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Abstract: The present paper deals with the problem of reduced complexity model
estimation in the framework of conditional set-membership identification. The
measurement noise is assumed to be unknown but bounded, while the estimated
model quality is evaluated according to a worst-case criterion. Since optimal
conditional estimators are generally hard to compute, projection estimators are
often used in view of their better tractability from a complexity viewpoint. Tight
bounds on the suboptimality level of central projection estimators as compared
to optimal ones are derived for the case when FIR models are employed for
approximation. These bounds improve over known bounds holding for the general
class of linearly parameterized models. Copyright (©2005 IFAC
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1. INTRODUCTION

The objective of robust identification is to provide
a nominal model of an unknown plant, together
with an estimate of the uncertainty associated to
the model (see e.g. (M&kild et al., 1995; Garulli
et al., 1999a) and references therein). Nominal
models must belong to a pre-specified class of
limited complexity models, while uncertainty is
usually expressed in terms of norm bounds on the
unmodeled dynamics.

Conditional Set-Membership Identification (CSMI)
is a research line that falls into the above frame-
work (Giarre et al., 1997; Kacewicz, 1999; Garulli
et al., 2000). Its main features are: i) the true
plant belongs to the set of feasible systems, i.e. all
systems compatible with input/output data and a
priori knowledge; ii) the model lies in a linearly pa-
rameterized subspace; iii) the size of the unmod-
eled dynamics is measured in terms of the worst-
case modelling error (in some norm) with respect
to all feasible systems. Since optimal identification
algorithms generally require the solution of non-
convex min-max optimization problems, a typical
challenge in CSMI is to devise suboptimal algo-
rithms and to assess their performance by finding
guaranteed bounds on their identification error. A
popular class of suboptimal algorithms is that of
projection estimators, in which the nominal model
is selected by projecting a suitable system onto
the model class. The worst-case suboptimality de-
gree of projection estimators has been studied in
(Garulli et al., 1999b; Garulli, 1999): tight bounds

on the ratio between the identification error of
projection estimators and the error provided by
optimal algorithms have been derived, in the case
of general feasible system sets and linearly para-
meterized model classes.

In this paper, it is shown how these bounds can
be significantly improved when the class of FIR
models is considered. The suboptimality degree
turns out to be further improved when the feasible
system set is balanced, i.e. it admits a symmetry
center. All £, norms, 1 < p < oo, are considered.
Such results motivate the use of projection algo-
rithms in CSMI, in place of highly computation-
ally demanding optimal algorithms.

The paper is organized as follows. The CSMI
framework, including optimal and suboptimal
identification algorithms, is introduced in Sec-
tion 2. Tight bounds on the suboptimality degree
of central projection estimators for FIR model
classes, are given in Section 3 in the case of bal-
anced feasible system sets, and in Section 4 for
general feasible system sets. Concluding remarks
are provided in Section 5.

2. CONDITIONAL SET-MEMBERSHIP
IDENTIFICATION

In this paper, LTT discrete-time SISO systems are
considered. The impulse response of a system is
denoted by h = {h;}$2,, and belongs to a linear
normed space H, equipped with the norm || - ||.
A priori knowledge on the system is expressed
as h € S, where S is a set contained in H. Let



h € S be the true system generating the data.
Data consists of a set of n input/output pairs
z = {(ug,yx), k=1,...,n}, related by

k

Y = Z hiug—; + ex, (1)
i=1
where e, is the disturbance affecting the measure-
ment yi. Equation (1) can be written in compact
form as

y=T(uh" +e (2)
Vzhere Yy = Wi ynls u = [ur,... ,u,], hn =
[h1...hy)', e = [e1...e,]) and T'(u) is the lower
triangular Toeplitz matrix of inputs, i.e.
T(u) _ U2 U1 (3)
Up ... U2 UL

It is assumed that e is unknown-but-bounded, i.e.
lelly <e (4)

where || - ||y denotes a suitable norm in R™ and ¢
is a known positive scalar. According to (2) and
(4), the feasible system set is defined as

F={heS: ly-Twh"|ly <e}.  (5)

where h™ = [hq,..., h,].

