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Abstract: This paper deals with a new type of estimator for discrete-time linear
systems with unknown inputs. A constructive algorithm is given in order to analyze
the state observability and the left invertibility of the system (i.e the possibility to
recover the unknown inputs with the outputs) and then an estimator is designed.
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1. INTRODUCTION

In many applications, like fault detection and
identification, cryptography or parameter identi-
fiability, the design of observers for linear systems
with unknown inputs is of importance and lots
of works can be found in the literature (see e.g.
Darouach et al. (1994), Hou and Miiller (1991),
Kudva et al. (1980)). In all the works previously
mentioned, it is possible to construct a linear
observer under a necessary existence condition
stating that one can recover from the available
outputs the part of the state which is directly
coupled with the unknown inputs. In Floquet and
Barbot (2004), the authors designed an algorithm
that allows to overcome this restrictive condition
in the continuous-time case by using a sliding
mode observer.

Here, it is aimed at designing a delayed estimator
of the state variables and the unknown inputs
for discrete-time systems, which is quite different
than the observer design for continuous time one
(while the delayed outputs play a similar role than
the output derivatives in continuous time systems,
they are drastically easier to obtain). The problem
is to recover the state and the unknown inputs

after a finite number of delays. Thus, it is a left
invertibility with delays problem. Obviously, the
design of delayed estimator has many advantages:
simplicity of implementation, finite time conver-
gence, structural stability, and it introduces less
delay than a discrete-time observer. However it
has also some drawbacks. For example, as it is
the case for all systems with transient time, the
delayed estimator introduces a structural delay
which can be prejudicial for some fault detection
and isolation problems (such that for the rolling-
mill, Gu and Poon (2003)). Nevertheless, this is
not a real constraint for some other applications
as cryptography (as in the case of chaotic synchro-
nization, Barbot et al. (2003)) or off-line diagnos-
tic.

Finally, it is important to mention that a discrete-
time estimator can be used for discrete-time sys-
tem but also for systems under sampling. This
is the reason why the design of discrete-time
estimator is more and more popular and more
appropriate when dealing with real applications
(as e.g. applications in signal processing).

Consider a linear discrete-time system of the form:



z(k+1) = Az(k) + Bu(k) + Dw(k) (1)
y(k) = Ca(k) (2)

where z € IR"™ is the state vector, y € RP* is the
output vector, u € IR Y represents the known in-
puts and w € R™ stands for the unknown inputs.
A, B, C and D are known constant matrices of
appropriate dimension. It is assumed that m < p;
and, without loss of generality, that rank C' = p;
and rank D = m.

In this paper, we propose a simple algorithm in or-
der to analyze if the system is or not left invertible
with delays and to put the system in a particular
observability triangular form. This form is well
suited to design a delayed estimator that pro-
vides the states and unknown inputs of the linear
discrete-time systems after some finite number of
sampling delays. The main contribution of this
paper is that the previously mentioned necessary
condition for the design of linear observer, i.e.

rank CD =rank D =m

is not required anymore. Furthermore, there is no
assumption on the unknown inputs (boundedness
or statistical properties) and a bound on the
number of sampling delays necessary to recover
the information is known.

2. OUTPUT INFORMATION ALGORITHM

Iteration 1: Consider the vector of outputs y' £

Cx.

a. Without loss of generalities, one can reorder the
components of y* as follows:

T
Yt = [C;F C;Fl C;Fﬁ»l CpTl] T
where Ch,..., C), satisfy for all j <y
C;A*D =0, for all k € N (3)

and where Cy), 1,..., Cp, are such that for 1 < j <
p1 — 1M1, there exists an integer rjl- such that:

CmHAkD =0, for all k < 7"]1- -1
Cypr AT 7D £ 0. (4)

and such that r} < ... < Tzlnfm' Note that only

the outputs yjl = Cjz, m+1 < j < pq, are affected
by the unknown inputs.

b. Define the set of covectors
‘I)l = span {Cl, . ClA”il, 02. CzA"il. C,“ . c,“ A7"71}

and note ¢! = rank ®'.

