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1. INTRODUCTION

The study of linear control problems with exponential-of-
quadratic cost function was initiated in Jacobson (1973)
where the author studies discrete-time and continuous-
time state feedback problems. The discrete-time linear
output feedback problems with exponential-of-quadratic
cost function is studied in Whittle (1981). Bensousssan
and Schuppen (1985) studied the continuous-time output
feedback problem in this context, and, in Pan and Basar
(1996), these results were given simpler proofs for the
general case with cross terms in cost function and noise co-
variance matrices. Furthermore, an elegant expression for
the optimal cost is derived in Pan and Basar (1996) which
has been subsequently used to obtain explicit guaranteed
cost bounds for continuous-time uncertain systems and to
solve minimax LQG control problems (e.g., see Petersen
et al. (2000)). This expression was also instrumental in the
guaranteed cost approach to nonlinear control and state es-
timation presented in the papers Petersen (2006b,a, 2007);
Ouyang and Petersen (2007).

The objective of this paper is to derive a formula for
optimal cost for discrete-time finite horizon LEQG control
problem with a cross term in the cost function and
correlated system and observation noise. We take an
information-state approach as in Collings et al. (1996),
and present details of all of the main calculations in order
to make the paper self contained. The motivation for
undertaking this calculation is that it is required in order
to develop discrete time algorithms for minimax LQG
control and state estimation in the most general case of
noise covariances and cost functional. In particular, this
most general case is required in order to develop discrete
time counter parts to the nonlinear guaranteed cost results
of Petersen (2006b,a, 2007); Ouyang and Petersen (2007).

? This work was supported by grants from Australian Research

Council.

2. PRELIMINARIES

Consider the state space model given by

xk+1 = Akxk + Bkuk + vk+1,

yk+1 = Ckxk + wk+1.
(1)

This model is defined on a probability space (Ω,F , P )
equipped with a complete filtration {Fk+1; 0 ≤ k ≤ T−1}.
The time horizon is k = 0, 1, · · · , T − 1. The state xk is
an n-vector, the control input uk is a m-vector and the

observation yk is a p-vector. The white noise
[

vk
wk

]

has

joint normal density ϕk ∼ N(0, ∆k); ∆k =

[

Σk Υk

Υ′
k Γk

]

.

Hypothesis 1. The covariance matrices ∆k; k = 1, · · · , T
are positive definite 1 . 2

We note that ∆−1
k =:

[

Σ−k Υ−k

Υ′
−k Γ−k

]

, where Σ−k = (Σk −

ΥkΓ−1
k Υ′

k)−1, Υ−k = −Σ−kΥkΓ−1
k , Γ−k = Γ−1

k +

Γ−1
k Υ′

kΣ−kΥkΓ−1
k .

The complete filtration generated by (y1, · · · , yk) is de-
noted by Yk . The admissible controls u = (u0, u1, · · · , uT−1)
are Rm-valued {Yk} adapted processes. The set of all
admissible control processes on the time interval k, · · · , l
is denoted by Uk,l.

Fact 2. For u ∈ U0,T−1, define the random variables

λu
k :=

ϕk(xk − Ak−1xk−1 − Bk−1uk−1, yk − Ck−1xk−1)

ϕ(xk, yk)
.

Λu
0,k := Πk

`=1λ
u
` .

Then {[Λu
0,k]−1} is an {Fk}-martingale, and hence we can

define a probability measure P u on (Ω,FT ) by setting

1 This is equivalent to Γk > 0 and Σk −ΥkΓ−1

k
Υ′

k
> 0.
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dP u

dP
|Fk

= [Λu
0,k]−1; k = 1, 2, · · · , T.

Note that, under P u, (xk , yk) has Normal density ϕ. 2

The cost function for the problem is

J(u) = E
[

eθ{Ψu
0,T−1+ 1

2
x′

T MT xT }
]

, u ∈ U0,T−1, (2)

where θ > 0 is the risk-sensitive parameter,

Ψu
j,k =

1

2

k
∑

`=j

[x′
`M`x` + u′

`N`u` + 2x′
`S`u`], (3)

and E stands for expectation w.r.t. the reference proba-
bility measure P . In what follows, we use Eu to denote
expectation w.r.t. the probability measure P u.