Following the terminology of the Information-
Based Complexity (IBC) theory (see (Milanese
and Vicino, 1991)), an identification algorithm ¢
is a mapping from the output set to the space
of models. When the latter coincides with the
space of systems H, one has: ¢ : R® — H. The
worst-case identification error associated to the
identification algorithm turns out to be

E[¢] = sup [|h — ¢(y) I+
heF

In robust identification, it is customary to identify
reduced-complexity models that are suitable for
robust control design techniques. A typical choice
is to select a linearly parameterized model class
suchas M ={geH: g= M0, § € R™}, where
M is a linear operator, M : R™ — H and 6 is the
m-~dimensional parameter vector to be identified,
m < mn. A conditional identification algorithm is
defined as a mapping ¢ : R™ — M. The model
class M can be chosen as a collection of impulse
responses of linear filters, such as FIRs, Laguerre
or Kautz functions (Wahlberg, 1991; Wahlberg,
1994), or Generalized Orthonormal Basis Func-
tions (Van den Hof et al., 1995).

The identification of a model within the class
M has been addressed in the literature as con-
ditional set-membership identification (Giarre et
al., 1997; Kacewicz, 1999; Garulli et al., 2000).
In particular, the optimal model is given by the
conditional central algorithm, which minimizes the
worst-case error among the elements of M, i.e.

ce = arg inf sup ||h— . 6
Pee(y) g inf sup A= glln (6)

The min-max optimization problem in (6) is gen-
erally very difficult to solve. A procedure for
computing ¢..(y) has been given in (Garulli et
al., 2000) for the case || - |lsx = || - lvy = || - |2,
while suboptimal identification algorithms have
been considered in (Garulli, 1999).

A typical suboptimal algorithm is the central pro-
jection algorithm given by

bep(y) = arg glé% llg — cll, (7)

where ¢ denotes the Chebyshev center of F,
c= inf sup ||z — k|- 8
inf sup o = ] ®

For easiness of presentation, in the following we
set H = R™ and consider § and M as subsets of
R™. This corresponds to assuming that the data
set length n is such that the impulse response
samples R, y1,hnio,... can be neglected. This
assumption can usually be relaxed by making
suitable hypotheses on the tail of the system
impulse response and/or on the structure of the
model class M (see e.g. (Garulli et al., 2000)).

In this paper we consider FIR models, i.e. g €
H: g; =0, i >m (this corresponds to choosing
M = [Lnxm Omxn]’). For this case, tight bounds
on the suboptimality degree of ¢., with respect
to ¢.. are derived for both balanced and non-
balanced feasible sets, and for different H-norms.

3. SUBOPTIMALITY BOUNDS FOR
BALANCED FEASIBLE SYSTEM SETS

The following assumptions are made.
Assumption 1. Let M be an m-dimensional linear
manifold in R™, with m < n, such that M = {g €
R™: g=[g1,---,9m,0,...,0), g; € R}.
Assumption 2. Let the feasible set F be balanced,
i.e. there exists ¢: ¢+ v € F implies ¢ — v € F,
where ¢ represents the symmetry center of F.
Remark 1. Notice that theset V={h e H : |ly—
T(u)h"||ly < e} is balanced for any norm Y.
Moreover, the a priori set S is usually assumed
to be balanced. Being F = SNV, Assumption 2 is
verified for example if V C S (the so-called resid-
ual prior, i.e. no a priori constraint is given on the
first n samples of the system impulse response).
In the following we denote by || - ||, any £, norm,
1 < p < 0. Let us define the following quantities:

~ A .
= f llg—c|lp, 9
¢ £ arg inf lg — cllp (
h2 arg sup ||é — hllp,
heF

)
10)
11)

(

G = Pecly) = arggigA iggllg—hl\p, (
Ey(M,F) 2 Elpep(y)] = 6 —hllp,  (12)
Ey(M,F) 2 E[¢ec(y)] = sup [lg = Al (13)

