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Abstract: A new tracking controller scheme is presented for a class of nonlinear
composite system using dynamic neural networks. Lyapunov stability theory is
used to guarantee a uniform ultimate boundedness property for the tracking error
and all other signals in the closed loop. The controller derived is smooth. In
addition, the performance criteria of the mean-square performance are provided
to quantify the control performance of proposed method. No a priori knowledge
of an upper bound on the ”optimal” weights and modelling errors is required.
Numerical simulation examples are used to illustrate and clarify the theoretical

results. C’opyright© 2005 IFAC
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1. INTRODUCTION

Tracking is the key issue in control systems per-
formance, in which the state of a given plant is
forced to follow a prespecified bounded reference
trajectory (Rovithakis, 1999). In the linear sys-
tems case, the problem has found a satisfactory
solution, even if the system contains parametric
and dynamic uncertainties, or even if external
disturbances affect its dynamics.

However, analogous results have not been re-
ported when the controlled system is nonlinear
composite systems. Due to their massive paral-
lelism, very fast adaptability and inherent approx-
imation capabilities, neural networks have exten-
sively been used mostly as approximation models
of unknown nonlinearities. Therefore, the complex
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systems that includes uncertain and possibly un-
known nonlinearities have been dealt with mainly
through a neuro-control approach in many litera-
tures (Hunt et al., 1992;Narendra et al., 1990).

The key relationship between neural and adaptive
control arises from the fact that neural networks
can approximate arbitrarily well the static and
the dynamic nonlinear systems. Thus one can
substitute an unknown system by a neural net-
work model, which is of known structure but con-
tains a number of unknown parameters (synap-
tic weights), plus a modelling error term. Thus
transforming the original problem into a nonlinear
robust adaptive control problem. The bridge to
connect the theory with applications in neuro-
control literature was provided by Lyapunov sta-
bility theory. A number of interesting works have
already appeared in this direction (Chen et al.,
1995;Rovithakis et al., 1997;Rovithakis et al.,
1994;Lewis et al., 1995).



Based on dynamic neural networks, tracking con-
trol of affine nonlinear systems is discussed in
literature (Rovithakis, 1999), however there isn’t
analogous research results in the nonlinear com-
posite systems. Composite systems consist of some
subsystems by inner connections, it has practical
application background, for example, composite
systems exist in electric power systems, robot sys-
tems, computer networks, long-distance communi-
cations etc. Thus research on the composite sys-
tems has attracted extensive consideration (Yan
et al., 1998;Zhang, 2000;Zhang, 2002). Composite
systems with matching condition is discussed by
static neural networks in literature (Zhang, 2002).
On the basis of literature (Rovithakis, 1999), we
investigate the problem of tracking control of non-
linear composite systems and performance analy-
sis by dynamic neural networks in this paper. The
following definitions of symbols will extensively be
used through the paper.

Supposing z; = (71, Ti2, -, Tin,)T € R™, |z
denotes the usual Euclidean norm of a vector; if
x; is a scalar, then |z;| denotes its absolute value.
Suppose |zi[1 = Y71, |y, if A; is a matrix,
then ||A;|| denotes the Frobenius norm, defined
as [|4i||? = Do lai;|? = tr{AT A;} where tr{}
denotes the trace of a matrix.

2. PROBLEM FORMULATION

We consider nonlinear composite systems

ti=fi(x)+gi(z)u+hi(x), i=1,2,...,N (1)

where x; € R™ is the states, u; € R™ is the
control input, f;(x;) is an unknown smooth vector
function, g;(x;) is an unknown matrix function,
h;(z) is an interconnection term. f;(x;), g:(z;),
h;(x) are continuous, locally Lipschitz. The con-
trol objective is to force the state to follow a
given bounded reference trajectory x;,, € R",i =
1,2,..., N, x;p is generated from an exosystem of
the form

i = Bim (Tim) + him (Tm) (2)

where z;,, € R™ is the states, hjmy(z,,) is an in-
terconnection term, whose dynamics are assumed
to be unknown, but satisfy a locally Lipschiz and
a continuity property.

Nonlinear system is described using the dy-
namic neural networks in literature (Rovithakis,
1999;Rovithakis et al., 1994). According to this,
the system (1) is described by the dynamic neural
networks as follows.

&y = —Ajx; + Wi Sin(z3) + WiaSia(24)us
+WinSin (z) + wils, us, ) (3)

where A; is a n; X n; matrix with positive eigen-
values, which for simplicity can be taken diago-
nal. Wﬂ, WZ‘Q and WiN are n; X L’le n; X Lig
and n; x L;y matrices of adjustable synaptic
weights respectively. S;1(x;) is a L;j—dimensional
vector, SiQ(.Ti) is a LiQ X my; matrix, SZN([E)
is a L;ny—dimensional vector, they are smooth
monotone functions which select Sigmoid func-
tion; w; (i, u;, x) is the modelling error term, it
suffices following assumption.

