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Abstract: By parameterizing all reduced order models matching some of the first charac-
teristic parameters (moments or Markov parameters or both) of the origina system, the
poles of the reduced system are prescribed as a key to find a stable reduced order system.
Two procedures based on Lanczos and Arnoldi agorithms are proposed to approximate
the dominant poles of the original system and to choose them as the poles of the reduced
order model. If the number of iterations approximating the dominant poles is more than
the order of the reduced order model, the new approach leads to a better result than the
standard Krylov subspace methods. Copyright (©2005 IFAC
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1. INTRODUCTION

A widely used approach for order reduction of large
scale systems is based on matching some of the char-
acteristic parameters called moments and Markov pa-
rameters of the original and reduced systems. Such re-
duced models can be calculated explicitly in different
ways which has extensively been used in the field of
circuit smulation (Pillage and Rohrer 1990, Chiprout
and Nakhla 1993, Achar and Nakhla 2001). The max-
imum number of characteristic parameters that can be
matched is double the order of the reduced system
where the method is called a Padé approximation.

To overcome the numerical problems in explicit mo-
ment matching , it is recommended to use the Krylov
subspace methods which finds the reduced order
model by applying a projection to the original system
(Achar and Nakhla 2001, Gallivan et al. 1994, Ville-
magne and Skelton 1987, Freund 2003). Based on the
coefficients to be matched, the columns of the projec-
tion matrices should form bases of the so called input
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and output Krylov subspaces. The great advantage
of using Krylov subspaces is the existence of some
numerical reliable agorithms to find the the required
projection matrices like Arnoldi and Lanczos.

In Krylov subspace methods, there is no general guar-
anteeto preserve stability of the original system. There
exists a guarantee using a one-sided method only for
some types of systems which are related to passive
systems; see e.g. (Odabasioglu et al. 1998, Freund
2003, Kernsand Yang 1998). In generdl, if the reduced
system is unstable, a stable reduced order model can
be found by post processing. By using restarted algo-
rithms, it is possible to remove the unstable polesfrom
the reduced system and recover stability (Grimme et
al. 1995, Jaimoukha and Kasenally 1997). However,
by using the restarted algorithms, the moments do not
match after deleting the unstable poles and it is not
guaranteed to always find a stable reduced model by a
finite number of restarts.

By knowing that a reduced order model by a one-
sided method is not unique, in this paper, first all
possible reduced systems of order ¢ whose ¢ char-
acteristic parameters match with the original system



are parameterized. Then, the parameters are chosen to
put the poles at some prescribed points in the com-
plex plane. Different ways are proposed to calculate
the approximate poles of a large scale system using
Arnoldi and Lanczos algorithms. By choosing stable
valuesfrom the set of approximated poles, the stability
of the original system is preserved.

In comparison to the restarted agorithms, the pro-
posed method not only guarantees the stability, but
also does not change the characteristic parameters
which match with the original model (like moments
or Markov parameters). Furthermore, it is suggested to
find approximate poles of the original model by doing
some iterations more than the order of the reduced
order models which improves the results in both one-
sided and two-sided methods compared to the stan-
dard Krylov subspace methods.

2. KRYLOV SUBSPACE METHODS

We consider the dynamical system of the form
Ex(t) = Ax(t) + bu(t), )
y(t) = c"x(t),

For the system (1), the moments around s, are,

m; = ¢ (A —sE)'E)’ (A - sE)"'b, (2

fori =0,1,2,--- which are the negative coefficients
of the Taylor series expansion (around sg) of the
system’s transfer function (Villemagne and Skelton
1987). Higher values of s reflect the behavior of the
system at higher frequencies. For sqg = oo, the Markov
parameters are defined (Kailath 1980),

1

M=c"(E7'A) ' Ebi=1,2,-- . (9

The Krylov subspace is defined as,
Kq(A1,b1) = span{by, Aiby, -, A{"'bi}, (4)

where A; € R"*", andb; € R" iscalled the starting
vector. The Krylov subspaces with the help of Arnoldi
and Lanczos algorithms can be used for the reduction
of large scale systems and match some of the moments
and Markov parameters, see e.g. (Salimbahrami and
Lohmann 2002, Freund 2003).