Note that ¢ is the projection of ¢ on M, h is
the farthest point in F from ¢, g is the condi-
tional center, and E,(M,F) and E,(M,F) are



the central projection error and the conditional
error, respectively. Moreover, let k=2c—h (the
symmetric of h w.r.t. ¢). The aim of this section
is to evaluate the maximum ratio between Ep and
Ep, for every linear subspace M and F as in
Assumptions 1-2, i.e. R

Lp = max M. (14)

MF Ep(M, F)

Let us now reformulate the problem in a simpler
way by choosing an appropriate coordinate frame.
Let ¢ = [e1, ..., ¢y)" be the center of symmetry of
F. Without loss of generality, let us choose the
coordinate system so that ¢; = 0,1 < i < m. It

follows that, for any norm p, ¢ =[0,...,0]" and
Ey = |lh—él, = |IAll, - (15)
Moreover, k = [fﬁl, s —hm, l;:m_H, ce, l%n]’,

where k; = 2¢; — Bi, m < i < n. Let us first
analyze the case p = co.

Proposition 1. Let F be any set. Then, for every
M as in Assumption 1, one has

Eso(M, F) = Eo(M, F).

Proof: Let a be any point. It is well known that
supyer ||h—alloc = Suppe pox () |k —allc where
BOX (F) denotes the minimum box containing F.
Let us choose the center of F as the symmetry
center of BOX(F); notice that BOX(F) is a
convex and symmetric set and thus satisfies As-
sumption 2. By (15), Euo = ||]lcc = max?_| |hyl.

Let us consider the case that max] ; |h;| = |hs],
s >m. Since g € M, g = [g1,---,9m,0,...,0/,
and Eoo > ||h — §llc = max{max;<,, |h; —

Gil, |hs|} > |hs|. Since Eo can not be greater than
Ewx, By = Fy. R R
Let us now assume max}_; |h;| = |hq|, 1 < d < m.
Since k = [—h1,..., —hm, kmt1,- -, kn)', it fol-
lows that Foo = ||h||co = ||k||cc = |ha| and
Eoo 2 max{[|g — hlloc, |9 — klloc }

> max{[gq — hal,[9a — kal}

=max{[ga — hal, |ga + hal} = |hal.
Again E\OO can not be greater than Eoo, and then
Eo =FE. |
Remark 2. Proposition 1 states that, when the
{-norm is used, the conditional center coincides
with the central projection in ¢3-norm. Moreover,
this holds also when F is a generic set, not
necessarily balanced. Since the center of F may

not be unique, we choose the center of F as the
symmetry center of BOX (F).

In order to state the main result concerning ¢,
norms, 1 < p < oo, some lemmas are needed.

Lemma 1. Let M and F be given, and define

F = {h,k}. Then,
EP(Ma]:)
Ep(Ma]:)

(M, F)
(M, F)

<
By

Proof: Note that j—i\g F, due to Assumption 2,
and hence E,(M,F) < E,(M,F). Moreover,
being h € F, E,(M,F) = E,(M, F). O
An immediate consequence of Lemma 1 is that we
can replace F by the set F = {ﬁ, I%}

Lemma 2. Let F = F. Under Assumption 1,
gi = Bihi, Vi <m, |B;] < 1.

Proof: By contradiction, let us assume g : g5 =
~vhs, s <m and |y| > 1. Then,

g = Rl =D 1gs = hl” + yhs — hyl”

i#£S
=G — bl + 1y = 17 [haP,
i#s
G = ElIE = (g0 = Eil” + [vhs + hy|?
i#£Ss

=Y 15 = kil? + [y + 1P B[P

i#Ss R
Let us define g : §; = §Gi, @ # S, g3 = Ohg,

d = sgn(7y). Then,

> - b 7>
,_]fl P _ iFs R ~ ’
||g Hp Z|§i_hi|p+2p|h5‘p if’y<0
i#s
> 1Gi = kil? + 28 |hf? iy >0
7_1% P _ i#s . .
19 ||p Z |Gi — kal? ify<0
i#s

Therefore, g cannot be the conditional center. O

Lemma 3. Let F = F. Under Assumption 1, if
g = Rlly > llg — Kllp then g; = hs, @ < m.

