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Abstract: The stability analysis of systems with aperiodic sampling is analyzed in the
framework of dynamic equations on time-scales. Lyapunov theory is used, with sample-period-
dependent and independent Lyapunov functions, to obtain stability conditions expressed in
terms of parameter dependent matrix inequalities. The examples illustrate the efficiency of
the approach which is able to recover, for some systems, the theoretical results for the periodic
sampling case even in the aperiodic case. It is also shown that some systems may have admissible
varying sampling periods located in disjoint sets. Finally, stabilization results via switching state-
feedback are provided; both robust and sampling-period-dependent controllers are considered.
It is shown that the latter ones, using the information on the sampling period, can improve
stability properties. Stabilization examples illustrate the effectiveness of the approach.
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1. INTRODUCTION

Dynamic equations on time-scales allow for a nice merging
of differential equations and difference equations in a
single framework. Time-scale calculus has emerged quite
recently in Hilger’s Ph.D. thesis in 1988 [Hilger, 1988].
Since then, many results have been provided on this topic
[Bohner and Peterson, 2001]. Amongst others, differential
calculus, integration, existence and unicity of the solution
of differential equations on time scales have been addressed
in the literature. More recently, stability concepts and
stabilization have been studied.

On the other hand, sampled-data systems have emerged
also quite recently when digital controllers began to be
used; see e.g. [Chen and Francis, 1995] and references
therein. However, in these works, the sampling period has
always been assumed to be constant (periodic constant
sampling) and it is difficult to use them in a more general
context. Indeed, jitter, computation delays, possible de-
lays on the input/output 1 and more recently data losses
(arising in Networked Control Systems [Hespanha et al.,
2007]) can affect the regularity of the sampling period. It
is well known that all these phenomena together may lead
to an unstable behavior for the closed-loop system. To an-
alyze and overcome this problem of stability deterioration,
several approaches have therefore been developed: input-
delay based techniques [Fridman et al., 2004], impulsive
systems [Naghshtabrizi et al., 2008, Seuret, 2009], ro-
bust (input/ouput) approaches in continuous time [Mirkin,

1 which are most of the time not commensurable with the sampling
period

2007, Fujioka, 2009b] and in discrete-time [Montestruque
and Antsaklis, 2004, Fujioka, 2009a, Oishi and Fujioka,
2009]. Switching strategies [Li et al., 2009] have also been
developed and, despite of their simplicity, may lead to very
nice results when some specific conditions are satisfied. In
[Gravagne et al., 2004], the idea of bandwidth reduction
through sampling period variations using dynamic systems
on time-scales was raised. Since then, no more results
on aperiodic sampling based on time-scales have been
provided.

In most of the previous references, sampling variations
are something inherent to the problem due to unmodelled
or unpredictable events. Hence the problem is mostly a
robust stability analysis or a robust stabilization problem.
However, in some cases, the sampling period is allowed to
vary in time and is controlled by a monitoring process as
in [Robert et al., 2010]. It is also possible to have an event-
based sampling [Tabuada, 2007] which could be predicted
or estimated. In such cases, the sampling period value is
available and can be explicitly used in the controller, e.g.
using gain-scheduling techniques.

In this paper, we show that time-scale calculus is well-
suited for stability analysis and stabilization of sampled-
data systems. The obtained conditions generalize the
continuous-time and discrete-time cases in a unique and
very general framework. Stability conditions are expressed
as parameter dependent LMIs involving only one matrix
variable, namely the Lyapunov matrix. This small number
of decision variables makes the design of controllers an
easy task since the linearization of BMIs is well-established
in this case. As a comparison, approaches based on de-
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lays involve a larger number of decision variables which
makes the stabilization problem inherently difficult. The
examples show that the proposed approach can yield very
good results. Indeed, in several cases, theoretical bounds
for constant sampling period are retrieved even in the
varying case. This may suggest that, for some systems,
there are few differences between constant and varying
sampling. Another remark concerns the existence of sys-
tems which are unstable in continuous-time but become
stable when the sampled output/state is fedback, a similar
phenomenon occurs for time-delay systems. By extension,
some systems can also have disjoint stability sets in the
sense that the system can be stable for sampling periods
belonging to the several disjoint intervals. In such a case,
the sampling period might be eventually allowed to jump
from one set to another without destabilizing the system.

