ→ L∞(R+,Rm) is that it
is causal.
However, when the input has some interval (or intervals)
in which it is constant, the function ϕu can no longer be
constructed. Indeed, take t1 < t2 such that u is constant
in [t1, t2]. Then, for all t1 ≤ t ≤ t2, we have ρu(t) =
constant = % so that ϕu(%) should correspond to a single
value while y(t) needs not to be constant on [t1, t2] so that
we cannot have ϕu(%) = y(t). To solve this issue, one may
propose that ϕu is a set-valued map. However, as shown in
Ikhouane (2010), the use of sets to characterize the quasi-
static regime is not appropriate as they do not incorporate
information on the orientation of the trajectories.
The objective of the subsequent analysis is to resolve this
issue.

3.1 Approximation of the input u by the functions uγ

Note first that if the input u is constant on R+, then
u ◦ sγ = u for all γ > 0 which means that the quasi-static
regime is characterized by the set {(u, [H(u, ξ0)](t)), t ∈
R+}. Thus in the rest of the paper, we assume that u is not
constant on R+, but is constant at least on some interval
not reduced to a single point. Let t ∈ R+ and define
Jt = {τ ∈ R+/u(ν) = u(t),∀t ≤ ν ≤ τ and ∀τ ≤ ν ≤ t}.
Note that all sets Jt are of the form [t1, t2] or [t1,∞) and,
if there exist Jt and Jt′ that are not reduced to a single
point, then either Jt = Jt′ or Jt ∩ Jt′ = ∅. Let J be the
union of all intervals Jt that are not reduced to a single
point, then J ∩ [0, n] is a measurable set for all n ∈ N as
its interior measure is equal to its exterior measure, both
being finite. This implies that J is a measurable set so
that its characteristic function χJ is measurable (Rudin,
1987, p. 11). Now, for every γ > 0 define the function uγ
as follows. Let t ∈ R+, then
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uγ(t) = u(0) +

t∫
0

u̇γ(τ)dτ (2)

u̇γ(τ) = u̇(τ) + χJ
c

γ(1 + τ2)
where c ∈ Rn verifies |c| = 1.

(3)

It is clear that u̇γ is a measurable function so that uγ is
absolutely continuous.

Lemma 11. We have the following properties.

(1) ∀γ > 0, uγ ∈W 1,∞(R+,Rn).
(2) ‖u− uγ‖∞ ≤ π

2γ so that limγ→∞ ‖u− uγ‖∞ = 0.

(3) ‖u̇− u̇γ‖∞ ≤ 1
γ so that limγ→∞ ‖u̇− u̇γ‖∞ = 0.

(4) ‖ρu − ρuγ‖∞ ≤ π
2γ so that limγ→∞ ‖ρu − ρuγ‖∞ = 0.

(5) ∀γ > 0, Iu ⊂ Iuγ . If Iu 6= R+ then Iuγ 6= R+ and
limγ→∞ µ(Iuγ\Iu) = 0.

(6) ∀γ > 0, ρuγ is increasing.
(7) limγ→∞ ‖ψu − ψuγ |Iu‖∞,Iu = 0.

3.2 Characterization of the quasi-static regime

Definition 4. Given a function u ∈ W 1,∞(R+,Rn), we
say the the series {℘(u, γ)}γ>0 of functions ℘(u, γ) ∈
W 1,∞(R+,Rn) is an approximation of u if and only if the
following holds.

If ρu is increasing , ℘(u, γ) = u,∀γ > 0. (4)

lim
γ→∞

‖u− ℘(u, γ)‖∞ = 0. (5)

lim
γ→∞

‖ρu − ρ℘(u,γ)‖∞ = 0. (6)

∀γ > 0, Iu ⊂ I℘(u,γ). If Iu 6= R+ then I℘(u,γ) 6= R+ and

lim
γ→∞

µ(I℘(u,γ)\Iu) = 0. (7)

∀γ > 0, ρ℘(u,γ) is increasing. (8)

∃k > 0/∀γ > 0,

∥∥∥∥d℘(u, γ)(t)

dt

∥∥∥∥
∞
≤ k. (9)

An example of such approximation is the series {uγ}γ>0

of Section 3.1.

Lemma 12. limγ→∞ ‖ψu − ψ℘(u,γ)|Iu‖∞,Iu = 0

Since ρ℘(u,γ) is increasing, the function ϕ℘(u,γ) can be con-
structed as in Section 2.3 without the need of Assumption
1, and we have ϕ℘(u,γ) = H(℘(u, γ), ξ0) ◦ ρ−1℘(u,γ).
Assumption 2. The operatorH verifies the following. ∀ε >
0, there exists δ > 0 such that, ∀u, v ∈ W 1,∞(R+,Rn) we
have ‖v − u‖∞ < δ ⇒ ‖H(v, ξ0)−H(u, ξ0)‖∞ < ε.