3. INFORMATION-STATE

For u ∈ U0,T−1, define the measure valued process νu by

νu
k (B) := Eu[Λu

0,keθΨu
0,k−1IB(xk) | Yk ]; k = 0, 1, · · · , T.

Here IB(·) is the indicator function of the Borel set B.
Note that νu

0 is the distribution of x0. Furthermore, let
{αu

k} be the density process associated with the measure
valued process {νu

k } so that

νu
k (B) =

∫

B

αu
k(x) dx.

This also yields

〈νu
k , g〉 =

∫

αu
k(x)g(x) dx = Eu[Λu

0,keθΨu
0,k−1g(xk) | Yk],

for all real-valued Borel measurable functions g.
Now, as in Collings et al. (1996), we can establish a
recursion formula for the information-state density αu

k :

Theorem 3. (Recursion for αu
k)

αu
k+1(x) =

1

φk+1(yk+1)

∫

Rn

αu
k(ξ)eθΨu

k,k×

ϕk+1(x − Akξ − Bkuk, yk+1 − Ckξ) dξ,

(4)

where Ψu
k,k = 1

2 [ξ′Mkξ + u′
kNkuk + 2ξ′Skuk] and φk+1 is

the marginal density of wk+1. 2

The linearity of the dynamics (1) implies that αu
k are

Normal densities. We denote

αu
k(x) =: Zk e−

1
2
(x−µu

k )′R−1

k
(x−µu

k ).

Note that

Zk = (2π)−
n
2 |Rk|−

1
2 , (5)

where |Rk| is the determinant of the covariance matrix
Rk.
Notation: In subsequent sections, for notational conve-
nience, we drop the superscript u from µu

k . For G ∈ R
n×n,

x ∈ R
n, a ∈ R

n, we employ the simplifying notations

q[G, a, x] := x′Gx + 2x′a, q[G, x] := q[G, 0, x]. 2 (6)

4. RECURSION FORMULA FOR χK = (ZK , RK , µK)

By the recursion (4), we have

αk+1(x) =
Zϕk+1

Zφk+1

Zke−
1
2
γk

∫

Rn

e−
1
2
q[Gk ,ak,ξ] dξ, (7)

where

γk = q[R−1
k , µk] + q[Σ−(k+1), x − Bkuk] − q[θNk, uk]

+q[Γ−(k+1) − Γ−1
k+1, yk+1] + 2(x − Bkuk)′Υ−(k+1)yk+1,

Gk = R−1
k + D′

k∆−1
k+1Dk − θMk; Dk =

[

Ak

Ck

]

,

ak = −ek − (A′
kΣ−(k+1) + C ′

kΥ′
−(k+1))(x − Bkuk);

ek := θSkuk + R−1
k µk + (A′

kΥ−(k+1) + C ′
kΓ−(k+1))yk+1.

Hypothesis 4. Gk > 0 for every k = 0, 1, · · ·T − 1. 2

From (7), we now get

αk+1(x) =
Zϕk+1

Zφk+1

Zke−
1
2
γk × (2π)

n
2 |Gk|−

1
2 e

1
2
q[G−1

k
,ak]

= Zk(
|∆k+1|
|Γk+1|

)−
1
2 |Gk|−

1
2 e−

1
2
γk+ 1

2
q[G−1

k
,ak]

= Zk(
|∆k+1|
|Γk+1|

)−
1
2 |Gk|−

1
2 e−

1
2
{δk+q[Hk ,bk,x−Bkuk ]},

where

δk = q[R−1
k , µk] − q[θNk, uk] − q[G−1

k , ek]
+q[Γ−(k+1) − Γ−1

k+1, yk+1],

Hk = Σ−(k+1) − (A′
kΣ−(k+1) + C ′

kΥ′
−(k+1))

′G−1
k ×

(A′
kΣ−(k+1) + C ′

kΥ′
−(k+1)),

bk = Υ−(k+1)yk+1 − Ãkek;

Ãk := (A′
kΣ−(k+1) + C ′

kΥ′
−(k+1))

′G−1
k .