Several stabilization results via switching state-feedback
are then provided. Both sampling-period-dependent and
independent controllers are designed. The solutions for the
stabilization problems are expressed in terms of LMIs or
quasiconvex problems, reputed for their tractability. It is
also shown, as expected, that the use of sampling-period-
dependent controllers enlarge the admissible sampling-
period region.

The paper is organized as follows, Section 2 recalls some
fundamentals on time-scale calculus and differential equa-
tions on time-scales. In Section 3, we provide expressions
for controlled closed-loop systems with varying-sampling
period and formalize them as dynamic equations on time-
scales. Section 4 is devoted to the stability analysis of these
specific systems. Finally, Section 5 provides results on the
stabilization of sampled-data systems by state-feedback.
The examples are integrated in the related sections.

The notations are standard, except that for a square
matrix M , MS stands for the sum M+MT ; ⊗ denotes the
Kronecker product; Sn++ is the cone of symmetric positive
definite matrices of dimension n; R++ is the set of positive
real numbers. For two symmetric matrices A,B, A ≺ B
stands for A−B negative definite.

2. FUNDAMENTALS

The main goal of time scales is the development of a
general framework containing both the continuous and
discrete time as extremal cases. Hence, rather than using
a time variable belonging to R or Z for the continuous-
time and discrete-time respectively, a very general time
space, denoted by T, is considered instead. This set can
be awfully complicated, alternating continuous part and
discrete parts. In this paper, we shall focus on some
particular time-scales useful in the context of sampled-
data systems and, fortunately, these time-scales enjoy
nice properties which will be exploited to derive stability
conditions. In the following, we will tacitly assume that
the time-scale T is unbounded from above 2 .

Definition 2.1. Given a time scale T, the following opera-
tors can be defined:

(1) The forward jump operator σ maps an element in T

to its closest greater element:
2 The results of this section are taken from [Bohner and Peterson,
2001]

σ(t) = {inf s ∈ T : t < s}

(2) The backward jump operator ρ maps an element in
T to its closest smaller element:

ρ(t) = {sup s ∈ T : s < t}

(3) The graininess µ is defined as

µ(t) = σ(t)− t

For instance, when T = R (T = Z) we have, for any t ∈ T,
σ(t) = t and µ(t) = 0 (σ(t) = t+ 1 and µ(t) = 1).

It is also possible to define functions on a time-scale
and more importantly the differentiability property. If
the considered function turns out to be differentiable,
then differentiation can be performed using the following
expressions:

Definition 2.2. Let us consider a differentiable function
f : T → R, the Hilger (or delta) derivative f∆ is defined
as

f∆(t) :=







lim
s→t,s∈T

f(t)− f(s)

t− s
if µ(t) = 0

f(σ(t))− f(t)

µ(t)
if µ(t) > 0.

(1)

The Hilger differentiation operator obeys to similar rules
as its standard continuous and discrete counterparts. But
more importantly, we have:

Definition 2.3. Given two differentiable functions f, g :
T → R, we have

(f(t)g(t))∆ = f∆(t)g(t) + f(σ(t))g∆(t)
= f∆(t)g(σ(t)) + f(t)g∆(t).

(2)

The following definition on rightdense continuity (rd-
continuity) is useful to establish the existence of an an-
tiderivative for a given function:

Definition 2.4. (Rightdense-continuity). A function f :
T → R is said to be rd-continuous, if it is continuous
at every right-dense point (i.e. each point t ∈ T where
σ(t) = t) and if the left-sided limit exists in every left-dense
point (i.e. each point t ∈ T where ρ(t) = t). Moreover,
every rd-continuous function possesses an antiderivative.

