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Abstract: In this paper, a novel one-step backstepping design scheme for an
adaptive output feedback control of uncertain nonlinear system with a higher order
relative degree and nonparametric uncertainties is proposed. The proposed method
can design an output feedback based adaptive controller through a backstepping of
only one step even when the controlled system has a higher order relative degree.
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1. INTRODUCTION

A nonlinear system is said to be OFEP (output
feedback exponentially passive) if there exists an
output feedback such that the resulting closed-
loop system is exponentially passive (Fradkov and
Hill, 1998). The sufficient conditions for a non-
linear system to be OFEP have been provided
(Fradkov and Hill, 1998) such as (1) the system
has a relative degree of one, (2) the system be
globally exponential minimum-phase and (3) the
nonlinearities of the system satisfy the Lipschitz
condition. It has been shown that, under these
conditions, one can easily stabilize uncertain non-
linear systems with a simple high-gain output
feedback based adaptive controller (Allgower et
al., 1997; Fradkov, 1996; Fradkov et al., 1999).
These adaptive control methods utilize only the
output signal without an observer to design the
output feedback controller, as a result the struc-
ture of the controllers is very simple. Further it
has been shown that the methods have a strong
robustness with respect to bounded disturbances
in spite of its simple structure. Therefore the
control methods based on the OFEP property of

the controlled system are considered one of the
powerful control tools for uncertain nonlinear sys-
tems. Unfortunately however, since most practical
systems do not satisfy the OFEP conditions men-
tioned above, the OFEP conditions have imposed
very severe restrictions to practical application of
OFEP based adaptive output feedback controls.

In order to improve the applicability of the above-
mentioned OFEP based adaptive control to prac-
tical systems, some alleviation methods to OFEP
conditions have been proposed (Fradkov, 1996;
Fradkov et al., 1999; Michino et al., 2003; Mizu-
moto et al., 2003). The introduction of a parallel
feedforward compensator (PFC) in parallel with
the controlled non-OFEP system is a simple and
innovative method to alleviate the restrictions im-
posed by the relative degree and/or the minimum-
phase property (Fradkov, 1996; Fradkov et al.,
1999). However since the controller is designed
for a system augmented with a PFC, which is
rendered OFEP by adding the PFC, the bias error
from the PFC output may remain in the actual
output even though one could attain a control ob-
jective for the augmented OFEP system with the



PFC (Kaufman et al., 1998; Iwai and Mizumoto,
1994). A robust design for a non-OFEP system, in
which there exist uncertain nonlinearities that do
not satisfy the Lipschitz condition and that can
not be represented by parametric form, has also
been presented in Michino et al. (2003). However,
this method is suitable for systems having a rela-
tive degree one. Recently, the method proposed in
Michino et al. (2003) was extended to systems of
triangular form with higher order relative degrees
by utilizing the backstepping strategy (Mizumoto
et al., 2003). Unlike the previous works (Polycar-
pou and Ioannou, 1996; Yao and Tomizuka, 1997;
Jiang and Praly, 1998; Arslan and Basar, 1999;
Lin and Qian, 2002) on robust adaptive control of
such an uncertain triangular system, the method
proposed in Mizumoto et al. (2003) can design
an adaptive controller without the use of state
variables and/or a state observer by introducing
a virtual filter for the control input since the
actual control input is designed through a back-
stepping strategy applied to the virtual filter. The
introduction of a virtual input filter was initiated
by Marino and Tomei (1993). One can solve a
problem on the relative degree by using a virtual
input filter. In method by Mizumoto et al. (2003),
the virtual input filter method has been applied
in order to overcome the restriction of the rela-
tive degree in the OFEP conditions. However, the
structure of the controller might become complex
for a system with a higher order relative degree be-
cause the number of steps in the recursive design
of the controller through backstepping depends on
the order of the relative degree of the controlled
system.