Find 7, integers o1, ..., ga}h such that

Cq

ClAwifl
rank [} = : =
CV]l

=
| Oy APm 1_
ie. {1y CLAPT L Oy Cp A%

is a basis of ®1). One has ! = p +... + <p7171. If
! = n, it is obviously easy to design an observer
for the system (1-2) and we stop the algorithm.
Actually, this is the case when the state is not
affected by any disturbance, i.e. D = 0.

c. Define the set of covectors
1 19 rl —1
Y1 = span {C’m+1,...,0,,1+1AT1 sy Gy ooy Gy AT91-m }

and the integer p' such that rank (®*UTY!) =
@'+ pt.
Find p; — 7, integers pi, ...,plljﬁ771 such that, the

C771+1

C’771+1Ap%71
} , where Dy = : , has

matrix [ !
Cpl

1
D,

C,, APpi—m 1
rank ¢! + pl. One has p! = pl + .. + pzln—m' If
' + p' = n, quit the algorithm.

d. Define the matrix

C’711-1-1"47&711)
I'y =
CplATél—m—lD
and note d; = rank I'y. If dy < p; — 11, one can

find a matrix A; € R”2*P1~") where py = p; —
11 — dq, such that A"y = 0.

Define the auxiliary variable (or fictitious output)
Coy 1 AT 3

: c &% 0% = |
Cp, ATmm sz
Note that C? is not necessarily full rank.

Iteration 2: The Output Information Algorithm
is applied to the new vector of fictitious outputs
y2 cRP2,

a. After possible reordering of the components of
y?, by analogy with Iteration 1.a, one can define
the integers 72 and r?, 1< <ps—ns.



b. Assume that rank (<I>1 urtu <I>2) =t +pt +
©? where

% =span {C},...,C§A"1,C3,....C3A"1, . C2

727"

2

n2

An—l}'

Then define the integers go?, 1 < j <1y and the
Iy
matrix Is such that | Dy
I

has rank ! + pt + 2.

If o' + p' + p? = n, the algorithm is stopped.

c. By analogy with Iteration 1.c, one can define the
set Y2 and the matrix Dy and the related integers
p? and (p?, ...,pfm_nz). The algorithm is stopped
ifpl+pl+p2+p2=norif pl+pl+p2+p% <n
and Dy = (.

d. Define the matrix

Iy
2 r2—
Cﬂ2+1A ! 1D
Iy = )

c, ATra-m 1D
and note do = rank I's.

If do < (p1—m) + (p2 —12), one can find a
matrix Ay € RPX((Pr=m)+P2=m2)) - yhere py
(p1 —m) + (p2 —n2) — da, such that ATy =
0. Then the Output Information Algorithm is
applied to the new fictitious outputs

14
Cp41A™

1
Cp1 ATp1-m
2 'rf
0772+1 A

x 2 Py

2
L 022 ATr2-n2 |

Repeating this procedure, one has:

Iteration k: The fictitious output y* € RP*, that
has been defined in Iteration k& — 1, is considered.

a. The integers n; and rf, 1 <7 < pr—nk, are
determined.

b. Compute the set of covectors

OF =span{C¥,...,CFA1 Ck, ... ChAnY L Ck

N "

el

Nk

An—l}
k—1_. ,

and assume that rank (('91(1)2 UTz) U (bk) =

k=1 . i

2 (e o)+t

1=

Find 7, integers ¥, ..., go,ln_, such that

I
D1 k—1 ) )
rank =3 (¢"+p') + ¢*, where
: i=1
Iy,

T koaei—1\T kT kw*—lTT
I, = | (c) w..,(C]AH ) e (CR) ,‘.‘,(cﬁkA e ) )
c. Compute the set of covectors

k_ o k k kg k koqrh o, =1
T 7bpan{oml,...,cmlm sy CE L Ok AT, }

ko . k ) .
and assume rank (Ulqﬂ U T’) =Y (¢ + ).
i=1

1=

Find pp — n; integers p’f,...,p’;k_nk such that
I
Dy 3
rank =Y (¢"+p'), where
) i=1
I,
Dy,

Dy = {(Cﬁwl)T ) (CﬁkﬂA’):il)T ) (Cz’fk)T ) (Cxlkaﬂ’;‘ﬂ"il)T}T'

d. Define
_ r, _
r Py
k = k ri—1
CﬂkJrlA D
| Ch AT D |

k
and note d = rank T'y. If di, < > (ps —ns), let
s=1

k
us set prr1 = Y. (ps —ns) — di. One can find a

. s=1
matrix
k

Prk+1X <Z(P57’Is)>
A € R s=1 such that ART', = 0.