With these ingredients in mind it is possible to define a
linear dynamical system on a time scale T whose very
general expression is given by

x∆(t) = A(t)x(t), t ∈ T, t ≥ t0
x(t0) = x0, t0 ∈ T

(3)

where x ∈ R
n is the system state. We end this section on

a result on the existence of solutions for (3):

Lemma 2.1. (Existence of solutions). If the conditions

(1) A(t) is rd-continuous
(2) A(t) is regressive, i.e. I +µ(t)A(t) is invertible for all

t ∈ T

are fulfilled, then there exists a unique solution to (3),
defined in terms of an exponential function on the time-
scale.

Remark 2.1. If the A(t) is not regressive, then there still
exist solutions but they are not unique and not expressed
via the exponential function.
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3. SYSTEMS WITH TIME-VARYING SAMPLING
PERIOD

Let us consider the following continuous-time LTI system:

ẋ(t) = Ax(t) +Bu(t) (4)

where x ∈ R
n and u ∈ R

m are the system state and
the control input respectively. This system is controlled
by a piecewise constant input signal u(t) computed by
a (possibly time-varying) switching state-feedback control
law of the form:

u(t) =

{

K(tk)x(tk) if t ∈ [tk, tk + αk)
0 if t ∈ [tk + αk, tk+1)

(5)

where tk, tk+1 ∈ R, tk+1 > tk, αk = min{tk+1 − tk, τ},
k ∈ N; τ > 0 is the obsolescence factor, a parameter of the
control law to determine.

Remark 3.1. The above control law can be viewed as gen-
erated by a generalized hold device with impulse response

h(t) :=

{

1 if tk ≤ t ≤ tk + τ
0 if tk + τ < t < tk+1.

(6)

Remark 3.2. The main motivation for the use of such con-
trol laws (hold then reset) comes from the fact that, when
the sampling period is too large, the open-loop system
may behave in a more favorable way than the closed-loop
system controlled in this scenario by an obsolete control in-
put. Therefore, when the sampling period becomes greater
than an obsolescence factor τ > 0, the control input is
reset to 0. It has been shown in [Li et al., 2009] that such
a control law can lead to very interesting results, improv-
ing the maximal allowable (varying) sampling-period and
sometimes authorizing it to be arbitrarily large (constant
sampling only).

Remark 3.3. Note that when αk ≥ tk+1 − tk, k ∈ N

then the control strategy reduces to the classical holding
strategy where the input is never dropped to 0. This case
is obtained by letting τ = +∞.

The following general time-scale will be considered

T :=
{

tk ∈ R
+ : tk+1 − tk ∈ µ, µ ⊂ R+, k ∈ N

}

(7)

where the set µ is compact. The usual cases are µ = [0, µ+]
and µ = [µ−, µ+] where 0 < µ− < µ+ < +∞. In this
paper, we shall also consider unions of disjoint intervals.
Furthermore, to make the difference between the time t,
on R, of the continuous-time system and the time on T of
the system on time scale, the symbol † will be used for the
latter.

The closed-loop continuous-time system is given by

ẋ(t) = Ax(t) +Bu(t) (8)

where u(t) is given by (5). So, the explicit solution of the
above controlled system on t ∈ [tk, tk+1) is given by

x(t) =
[

eA(t−tk) +Υ(t, tk, τ)BK(tk)
]

x(tk) (9)

where

Υ(t, tk, τ) =

∫ min{t,tk+τ}

tk

eA(t−s)ds. (10)

Now defining the asynchronous time † ∈ T such that † = tk
and σ(†) = †+ µ(†) = tk+1, the system is rewritten as

z∆(†) = A∆(µ(†), τ)z(†) (11)

where the new state z coincide with x at sampling instants
and

A∆(µ(†), τ) = µ(†)−1
(

eAµ(†) +Φ(µ(†), τ)BK(†)− I
)

Φ(µ(†), τ) =

∫ α(†)

0

eA(µ(†)−s)ds

α(†) = min{µ(†), τ}.