By Definition 4, the series of functions {℘(u, γ)}γ>0 con-
verges with respect to the norm ‖ · ‖∞ to the func-
tion u, thus by Assumption 2 the series of functions
{H(℘(u, γ), ξ0)}γ>0 converges in L∞(R+,Rm) to H(u, ξ0).
This fact motivates the following definition.

Definition 5. Let H be an operator as in Section 2.2 that
verifies Assumption 2. Let u ∈ W 1,∞(R+,Rn) and initial
condition ξ0 ∈ Ξ be given, and let series {℘(u, γ)}γ>0

be an approximation of the function u as in Definition 4.

The operator H is said to have a quasi-static regime with
respect to the input u and initial condition ξ0 if and only if
the series of functions {ϕ℘(u,γ1)◦sγ2 |Iu}γ1>0,γ2>0 converges

in L∞(Iu,Rm) when γ1 → ∞ and γ2 → ∞. Similar to
Section 2.3, we denote ϕ?u ∈ L∞(Iu,Rm) the function that
verifies lim(γ1,γ2)→(∞,∞) ‖ϕ℘(u,γ1)◦sγ2 |Iu − ϕ

?
u‖∞,Iu = 0. 2

The quasi-static function φ? is defined as before, that is
φ? = (ψu, ϕ

?
u).

Note that if ρu is increasing, ℘(u, γ) = u, ∀γ > 0 so that
Definition 5 reduces to Definition 2. The objective of the
following analysis is to check that Definition 5 is indepen-
dent of the particular choice of the series {℘(u, γ)}γ>0.

Lemma 13. Let (u, ξ0) ∈ W 1,∞(R+,Rn) × Ξ be given
and let {℘1(u, γ)}γ>0 and {℘2(u, γ)}γ>0 be approxi-
mations of the function u. Assume that the opera-
tor H : W 1,∞(R+,Rn) × Ξ → L∞(R+,Rm) veri-
fies Assumption 2. If ∃ϕ?u ∈ L∞(Iu,Rm) such that
lim(γ,γ′)→(∞,∞) ‖ϕ℘1(u,γ)◦sγ′ |Iu − ϕ

?
u‖∞,Iu = 0 then

lim(γ,γ′)→(∞,∞) ‖ϕ℘2(u,γ)◦sγ′ |Iu − ϕ
?
u‖∞,Iu = 0.

We need to check that, if the operator H verifies both
Assumptions 1 and 2, Definitions 2 and 5 coincide.

Lemma 14. If the operator H verifies both Assumptions 1
and 2, then ∀(u, ξ0) ∈ W 1,∞(R+,Rn) × Ξ, the functions
H(u, ξ0) and ϕu are uniformly continuous. Moreover, if
the operator H has a quasi-static regime with respect to
(u, ξ0) as in Definition 2 or as in Definition 5, then the
corresponding function ϕ?u is uniformly continuous.

Lemma 15. Assume that the operator H verifies both
Assumptions 1 and 2. Then Definitions 2 and 5 of the
quasi-static regime are equivalent. That is, the operator
H has a quasi-static regime with respect to (u, ξ0) ∈
W 1,∞(R+,Rn)×Ξ as in Definition 2 if and only if it has a
quasi-static regime with respect to (u, ξ0) as in Definition
5. Moreover, the function φ?u obtained using Definition 2
is equal to the one obtained using Definition 5.

The following result characterizes the definition of quasi-
static regime in terms of rate-independence property.

Lemma 16. Let H be an operator as in Section 2.2 that
verifies Assumption 2, and has a quasi-static regime with
respect to (u, ξ0) ∈ W 1,∞(R+,Rn)× Ξ as in Definition 5.
Then, ∀ε > 0, ∃γε > 0 such that ∀γ1 ≥ 1 and ∀γ2 ≥ γε we
have

∥∥H(u ◦ sγ2 ◦ sγ1 , ξ0)−H(u ◦ sγ2 , ξ0) ◦ sγ1
∥∥
∞ < ε.

Rate independence means that H(u ◦ f, ξ0) = H(u, ξ0) ◦ f
for all nondecreasing functions f : R+ → R+. Lemma
16 is an almost rate-independence property in which f
is replaced by a linear function sγ1 and u by u ◦ sγ2 for
large values of γ2. That is the operator H is almost rate-
independent with respect to linear scale time-change at
low frequencies. This latter fact is closer to experimental
observations in the case of hysteresis systems than the
property of rate-independence.

We end this paragraph by this property of the quasi-static
graph.