Using matrices V, W € R"*? where ¢ < n, the
system (1) can be reduced by applying a projection,

WTEV x, = WAV x, + WTbu,
N—— N—_—— N——
E,. A, b, (5)
y=clVx,.
N~
cf

If the columns of V form a basis for the Krylov
subspace K, ((A — soE)'E, (A — soE)"'b) and
W = V then the first ¢ moments around s, match,

and the method is called a one-sided Krylov method.
If the columns of W aso form a basis for the Krylov
subspace K4 ((A — soE)"TE”, (A — s0E)T¢),
then the first 2¢ moments around sq match and the
method is called a two-sided Krylov method.

To match the Markov parameters the Krylov sub-
spaces K, (E7'A,Eb) and K, (E-TAT E'c)
should be considered. It is aso possible to match
the moments and Markov parameters simultaneously
(Salimbahrami and Lohmann 2002, Villemagne and
Skelton 1987) or match the moments around different
expansion points (Grimme 1997).

In one sided methods, Arnoldi algorithm (Arnoldi
1951, Freund 2003) is commonly used to calculate the
projection matrix V where V'V = 1. Thisalgorithm
simplifies the transfer function of the reduced order
model for moment matching around sy to g,(s —
so) = c¢I'V(sH, — I)ei|bl]> where H, € R*? is
an upper Hessenberg matrix. |n matching the Markov
parameters, the transfer function of the reduced order
model issimplifiedto g,.(s) = cTV(sI—H,)e; ||b| 2.

The well known agorithm in two sided methods is
Lanczos algorithm (L anczos 1950, Feldmann and Fre-
und 1995) to calculate V and W where W7V = 1.
In this case, the transfer function of the reduced order
model for moment matching around sy satisfies the
equation g,(s — sop) = c’bel (sT, — I)e; where
T, is atridiagonal matrix. In matching the Markov
parameters, the transfer function of the reduced order
model is g.(s) = cTbel (sI — T,)es.

3. MOMENT MATCHING BASED ON
PRESCRIBED POLES

In this section, amethod to find areduced order model
is proposed such that the first ¢ moments match and
its poles are located at some desired points. To apply
the new approach, the moments and the poles of the
reduced order system should be known a priory or be
calculated as discussed here.

3.1 Moments and approximation of dominant poles

A Krylov subspace method, depending on the starting
vector and the expansion point, approximates some
of the dominant eigenvalues of a large matrix (Saad
1992). In order reduction, the poles of a reduced sys-
tem by a Krylov subspace method are approximations
of some of the poles of the original system. In other
words, the eigenvalues of A~'E are approximated by
theeigenvaluesof W7 A -1 E, 'V whichisHessenberg
using Arnoldi or tridiagonal using Lanczos agorithm.

The Krylov subspace method may find some unstable
poles for a stable model or some poles out of the
frequency range of interest. Asobserved in (Feldmann
and Freund 1995), the residues of such poles are



negligible and can simply be deleted. In algorithm
1, the Arnoldi algorithm is run and the stable poles
with larger residues or larger dominant measures are
chosen which is a good choice for non stiff systems.

Algorithm 1. Dominant poles and moment generation using
Arnoldi algorithm

(1) Run Arnoldi agorithm on Oy, ((A —
SoE)_lE, (A - SoE)_lb) where ¢7 > ¢
to find the Hessenberg matrix H, .

(2) Calculate the eigenvalue decomposition H,, =
U~ 'AU where A = diag(A1, -+, Agy).

(3) Calculate the residues using k; b
where ¢; and u;; arethe i-th and (i, 1)-th entries
of cTVU™! and U, respectively.

(4) Choose ¢ eigenvalues of H,, with largest
residues such that Re(5-) < so. It is recom-
mended to choose the slower poles with larger

residues by using ﬁ% as adominant mea-

surefor \;. The poles of the system are 5o + %
(5) Caculate the first ¢ moments around s, itera
tively, USing m; = CTVHZ?161 Hb”g

To have a better approximation in reducing the sys-
tems with a defined output equation, the Lanczos al-
gorithm can be used asin algorithm 2.

Algorithm 2. Dominant poles and moment generation using Lanc-
zos algorithm

(1) Run Lanczos agorithm on K4 ((A —

soE)'E, (A — soE)7'b) and K, ((A —
soE)"TET c) where ¢ > ¢ to find the
tridiagonal matrix T, .