(12)

Remark 3.4. If the graininess µ(†) tends to 0 then we have
α(†) → 0, µ(†)−1Φ(µ(†), τ) → I and thus A(µ(†), τ) →
A+BK(†); so the continuous-time case is retrieved. If the
graininess is kept constant, say µ(†) = µ0, then we get

z(†+ µ0) =
[

eAµ0 +Φ(µ0, τ)BK(†)
]

z(†) (13)

which corresponds to a discrete-time LTV system.

The latter remark shows that this framework is able
to capture both the continuous-time and the discrete-
time cases. Moreover, no singular point exists when the
sampling-period tends to 0 as this is usually the case
with discrete-time systems. This ill-posedness problem of
discrete-time systems motivated the introduction of the
δ-transform [Middleton and Goodwin, 1990] which has
been used in the context of aperiodic sampling in [Oishi
and Fujioka, 2009]. Time-scales are more general than the
delta-transform since they allow for any heterogeneous
set ’between’ R and Z, containing both continuous and
discrete parts.

Lemma 3.1. (Regressivity of the closed-loop system). The
dynamical system (11) defined over T is well-posed and
admits a unique solution if K(†) is rd-continuous and
the matrix eAµ(†) + Φ(µ(†), τ)BK(†) is invertible for all
µ(†) ∈ µ, † ∈ T and for some τ > 0.

Proof: This is an immediate consequence of Lemma 2.1. �

In the following we will consider the case regressive sys-
tems. Note that non-regressive systems include systems
with one or several dead-beat modes. The analysis of such
systems is not the main purpose of this paper but some
adaptations of the results can be done to tackle them.

4. STABILITY

4.1 General stability results

It is convenient to introduce here the following notation

Mκ(X,A, Y ) = XA+ATX + κATXA+ Y

defined for any real symmetric matrices X,Y , any real
square matrix A and any nonnegative scalar κ.

Theorem 4.1. The dynamical system z∆(†) = A∆(†)z(†),
z(†0) = z0, (†0, †) ∈ T

2, † ≥ †0 is robustly exponentially
stable for µ(†) ∈ µ if the following statements hold:

(1) A(†) is rd-continuous and regressive, i.e. det(I +
µ(†)A(†)) 6= 0 for all † ∈ T and µ(†) ∈ µ.

(2) There exist P : T → S
n
++ verifying θ1I � P (†) � θ2I

for some 0 < θ1 < θ2 < +∞ and β ∈ (0, 1/ sup{µ})
such that

Mµ(†)(P (σ(†)), A∆(†), P
∆(†) + βP (†)) � 0 (14)

holds for all µ(†) ∈ µ and all † ∈ T.

Proof: Omitted for brevity. �

Remark 4.1. When P is chosen to be constant, the system
will be said to be quadratically stable.

Preprints of the 18th IFAC World Congress
Milano (Italy) August 28 - September 2, 2011

11376



Remark 4.2. If the system is a continuous-time system,
i.e. σ(†) = t and µ(†) = 0, then we recover the continuous-
time LMI condition. On the other hand, if the system is
a discrete-time process (i.e. σ(†) = t + 1 and µ(†) = 1),
then we recover the discrete-time case (noticing that the
system on time-scale is a shifted and scaled version of a
standard discrete-time system).

When the system and the Lyapunov matrices depend
explicitly on the graininess (sampling-period), we can state
the following theorem which is more specific than the
previous one:

Theorem 4.2. The dynamical system z∆(†) = A∆(µ(†))z(†),
z(†0) = z0, (†0, †) ∈ T

2, † ≥ †0 is robustly exponentially
stable for µ(†) ∈ µ, inf{µ} > 0, if the following statements
hold:

(1) A(µ(†)) is rd-continuous and regressive, i.e. det[I +
µA(µ)] 6= 0 for all µ ∈ µ.

(2) There exist a bounded matrix function P : µ → S
n
++

such that

Mµ(P (µn), A∆(µc), S(µc, µn)) ≺ 0 (15)

holds for all (µn, µc) ∈ µ
2 and where S(µc, µn)) =

µ−1
c (P (µn)− P (µc)).