Lemma 17. The function ϕ?u is continuous on Iu\{0}.
2 That is ∀ε > 0, ∃γ1, γ2 > 0 such that ∀γ3 ≥ γ1 and ∀γ4 ≥ γ2 we
have

∥∥ϕ?u − ϕ℘(u,γ3)◦sγ4 |Iu∥∥ < ε.
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3.3 Case-study: Application to Wiener systems

Example 1. Consider the so-called Wiener system with
input u ∈ W 1,∞(R+,Rn), output y ∈ L∞(R+,Rm) and
initial condition x(0) ∈ Rp:

ẋ(t) =Ax(t) +Bu(t) (10)

y(t) = f (Cx(t) +Du(t)) (11)

x(0) = ξ0 (12)

where the matrix A ∈ Rp×p is Hurwitz, B ∈ Rp×n,
C ∈ Rm×p, D ∈ Rm×n, t ∈ R+, and the function
f : Rm → Rm is k-Lipschitz, k > 0. 3 A special subclass of
Wiener systems are linear time-invariant systems obtained
when the function f is the identity (f(α) = α). In this case,
the static gain of the linear system (10)-(12) is given by
the matrix G = −CA−1B + D (P. Albertos, 2004, p.60)
(A is is invertible as it is Hurwitz). Let H be the operator
that that maps (u, ξ0) to y; note that the operator H is
causal but, in general, it does not verify Assumption 1.

Lemma 18. The operator H verifies Assumption 2. Fur-
thermore, if ξ0 = −A−1Bu(0), then H has a quasi-static
regime with respect to (u, ξ0) as in Definition 5 and we
have φ? = (ψu, f (Gψu)).

Proof. Due to the linearity of the differential equation (10),
its solution x exists over R+. Let ε > 0 be given, and let
u, v ∈W 1,∞(R+,Rn). Then, we have

ẋ1(t) =Ax1(t) +Bu(t) (13)

w1(t) =Cx1(t) +Du(t) (14)[
H
(
u, ξ0

)]
(t) = f(w1(t)) (15)

x1(0) = ξ0 (16)

and

ẋ2(t) =Ax2(t) +Bv(t) (17)

w2(t) =Cx2(t) +Dv(t) (18)[
H
(
v, ξ0

)]
(t) = f(w2(t)) (19)

x2(0) = ξ0 (20)

Define x3 = x2 − x1, then we have

ẋ3(t) = Ax3(t) +B (v(t)− u(t)) (21)

w2(t)− w1(t) = Cx3(t) +D (v(t)− u(t)) (22)[
H
(
v, ξ0

)]
(t)−

[
H
(
u, ξ0

)]
(t) = f(w2(t))− f(w1(t))

(23)

x3(0) = 0 (24)

Due to (Khalil, 2000, Corollary 5.2, p.205), it follows that

‖w2 − w1‖∞ ≤ k
′ ‖v − u‖∞ (25)

3 That is ∀α, β ∈ Rm, |f(α)− f(β)| ≤ k|α− β|

where the constant k′ > 0 depends on matrices A, B, C,
D. Since the function f is k-Lipschitz, it follows that∥∥H (v, ξ0)−H (u, ξ0)∥∥∞ ≤ k ‖w2 − w1‖∞ (26)

Thus, to have
∥∥H (v, ξ0)−H (u, ξ0)∥∥∞ < ε in Assumption

2, it suffices to take δ = ε
kk′ , which proves the first

assertion of the lemma.

Now, consider Equations (10)-(12) in which u is replaced
by the function uγ ◦ sγ where γ ≥ 1, that is

ẋγ(t) =Axγ(t) +Buγ ◦ sγ(t) (27)

yγ(t) = f (Cxγ(t) +Duγ ◦ sγ(t)) (28)

xγ(0) = ξ0 (29)

The exact solution of (27)-(29) is given by

yγ(t) = f

C
etAξ0 +

t∫
0

e(t−τ)ABuγ ◦ sγ(τ)dτ


+Duγ ◦ sγ(t)) (30)

Integrating by parts we get

t∫
0

e(t−τ)ABuγ ◦ sγ(τ)dτ =

A−1
(
etABuγ ◦ sγ(0)−Buγ ◦ sγ(t)

)
+A−1

t∫
0

e(t−τ)AB
duγ ◦ sγ

dt
(τ) dτ (31)

By Equation (2) we have uγ ◦ sγ(0) = u(0). If ξ0 =
−A−1Bu(0) then Equation (31) becomes

t∫
0

e(t−τ)ABuγ ◦ sγ(τ)dτ =

−etAξ0 −A−1Buγ ◦ sγ(t)