(2) Cdlculate the eigenvalue decomposition Ty, =
U~ 'AU where A = diag(A1, -+, A,).

(3) Celculate theresidues using k; = 11 where
11, and u;; are the (1,4) and (i,1) entries of
U-! and U, respectively and o = (A —
SoE)_lb.

(4) Choose ¢ eigenvalues of T, with largest
dominant measures such that Re(y-) < so.

— ki can be used as a dominant measure
Re(so-i-)\—i)

for \; and the poles of the system are s + 5.
(5) Cdculate the first ¢ moments around sy using
m; = ozelTTf]jlel.

By using the Lanczos agorithm, not only the output
equation affects the procedure to produce the poles,
but also because of asimpler structure of the matrices
produced by Lanczos (atridiagonal matrix T, and two
vectors b,. and ¢, as multiple of the first unit vector),
calculating the moments and dominant poles is faster.

3.2 Matching the moments

Consider that the ¢ poles and moments are found. We
construct a reduced order model with the prescribed
poles such that its first ¢ moments match with the
original one. Consider the reduced system of theform,

00---0 —ag
10--- 0 —ay
01---0 —as %, = A,x, + b,u,
00 1 —ay, )
E,
Yy = [mo mo mq_l]xT
cT

where A, = soE, + 1 and b, = e; isthefirst unit
vector. The moments of the system (6) around s are,

m,; = cz ((AT — SOET)_lET)i (A, — 50E,)"'b,
=c'Eib,, i=01,---.

Because of structure of the matrix E,. and b,., thefirst
q moments of the system (6) around s, are equal to the
elements of the matrix c,..

Theorem 1. The reduced system (6) parameterizes all
reduced system g,.(s) of order ¢ matching the first ¢
moments around sq of the higher order system g(s) in
terms of the parametersin the last column of E,..

PROOF. From the discussion above, for any valuein
the last column of E,. the first ¢ moments of system
(6) match with the original system if the entries of
c,. are the moments of the original system around the
specified point. Now, consider the first ¢ moments of
gr(s) and the original system around s, are equal. We
find a state space equation for g,.(s — sp),

5. { E)iijﬁx + bu, %

y==C X.

Because the first ¢ moments of this system around
zero are equal to the moments of ¢,.(s) around s, the

matrix A is nonsingular. Now, we multiply the state

equation by inverse of A and apply the state space
transformation, x = Tx where,

T—[AB, A"BA 'S, -, (A7R)"TATE .

The state space equation after transformation is,

TA 'ET '%$=%4+TA 'bu,
—
$ £ b
y=c T %
éT

With the same proof as in controllability canonical
forms (Kailath 1980), the vector TA ™ 'b and the
matrix TA 'ET ™' havethe same structure asb,. and
E.. in (6). The moments of the system 3> around zero
are now the entries of the vector ¢. Now, we shift the
state space equation back to have the entries of ¢ as
the moments around s, by defining A = sqE + I and
the proof iscompleted. O



The characteristic equation of the system (6) is
det (sE, — A,.). However, the poles of the system can
be calculated from,

a(s) =det (E; ' (sE, — A,))
=det ((s —so)I—E; ).

T

Because the matrix E,. isin companion form, we have,

a(s) = (5 = 50)7 + (s = s0) ™ 4ot
g1 (s —sp) + i (8
ag ag

Therefore, the parameters a;-s are related to the co-
efficients of the shifted poles of the system (6). If
the poles of the reduced order model are prescribed
without using the algorithm 1, then a;-s are found by

matching the coefficients of (8) and the polynomial,

q
a(s — sp) = H(s — (pi + %0))-
=1
where p;-s are the prescribed poles. If algorithm 1 is
used to find the prescribed poles, the whole reduction
procedure is simplified to the stepsin algorithm 3.

Algorithm 3. Moment matching using dominant poles

(1) Choose the values of sg, ¢1 and ¢ and run ago-
rithm 1 or 2 to find the eigenvalues A1, - - -, Ay
and the first ¢ moments of the system. The pre-
scribed poles of the reduced system are % +50.

(2) Calculate the coefficients of the polynomial

L(s=XN)=s"4a, 187+ +ais+ag

to produce the last column of E,..