Proof: Omitted for brevity. �

It is important to mention that the consideration of
pathological sampling periods is encoded in the conditions
of the above theorem. Indeed, if the sampling period is
pathological then the closed-loop system becomes unstable
and then (15) cannot hold. Hence it is not necessary
to incorporate additional conditions to deal with such
sampling periods.

4.2 Computational Aspects

The goal of the paper is not to provide new numerical
tools for solving the above (quasi)LMI problems, so we
will briefly recall some approaches previously used to solve
them. The main difficulty comes from the exponential
terms which make the evaluation difficult. In [Robert et al.,
2010], a polytopic covering of the exponential term is
proposed. In [Fujioka, 2009a] a gridding method is intro-
duced and a robust analysis is embedded in the algorithm
(through the small-gain theorem) in order to also consider
the sampling-periods around the gridding points. A discus-
sion on improving the small-gain argument using IQCs is
also emphasized. An approach, based on the partitioning
of the sampling-period space, is developed in [Oishi and
Fujioka, 2009] for systems where the Jordan form of the
matrix of the open-loop continuous-time system is avail-
able.

4.3 Examples

Example 4.1. Let us consider the SISO system with A =
−2, B = 1 and the state-feedback gain K = 1 (τ =
+∞). This system has been considered in [Fridman et al.,
2004, Mirkin, 2007, Fujioka, 2009b] where the determined
maximal varying sampling periods were 1, π/2 and +∞
respectively. The corresponding dynamical system over a
time scale is given by

A∆(µ) =
3

2µ

(

e−2µ − 1
)

. (16)

Since the system is scalar, it is sufficient to apply Theorem
4.1 with P (†) = 1 and we get the condition

3

µ

(

e−2µ − 1
)

(

1 +
3

4

(

e−2µ − 1
)

)

< 0. (17)

First let us consider µ > 0, then e−2µ − 1 < 0 and the
stability is ensured iff 1 + 3

4

(

e−2µ − 1
)

> 0. The latter is
always true since 1 > 3/4. Thus the system is stable for
all µ ∈ (0,+∞). When µ → 0 then the inequality (17)
tends to -6, the system is thus stable in continuous-time
(A + BK is Hurwitz). To conclude, this system is stable
independently of the sampling period, as also proved in
[Fujioka, 2009b].

Example 4.2. Let us consider now the following example
[Branicky et al., 2000, Naghshtabrizi et al., 2008]:

A =
[

0 1
0 −0.1

]

, BK =
[

0 0
−0.375 −1.15

]

.

Theorem 4.1 is applied with τ = +∞ and a constant
matrix P . To check in a simple way the LMIs of the
theorem we will adopt a gridding technique of 101 gridding
points. However, note that any technique of Section 4.2
can be applied. The graininess maximal value (maximal
sampling period) is determined to be µ = [0, 1.72941] up
to a precision of 10−5 and with

P =

[

1.9584 0.6538
0.6538 1.6144

]

.

This bound is better or identical than the others of the
literature; see Table 1 for comparison. Note also that this
value is identical to the critical value in the constant
sampling case and this suggests that, for this system, there
are few differences between constant and varying sampling.

Ref. Maximal varying sampling period

[Fridman et al., 2004] 0.8696
[Yue et al., 2005] 0.8871

[Ariba and Gouaisbaut, 2007] 1.009
[Naghshtabrizi et al., 2008] 1.1137

[Mirkin, 2007] 1.3659
[Seuret, 2009] 1.6894

[Oishi and Fujioka, 2009] 1.7294

Theorem 4.1 1.72941

Theoretical 1.7294194 (constant case)

Table 1. Results for Example 4.2

From [Li et al., 2009], we know that this system can
be stabilized by a switching control law of the form (5)
with arbitrarily large constant sampling period and an
appropriate choice of the obsolescence factor τ . When the
sampling period is time-varying, we apply Theorem 4.1
with a constant matrix P and we get the graph in Fig. 1
where the maximal sampling period µ+ is plotted with
respect to τ . We can see that the value τ = 0.1038 is
sufficient to improve the previous upper-bound 1.72941.
Using the switching control law the maximal sampling-
period value µ+ = 10.305 is attained for τ ∼ 0.755 with