Hypothesis 5. For k = 0, 1, · · · , T − 1, the matrix Hk is
positive definite. 2

We now obtain the recursion formulae:

Rk+1 = H−1
k (8)

µk+1 = Bkuk − Rk+1bk, (9)

Zk+1 = Zk(
|∆k+1|
|Γk+1|

)−
1
2 |Gk|−

1
2 e−

1
2
{δk−q[Rk+1,bk]}. (10)

In the next three subsections, we will simplify the above
recursions, and express them in standard form.

4.1 Simplification of recursion (8)

We first observe that

C ′
kΓ−1

k+1Ck = D′
k∆−1

k+1Dk − (A′
kΣ−(k+1) + C ′

kΥ′
−(k+1)) ×

Σ−1
−(k+1)(A

′
kΣ−(k+1) + C ′

kΥ′
−(k+1))

′.

Hypothesis 6. For all k, the matrix R−1
k − θMk +

C ′
kΓ−1

k+1Ck =: K̃−1
k is invertible. 2

Now

H−1
k = Σ−1

−(k+1)

+Σ−1
−(k+1)(A

′
kΣ−(k+1) + C ′

kΥ′
−(k+1))

′K̃k ×
(A′

kΣ−(k+1) + C ′
kΥ′

−(k+1))Σ
−1
−(k+1).
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For further simplification, we write

Σ−(k+1)Ak + Υ−(k+1)Ck = Σ−(k+1)Âk,

Υ′
−(k+1)Ak + Γ−(k+1)Ck = Γ−1

k+1Ĉk,

where

Âk = Ak − Υk+1Γ
−1
k+1Ck,

Ĉk = Ck − Υ′
k+1Σ−(k+1)Âk.

Therefore, one may write the recursion for Rk as

Rk+1 = Σk+1 − Υk+1Γ
−1
k+1Υ

′
k+1 + ÂkK̃kÂ′

k (11)

Remark:

K̃k = (R̃−1
k + C ′

kΓ−1
k+1Ck)−1; R̃−1

k := R−1
k − θMk.

Also, define µ̃k by the relation

R−1
k µk + θSkuk = R̃−1

k µ̃k. 2

4.2 Simplification of (9)

We may write the recursion (9) for µk in the form

µk+1 = A
µ
kµk + B

µ
k uk + C

µ
k yk+1, (12)

where

A
µ
k := H−1

k ÃkR−1
k , B

µ
k := Bk + θH−1

k ÃkSk,

C
µ
k := H−1

k

(

Ãk(A′
kΥ−(k+1) + C ′

kΓ−(k+1)) − Υ−(k+1)

)

.

Note that we can write

A
µ
k = ÂkK̃kR−1

k , B
µ
k = Bk + θÂkK̃kSk.

We also have

C
µ
k = H−1

k ÃkĈ ′
kΓ−1

k+1 − H−1
k Υ−(k+1)

= ÂkK̃kĈ ′
kΓ−1

k+1 − Σ−1
−(k+1)Υ−(k+1)

−ÂkK̃kÂ′
kΥ−(k+1)

= ÂkK̃kC ′
kΓ−1

k+1 + Υk+1Γ
−1
k+1.

Furthermore

A
µ
kµk + (Bµ

k − Bk)uk

= H−1
k Ãk(R−1

k µk + θSkuk)

= ÂkK̃kR̃−1
k µ̃k

= ÂkK̃k(K̃−1
k − C ′

kΓ−1
k+1Ck)µ̃k

=
(

Âk − ÂkK̃kC ′
kΓ−1

k+1Ck

)

µ̃k

=
(

Ak − C
µ
k Ck

)

µ̃k.

Therefore we can write (12) in the alternate form:

µk+1 = Akµ̃k + Bkuk + C
µ
k (yk+1 − Ckµ̃k)

4.3 Simplification of recursion (10)

To derive a simpler recursion for Zk, we use the relation

K̃k = G−1
k + Ã′

kH−1
k Ãk,

and obtain

δk − q[H−1
k , bk] = µ′

kΠ̃kµk + u′
kΦ̃kuk + 2u′

kΞ̃kµk

+y′
k+1Ψ̄kyk+1 + 2u′

kΘ̃kyk+1 + 2y′
k+1Ω̃kµk;

where

Π̃k := R−1
k −−R−1

k K̃kR−1
k ,

Φ̃k := −θNk − θ2S′
kK̃kSk

Ξ̃k := −θS′
kK̃kR−1

k

Ψ̄k := Γ−(k+1) − Γ−1
k+1 − Γ−1

k+1ĈkK̃kĈ ′
kΓ−1

k+1

−Υ′
−(k+1)H

−1
k Υ−(k+1) + 2〈Υ′

−1H
−1
k ÃkĈ ′Γ−1〉

Θ̃k := −θS′
kK̃kĈ ′

kΓ−1
k+1 + θS′

kÃ′
kH−1

k Υ−(k+1),

Ω̃k := −Γ−1
k+1ĈkK̃kR−1

k + Υ′
−(k+1)H

−1
k ÃkR−1

k .