Define a new fictitious output:
[ CerlATi |

1

Tpy—r
Cp, ATrri—m
y’“‘l = Ay : x 2 Oy,

k rk
Cpop1 A

k
of Ahn

Stop the algorithm if:
1. there exists p € IN, such that

D
P+ pt .+t + pt < noand {D#:@ord“: Z(psfr]s)},

s=1

o _
2. there exists k* € IN such that Y (¢ + o) = n.

i=1
In case 1, it is not possible to estimate the state
of system (1-2) with the method described in this
work. In case 2, one obtains a set of covectors
Spx = [1UD1U. ..Ul UDp« where dim S« = n.
Obviously, the number of iterations is finite (< n).



Note that the fictitious outputs play a quite sim-
ilar role that the non-degenerate solution of the
algorithm given in Ljung and Glad (1994).

Proposition 1. If there exists k* € IN such that
B 4
> (gol + pl) = n then rank I'y« = m.

i=1

Proof: From (3), (4), the definitions of the ma-

k A A
trices I; and D;, and since Y (gﬂ + pl) =n
i=1

rl—1
C(771-1-1‘4 !

1
T —1
Cp, ATrr-m
rank 'y« =rank D

Ck* +1Arlf* -1
Njex

=rank :
I+
D+

As a straightforward consequence of this Proposi-
tion, all the components of the state and all the
unknown inputs can be estimated after a finite
number of delays.

3. SYSTEM TRANSFORMATION

After applications of the algorithm, the following
(n x m) nonsingular matrix can be defined:

L
D,
=]
I
D
Under the coordinate transformation
ol
\ !
r=T1'Z=T""] :
ok
e
01 Xzi
where o' = : and y' = : , for
o, | Xpi=n
(),
1<i <k, with o} = : Jfor 1 <5 <my,

and XJ , for 1 < 5 < p; —n;, the

system (1- 2) ecomes:

ol G (k41 A7 o5 (k) + 27 jx (k) + BY ju (k) (5)
x]- (k+ ),A;fj j(k)+:§fj ()+®§fjw(k)+B§fju(k)
(6)
010---0 0
001---0 )
A= i =L
000 --- 1 c Agﬂ.
. . . j J i
000 0 wixel J eixn
010 - 0
001---0
AX . = Lo :
03 : :
000 --- 1
000 ---0 p_?><p_§.
r 0 0
=X — X —
i, T 0 Oi,j 0
i L1
L Cni +jApJ p; xn Cm +J'APJ D p“; X m

B, and BY; area (¢} x q) and a (p} x q)-matrix,
respectively. The system is put in a block triangu-
lar observable form. Note that C,, ;A7 1D # 0
if and only if p} = 1.

4. ESTIMATOR DESIGN

The estimator designed in this section is called
a step-by-step delayed reconstructor, see Bel-
mouhoub et al. (2003).

4.1 Reconstruction of the state:

First step: one consider the subsystem of (5)-(6)
related to the available measurements, that is to
say i = 1. For the outputs that are not affected
by the unknown inputs, one has yjl(k) = (J})l (k)
and:

(o (k+1) =

+Z (k).
+Z (k).

(o ) (k+1)=

(@11 (k+1) = (0]),,

=1



where 1 < 7 < 71, and where (Bij)hl are the
elements of the h — th row of the matrix BY ;.

Those equations can be rewritten as follows:

(o)1 (k) = yj (k)
q

(@2 k=1 =y} =Y (B7;), k=1

=1
q

(@a (k=2 =y} =y (B7,) k=1

=1
q

=Y (B1),, w k-2

=1

V211'71 q
D1 (k=) +1) =) - DN (m1s),, wtk-o

s=1 1=1

Consequently, using delays, all the state o' can be
estimated at the time (k— @'+ 1) where ¢' =
max
1<j<m
In a similar way, one gets an estimation for the
state x' at the time (k—p}+1), where p! =

1

max  p;.

1<j<pi—m

Second step: in order to get an estimation of the
remaining states, one uses the fictitious outputs.

rl 1 1
Cnl-i-lA * y171+1(k + 7ﬁl)
y' =M\ : r =M\ :
C,, A1 o (k)
P1 P yP1 pP1—m
Since 7! = max ri, 42 (k—r! is
p1—m 1<ieme 3 Y ( pl—m)

available. From the definition of A; (see iteration
1.d in the algorithm), y? is not affected by the
unknown inputs.

