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Abstract: The problem of disturbance decoupling with measurement feedback
(DDPMF) has been studied for single-input single-output systems and certain
square-invertible nonlinear systems. In this paper, we deal with general multi-
input multi-output nonlinear systems. Conditions and a computational algorithm
for solving the DDPMF are presented in the differential vector space frame-
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1. INTRODUCTION

Disturbance decoupling has been studied for a
long time. For linear systems, the problems of dis-
turbance decoupling with state feedback (DDP),
with state feedback and stability (DDPS) and
with dynamic measurement feedback and inter-
nal stability (DDPMS) have been solved (refer
to (Wonham, 1979)). The problem of disturbance
decoupling with constant or static measurement
feedback (DDPCM) for linear systems is a very
difficult problem. There have been some results on
this problem, for example, (Hamano and Furuta,
1975; Koumboulis and Tzierakis, 1998; Chen,
1997; Chen, 2000). The problem of disturbance
decoupling with measurement feedback(DDPMF)
for nonlinear systems is much more complicated
than that of linear systems.

Consider the following nonlinear system with dis-
turbance:

where x € R™,y € RP*,u € R™,z € RP? and w €
R4 are the state, controlled output, control input,
measurement output and disturbance input of the
system, respectively. In this paper, we consider
that all functions, vector fields and maps in system
(1) are analytic over an open and dense subset of
its state space R"™.

The problem of disturbance decoupling with mea-
surement feedback (DDPMF) for nonlinear sys-
tems is stated as follows. Find, if possible, a
measurement feedback v = a(z) + B(z)v such
that the disturbance w has no effect upon the
controlled output y of the closed loop system.
For nonlinear systems there are only few results
on the DDPMF. An early work was given by
(Andiarti and Moog, 1996) and a complete solu-
tion of the DDPMF for single-input single-output



(SISO) nonlinear systems was presented by (Xia
and Moog, 1999). (Pothin, 2001) studied the dis-
turbance decoupling problem by static feedback
of measured variables for some square-invertible
nonlinear system.

In this paper, we study the solvability conditions
of the DDPMF for more general MIMO nonlin-
ear systems, which may be not square-invertible.
Some algorithms are presented for checking the
solvability conditions and finding the feedback
laws. Using the algorithms one can check-up the
insolvability of DDPMF in a finite number of
steps. If the DDPMF is solvable, then one can find
an exact solution or an approximation solution
with sufficient accuracy.

2. SUBSPACES IN A DIFFERENTIAL
VECTOR SPACE

In this work we use the notions of the differential
field and differential vector space ((Di Benedetto
and Moog, 1989); Conte, et al., 1999). Let K be
the quotient field of analytic functions, i.e. the
meromorphic function field (Conte, et al., 1999),
of the variables z;,w;, and w, w, i, - -, u® for
i €n, 7 €mand k > 0. Then K is defined
by the nonlinear control system (1). Over the
differential field K, the system (1) defines two
most fundamental linear vector spaces.

0 0

D= Spanic{a—mi7 m7 m%
J T

i€n, jemreqk,s>0}

and its dual space of D over KC

D* = spany{dz;, du§k), dwﬁs);
ieﬂa jemarega kaszoa}
The dual space D* is defined by the nonlinear

control system (1) and is a differential linear
vector space over K.

X* := spany{dz}
U := spani{du, di, di, - - -, du® .. -+
W* = spang{dw, dw, - - -}

y* = SpanlC{dy7 dya dya o ady(k)a o }

Z" .= spani{dz,dz,dz,- - -, dzF) .. -+
where dx stands for {dxy,dzs,---,dz,}, dul®
stands for {dugk), duék), cee dugf)}; k=0,1,2,---,
and so on. X*, U*, Y* and Z* are called the
dual state space, dual input space, dual controlled
output space and dual measurable output space,
respectively, where the superscript * is to empha-

size that these dual spaces are vector spaces in the
differential form.

Let C* be a s-dimensional integrable subspace of
X*, i.e. we can write C* = spani{d¢(z)} , where
(;5(1') = (¢1(x)7 (7252(1')’ Tt (7255(1'))7—7 (bz(z) € IC; ’Z'G
s. The derivative subspace of C*, denoted by C*,
is defined as C* = spanx{d¢(z)}.