In this paper, we will propose a novel one step
backstepping design method for an adaptive con-
troller based on high-gain output feedback for un-
certain nonlinear systems. We introduce a virtual
input filter augmented by a PFC to design an
adaptive controller through a backstepping strat-
egy of only one step even if the controlled system
has a higher order relative degree. In the proposed
method, a virtual filter is first introduced in order
to solve a problem imposed by relative degree and
in order to make the virtual OFEP system as well
as previous methods by Marino and Tomei (1993)
and Mizumoto et al. (2003). Further, a PFC will
be added in parallel with the virtual filter in
order to create an augmented virtual filter with a
relative degree of one. This augmentation allows
us to design an adaptive controller through a
backstepping of only one step even when the con-
trolled system has a higher order relative degree.
Unlike the conventional method with a PFC only
(Fradkov, 1996; Fradkov et al., 1999; Kaufman et
al., 1998; Iwai and Mizumoto, 1994), when the
PFC is put in parallel with the virtual filter, the
bias effect from the PFC output does not directly

appear in the output of the controlled system.
Therefore, we can show that the tracking error of
the control system with proposed robust adaptive
controller converges to any given bound. Further
unlike the general method using a backstepping
strategy, we can obtain a very simple adaptive
controller through backstepping of only one step
even when the controlled system has a higher
order and a higher order of relative degree.

2. PROBLEM STATEMENT

We consider the following nth order uncertain
time varying nonlinear system with a relative
degree of . ’

&y = file,t) + gi(t)vin 1<i<y-1)

i = fr(z,t) + g (t)ut) + b(t)'n

n=f,(x,t)+aq(y,n)

y=xa
where x = [xla T 7xn]T€ Rna n= [$7+13 T
€ R"7 are the state variables, u,y € R are
the control input and output, respectively. g;(t)
and b(t) are unknown time-varying functions,
fi(z,t), f,(x,t) and q(y,m) are uncertain non-
linear functions. Here we impose the following
assumptions to the system (1).

(1)

]T

Assumption 1. The uncertain nonlinear functions
fi(z,t) and the vector function f,(x,t) can be
evaluated for all x € R™ and t € RT by

|fi(z, 1) < duili(y)| + doi (1 <i<7) )
1 (@, )| < diy|ion(y)] + doy
with unknown positive constants dy;, diy, dos, doy
and known smooth functions ;(y) and ¢, (y) that
have the following properties for any variables
and ys:
iy + y2)| < |1y, y2)llya] + [W2:(y2)| 3)
[thn (g1 + y2)| < |1 (Y1, y2) |y | + [th2y (y2)]
with known smooth functions vy; and 11, and
with functions v; and 1), which are bounded for
all bounded ys.
Assumption 2. Unknown functions g;(t) (1 < i <
r) are smooth and bounded with bounded deriva-
tive for any ¢t > 0 and there exists an unknown
positive constant g,, guch that

g1,(t) == Hgi(t) > gm > 0. (4)

Assumption 3. Unknown vector function b(t) is
bounded for all ¢t > 0.

Assumption 4. The uncertain nonlinear function
q(y,m) is globally Lipschitz with respect to (y,n),
i.e., there exists a positive constant L; such that

lg(yr,m1) —a(y2, m2)Il < La(lyr =yl +[m —m2))-
(5)

for any variables yi,y2 and 1y, n,.

Assumption 5. Nominal part of the system (1) is

exponentially minimum-phase. That is, the zero
dynamics of the nominal system:

n(t) = q(0,m) (6)



is exponentially stable.

Under these assumptions the control objective is
to achieve the goal

Jim [y(t) — y* ()] < 6 ()
for a given positive constant § and a smooth
reference signal y*(t) such as |y*(t)] < o and
|g*(t)| < o1 with positive constants og and o;.