P =

[

135.3322 17.1870
17.1870 470.2762

]

. (18)

In [Li et al., 2009], the authors have found µ+ = 10.25
with τ = 0.76. Note also that when τ exceeds 1.72, then
we recover the classical non-switching control law. Indeed,
since τ is always greater than the maximal admissible
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sampling period (for the non-switching law), hence the
control law reduces to the classical holding strategy.
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Fig. 1. Maximal sampling period µ+ with respect to the
switching parameter τ

Example 4.3. In the third and last example on stability, let
us consider a system with the following matrices matrices

A =

[

0 1
−2 0.1

]

, BK =

[

0 0
1 0

]

which could correspond to a system controlled by a static
output feedback or structured state-feedback controller
(with a very badly chosen coefficient for the controller).
It is known that the corresponding time-delay system
ẋ(t) = Ax(t) + BKx(t − h) is stable for constant delays
belonging to the interval (0.10016826, 1.7178) [Gouaisbaut
and Peaucelle, 2006]. Note that since the matrix A has
unstable eigenvalues, then it cannot be stabilized by large
sampling period [Li et al., 2009]. When the sampling
period is uncertain but constant, Theorem 4.2 with P (µ) =
P0 = cst and τ = +∞ provides the stability region
µ = [0.5004, 1.9203]. When P (µ) = P0 + P1µ, the result
is refined to µ = [0.2013, 2.0204]. Making the structure
of P more complex does not seem to improve the result.
Moreover, we can go further by proving other stability
regions using the same structure for P (µ):

µ ∈ {[2.4706, 3.6963], [5.4307, 6.3447], [7.0277, 7.7249],
[10.3916, 10.7559], [11.4973, 11.7179]} .

When the sampling is time-varying, the following sets are
computed (with P (µ) = P0 + µP1):

µ ∈ {[0.2187, 1.0031], [0.500, 1.9256], [2.47, 3.6],
[2.77, 3.6963], [5.4584, 5.8004], [5.8172, 6.3447],
[7.0339, 7.5009], [7.5000, 7.7070]} .

(19)

It is important to mention that all above sets have been
determined separately (different P (µ) for each interval),
hence stability is not ensured for a varying sampling period
navigating between the different intervals, even if they
overlap. When a constant sampling period is considered,
it is possible to prove the stability of the system over
µ = [0.21, 2]∪ [2.5, 3.6] using Theorem 4.2 (τ = +∞) with
the Lyapunov matrix P (µ) = P2µ

2 + P1µ+ P0 where

P0 =

[

182.3282 −1.7392
−1.7392 182.4617

]

, P2 =

[

42.0123 −5.3477
−5.3477 42.1612

]

P1 =

[

−172.8205 12.2532
12.2532 −173.3966

] (20)

With a lower degree polynomial for P (µ) we are not able to
prove the stability over that set. When a varying sampling-
period is considered, we are not able to provide any joint
result for ’jumping’ periods navigating between disjoint

intervals. Note that, when a single sampling period is
selected in each of the interval, then from switched systems
theory, it is possible to prove the stability for any switching
sequence.

The reason why this system admits disjoint stability sets
is the presence of pathological sampling periods µk :=
2kπ√
7.99

, k ∈ N − {0}. which split up the stability region

in disjoint parts. The first values are µ1 = 2.2228, µ2 =
4.4457, µ3 = 6.6685, µ4 = 8.8913 and µ5 = 11.1142. They
are located between the disjoint intervals and close to the
midpoint between them. Note that, due to the continuity
property of the eigenvalues with respect to µ, there is
always a ball around the pathological sampling period in
which the closed-loop system is unstable, as also illustrated
in this example.

