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1. INTRODUCTION

Despite of the essential differences between assembly
and disassembly processes, there have always existed
strong ties between the analyses of both processes. If
planning and sequencing are involved, different levels
of aggregation should be considered: (1) Motion
planning, (2) Assembly sequence planning and (3)
Assembly task planning and sequencing. Motion
planning is component oriented, assembly segquence
planning is product oriented, and assembly task plan-
ning is process oriented, i.e. it is considered in an in-
dustrial engineering environment, including logistics.
The approach (1) is beyond the framework of the pre-
sent paper. The approaches (2) and (3) are less de-
tailed compared with the approach (1). Both are
closely intertwined, and should be considered as the
basis for more detailed studies.

The assembly line balancing problem is closely re-
lated to approach (3). It should be stressed that one
can not speak of “the” balancing problem, as there
exists a class of various approaches, depending on the
context in which the study has to be carried out (prod-
uct design, process design, etc.), and external circum-
stances (product variety, degree of uncertainty etc.). A
lot of papers on assembly line balancing problems
have appeared. In textbooks such as (Scholl, 1999) an
extensive review of balancing problems is presented.
The assembly line balancing problem is defined here
as “the decision problem of optimally partitioning
(balancing) the assembly work among the work sta-
tions’ (p. 5), which presupposes an existing assembly
line consisting of a linear configuration of worksta-
tions. Many variations and extensions to this basic
theme are relevant to practice and have been studied
inso far.

Usually, balancing problems start with establishing a
list of tasks accompanied by a time estimate of ac-
complishing each task and, subsequently, combining
the tasks such that the assembly is completed within
the shortest time, with a maximum use of the available
capacity. As this type of problems originally referred
to manual operations, time and costs were considered
as directly proportional to each other. The introduc-
tion of automation and robotics has dramatically
changed this concept.

2. PRECEDENCE GRAPHS

One of the basic tools in formulating and solving bal-
ancing problems is a diagram that graphically repre-
sents the different possible sequences of tasks that
have to be accomplished. Because definite tasks have
to be performed prior to the accomplishment of other
tasks, these diagrams are subjected to precedence rela-
tions, and are called precedence diagrams or prece-
dence graphs. These diagrams are the graphical repre-
sentation of a set of precedence constraints or prece-
dence relations. Precedence graphs were originally
used for analyzing existing assembly lines that were
applied for assembling existing products. This re-
stricted the decision space to the resequencing of
some tasks. One of the early descriptions of such dia-
grams is described by Prenting and Battaglin (1964).
There, the use of subassembly lines has also been dis-
cussed. These enable the simultaneous performance of
multiple assembly tasks, also called parallel assembly.
This simplifies the problem because it is decomposed,
and it might speed up the cycle time of the assembly
line. The precedence graphs that are at the basis of this
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method can be analyzed with basic tools in network
analysis, such as Critical Path Method (CPM), and
Project Evaluation and Review Technique (PERT).
Gradually, a more technical approach became neces-
sary, because of the introduction of information tech-
nology in many domains, in the replacement of man-
ual labor by robots, and in the increasing complexity
of assembly processes. Apart from this, new models
of management and operation were applied, with a
need for mixed-model assembly (simultaneous manu-
facture of various items of a product family) and even
multi-model assembly.

This technical approach was also required for design
purposes. In order to design a product simultaneously
with its assembly line, the consequence of product
modifications on the assembly process had to be in-
corporated. Several authors introduced this design for
assembly (DFA) concept. The evolution towards tech-
nically oriented precedence graphsis seen in the early
literature on assembly sequencing, see Boothroyd et
al. (1982); Miller and Stockman (1990). Here, the
starting point was an assembly drawing of a definite
product such as a power plug. Tasks corresponded
there essentially with the attachment of a definite
component or subassembly. An initial task (load the
initial component) and a final task (remove the com-
pleted assembly) were added.

The precedence relations in those examples were re-
stricted to simple AND relations. An AND relation
means that a definite component or subassembly can
be mounted only if, e.g., two other components (A
AND B) are mounted beforehand. It should be
stressed that reality is much more complicated than
that, which puts severe restrictions on the use of
precedence graphs. Usually, one has to deal with
combinations of AND and OR relations, which are
called complex AND/OR relations. These will be dis-
cussed in the sequel. Various authors have investi-
gated and refined the construction of precedence
graph. Heuristics-based precedence graphs were used
by, e.g., Murayama et al. (1994, 2001) and Danloy et
al. (1999). Application of precedence graphs to the
assembly of product families can be found in (Fouda
et al., 2001lab). A forma treatment of precedence
graphs is in (Minzu et al., 1999). Further analytical
work on precedence graphs, including their applica-
tion to disassembly line balancing, is described by
Moore et al. (1998) and Guingér and Gupta (2001).