3. CONTROLLER DESIGN

3.1 Virtual System
For the controlled system (1) we introduce the

following (y—1)th order stable virtual input filter:
’llf = A, ur+ b, u

_ 7 ’ (8)

ufL = Cy Uy

where uy = [ug,, -+ ,ug,_,]* and

_ 0 I’v—2ﬁ—2 _ 0 _ 1
Auy _[_51..._571 » by = byl €~ |0
The virtual system, which is obtained by consid-
ering uy, given from a virtual input filter as the
control input, can be expressed by the following

form with an appropriate variable transformation
using the filtered signal uy, given in (8).

g=a(y,&1) + g, Oup + fi(y,€n,1)
€= Ay, &+ ae(t)y + Be(thn + Fy,&,m.1) (9)
n=q(y,n) + f,(v,&n,t)

where £ = (&2, -+, &, -+, &7,

k=1
Ek = buGrrTp —Ufy_, — Z Xk,dTh—a  (10)
d=1

with go(t) := 1, Gpm(t) :== — ) and

QM(t
. 1
gm,n(t) = H gi(t)v gm,n(t) = s
Pt Gm.n(t)
Xr,1 = bugrfl ﬁrflgr + g'r‘)
k-1
Xrk = Gr—k(— Z Brtd—kXr+d—k+1,d
d=1

- X'r,krfl + buﬁrfkgr7k+1,r)7 (2 <k<r-— 1)
r—1
Xryr = — ZﬂdXdJrl,d - X'r,'r‘fl
d=1

Xkt = Gh—1(Xkt1,1 + 0uGrr), 2<k<r—1)
Xk,d+1 = Gk—d—1(Xk+1,d41—Xk,d), (2<d <k-1)
Further, a,a¢, Be and F in (9) are given by the
following form:

a(yagvt) = (52 + XQ,ly)gll,r? gll,r = gLT/bU

X2,2 0
- Be= {bugrbT]

7f§»y]T

ag(t) =
Xror

F(y,&,n,t) = [fﬁz"“ 7ffk7...
k—1

feo = buGrrfr — > Xwdfi—d
=1

For the obtained virtual system, it is easy to con-
firm from assumption 2 that a(y, &,t) is Lipschitz
with respect to (y, €) so that there exists a positive
constant Lo such that

la(yr, &1)-a(y2, §2) < La(lyr—y2|+[[€1=E2[)- (11)

The uncertain vector function F'(y,&,n,t) can be
evaluated from assumption 1 by

1 (y, &m, DIl < prlo(y)] + po (12)

with unknown positive constants pg,p; and a
known function ¢(y), which has the following
property for any variables y; and ys:

|o(y1 4+ y2)| < o1 (yr, y2)llya| + |d2(y2)|  (13)

with a known smooth function ¢ (y1,y2) and a
function ¢2(y2) that is bounded for all bounded
y2. Furthermore, since A,, is a stable matrix,
there exists a positive symmetric matrix P for
any positive matrix Q¢ such as

PeAy, + AL P = —Qe. (14)

Moreover, since the system (1) is exponentially
minimum-phase from assumption 5, there exist
a positive definite function W(n) and positive
constants x; to k4 from the converse theorem of
Lyapunov(Khalil, 1996) such that

) g(0.m) <l | 5 | < o)
salln(@)1 < W) < rslln(0) (15)

The obtained virtual system (9) with the input
uy, has a relative degree of one and the zero
dynamics of the nominal part of (9), which is
obtained by neglecting f1, F' and f,, as external
disturbances, is exponentially stable because A,
is a stable matrix and the zero dynamics of (1)
given in (6) is exponentially stable. Thus the
nominal part of the virtual system (9) has the
OFEP properties so that we can attain the control
objective (7) by applying the robust adaptive
control method provided in Michino et al. (2003)
to the virtual system (9) with the control input
uy, . However, unfortunately since the input uy, is
not the actual control input, one can not directly
design wuy, using the controller design method
given in Michino et al. (2003). The method given
in Mizumoto et al. (2003) gives us a solution for
designing an actual control input by adopting the
Backstepping strategy to the virtual input filter.
However, this method might require a complex
controller structure for a nonlinear system with a
higher order relative degree.