Without disturbance, the nonlinear system (1) is
written as

e o

Definition 2.1 Given system (2), an integrable
subspace C* of X'* is called controlled invariant
if there are m’ < m functions affine in v and
written as ¢;(z,u) = a;(2)+_71, byj(x)uysi € m/
with {d¢;(z,u);i € m'} (mod X*) being a set of
independent vectors, such that

C* +C* =C* @ spanx{do;; i € m'}

The controlled invariant subspace of X* was de-
fined by (Huijberts and Andiarti, 1997) with non-
exact one-forms and it is a dual-notion of the
controlled invariant distribution in the differential
geometry approach ((Isidori, 11995).

Definition 2.2 (Zheng and Evans, 2000) A func-
tion of the system state ¢(z) € K is observable
for system (2) if under the condition p(z,(0)) #
o(xp(0)), for two initial states z,(0) and z3(0),
there exists a control u(¢) such that the system
output satisfies

y(ta La (0)7 u(t)) ié y(ta l‘b(O), u(t))

The observable dual state space, denoted by O*,
of the nonlinear system (2) is defined as

O* = spanx{dp(z); p(x) is observable}

Definition 2.3 (Zheng and Evans, 2000) A func-
tion of the system state pq(x) € K is strongly
observable for system (2) if for any state feedback
control u = a(x) 4 us it is an observable function
for its closed loop system.

The strongly observable dual state space, denoted
by O%, of the nonlinear system (2) is defined as
OF = span{dps(x); ps(x) is strongly observable}
Proposition 2.1 (i) The subspace O*(C O*) of
X* is invariant under state feedbacks. (ii) OF is
a controlled invariant subspace of X*, i.e. there
exists a ¢ = (P1(z,u), -, Pm, (z,u)) with dim
spanic{d¢,} = m1 < m (mod X*) such that

OF + OF = OF @ spangc{dp.} (3)
Remark 2.1 In Proposition 2.1, ¢, may not be
uniquely defined, but O + O is invariant.

As p(x) in system (1) can be written as p(z) =
(p1(x) pa2(x) pq(x)), where pi;i € ¢ are



vector fields, the distribution spanned by p(z) is
denoted by P = spanx{p1,p2,- -, pq}(C D). The
observable subspace O of X* can be constructed
by Ox-Algorithm (see (Zheng, 1993)) and the
DDP of system (1) is solvable if and only if

or c Pt (4)

The (4) is not a sufficient condition for the
DDPMF (see (Xia and Moog, 1999)). In the re-
mainder of this paper, it is assumed that the
system (1) is observable from the measurement
of y and its DDP is solvable. Furthermore, we
introduce a controlled invariant subspace Q* of
X'*, which is equivalent to that of 4.3 in (Huijberts
and Andiarti, 1997) or (Xia and Moog, 1999) and
constructed by applying an *-Algorithm, such
that

OF CQ* = {dy € X*; dip € O + OF}

QF + QF =Q* @ spangc{do.}
=0+ 0rcpt (5)

Lemma 2.1 Given system (2) there exists an
controllability decomposition in dual-state space
X* such that

X* =X X

where X7 is controllable subspace and the uncon-
trollable subspace X7 is uniquely defined, inte-
grable and invariant under coordinate transforma-
tion.

The algorithm for constructing X} named X7-
Algorithm is given by (Zheng and Zhang, 1999).

We now recall the notion of covering space from
(Cao and Zheng, 1992). Let dy(z) € OF and
dzb = w (mod U, then w can be represented by
w = d&o + urd€1 + uodés + - -+ + upd&,, where
dé; € X*, i=0,1,2,---,m as system (2) is affine
in u. We define [w] := spang{d&y,d&1, -, dém}
to be the covering space of the vector w.

Using the definition of the covering space, we have
[07] := spanx{[w];
w=dy (mod U*) ¥V dyp € OF}

Given system (1) and a function ¢(z), the relative
degree of di(x) with respect to input u, denoted
by degu(dy), is deg,(d) = r (> 1) if dp—D €
X* (mod W*) and dy(™ ¢ X* (mod W*) are
satisfied. Similarly, the relative degree of di(x)
with respect to input w, denoted by deg,, (dv), is
degy(dy) = r (> 1) if dp™=D € X* (mod U*)
and dy(") ¢ X* (mod U*) are satisfied.