(3) Put the calculated ¢ moments around sq in c;..

(4) Construct the reduced order model (6) to match
g moments at sg and have the prescribed poles.

Based on theorem 1, al reduced order model matching
the first ¢ moments can be expressed as (6). Here,
the remaining parameter are chosen to put the poles
at some desired points. Some other criteria can be
used to find the best parameters. One option is to
match as many number of moments as possible. This
can be done directly using any type of Padé approx-
imation like Padé via Lanczos (PVL) (Feldmann and
Freund 1995) or two-sided Arnoldi (Salimbahrami et
al. 2003) where 2¢ moments match and the result is
unique and independent of the algorithm used to find
the reduced order model (Salimbahrami and Lohmann
2002). If the algorithm 3 is used with Lanczos and
g1 = ¢, then the reduced order model is a Padé type
approximation leading to the same transfer function as
the standard Lanczos algorithm.

4. MATCHING THE MARKOV PARAMETERS

If the value of sy tends to infinity, then the method
of section 3.2 can be changed to match the Markov
parameters. Consider the reduced system of the form,

00---0 —ap
10---0 —ay
).(r: 0L---0 —a2 Xr+bru>
00 1 —ay, ©)
Ay
y:[MlMQ"']\/fq]Xr
cT

r

whereb, = e; isthefirst unit vector. The :-th Markov
parameter of system (9) is M,; = cZ A" 'b, and
because of the structure of A, and b,, the first ¢
Markov parameters of the system (9) are equal to the
elements of the matrix c,.. A result similar to theorem
1 can be proved in this case.

Theorem 2. All order ¢ reduced system g..(s) match-
ing the first ¢ Markov parameters of the original sys-
tem can be parameterized as the reduced system (9) in
terms of the parametersin the last column of A.,..

The proof of theorem 2 is quite similar to theorem
1 but the transformation x = Tx is applied to the
reduced model (7) after multiplying the state equation

with E-1 where,

T=[E'5, E'AE B, ---, (B'A)" BB,

which transforms the system into the controllability
canonical form (9).

The poles of the system (9) are the eigenvalues of the
companion matrix A, with the characteristic equation,

a(s) = det(sT — A,) = 57+ ag_157" ' + - + ao.

The parameters a;-s can be chosen based on a set of
prescribed poles. It is possible to find a set of low
frequency dominant poles as described in section 3.1
and then match the Markov parameters using reduced
system (9). To find an approximation of the high
frequency dominant poles and to match the Markov
parameters, the algorithm 4 can be used.

4.1 Matching the moments and Markov parameters

To achieve a good accuracy at both high and low
frequencies, the Markov parameters can be matched
while the low frequency poles are prescribed or vice
versa. Itisalso possible to match some of the moments
and Markov parameters simultaneously.

To match ¢ — | moments around 0 and [ Markov
parameters, then areduced order model of the form,

E, x, = x+ b,u,

y=[M -+ Mimo - mgi_1]x:, (10)

T
CT‘



Algorithm 4. Matching the Markov parameters using dominant
poles

(1) Run Lanczos algorithm on K, (E~'A E~'b)
and K, (E-TAT , E~T¢) where ¢; > ¢ tofind
the tridiagonal matrix T, .

(2) Calculate the eigenvalue decomposition Ty, =
U~ 'AU where A = diag(A1, -+, A\g).

(3) Calculatetheresiduesusing k; = “112 where
uy; and u;y are the (1,4) and (4,1) entries of
U~ and U, respectively and o = c"E~'b.

(4) Choose q eigenvalues of T with largest dominant
measures and negative real parts. % can be
used as adominant measure for ;.

(5) Cdlculate the coefficients of the polynomial

;I:l(s—/\m;) =sl4a,_ 189+ +a1s+ag
to producethelast column of A, where \,.;-sare
the chosen eigenvalues from the previous step.

(6) Caculate the Markov parameters using M; =
el T e;fori=1,---q.

(7) Construct the reduced order model (9) to match
q Markov parameters have the prescribed poles.

is considered where E,. is defined in (6) and b, =
ey isthel+1-st unit vector. It isnot difficult to show
that the first [ Markov parameters of system (10) are
thefirst [ entries of ¢, and thefirst ¢ — I moments are
thelast ¢ — [ entries of c,.. By prescribing the poles and
calculating the moments and Markov parameters of
the original system the reduced order model is found.