Here we propose a novel one-step backstepping de-
sign scheme utilizing a PFC so that one can design
an adaptive controller through a backstepping of
only one step for uncertain nonlinear systems even
when the nonlinear systems have higher order
relative degrees.



3.2 Augmented Virtual System
Consider a stable PFC with relative degree of 1
and minimum phase:

Ur = —apys +apn; + bou
Ny = Ay +bryy
where yy € R is the PFC output and n; € Rt

is the state variables of PFC. a; is any positive
constant and Ay is a stable matrix.

Suppose that the PFC (16) is designed such
that the augmented virtual filter, which is cos-
tituted by the virtual filter and the PFC, has
a relative degree of one and is minimum-phase.
The augmented virtual filter can be expressed as
follows(Isidori, 1995):

(16)

. T
Ua; = Qa1Uaf + QuoM, + bau

. 0 (17)
na:Aana+ |:1:| Uay

where uq, = uy, +ys, by = c?bf and A, is the sys-
tem matrix corresponding to the zero dynamics of
the augmented virtual filter. Since the augmented
virtual filter is minimum-phase, A, is a stable
matrix.

The virtual system (9) with the augmented virtual
filter output wue, as the control input can be
represented by

v =a(y,&1) + g1, () (ua;, —yyr) + fi(y,€,m,1)

£=Au&+ac(t)y+ Be(tin+ F(y.&n,t) (18)
n=q(y,n) + f,(y,&n,t)

3.8 Adaptive Controller Design

Consider the tracking error v(t) = y(t) — y*(¢),
the resulting error system is given from (18) by
I):CL(I/+y>t €)+gi,r(uaf7yf)+f1 (V+y>.; £, T’) 7y*
§=Au€+ay+Bm+Fr+y,&n) (19
n=qv+y,n)+f,v+y,&n)

Pre-step: For the error system (19), We first de-
sign a virtual control input «; for the augmented
virtual filtered signal u,, in the error system as

follows by using a robust adaptive high gain feed-
back control:

a1 (t) = —k(t)v(t) + Yo(t) (20)
k(t) = ki(t) + kp(t) + kr(t) (21)
kr(t) = v D(w)v(t)?, kr(0) >0 (22)
kp(t) = vp[o1 (v, y")* + i (v, y") Jw(t)? (23)
kr(t) = yr1 (y)? (24)
Uo(t) = Dlyy)[—as, Yo + bau] (25)

where 7, vp,vr are arbitrary positive constants
and D(z) is defined such as

D() 0, for z €y,
€Tr) =
1, for z €y,

Qo ={x e R | |2| <}, Qpy, ={x €R||2| > s}
for any given positive constants ¢,.

Now consider the following positive definite func-

tion for v € Q,,
/

1 Im .

Vo= 5% uo€" Pebetn W (m)+32% ki =k (26)
where po and g1 are any positive constants, k*
is an ideal feedback gain to be determined later
and g/, = gm/by. The time derivative of Vj can
be evaluated by

Vo<— (k™ = vo)v? = (o Amin[Qc] — v1) €]
= (k1 = v2)[ml* + g1 v
— g1, (yr — Po)v + Ro (27)

where w1 = u,, —aj and vg to ve and Ry are given
as follows:

v Ly + 12l pr+ L2 2poacn || Pel)?
4p1 4p3
U1 :P3+P4+P6+M
P8
V2 = p1+ p5 + p7+ P
Ro— i L [(uopill Pell)® | (pakadiy)?
ARG APYm pi 162
I (ooLa + do1 + 01)2
4p2
o ol Pelloollac]| + p1danr + po)]?
145
n (11 (oo Ly + digthannr + doy))?

4p7

with any positive constants p; to pg and posi-
tive constants agnr, Beyr which satsfy ||ag(t)|| <
acu, || Be(t)|| < Ben from assumption 2. ¢op,
o are positive constants such that [¢a(y*)| <
ot |Yon(¥*)| < onar. Since y* is bounded, such
a constant exists from Assumption 1 that ¢o;(y2)
is bounded for all bounded 5.