Assumption 1: There exist appropriately small
positive constants w; such that |w;(x;,u;,z)| <
Wi

Following the above mentioned arguments, we can

also describe the unknown dynamics of exosystem
(2) as

x.im - _Aim-rim - WzmSzm(xzm)

—WinSin(xm) + wio(Tim, Tm)  (4)
where A, is a n; X n; matrix with positive
eigenvalues. W;,, and W;, are n; x L;, and
n; X L;, matrices of adjustable synaptic weights .
Sim(Tim) is a Ly, —dimensional vector, Si ()
is a L;,—dimensional vector, they are smooth
monotone functions which select Sigmoid func-
tion; wio(Tim, Tm) is the modelling error term, it
suffices following assumption.

Assumption 2: There exist appropriately small
positive constants ;g such that |wio(z;, )| <
wWio

Define the tracking error e; of the ith subsystem

€, =T; — Tim (5)

Differentiating (5) with respect to time. Define
Aim = A; + AA;, then we obtain

- Wilsﬂ(xi) - Wizsiz(xi)ui
~WinSin () = WimSim (Tim) — WinSin (@)
+Wi15i1(xi) + Wi Sio (wi)u; + WiNSiN(x)
A Wi Sim (@im) + WinSin(@m) + AAizim,

+wi (24, Uiy ) — Wio(Tim, Tm) (6)

éi: 7A1'61'

where Wﬂ, Wiz, WZ-N, Wim, Wih are estimates of
the unknown weight values W;1, Wio, Win, Wi,
Win, respectively. The parameter errors Wit, Wia,
WiN7 Wim, ﬁ/}'h are deﬁnqd as W"l = A“ —
Wii, Wiz = Wiz = Wia, Wiy = Wiy — Win,
Wim = Wim — Wim, Win = Wip, — Wip,.

From assumption 1, 2 and x;,, € Lo, we obtain

|AA;Zim + wi(2i, Uiy T) — wio(Tim, Tm)|
< |AAL|H-774m| + |u}i(5€i7ui75f?)‘ + |Wz’0($ima xm)‘
<¢g



where ¢; is an unknown bound.

Thus the tracking control problem can be trans-
formed that we will design the controller of state
feedback and appropriate update law to guarantee
the uniform ultimate boundedness of the tracking
error.

3. CONTROLLER DESIGN

Consider the tracking error equation (6), taking
the following control laws

Ui = U1 + U2 + Uiz + Ui (7)

SH(x)WhHWi1Si (z;)

i i1 M; ®)
= B2 Sin(e)
s = SiTz(Ii)WiEE/XZSm(%m) (10)
Uiy = Sh (@) WEWinSin (xm) (11)

AiaM;

where \;1, Ajo, )\igl Ai4 are positive design param-
eters, M; =1+ ||Wi2||2||Si2(~73i)H2-

Taking the following adaptive laws

Wil = —’YﬂWil + kieisz;q(fi) (12)
WiQ = s Wia + kie;ul S5 (x) (13)
Vi/uv = *’Yi?)WiN + kieisg;v(x) (14)

Wim = —%iaWim + kie; St (Tim) (15)

Win = —visWin + kieiSh () (16)

where k;, 71, Yi2, Vi3, Via, Vis are positive design
parameters. So the following theorem 1 can be
seen to hold.

Theorem 1: Consider the error equation (6). The
control laws (7)-(11) together with the adap-
tive laws (12)-(16) guarantee the uniform ulti-
mate boundedness of |e;|, [|[Will, [Wizll, [|Win |,
[Wim I, |Win || with respect to the set v; = {V;(t) :
V; < ’C‘—l} where

2k — %)
¢ = mZ”{T? Vi1, Yz, Vi3s Vids Vis }
(2
Vil Ti2
pi =erki + — ||W11||2 : HWz'zll2
Yi3 Yia Yi5
+L|\Wm\|2+ : HW“,L||2+ 5 [Wanl?
1
k¢1>1

Proof: Firstly consider the ith subsystem, take the
Lyapunov function candidate as follow:

ki

1
V= 5 —eTe; + tr{ Wil + Etr{WgWiQ}
+7t7”{W4 WzN} -+ §tT{WEnW1m}
+ - t?"{ hWZh} (17)

Differentiating (17) with respect to time, where
A; = a;1;, substituting (7)—(11) and (12)—(16)
into it we get