On the basis of the ideas of precedence graphs, the
complete literature on assembly sequencing has been
founded, starting with Bourjault’s work (Bourjault,
1984) and the papers by De Fazio and Whitney,
(1987), Baldwin, et al., (1991), and Homem de Méello
and Sanderson (1990, 1991). In these papers, the prob-
lem of deriving all possible assembly sequences was
dealt with. De Fazio, Whitney, and Baldwin et al.

were focused on automatically deriving the prece-
dence relations from a set of queries put to the de-
signer. They used a connection state representation for
depicting the sequences. Homem de Mello and San-
derson advocated a novel graphical presentation
method, the AND/OR (hyper-) graph which resulted
from considering the disassembly process as reverse
assembly. Here the unit tasks or actions corresponded
to the transition of a parent subassembly into a pair of
child subassemblies. In the reverse, assembly actions
are considered as the addition of two parent subas-
semblies to one child subassembly. In the AND/OR
graphs, each action is represented by a set of two
joined arcs (hyperarcs), pointing from the parent to
both the children in case of disassembly graphs.
Nodes correspond to subassemblies here. The con-
struction of these graphs needs the set of precedence
relations and the set of possible subassemblies as a
prerequisite. The AND/OR graph can concisely repre-
sent all possible assembly sequences. Each of these
sequences is represented by a subgraph of the
AND/OR graph. Once the graph has been established
and the costs of each action are estimated, the opti-
mum sequence can be determined by applying mixed
integer programming (Lambert, 1999, 2001; Lambert
and Gupta, 2002). With respect to the state representa-
tion, the AND/OR graph notation is more compact as
the number of nodesis reduced.

In the conventional approach, disassembly operations
are described by cut-sets, i.e. a set of connections that
has to be disestablished in order to separate a parent
subassembly in two child subassemblies. The method
that is described in this paper is on the full basis of
subassemblies with the detachment of a part rather
than the disestablishment of a connection as a basic
operation. The principal advantage is that the addi-
tional complexity, which arises from the requirement
of simultaneous disestablishment of multiple connec-
tions, is avoided. In the connection-oriented method,
the precedence relations are therefore complex and the
derivation requires dedicated software (Baldwin et al.,
1991). It is demonstrated here, that a subassembly
oriented method is applicable to a variety of problems,
with a minimum of queries for visual inspection of the
assembly drawing, and generates the precedence rela
tionsin aquite natural way.

Precedence graph are not required, because the prece-
dence relations are implicitly present in the assembly
graph. Thiswill be explained in the following section.

Although the study of task precedence graphsis at the
origin of assembly sequence determination, the meth-
ods that have been developed from an assembly se-
guencing point of view are in turn useful tools for
assembly task planning. The subassembly oriented
method that is described in this paper, can be used for
quickly detecting opportunities for parallel assembly.



Parallel assembly is widely applied in industry, as it
enables the simultaneous assembly of modules that
are, subseguently, combined to form the final product.
In the example of figure 3, e.g., the simultaneous as-
sembly of the modules ABCDEF and GHJIKL appears
feasible. In afinal step, these are joined.

3. ASSEMBLY GRAPHS

Assembly graphs can be derived from the equivalent
disassembly graphs. The method for their establish-
ment isillustrated by a basic case.

Consider an assembly that consists of three compo-
nents, which is represented by the set {A, B, C}, see
figure 1a. The different actions are indicated here by
the figures 1 through 12. The number of components
is denoted by N, thus N = 3. The maximum number of
subassembliesis 2" — 1. In this case there are maxi-
mally 7 subassemblies possible, viz. ABC, AB, AC,
BC, A, B, C. However, because these subassemblies
should meet definite criteria, the actual number of
subassemblies is restricted in reglistic cases. From a
disassembly point of view, the principal criteria are:
(1) coherence, which means that the subassembly
should be connected, and (2) detachability, which
means that the subassembly should be obtained by
disassembly operations only, without reassembly. By
visual inspection, it is observed that subassembly AB
cannot be obtained from ABC by disassembly opera-
tions. Coherence can be determined by using a con-
nection diagram, see figure 1b.
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Figure 1. Basic example of an assembly. (a) Assembly
structure, (b) Its connection diagram.