Theorem 3. The system (10) parameterizes al order ¢
reduced system g,.(s) matching thefirst ¢ — I moments
(I < g) around 0 and I Markov parameters with g(s)
in terms of the parametersin the last column of E,..

PROOF. From the discussion above, for any valuein
the last column of E, the first ¢ — [ moments and
[ Markov parameters match with the original system
if the entries of ¢, are the moments and Markov
parameters of the origina system as in (10). Now,
consider the system g,.(s), with the assumption of the
theorem with the state space equation,

pI T

S E)%:Ax—i—f)u,
y=C X.

where A and E are nonsingular. Now, we multiply
the state equation by inverse of A and apply the state
space transformation, * = Tx where,

T-[(A'E)"" A A'bBE'D
. (E'A)TED

The state space equation after transformation is,

TA 'ET '%$=%+TA 'bu,
N——
b E b
y=c¢ T %
N——

Thevector TA 'b and thematrix TA 'ET " have

the same structure as b, and E,. in (6).AThe moments
and Markov parameter of the system X are now the
entries of the vector ¢ and the proof iscompleted. O

If itisdesiredtohave E, = I, thereduced order model
(20) can be written as follows,

%X, = A, x+ b,u,

y: [m/q—l—l . e mo M1 e

M xr,  (11)

T
cI

where A, isdefined in (9) and b, = ;4. The result
of theorem 3 can easily be proved for system (11).

5. TECHNICAL EXAMPLES

We consider a clamped beam model (Antoulas et
al. 2001, Chahlaoui and Van Dooren 2002) of order
348 with one input and one output?. The mode! is
obtained by spatial discretization of an appropriate
partial differential equation. The input represents the
force applied to the structure at the free end, and the
output is the resulting displacement.

Table 1. Relative error norm of different
reduced models (multiple of 10~3).

Method q1 q so Henorm  Heo norm
14 14 2 105 6.7
16 14 2 290 0.9099
\,/\lvmf;t:;gs 19 14 2 51442 6.854
21 14 2 37538  0.3149
23 14 2 37508  0.3149
4 12 2 870 1031
6 16 2 11.0 0.0744
um:‘fﬁgﬁ 19 14 2 668 25.0
20 14 2 425 2.9
23 14 2 50150  0.4472
T 14 0 474 3.3398
Padé via - 16 0 329 2.3398
Lanczos - 16 2 unstable unstable
14 2 105 6.7

The proposed methods and the standard Lanczos al-
gorithm are applied to reduce the order of the system.
In table 1, the results are compared to each other. ¢;
is the number of iterations to approximate the poles.
Although matching the moments around s # 0 leads
to a better result, the standard Lanczos algorithm and
even one-sided Arnoldi produce unstable models for
so many values of ¢ when sy # 0.

As expected, the new method using the Lanczos algo-
rithm leadsto a better result. By increasing the number
of iterations to approximate the poles, it is possible
to find a better result but the error is not necessarily
decreasing. However, if the number of iterations is

2 The models are available at http://www.win.tue.nl/
niconet/NIC2/benchmodred.html. Wewould liketo thank
the authors of this site for providing us the model.



Bode diagram

Magnitude (dB)

—— Original
— - New method with Lanczos and 23 iterations
= New method with Arnoldi and 23 iterations 10
Lanczos

Phase (deg.)

1
Frequency (rad/sec.)

Fig. 1. Bode plot of the original and reduced order
systems of order 14 with sy = 2.

much more than the order of the reduced order model,
then choosing the best poles is difficult and is not
recommended. For this particular example, the results
areimproved by increasing the number of iterations up
to 23. Infigure 1, the bode diagram of the reduced and
original models are compared. The best result is for
the new method with Lanczos and the worst reduced
system is the one with standard Lanczos.

6. CONCLUSION

All reduced models of order ¢, matching ¢ charac-
teristic parameters (moments or Markov parameters)
of the original model have been parameterized. The
proposed approach:

e improves the results compared to the methods of
moment matching like Arnoldi and Lanczos.

e guarantees the stability of the reduced system.

e compared to the restarted algorithms, matches
the characteristic parameters without any error
athough the undesired poles are del eted.
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