+
A−1

γ

t∫
0

e(t−τ)ABu̇γ ◦ sγ (τ) dτ (32)

as A−1 and etA commute. Combining Equations (32) and
(30) it follows that

yγ(t)− f (Guγ ◦ sγ(t)) = f

(
Guγ ◦ sγ(t) +

CA−1

γ
×

t∫
0

e(t−τ)ABu̇γ ◦ sγ (τ) dτ

− f (Guγ ◦ sγ(t)) (33)

On the other hand, by (Loan, 1977, Eq(2.8)) there exist
β > 0 and r ∈ N\{0} that depend solely on A such that∥∥eδA∥∥ ≤ βeαδδr,∀δ ≥ 0 where ‖X‖ is the largest singular
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value of the matrix X, and α is the largest real part of
the eigenvalues of A. Note that α < 0 as A is Hurwitz. By
Lemma 11 Property 3 we have |u̇γ ◦ sγ (τ)| ≤ ‖u̇‖∞+1 for
almost all τ ∈ [0,∞) as γ ≥ 1. Thus, Equation (33) along
with the k-Lipschitz property of f lead to

|yγ(t)− f (Guγ ◦ sγ(t))| ≤ kk1
γ

t∫
0

e(t−τ)α (t− τ)
r

dτ,

∀t ≥ 0,∀γ ≥ 1 (34)

for some constant k1 ≥ 0 that depends on A, B, C and
‖u̇‖∞. Using the change of variable t − τ = λ it follows
that

|yγ(t)− f (Guγ ◦ sγ(t))| ≤ kk1
γ

t∫
0

eλαλrdλ

≤ kk1
γ

∞∫
0

eαλλrdλ,∀t ≥ 0,∀γ ≥ 1 (35)

Since
∫∞
0
eαλλrdλ is finite, it follows that

|yγ(t)− f (Guγ ◦ sγ(t))| ≤ k2
γ
,∀t ≥ 0,∀γ ≥ 1 (36)

for some constant k2 ≥ 0 that depends on A, B, C and
‖u̇‖∞. Now, we have ψuγ◦sγ ◦ ρuγ◦sγ = uγ ◦ sγ , and by
Lemma 3 we have ψuγ◦sγ = ψuγ . On the other hand, we
have ϕuγ◦sγ ◦ ρuγ◦sγ = yγ so that Equation (36) can be
written as∣∣ϕuγ◦sγ (%)− f

(
Gψuγ (%)

)∣∣ ≤ k2
γ
,∀% ∈ Iuγ◦sγ ,∀γ ≥ 1 (37)

By Lemma 3 we have Iuγ◦sγ = Iuγ , and by Lemma 11
Property 5 we get Iu ⊂ Iuγ so that Equation (37) leads to∥∥ϕuγ◦sγ |Iu − f (Gψuγ |Iu)∥∥∞,Iu ≤ k2

γ
,∀γ ≥ 1 (38)

The second assertion of the lemma follows from Lemma
11 Property 7 and the fact that f is Lipschitz. 2

4. CONCLUSION

The objective of the paper was to provide a mathematical
framework as general as possible for the characterization
of the quasi-static regime of operators mapping an input
and initial condition to an output, all of them belonging
to some specified sets. When the total variation of the
input is increasing, the quasi-static regime can be char-
acterized under the only assumption the the operator is
causal. If the input presents an interval (or intervals) in
which it is constant, then two classes of operators are
considered: those that verify a constant input constant
output assumption (Section 2.3), and those that verify
a smoothness assumption (Section 3). In both cases, the
quasi-static regime can been defined appropriately. The
case-studies of the semi-linear Duhem model and Winer
model illustrate the concepts introduced in the paper.

REFERENCES

Adams, R.A. and Fournier, J.J.F. (2003). Sobolev Spaces.
Elsevier.

Edgar, G.A. (1990). Measure, topology and fractal geome-
try. Springer-Verlag, New York.

Ikhouane, F. (2009). A general framework for the anal-
ysis of the quasi-static regime. SIAM J. Math. Anal,
Submitted.

Ikhouane, F. (2010). On the analysis of the quasi-static
regime. ALCOSP.

Khalil, H.K. (2000). Nonlinear Systems. Prentice Hall,
3rd. edition.

Loan, C.V. (1977). The sensitivity of the matrix exponen-
tial. SIAM. J. Numer. Anal., 971–981.

P. Albertos, A.S. (2004). Multivariable Control Systems.
Springer-Verlag.

Rudin, W. (1987). Real and Complex Analysis. McGraw-
Hill Series in Higher Mathematics, Third Edition.

Visintin, A. (1994). Differential Models of Hysteresis.
Springer-Verlag.

Preprints of the 18th IFAC World Congress
Milano (Italy) August 28 - September 2, 2011

5272