V;- < —k'ai|€i|2+k'€TWZ’15¢1($Z’)+ki€;WiNSiN(x)
k e; W72512(I7)512(x1) Wﬂsﬂ(fﬂi)
i1 M;
k eI WinSia (2:) ST () WEWin Sin ()
NioM;
k € WZZSZQ($Z>S£(xz)W£WzmSzm($zm)
NisM;
k €; WzQSzQ(xZ)Sg(mz)WszhSzh(xm)
NiaM;
+€zk‘ez| — ’Yiltr{WgWil}
_’YZZW{WQWQ} '713”{ NWzN}
—714#/’{ 1m zm} 725t7"{ zh ih} (18)

where

N~ 1. . 1 - 1
tT{Wz{Wz‘l}Zi Wil + 3 [Witl?— 3 Wi ]|? (19)

N~ 1. . 1 - 1
tr{WiEWiz}Zi||Wi2||2+§||W¢2H2—§\|Wi2||2(20)
& T 1R 1 o Ly, 2 1 2
tT{WiNWiN}:§||WiN” +§||WiN|| —§|\WiNH (21)
Wi [1%(22)

S 1. - 1,5 1
t ”T”nn —= Hzm - ”'Lm pi—

. - 1 - 1 -~ 1
tT{WZEWih}Zg ||Wih||2+§ Wi |* - 3 [Win|*(23)

substituting (19)-(23) into (18) we obtain



. 1 .
Vi < —kiagles]* + k(1 + I)\€i|||W¢1\||S¢1(Ii)|

1 .

+ki(1+ E)|ei|“WiN|||SiN(x)|
1 .

+ki(1+ E)leilHWimlllsim(%m)\

1 ~
+hi(1+ f)|€z'|HWih|||5ih($m)| + eikile;|

— Wil = T W2 + 2L Wi
%NMﬂQ”WW@W+%QMﬁ2
— 2 W |2 = 22 Wi |2 + 22| Wa |
%mew %WWWW+%WWMW

’Yz5 '715 is
HthHQ ||th||2 ||Wm||2 (24)

i1+k; kz kiatkis
Select k; = kuththiathiathis p Lo ks kg, kis >

0. According to deﬁnltlon of Si1(zi), Sin(x),
Sim(Tim); Sin(Tm). We get [Su(z)] < si,
ISin(@)] < siny [Sim(Tim)| < Sim, |[Sin(@m)] <
Sin. wWhere $;1, SiN, Sim,Sin are known positive
constant. Choose design parameter A;1, Aj2, A3,

Nige Nip > —=Rasn N, > sw
2ki27vi1— klézl 2kizviz—kisin
stn ki __ FRiSin

3 = 4 =
Z \ 2kiavia—ki 31m7 Z \V/ 2kisvis —kisin

then (24) becomes
3 1 77,1 ’712
Vi=—(ki1 — 1)\€i|2 HWAH2 ||Wz2||2
P)/zd ’714 77,5
||WzNH2 HWnnH2 HWihll2

1 2
+ﬁ@+%mmW+%HMﬁ2
4
%wwmn+%uwmw 22| Winl(25)
Let

2k

C; = mm{ s Yily Vi2y Vi3 Vid, 7745} (26)

(25) becomes

Vi < —ciVi + i (27)

where

i =2k + LW |? + 22| Wi

713 Yid 715
5 Win [P + S [ Waml* + S 1 Wn |
1
ki1 > Z
choosing V; > £, then
Vi<0 (28)

Thus, we can prove the uniform ultimate bound-
edness of V; with respect to the set v; = {V;(¢) :
Vis @l

If V; is outside v; then V; < 0. on the other hand,
If V; is inside v; then V; is bounded by ‘:—L

For nonlinear composite system, we employ Lyaounov

function as follows

V=>"V, (29)

Differentiating (29) with respect to time we obtain

—c; Vi + i) (30)

\\Mz

choosing V; > ‘c‘—, then

V<0 (31)

So V is uniformly ultimately bounded. According
to_ definition of V, we can conclude that [e,,
[Warll, [Wazll, [Win |, [Wim|| and [[Win|| also are
uniformly ultimately bounded.

from (7)-(11) and theorem 1, we obtain

Si1 | SiN  Sim  Sih\ Hi
< — 32
Al A2 A3 >\¢4) ci (82)

namely, we get the set U;

Si1  SiN | Sim |, Sih\ M
Ui={w : |ui| < (- —+1)—
s+ fud (/\i1+)\12+>\z3+/\14) Cz}

Corollary 1: the control laws (7)-(11) are uni-
formly ultimately bounded with respect to the set
Ui

4. PERFORMANCE ANALYSIS

From (27) we get

T i0) = et @3)

C; C;

from (17) and (33)

2 Hi
—V;(0), if V;(0
ety =4 V Fi OO > (34)

0<Vi(t) =

2 i . i

—— fV;(0) < —

kz & ’ ' Z( ) a (&
given any positive constant R; > 2“’ there
exist a finite Tjg

ki p2 _ pa

1. SR —C
——In ———,if ¢;(0) > R;

such that e;(t) enters the ball Bg, at time ¢t < Tjo.