Proof: Let ||g — hl[5 — |g — k|5 =v, v>0.

By contradiction let us assume Js, s <m : g; #
hs. Then,

Eg = |§s - IA7'S|p + Z IEZ - iM'p
i#£s
:ms +§s|p+2|§i_ki|p+y- (16)
i#£s
Let us assume hs > 0. By Lemma 2, one has
hs > gs. Moreover, notice that g, > 0, otherwise
g is no more the conditional center. Indeed, if
gs < 0 it is possible to define t : t; = g;, t # s,
ts = gs + ¢, € > 0 sufficiently small, such that
1= kllp < T =Rllp < 15 = Rl

Letg:9;,=0i,1# 8,95 =9s+7 7 >0, and
Ey =supyer |9 — hllp = max{Ep1, Epz}, where,

Epy = lhe—gs— P+ > 16 — alP, (A7)

i#Ss
F§2:|ﬁs+§s+7|p+2|§i—f%\p- (18)
i#£s

Let 7 > 0 such that |hs+ s +7]7 = |hs + §s|? + v,
and choose v < min{(hs; — gs),7}. By comparing
(17)-(18) with (16) one has

Eg > Eﬁ = max{FZl,E;},



and then g is not the conditional center, which
contradicts the hypothesis.
It is straightforward to repeat the previous rea-

soning for hy < 0. a
Lemma 4. Let F = F. Under Assumption 1,
Ep =g = hllp- (19)

Proof: Since E, = max{||g — hllp, ||lgd — k|l,}, by
contradiction let us suppose that
Ep =g =kl = llg = Ay +v

EE=N" g+ hal? + > [kl
=1

= i=m-+1
m

= E |9: —
=1

, v >0, that is

U S

i=m-+1
Since by (10) and (15), > [hif? > > |k,
i=m-+1 i=m+1
this means that 3s, 1 < s <m: |gs + hs| > |gs —
hs|. Then,
E]I; = |§é + hs|p + Z ‘gz - ki|p
i#£s

e =Gl + 3G — hal? 4 v (20)

~ i#s
So, gs and hg have the same sign. To simplify the
proof, let us assume gs > 0. By Lemma 2, one has
hs > gs > 0.
Let LEdeﬁneE: g; = gia i 7é $7§L: g@fff}/’ v > 0,
and E,=supy,¢c z [|[g—h||, =max{Ep, Ep}, where
Epy =[G +he =P+ [ — kP, (21)
i#£s
Epy=lhe—ga+9IP + > 15 — halP. (22)
i#s
Let 7 > 0 such that |hs —gs +7|P = |hs — gs|P + v,
and choose v < min{(gs + hs),
(21)-(22) with (20) one has
=p _ P =P P
EY > B, =max{E,,E,},

7}. By comparing

and then g is not the conditional center, which
contradicts the hypothesis.

It is straightforward to repeat the previous rea-
soning for gs < 0. O

Notice that the previous lemma implies
Ep = [lh = gll; = Ik —gli3-

Lemma 5. Let F = F. Under Assumption 1,
there always exists an optimal solution of (11)
such that §; = Bhs, Vi <m, and 0< [ <1.

Proof: Let us suppose ||g — hll, > [[§ — Ell,. By
Lemma 3, g; = hi, i < m, and thus 3 = 1. Thanks
to Lemma 4, it remains to consider only the case
Hg, hllp = |9 — k||p- By Lemma 2, one gets