Now we are in the position to define a new
controlled invariant subspaces Q* of X'* based on

the controlled subspaces OF and introduce Q*-
Algorithmbased on the three algorithms, O}-, Q*-
and X7-Algorithms.

Q* Algorithm (1) Define a set of functions de-
noted by ye = he(x) such that span{dy.} :=
spani{dy} + [O], where y. is considered as an
extended controlled output.

(2) Apply O%-Algorithm to system (1) with the
extended output y. to obtain an extended strongly
observable subspace O}, of X*. OF, is a controlled
invariant subspace of X* and satisfies OF, +
@’e"s = Of, +spani{doy, duz} (mod W*), where
bu1, Puz are independent (mod X*). (Notice that
the ¢, in (8) is replaced by ¢,1 here.)

(8) Apply XZr-Algorithm to OF, to obtain the
uncontrollable subspace OF,. of OF, with respect
to the control input w, ie Of . + O =
O*

es¢ (mOd Span’C{dd)ula ddqu}) We write

OZSE + OZSE - OZsE + Span’C{dd)ula d¢u2}
(4) Apply Q*-Algorithm to OF. to construct
controlled invariant subspace Q* of X*, which
contains O, and is contained in P+.

esc

Thus, we have constructed three controlled invari-
ant subspaces in P+ with respect to the controlled
output g, i.e.

O; + O0; = O; @ spanx{dp}
O+ Q= Q@ spanxc{dpu} (6)
Q" + Q" = Q" @ spanic{dpu1, ddu2}

where dim spanx{ddu1,ddu2} = mi + ma <
m (mod X*) and OF C Q* C OF,. C Q* C PL.

esc

Y

Let y = be an augmented output of the

system (1). With respect to the output y we can
construct the strongly observable subspace Of.
It is controlled invariant and that O; C O,
but "Of C PL” may not not satisfied. Thus,
we construct the uncontrollable subspace O of
O with respect to the input w, which satisfies
that OF, + O, = O & spanx{dp.}. Apply
*-Algorithm to O, we obtain the controlled
invariant subspace Q* satisfying
Q*Cc O cpt o
— .k — —
Q"+ Q0 =Q" @ spanxc{ddu1}

where dg,; is a set of independent vectors (mod
X*).

3. SOLVABILITY CONDITIONS FOR
DDPMF AND ALGORITHM

Let the dual controlled output subspace of the
closed loop system of (1) be Y*, where Y* :=



spanx{dy,dy,dy, - --}. By definition, the distur-
bance decoupling for the closed loop system of (1)
implies

y cpt (8)

If we define dy. such that spani{dy.} = spang
{dy,dz}+[Q ] in the step 1 of Q*-Algorithm,
then the application of Q*-Algorithm yields a
controlled invariant subspace Q* of X* in P+ such
that

0" +Q = 0" + spanic{dbur, dbus}  (9)

For a measurement feedback control v = u(z,v),
let ¢y (x,v) = ¢y(x,u(z,v)), where the ¢, satis-
fied (3).

Theorem 3.1 Under the condition O* = Q*, the
DDPMF of system (1) is solvable if and only if
there exists a measurement feedback u = u(z,v)
such that

spany{deu, dfgu, e, dg)}
C ‘ip@?’l}c{d(&u, d(gtm ) d(gg,fil)} + Qr (10)
C Q" (mod V*)

is satisfied for some s < r = dim Q* — dim Q*

The proof is omitted as space limitation.

When condition Q*_ = Q" is not satisfied, let
Oz, O, 9*, O, Q" be constructed such that
the conditions (6), (7), (9) are satisfied. One has

Theorem 3.2 The DDPMF of system (1) is
solvable if there exists a measurement feedback
u = u(z,v) satisfying one of the following condi-
tions.

{dou1 (z,v)} C Q + spang{dv}
{dcz)ul(ac,v),dqbug(ac v)} C Q@ + spanx{dv}
{d{)ul(l', v)} C OF + spanyc{dv}
{dgfgul(z,v),d Gu2(z,v)} C QF + spani{dv}

(1)

WhGI‘E b = <Z>u1(ac,u(z,v)):, buz = Puz (T, u(2,v))
and ¢u1 = ¢u1(x7u(z7v))7 ¢u2 = ¢U2(Ia U(Za U))

If the system is left-invertible, then it easy to show
that Q* = Q*, Q* = Q*.