1“‘7,
kici

And the ultimate bound of e;(t) namely is

independent of initial condition.



Theorem 2: For the closed loop system (6)-(16),
the mean-square values of |[e;|, [Will, [[Wizll,
[Win |l IWimll, [[Win|| are bounded by

(0) — b
t L b2 2 Vi) - ]

1 ) kic; ki ’

;/|€¢(T)| ar] =9 i v(0) > % (35)
0 i

2 123 . i

JEE v <

ke | )= ¢

24 i
¢ [WalPar) D=L it vio) > @0

0 1

20 i
S vy <
(& (&
1
t 2 t

~ 1 ~
Wea(r)lPdr) 5 [ (7))
0

SIS

~ | =

0

W=

1
t 2 t
1 ~ 1 ~
[ Par) (3 1o Par) <
0 0

proof: integrating (34) over [0,t] we get
¢

/ lea(r) Pdr <22t 2 [V (0)-21) (1—e~et)(38)

Tkici  kic; C;

0

from which we distinguish two possible cases.

case 1: Let V;(0) < £+ and (38) becomes

¢ 3
1 2 i
R

t
0

case 2: Let V;(0) > £:. from (38) we obtain

t

[
N
=
S
2o
L—
=
—
=
=
oF
| S

1 ) - —a
bl ; d o S R
: / L I

0

Thus, we have proven (35). Similarly, we can prove
(36) and (37) after observing that from (33)

I 2, Wl VW 2, W12, V7
=% [wm - ’“”] et

& &

5. SIMULATION

In this section, we consider the simple composite
system
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Fig. 1. The trajectory of x1,,
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Fig. 2. The trajectory of zao,,
S.Cl = —x1 + 025277,331 + iU + X2

5.02 = —22 + 0.25i77/l,’2 + ToUug + X1

The problem is to develop a control law that forces
the practical system states to follow the given
reference bounded trajectory x,,. Fig. 1,2 show
the reference signals.

Since the practical system states are unknown. A
third order dynamic neural network is used as a
model of the practical system . namely

3

L i

T =—a121 + E w1581 (1)
i=1

2 3

+ Z w12j3{2(9@1)u1 + Z ’LUlNiSZ}V(Z‘Q)
j=1 i=1
3
To = —a2To + nglislm(aig)
i=1

2 ) 3

+ Z Wag; 8o (w2 )us + Z wan;i Sy (21)

j=1 i=1

Similarly, A third order dynamic neural network
is used as a model of the reference system, namely

3
. i
Eim = —01mT1m + E WimiSTm (T1m)
1=1
3
7
+§ Wi ST (T2m)

i=1
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Fig. 3. The trajectory of 1 and x1,,
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Fig. 4. The trajectory of xo and xo,,
3

. 7
Eom = —QamTom + E Wormi S, (Tam)
1=1
3

+ Z Wi Sy (T1m)

i=1
The initial values are chosen as follows

T1 = T3 = T1m = Tam = 0,

Wiz; = W25 = -0.1,j=1,2
w11 = Wa1; = Win; = wan; = —0.1
Wimi = Womi = Wip; = Wap; = —0.1,2=1,2,3

we take the parameters
Ait =Xz =Nz =g =4,1=1,2

Vi1 = Yiz = Vi3 = Yia = Vis = 0.001,4 = 1,2

a1 = ag = 8,a1m = A2m = 4,]4:1 = kg =800
The simulation results are presented in Figs.3 and
Figs.4. Figs.3 shows the trajectory of the states z;
and x1,,; Figs.4 shows the trajectory of the states
To and xo,, from the above figures it obviously
shows that the practical system states converge
to the reference trajectory after short time, the
simulation results show that the controller design
method is valid.

6. CONCLUSIONS

We discussed the problem of the tracking control
for a class of nonlinear composite system that

can be modelled by dynamical neural networks.
More specifically, we aim at designing a controller
that will force the actual system states to follow
a given bounded reference trajectory. Lyapunov
stability theory was used to guarantee a uniform
ultimate boundedness property for the tracking
error and all other signals in the closed loop, the
controller derived is smooth. In addition, the per-
formance criteria of the mean-square performance
are provided to quantify the control performance
of proposed method. Numerical simulation exam-
ple is used to illustrate and clarify the theoretical
results.
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