5. STABILIZATION OF SAMPLED-DATA SYSTEM

According to the considered problem, two different switch-
ing state-feedback controllers can be designed. The first
one, which we refer to as the robust state-feedback, consists
of a constant gain K while the second one, referred to
as the gain-scheduled state-feedback (or sampling-period-
dependent), is time-varying and depends explicitly on the
graininess (the sampling period). Note that the second
type of controllers can only be used when the sampling
period is known in advance.

Theorem 5.1. There exists a quadratically stabilizing
switching sampling-period-dependent state-feedback con-
trol law (5) if there exist X ∈ S

n
++ and a bounded

continuous matrix function U : µ → R
n×m such that the

LMI
[

Ξ11(µ) Ξ12(µ)

⋆ −µ−1X

]

≺ 0 (21)

holds for all µ ∈ µ with

Ξ12(µ) = µ−1[Ae(µ)X +Φ(µ, τ)BU(µ)]T

Ξ11(µ) = Ξ12(µ) + Ξ12(µ)
T

Ae(µ) = exp(Aµ)− I

(22)

In such a case, the controller matrix is given by K(µ) =
U(µ)X−1.

Proof: Omitted. �

Theorem 5.2. There exists a robustly stabilizing sampling-
period-dependent state-feedback control law (5) if there
exist a matrix Z ∈ R

n×n, bounded continuous matrix
functions P : µ → S

n
++, U : µ → R

n×m and a sufficiently
large positive scalar function ǫ : µ2 → R++ such that the
matrix inequality

[

Ξ11(µc, µn) Ξ12(µc, µn) Z
⋆ Ξ22(µc, µn) 0
⋆ ⋆ Ξ33(µc, µn)

]

≺ 0 (23)

holds for all µ ∈ µ, inf{µ} > 0, with S(µc, µn) =
µ−1
c (P (µn)− P (µc)) and

Ξ11(µc, µn) = −ZS + µcP (µn)

Ξ12(µc, µn) = µ−1
c [Ae(µc)X +Φ(µc, τ)BU(µc)] + P (µn)

Ξ22(µc, µn) = −ǫ(µc, µn)P (µn) + S(µc, µn)
Ξ33(µc, µn) = −P (µn)/ǫ(µc, µn)
Ae(µc) = exp(Aµc)− I

(24)

In such a case, the controller matrix is given by K(µc) =
U(µc)Z

−1.
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Proof: Omitted for brevity. �

Remark 5.1. In the latter results, a state-feedback control
law independent of the sampling-period can be obtained
simply by setting a constant U .

Remark 5.2. Despite of being a quasiconvex problem, the
term ǫ can be chosen to be constant and, according to the
proof, must be sufficiently large. Hence, its preliminary
choice is facilitated by choosing a large value.

Example 5.1. Here we provide an example for the quadratic
stabilization of systems with varying sampling period via
state-feedback. Let us consider a system with matrices

A =

[

0 1
−2 0.1

]

and B =

[

0
1

]

. (25)

Using Theorem 5.1 with τ = +∞, we find that the system
is stabilizable with a varying sampling period belonging to
µ = [0, 1.8938] using the controller K = [1.9953 −0.1004].
Now, if K(µ) is defined as a polynomial, we can slightly
improve the allowable maximal sampling period. This is
summarized in the Table 2. Moreover, since the open-loop
system is unstable then the switching control law does not
improve the latter results.

degree of K(µ) µ+ for system (25) µ+ for system (26)

0 1.8938 0.1566
1 2.2072 0.3299
2 2.2121 0.5020
3 2.2170 0.6717
4 2.2182 0.8353
5 2.2206 0.9817
6 2.2206 1.0196

Table 2. Maximal allowable sampling period
w.r.t. degree of the state-feedback controller

Example 5.2. Let us consider now a system with matrices

A =

[

7 4
5 11

]

and B =

[

1
1

]

. (26)

The results obtained using Theorem 5.1 with τ = +∞
are summarized in Table 2. Here also, the switching
control law does not improve the results. Also in this case,
sampling-period-dependent controllers allow to enlarge the
varying sampling-period admissible region.
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