Z\h|p<||9 k||p*2|gz+h|p+z |
i=m+1 i=m+1
> Nkl

1=m-+1

=18 + DhalP +
=1

n

<Y RhP+ Y (kP
=1

i=m-+1
that is,
STolhir = 3T kP < 22> P (23)
i=m+1 i=m-+1 i=1
One has,
E”—Z i+ Yl Z|gz+h Yl
i=m-+1 i=m-+1

that is,

Do1Gi+ hal? =D fgi = halP =

=1 i—1

= 3 R Y RPE (@)

i=m+1 i=m+1

From (10) and (15), it is easy to see that v > 0.
Let g; = Bh;, 0 < 8 < 1. By substituting in (24),

D 1Bk + hif? = |Bh; — hylP =
i=1 i=1

=(B+1P Z (L=p)P > [hil" =
i=1

i.e., by (23),

o< err--ap = (Sihr)
i=1
= < PIREDY |fcﬂ><z |Bﬂ> <27 (25)

i=m+1 i=m+1 i=1
It remains to prove that there always exists 0 <

B < 1 such that (25) is achieved. Let us define
f(B) & (B+ 1) — (1 - B)P, one has f(0) = 0,
f(1) = 2P, and since f(() is a continuous function,
35,0< B <1: f(B)=90,0<4d <2P and the
lemma is proved. |
Remark 3. Note that when 8 = 0, the conditional
center coincides with the central projection, giving
E,/E, = 1. Since we want to maximize this ratio,
in the next we will consider 0 < 5 < 1.

It is now possible to state the main result.

Theorem 1. Let Assumptions 1-2 hold. Let 1 <
p < 0. Then
3/2 ifp=1,

§/1+M 1f1<p<OO

Moreover, the bounds are tight.

Hp <

Proof: Due to Lemma 1, we can consider the
feasible set F = {h, k}. From Lemma 4, one has

Z|h gZ\p+Z|h |P>Z|h +gZ|P+Z\k 7.(26)

1=m-+1 1=m-+1

By (15) and (19), it follovvs that



- |alP + ) |hal”
E} Z|h2_§i|p+ Z s |P
=1 1=m-+1
Z ‘hzlp - Z |]ibz - gzl
=1 + 7;:1 i=1 -
Z|hz_§i|p+ Z |hz|p
=1 i=m—+1
Z |iLz|p - Z VALZ - gz‘
<14 = =1 (27)
Z|Bz+§i|p+ Z |k7|p
=1 1=m-+1
Z |ilz|p - Z |}Alz - §z|p
S 1+ =1 _ =1 (28)

where the first inequality follows from (26). By
Lemma 5, h; = ag;, Vi < m, a > 1, and since
lgll5 > 0, one has

Z|agz|p Z|agz gil?
Z|O@:+§i\p
1=1
m m
> (Gl = (= 1P |Gl
i=1 i=1

P<yq

(@+1)" > (gl
i=1
af — (a—1)P
=14+ — 29
N (a+1)p (29)
Let us define f(a) = 1+ % We want to

maximize f(a) for @ > 1. Denoting by @naq the
value for which f(«) is maximum, one gets

1 ifp=1,
AOmax = pi\lﬁ
— Y% ifl<p< oo
51 p
Substituting m,q. in (29), after some algebra,
3/2 if p =1,

/J’pS (/14—(21)_\1/71)1)_1 1f1<p<oo

It remains to prove that such bounds are tight.
This can be done by choosing h and k such that
the inequalities in (27)-(28) become equalities,
thatlsk =0,m<i<n,and

n
Z|hz - gil" +
i=1

> il =
i=m-+1

The upper bound is achieved when hi = Qmaz Ji

1 <i < m. After some algebra (30) becomes

max 1 mazx
(Oé + ) Oé ZVL |p 31

> kil = v

1=m-+1

Z |hi + GilP. (30)

Table 1. Upper bound (approximated)
on j, for balanced sets.

p=1 p=2 p=3 p=4 p=>5 ... p=o0
Up 1.5 ~115 ~1.09 ~1.06 ~1.05 ... 1
R
].'
C
M
k é g

Fig. 1. Example 1: u; = 3/2.

o

Fig. 2. Example 2: us = /4/3.

Since iLi, i > m, can be arbitrarily chosen, they
can be selected so that (31) is satisfied. O

Table 1 reports upper bounds on p,, for different
norms.