In this example, the assembly is strongly connected,
which means that every part is connected with al the
remaining parts and no incoherent subassemblies ex-
ist. In most of the more complex assemblies, the situa-
tion of strong connection is not obtained. The assem-
bly graph can be derived from the connection dia-
gram, which is presented in figure 2 in its most gen-
eral form, without regarding detachability.

It reveals 6 possible assembly sequences. If an unde-
tachable subassembly appears in an assembly se-
guence, this sequence is invalid. In figure 2, it is evi-

dent that AB is undetachable. This implies that, once
AB has been assembled, the process cannot be contin-
ued towards final state, because the action 10 can not
performed. This means that the assembly sequences
1,4,10 and 2,6,10 are discarded. The actions 4 and 6,
although possible ones, should also be discarded for
they do not make part of avalid assembly sequence.
Although the rejection of AB can be justified at a first
glance in this simple example, this is no longer appli-
cable in more complex cases.

ABC
Figure 2. Assembly graph and actions belonging to the

basic example. The dotted lines are the infeasible
actions.

Therefore, a systematic method for subassembly rejec-
tion, which is based on precedence relations, will be
presented. This approach is an extension of the work
that has been performed by (Huang and Lee, 1989)
and (Rajan and Nof, 1996). According to this method,
one analyses, subsequently, the different components.
For each component, one investigates whether a com-
bination of two surrounding parts exists, that impedes
the detachment of the respective component. In this
example, there is only one precedence relation,
namely:

Raor Rs - Rc (2)
This expression means that component A or compo-
nent B should be detached prior to the detachment of
component C.
Inversion of (1) results in an expression that discards
definite subassemblies on the criterion of undetach-
ability, aso-caled sieve. Here it reads:

(Aand B) and not C 2
This means that all subassemblies that contain A and
B and that do not contain C are discarded.
It should be stressed that in more complex cases this
method is a powerful instrument in reducing the
amount of valid subassemblies.
This method does not fully guarantee the complete-
ness of the set of conditions, so it resultsin a prelimi-
nary set of necessary conditions, which implies that no
potentially valid subassemblies are discarded. More
rigorous methods that include the search for appropri-
ate combinations of three and more surrounding com-
components, guarantee completeness but at the cost of



a more complex search and the generation of many
redundant selection rules.
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Figure 3. The Assembly for Industry example (De
Fazio and Whitney, 1987).

It is reported that, in realistic subassemblies, the num-
ber of valid subassemblies strongly reduces with re-
spect to the number of combinatorially possible ones.
For the Assembly for Industry, depicted in figure 3,
(De Fazio and Whitney, 1987), consisting of 11 com-
ponents, only 83 subassemblies are valid, which is a
reduction with a factor of 0.04. A somewhat more
complex 2D-example that has been taken from (Chen,
et al., 1997) has only 135 valid subassemblies. This
results in a reduction with the factor 0.008, see figure
4.

Figure 4. The 2D-éxamp|e taken from (Chen et al.,
1997).

Completeness is not obtained in the genera case
without the simultaneous introduction of redundant
congtraints. In redlistic cases such as that of figure 3
and 4, however, the set of precedence equations ap-
pears complete, which can be justified by visual in-
spection of the reduced set of selected subassemblies.
If it happens to be that a subassembly is erroneousy
considered feasible, this requires an additional con-
gtraint to the sieve. In the examples of figure 3 and 4,
no infeasible subassemblies were selected.
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Figure 5. Demonstrating subassembly detection and

parale assembly. (a) Assembly, (b) Connection
diagram

By applying this considerable reduction beforehand,
the testing of the subassemblies on other criteria that
are required for assembly, such as stability, can be
performed more efficiently because a restricted
amount of subassemblies should be considered. Such
atest is usualy elaborate, for it presupposes detailed
information on geometry, the nature of connections
(mating or the presence of different types of fasten-
ers), fixtures, tools, tolerances etc.

5. PARALLEL ASSEMBLY

Subassembly detection will be illustrated via the as-
sembly {A, B, C, D, E} of figure 5a. Its connection
diagram is presented in figure 5b. The assembly has
31 combinatorially possible subassemblies, which
results, after exclusion of the components and the
complete assembly, in 25 nontrivial ones. From the
connection diagram, the sieve can be derived that dis-
cards incoherent subassemblies. This proceeds by
considering the neighboring components of every
component. It is clear, for instance, that a subassembly
that contains A, and that contains neither B nor C,
cannot be coherent. Consequently applying this
method results in the sieve that discards all subassem-
blies that contain:

Aand not (B or C)

B and not (A or D)