Then, in a similar manner as in the first step, o2 is

estimated at time (k—r} _, —@*+1) and the

state x? is known at time (k—ry _, —p°+1),
h 72 = Land pt = .

whore = oy 2} and 1=k

Following this procedure, one obtains recursively
the whole state. For 2 < a < k*:

a—1
o® is known at time (k’ — D Tpim — PX 1)7
i=1

a—1
X* at time (k = D Tpi—yy — PO F 1).
i=1

Thus, one gets the estimation of the state vari-
ables with a finite number of delays less than r =

(o3 [e3
i —a+1 _ 1. i sa+1 _
O<C£ria;§i_1 {z%rpi—m T L ;)Tpi_"?i 4 1}
ez i= i=

0 éo

where Tpo—n0

4.2 Estimation of w

The last rows of each subsystem of (6) provide
an estimation of w. Indeed, for 1 < ¢ < k*,

1<7<pi—m:
s AP Dw (k) = (x) i (ki + 1) = Cyy g AP T L (k)
J

q
- Z (Bz?fj)pjl,z ur (k)
=1
or, in compact form
O%w (k) =TI (x (k+1),0(k),x (k) ,u(k)) (7)
[ C’Z1+1Api_1D ]

1
CplAPm—T/l 71D
where ©X = :

k* _
C"?k-* +1Ap1 'D

k}*
C Appk*—nk*_lD

Pr*

Remark 2. Following the same argument as in
Proposition 1, one has rank ©X = m.

Since IT is known, at least, at time (kK — 7 — 1) and
since rank ©X = m, the relation (7) provides an
estimation of the unknown inputs:

w(k—71—-1)= (0"

where (0X)" is the pseudo-inverse of ©X.

5. EXAMPLE
-2-1 010 1 00
0 -1 001 0 —10
$+:1—0 1 0 -100 |z+]| 2 1 0w
0 1 -20 0 1 —-11
-2 3 0 0-4 -1 0 2
10000 &
y=101000|xz=|Cy|x
00100 Cs
C1D 1 00
I'i=1CaD | =1]0-10
CsD 210

The matrix Ay = [—2 1 1] defined by is such
that A1I"y = 0. Then, one can choose the fictitious

Ci1A
output as y? = Ay | CoA | 2 = C%x or y? =
C3A
-2y +ys + i
It can be checked that:
Cy
Cy
rank T =rank | C3 | =5.
Ct
C2A



Under the change of coordinates z = Tz, the
system becomes:

2l = —0.322 + 0.223 — 324 — 1025 + w1 (8)
25 = —0.1z1 — 0.622 + 0.523 — 524 — 2025 — w2 (9)
2§ = 0.121 — 0.123 + 2w1 + w2 (10)
zir =2z5 (11)

1002 = 0.4z1 + 0.522 — 0.623 + 424 — 1025
+ 5wy + bwa — w3 (12)

Yy = [Zl Z9 2:3] .

It is clear that one has the knowledge of the states
21, 22, and z3 from 0 till instant k. From the choice
of the new input 32, one gets the value of z; and 25
after one and two sampling periods, respectively,
since (y?) =z; =25 = —2y1 +y2 + ys3.
Then, the unknown input can be estimated as
follows. From equations (8) and (9):
wy =z +0325 0 —02z5 7 +3z;  + 1025~
Wy = —zy — 0.1z — 0.6z +0.523 " — 5z,

— 2025~
Since z5 is only known at time (k —2), ws is
obtained from equation (12) at time (k — 3):

w) = 210025~ 404257 105287 — 0,628

+ 4z£37) - 10z§37) + 5w§37) + 5w§37).
Simulation results are given in Figures 1 and 2,
where it can be seen that the state and the un-
known inputs are estimated after three sampling
periods.

x4 and x4r

x5 and x5r
|

Fig. 1. Reconstructed states

6. CONCLUSION

In this paper has been considered the problem of
state estimation and unknown input identification
for discrete-time linear systems. An algorithm has
been given in order to introduce fictitious outputs
that allow to recover both the state and the un-
known inputs after a finite number of sampling
delays. Straightforward applications can be found
in fault detection and identification or cryptogra-

phy.

w1 and wir
)
T
|
|
/
/

w2 and w2r

w3 and w3r
|

Fig. 2. Estimated unknown inputs
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