Corollary 3.1 If the nonlinear system (1) is
left invertible, the DDPMF of (1) is solvable if
and only if there exists a measurement feedback
u = u(z,v) such that

doy(z,u(z,v)) C Q* + spanx{dv} (12)
All conditions appeared in Theorems 3.1 and 3.2
are of the form (12). The Algorithm of DDPMF
checks if the DDPMF is solvable and finds an
exact or an approximate solution with arbitrary

accuracy, which satisfies the condition in the form
(12), if it is solvable.

Assume that dz N Q* = 0 and write Q* =
spanic{d¢}. If (12) is satisfied, then ¢, must
be a vector function of £,z and w. Since ¢, =

(¢1, -+, ¢m)" is affine in u, each ¢;, i € m, can be
written as
i = @w,+2%a (13)

where ¢;;, 7 = 0,1,---,
functions.

m, are locally analytic

With an abuse of notation, let {z} be the vector
z = (21,22, ", 2py)7, {2} be a column vector
containing all the entries {z;z;; @ < j, i,j € pa},
{2} be a column vector containing all the entries
{zizjzr; i <j <k, i,j,k € pa} and then {z}!, for
[ =1,2,---, are defined in the similar way. Then,
we can expand the locally analytic functions ¢;;
into a Taylor series locally as follows.

0ij (2) = Bijo + Biji{z} + Bija{z}> + -+, (14)

where ¢ € m, j = 0,1,---,m, each B, is a row
vector of appropriate dimension with the entries
being functions of &.

Let the output feedback be written as
+ Z w]l

Then j;, for j € m and | = 0,1,---,m, are
analytic functions of z around some operation
point. Each v; can be expanded into a Taylor
series around the operation point as

V() = vi0 + v {z} +ve{z}2+--,  (16)

uj(z,v) = hjo(z Ju, j€m  (15)

where j € m,l = 0,1,---,m, each vy is a
row vector of appropriate dimension over R.
Thus to define an output feedback control in the
form (15) for the DDPMF is equivalent to define
the coefficient vectors v := {vx,j € m,l =
0,1,---,m,k=1,2,3,---} in the form (16).

Substitute (16), (15) and (14) into (13) for each
i € m, we obtain

¢i = @w,+2%a (¥j0(2)

+ ZW(Z)UI) (17)
=1
=dio(2) + Y dul(2)v
=1

where ;;(z) Bijo + Biji{z} + Bij2{2}? +
i = 0,1,---,m, and coefficient

Bij3{2}3~+ )

vectors f3;;; are functions of £ and ~.



Condition (12) implies that in ¢; all the coeffi-
cients {Bijr; k > 0} of {2}, {2}2 {2}3,-- - are zero.
Thus, the solvability condition (12) is equivalent
to if one can find the real coefficient vector set
{7jis} such that B;;x(€,v) = 0 for k > 1. If (12)
does not hold under any feedback, then in some
steps Bijk(g ,7v) # 0 holds for any real coefficients
{vjis}- If (12) is solvable, then by properly choos-
ing the coeflicients 7;;s we can obtain an exact
solution or an approximate solution with sufficient
accuracy for the DDPMF.

When dz N Q* # 0, we decompose the space
spanx{dz} into two integrable subspaces, i.e.
spanic{d&} € Q* and spanx{dz} with dZNQ* =0,
such that spani{dz} = spanic{dz,d§}.

With an abuse of notation, we denote {z} =
{552}7 where {g} = (€I7§2"'a€n'1)T is a sub-
vector of £ 1= (£7,€7), and {2} = (z1,---,24)"
with n{ + ¢ = ¢. Further denote {z} =
{& 2}, {2}2 = {&73}25 {2}3 = {€a2}37 T

Thus, (13), (14), (15) and (16) can be rewritten
as follows.