In the following, two examples showing cases
where the upper bound is achieved are reported
forp=1and p =2.

Ezample 1. Let p=1,n=2, m=1,c=1[0,1],
h = [1,2]'. It follows that k = [—1,0) and § =
[1,0]’. Moreover, one has £ = 3 and E = 2 and
thus u; = 3/2 (see Fig. 1).

Ezample 2. Let p=2, n=2, m=1, c=1[0,v2/2],
h = [1,3/2]. It follows that k = [—1,0]’ and
G =1[1/2,0]". One has E =+/3 and E = 3/2 and
thus pus = 1/4/3 (see Fig. 2).

4. SUBOPTIMALITY BOUNDS FOR
GENERAL FEASIBLE SYSTEM SETS

In this section, bounds similar to those previously
found are given for a generic set, not necessarily
convex and symmetric. In particular, we focus on
the 1, {5, £oo-norms.

n (Garulli et al., 1999b) it has been shown that,
for a generic set and for any linear M (not nec-
essarily obtained by FIRs), us = /4/3. Since
this result coincides with that reported in Table 1
regarding balanced sets and M FIR, one can con-
clude that such a bound also holds for generic sets.
Since Proposition 1 holds for a generic F, one has
Hoo=1. In the following we analyze the case p = 1.

Theorem 2. Let F C R™ be any set and let M
satisfy Assumption 1. Then, pu; < 2.



¢ g

Fig. 3. Example 3: y; — 2 as a — 0.
Proof: Let us assume the same context considered
in the previous section, except for the fact that the

center may not be the symmetry center (when F
is balanced). Then,

n

Ev= Al = lhal + > [l (32)

i=1 i=m+1
Moreover,
- m n n
Ey > |h—=glh = ZVH*@'H Z hi| = Z |hil,
i=1 i=m+1 i=m+1
m n m
r>h—clli =Y lhil+ Y lhi—eil 2D |l
i=1 i=m+1 i=1
Thus,

Ev+r > Jhil+ > |h|=Ex,
i=1 i=m+1
i.e., since Fq > r,
E
PR S DA R )
Eq B O

Table 2 summarizes the error bounds of central
projection estimators for different norms, model
classes and system feasible sets (see (Garulli et
al., 1999b; Garulli, 1999)). In the following, an
example which shows a case when the upper
bound of Theorem 2 is achieved is reported.

Ezample 8. Let p=1, n=2, m=1 and F be the
triangle of vertices ¢, h, £, where ¢ = [0,0], h =
[1,1] and £=[0,a]’, 0 < @ < 1 (see Fig. 3). Notice
that F is not balanced and there are different
possible choices of its Chebyshev center, according
to definition (8). Let us choose ¢ = [0,1]". Then,
E = 2. Moreover, it is easy to show that the
conditional center is g = [1 — 5,0/ and the
conditional error E = |[g—hl|; = [|g—{], = 1+2.
Thus, p, = 2_%, and pp — 2 when oo — 0.

Remark 4. Note that the bound of Theorem 2
differs from that derived in Theorem 1 because

Table 2. Upper bound on pu, for 41,/
and /. .-norms.
2 12 loo

3 4\/4/3 2
2 4/4/3 1
3/2 \/4/3 1

Generic M, F
M FIR, generic F
M FIR, F balanced

in the case of unbalanced sets the choice of the
Chebyshev center is no more trivial. Since the
center may not be unique, Theorem 2 provides the
upper bound for the worst set and for the worst
choice of the center.

5. CONCLUSIONS

In this paper tight bounds on the suboptimal-
ity level of central projection estimators with re-
spect to optimal estimators are derived, for the
case when the class of FIR models is used in
conditional set-membership identification. These
bounds improve over known bounds holding for
the larger class of linearly parameterized models.
Some numerical examples showing tightness of the
derived bounds are also reported. The study of
more strict bounds for other classes of linearly
parameterized models, such as Laguerre or Kautz
filters, will be the object of future work.
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