Candnot (Aor D or E) ©)]

D and not (Bor Cor E)

E and not (C or D)
Additionally, the precedence relations should be for-
mulated. There are three of them, because the compo-
nents A and B can each be removed without blocking
by other parts, if the appropriate direction of motion is
chosen. Because component C is surrounded by the
components A, D, and E, the precedence relation that
isrelated to C reads:

(Raor Rp) - Re
Similarly, one can formulate precedence relations for
D and E, namely:



(Reor Re) - Ro

(Rcor Rp) - Re
From this, the sieve is derived by inversion, which
implies that all subassemblies are discarded that con-
tain:

(Aand D) and not C

(B and C) and not D (4a9)

(Cand D) and not E
Applying the sieves (3) and (4a) to the combinatori-
ally possible subassemblies, discards 15 of the 25
combinations. Those that are | eft are:
AB, AC, BD, CE, DE, ACE, BDE, CDE, ACDE,
BCDE.
Visual inspection reveals that AB is erroneously se-
lected, because the set of surrounding components
was too restricted. In the case of component C, B
should be added to the surrounding components and
the set of precedence relations thus is extended to:

(Raor Rp) and (Ry or Re) —

(Reor Rg)and (Rsor Ry) -~ Ro  (5)

(Rcor Rp) - Re
Such asisvisiblein, e.g., (5), the “natural” shape of a
precedence relation is a complex AND/OR relation-
ship. This strongly complicates the graphical presenta-
tion of these relations in a precedence graph. The use
of such diagrams is partly based on historical argu-
ments for it is essentially a modification of a prece-
dence graph for work elements.
From (5), the following sieve is obtained:

(Aand D) or (A and B) and not C

(Band C) or (Aand B) andnot D  (4b)

(Cand D) and not E
Consequently, AB is discarded too and the sieve that
consists of (3) and (4b) discards all incoherent and
undetachable subassemblies. Only 9 out of 25 subas-
sembliesremain, viz.:
AC, BD, CE, DE, ACE, BDE, CDE, ACDE, BCDE.
From this, the assembly graph can be derived. It is
presented here in two parts.
The transitions that are obtained by subsequent addi-
tion of single components are depicted in figure 6a.
Here only one significant arc of each hyperarc is
drawn. In figure 6b the possibilities of parallel assem-
bly are presented. Here the full hyperarcs are visual-
ized. The parent subassemblies should be both feasi-
ble and complementary with respect to the child sub-
assembly. Because of the strong reduction in the
amount of subassemblies, this still more reduces the
modes of parallel assembly. The combination of the
figures 6a and 6b reveals the full assembly graph.
Further criteria for assembly, e.g. stability, can now be
introduced. If, e.g. ACE is instable, it should not ap-
pear in the graph with the consegquence that the related
actions and subassemblies also are removed. In the
example, this results in removal of the actions 14, 16,
and 20. The subassembly AC is not removed because

it also appears in parallel assembly as a parent of
ACDE in action 26. One can start, e.g., with the as-
sembly of AC and DE simultaneously, combine them
to ACDE, and add B. An dternative parallel sequence
is as follows: attach B to DE and next combine BDE
and AC to the final assembly according to action 29.
In more complex cases, discarding a subassembly on a
detailed criterion might result in discarding a chain of
subassemblies.

\XXX/ o
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Figure 6. The assembly graph. (@) Simple assembly,
(b) Parallel assembly.

In balancing of assembly lines, the possibility of car-
rying out multiple tasks in parallel is an interesting
option. Such possibilities follow straight from the as-
sembly graphs.

A further application of this method is in cases in
which modules (functional units consisting of a defi-
nite subassembly) should appear which might be re-
quired, e.g., for testing purposes. If CDE were such a
module, the subassemblies that contain elements of
CDE but that do not contain CDE are discarded. This
refersto ACE, BDE, AC, and BD. Only the actions 3,
4,5,9, 11, 12, 13, 17,19,22, 23, 24, 25 are permitted
and no parallel assembly appears possible.

6. CONCLUSIONS

This paper demonstrates that the use of assembly
graphs is a valuable tool in the analysis of assembly
sequences and acts as an alternative to the use of
precedence graphs. It shows that assembly graphs can
be derived from component-oriented rather than con-
nection-based precedence relations via subassembly
detection. This strongly reduces the search space of
subassemblies and actions that should be analyzed in
more detail. Particularly, the complete set of paralel
assembly operations is obtained in a logical way from
thisanalysis. Thisisimportant in the design of assem-
bly processes that permit parallel operations.
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