Step 1: Consider the error system, wi-system,
between u,, and a;. wi-system is given from (17)
by

W1 = Ga1Ua; + afzna + bau — (28)
The time derivative of a; is given by

6&1

. day .,
alzaiy[a(yaé)—’_gl,rufl +f1(yv£7nat)]+ !

oy* 4
0o 5 Oy
— —D —as¥o+ b, 29
ot ou, (yr)l—ar¥o +bau] (29)
Taking this into consideration, the actual control
input is designed as follows:

1
—p-lawn + eo(u, + [nalI*)wr + e1¥1w1]

a

if yr € nyo
w1

[erwn+eo(ug, +|n,[|*)wr +e1¥1w1]

u= bayfl
2 €3 1,2
= _ Sy
. (vryrtelngl®yyl by 0
if Yy € nyl

(30)



where ¢g to €3 and ¢ are any positive constants,
s is a positive constant such that

2

||a’f2||2 ay
> Lo > 31
= 4626]20 “ 263 ( )

and W, is given by
80&1 2 6041 2 80[1 2
Uy =(I — ) v!
1 (1+uf1+w1) ( Iy ) +<3y*> +(6k1> v
(32)

with any positive constant [;.

3.4 Boundedness and Convergence Analysis
Theorem 1. Under assumptions 1 to 5 on the
control system (1), all the signals in the resulting
closed-loop system with the controller (30) are
bounded. Further, the tracking error v converges
to any given bound

tlim lv] <6 (33)

Proof : Consider the following positive and con-
tinuous function V:

1
024+ Va, vEQ,,

V=132 (34)
V24V, veQ,

2
where
§5§f+6‘2/+ Ak17yf€ny07(€ n,w1) €8y,
. %ﬁﬁ‘/ +gf; Ak, Y5 €Qypo, (€,m w1) €,
SVF vt e Akn yr €Qy,y, (6, w1) €y
;nyFVJFgfmAkb Y €Qy,, (€,m,w1) €Qy,

Vo = no&" P&+ W (n) + %%7 Akp =k — k"
and €, and €2, are defined by
Qu={¢€R"neER" "W ER|V, <5}
Q,={(c R neR" " wi eR|V, >}
with a positive constant dy, which is determined
such as 5‘2/U > R/a,. Where @, is defined by
Amin[Qe] =v1/po K1 —v2/p1

Q,=min , ,2C1
Y Am,arc [PE] K3

w1 and py that satisfy

for positive constants pg,

/}LO)\min[Qd - Ui >0, p1k1 —wvg >0,

2 2

a L3
51261—ﬁ1—7f1>0,111 U1+7
2¢€3 el

and R is given by

llas, |

R= Ry + — des

1
Iey (laa1l* + llaaz]|?) +

1 (LQU(])Q 4d
St P i ot )

n (10| Pe|os]? n (11 K104])2 n (L26,)?
Pé 4p7 el

where

o3 = |lagl|(g0 + 6,) + p1(P1ar0y + d2nr) + po
o4 = Li(00 + 0y) + diy(Y1nar0y + Pannr) + doy

1M, Y1nm are positive constants that satisfy

[91(W) < b1, [Y1n(y)| < Yrgu for y such that
ly| <8, + 00 and gy is a positive constant which
satisfies g7 ,.(t) < gas for all ¢.

Further, in the function V', we consider an ideal
feedback gain k* which satisfies the following
inequality:

~(gk* —v)8; + Ry < =7, <0 (35)

for
2 2 2 2
!y IS 9u | 9u | Lz
o =0 + 1 T dag, e ol
282 g2
Ry =R+ VI
4p2

where 7, p2 are any positive constants.