¢i = din(&,2) + D bis (€, 2)u; (18)
1=1

For j=0,1,---,m

:]ﬁijo + ﬁiﬂ{é} + ﬁij2{7:’}2 4. (19)

where the coefficients 3,1, are functions of . The
feedback control can be written as

ui(z,0) = b0(€, ) + Y _vu Hu  (20)

=1

AL o (21)
= vjio + viindés 2} + el 2 4
where each ;1 is a real coefficient vector. 1;; can
be written in terms of {2}, {2}2,{2}3, .- as
Vju(2)

= vi10 + ¥ ({2} + V2 ({82 + - (22)

Substitute (22), (20) and (19) into (18). Then (18)
has a representation of Taylor’s series in terms
of {£}, {2}, {2}?, - --. Compare the coefficients of
{2} {2}2,{2}3,- - -. The solvability condition (12)
for the DDPMF implies that all the coefficients of
{2}, {2}2,{2}? are zero with v being considered as
a parameter vector. This is equivalent to finding
the real coefficients {vjx} to satisfy a set of
equations.

The following example is from (Xia and Moog,
1999), by which we shall illustrate how to check
(12) using Taylor expansion.

Example 5.1
T1 = X2, To = X3Sinxo + uUCOST2

T3 =w, Yy=2x1, Z=2T3

It is left-invertible system and by Q*-Algorithm
one has O = Q" = spani{dri,dze} and ¢ =
i = x3sinxg + ucosxy = ¢g + pru. Notice that
rg=zand ¢1 #0 at z=x3 =0, let

u=u(z,v) = (Y00 + Y012 + Yo22% + - )
+(vi0 + Y112 + y122° + v

where all {v;;} are real numbers. Substitute u =
u(z,v) into ¢(z,u) one obtains

b= d(z,u(z,v)) = Yoo cOs T2 + (sinxg
4711 COS T2)2z + 712 COS Toz2 4 -
+(y10 + 1112+ Y1222 4 ) cos Tov
Condition (12) implies that the following equa-
tions must hold.
Y =mz=---=0, sinzy +yncosxy =0, ---

But they have no real solution for «17. Thus, the
system has no solution for its DDPMO.

Example 5.2 Consider the following non-
invertible nonlinear system.

T1 = Tg + x3u1, T = COSTs - U2,

2,.2 2 ; 2
Tr3 = —TyT5 + U3, T4 = T3+ W,
$5 = 212 (23)

= 1 zZ=X
Yy = Zo ’ — L4

We have OF = spanx{dx1,dxs}, Q* = spanx{dz,
dra,drs}, Q; = 0. By Q*-Algorithm we have
Q* = spanic{dxy,drs,drs,dxs}. Thus, Q* # Q.

To check if the first condition in Theorem 3.2

is satisfied, we let ¢, (z,u) = T2+ x3ur g
COS T5 + U
w1 (x4, 0)
U =U(Ty,V) = .
( 4 ) (UQ (1‘4’ ’U) )

It is seen that
To + T3uy (X4,
doy(z,u(ze,v)) =d (Cgs s 3u;Exi v%)
€ span{dxy,dzs, dv}

is not satisfied under any output feedback control.

We further check the second condition of Theorem

T2 + T3Uq
3.2, where ¢y (z,u) = COS Ts - Uy and ¢,o =

2.2 2
—x3T5 + THU3.

Let
u =u(z,v)
= (Y00 + Vo124 + Y0223 + Vo323 - - *)
+(710 + Y1124 + Y1227 + Y1375 - v
where



Yij = (7ij1;’7ij277ij3)7i = 07 1;] = 0; ]-7 2; to.

As Q* = spanx{dry,dzrs,dxs,dzs}, to meet the
second condition of Theorem 3.2 one has to find
a roper measurement output feedback in the form
u = u(x4,v) such that in left part of the condition
contains no dx4. A simple calculation shows that
if we let

Uy = vy,
U2 = V2,
ug = uz(z4,v), (24)

= (Yo13%4 + ’7023%21 + 7033$z )
+(7103 + V11374 + V12327 + V13325 - )3,

then, by substituting (24) into equation ¢,2 =
—232% + 23uz and comparing the coefficients of
x4 of the formula

¢u2 = *l’gl’i + IL’%U3(JJ4, ’U)

one gets 7923 = Y103 = 1 and for the others
vije = 0. It yields a solution u; = vi, uz = v2
and ug = 2% + vz for the DDPMF of (23).

4. CONCLUSION

We studied solvability of the DDPMF for MIMO
nonlinear systems which may not be square and
left invertible. Using the differential vector space
framework, we have constructed some subspaces
of the nonlinear system and used the subspaces
to present necessary and sufficient conditions for
the DDPMF. A computational method is further
presented for checking the solvability condition
and finding a solution for the DDPMF.
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