From (34), the time derivative of V for v € Q,, is
given by _

V=0 (36)
for yy € Q,,, and (§,m,w1) € Qyy, and for
yr € Qy,, and (§,m,w1) € Q,,, it can be evaluated
b,

' V=V, <-aV,+R<0, (37)
since V, > 6y, for (§,m,w1) € Q,,. Furthermore,
for yr € Q,, and (§,m,w1) € Qy,, V for v € Qu,
is evaluated by

L Nlagl?
=<0 (38)

from (31), and for yy € nyl and (&, m,w1) € Q,,
it follows that

V S _@’UVU

V <~y

—vsy;+ R <. (39)
As for the time derivative of V for v € Q,,, V is
evaluated by
V < —(grk* —v)v® —vpyf + Ra < =7, (40)
for yy € Qy,, and (§,m,w1) € Qy,. For yy € Q
and (Ev”)wl) € Q’Uu we have
V < (g k" —vp)v* =, Vo =y +R< =y (41)
from (35). We can see from (38) to (41) that the
PFC output y¢ is bounded. Furthermore it follows

form (16) that the PFC states i, are bounded. As
a consequence, since the signal y¢ — ¥ is given by

Yf1

d
2 Wr = Yo) = —ay(yr — Vo) + apm; (42

for yy € Qy;,, yr —¥o is also bounded. Thus there
exists a positive constant Wg,s such that

lyy — Vol < Wonr (43)

for the both regions €, ., and €, .. Here we
consider the ideal feedback gain £* again such that
the following inequality is satisfied.

—(gr, k" — v5)6; + max(Ry, Rg) < —7, <0 (44)



where
2 d
R4 _05 /11
4[)2 4gm7R
Lod
05 =Lyoo + doy + 01 + ——r

+V2gum6v, + gmVoum

This k* must satisfy (35). For such a k*, the time
derivative of V' for yy € Q. and (§,m,w1) € Qy,
can be evaluated by

V< —(ghk" =)’ + Ry < =y (45)
and for y;y € Q,,, and (§,m,w1) € Q,,, we have
V < —(ghk* —vp)v® =@, Vo + R+ Ry < =, (46)
from 63, > R/a, and (44).
Consequently we have
V<0,
V< -y <0,

Finally the time derivative of V' can be evaluated
as V <0 for all £ > 0, so we can conclude that all
the signals in the control system are bounded.

for v € Q,,
’ (47)
for v e Q,,

Next, we analyze the convergence of the tracking
error v. Suppose that there exists a time ¢y such
that v2 > §2 for all t > to. This implies that
V > 162Vt > t,. Further, in this case it follows
from (47) that

¢
V(t)=V(toH [ V(r)dr <V (to)—y(t—to) (48)
to
Since the right-hand side of (48) will eventually
become negative as t — oo, the inequality con-
tradicts the fact that V > 162Vt > t,. This
means that the interval (to,¢1) in which v € §,, is
finite. Let (¢2,t3) be a finite interval during which
v? < §,,ie.v € Q, and (t3,t4) be a finite interval
during which v2 > §,, i.e. v € Q,,. Since V < 0
for v € Q,, and V< -y, < 0 for v € Q,, it
follows that V(t3) < V(¢2) for the interval (¢2,%3)
and that V(t4) < V(t3) for the interval (¢3,t4).

Thus the function V decreases a finite amount
every time v leaves €1, and re-enters in €2, and
V' does not increase during that v € §2,,. Finally
we can conclude that there exists a finite time T
such that V' converges to a constant for all ¢t > T
,ie. veQ, forallt > T. Thus we obtain that
lim |v] <6, (49)
t—o0
and we can attain the control objective (7) by
setting the positive constant §, as J, = 9. [ |

4. CONCLUSIONS

In this paper, we proposed a novel one-step back-
stepping design scheme for a robust adaptive
tracking control of uncertain nonlinear systems.
The proposed method can be applied to the un-
certain nonlinear systems with any order of rela-
tive degree and has a relatively simple controller
structure.
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