Therefore,

Zk+1 = Zk(
|∆k+1|
|Γk+1|

)−
1
2 |Gk|−

1
2 e−

1
2
×

(

µ′
kΠ̃kµk + u′

kΦ̃kuk + y′
k+1Ψ̄kyk+1

+2u′
kΞ̃kµk + 2u′

kΘ̃kyk+1 + 2y′
k+1Ω̃kµk

)

Remark: The notation Ψ̃k denotes the quantity Γ−1
k+1 +

Ψ̄k. That is, Ψ̃k := Γ−1
k+1 + Ψ̄k. Such a notation will be

convenient in subsequent calculations. 2

Remark: We observe that

Γ−(k+1) − Γ−1
k+1 −Υ′

−(k+1)H
−1
k Υ−(k+1)

=−Υ′
−(k+1)ÂkK̃kÂ′

kΥ−(k+1),

H−1
k Ãk = H−1

k Σ−1ÂkG−1
k = ÂkK̃k.

Therefore, by using the fact

Γ−1
k+1Ĉk − Υ′

−(k+1)Âk = Γ−1
k+1Ck,

we obtain

Ψ̃k = Γ−1
k+1 − Γ−1

k+1CkK̃kC ′
kΓ−1

k+1 = (Γk+1 + CkR̃kC ′
k)−1,

Θ̃k =−θS′
kK̃kC ′

kΓ−1
k+1, Ω̃k = −Γ−1

k+1CkK̃kR−1
k . 2

5. VALUE FUNCTION AND DYNAMIC
PROGRAMMING

Let βT (x) := e
θ
2

q[MT ,x]. Note that

J(u) = E
[

eθ{Ψu
0,T−1+ 1

2
x′

T MT xT }
]

= Eu
[

Λu
0,T eθΨu

0,T−1βT (xT )
]

= Eu[〈αu
T (·), βT (·)〉].

Now define the adjoint process

βu
k (x) := Eu

[

Λu
k+1,T eθΨu

k,T−1βT (xT )
/

xk = x, YT

]

.
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The value function for the control problem is

Vk(χ) = inf
u∈Uk,T−1

Eu[〈αu
k(·), βu

k (·)〉
/

αu
k = α(χ)].

Note that, if χT = (ZT , RT , µT ), then

VT (χT ) = 〈α(χT ), βT 〉

= ZT

∫

e−
1
2

q[R−1

T
,x−µT ] e

1
2

q[θMT ,x] dx

= ZT e−
1
2
q[R−1

T
,µT ]

∫

e−
1
2
q[R−1

T
−θMT ,−R−1

T
µT ,x] dx

= ZT e−
1
2
q[R−1

T
,µT ] × (2π)n/2|R−1

T − θMT |−1/2×
e

1
2
q[R−1

T
(R−1

T
−θMT )−1R−1

T
,µT ].

Hypothesis 7. The matrix (RT )−1 − θMT > 0. 2

Under this assumption, we obtain

R−1
T (R−1

T − θMT )−1R−1
T − R−1

T

= R−1
T ((R−1

T − θMT )−1R−1
T − I)

= R−1
T ((I − θRT MT )−1 − I)

= R−1
T θRT MT (I − θRT MT )−1

= θMT (I − θRT MT )−1.

Therefore,

VT (χT ) = ZT (2π)n/2|R−1
T − θMT |−1/2 ×

e
θ
2
q[MT (I−θRT MT )−1,µT ]. (13)

If we use the notation:

Sa
T := MT (I − θRT MT )−1

e
θ
2

sc
T := (2π)n/2|R−1

T − θMT |−1/2,

then we can express (13) as

VT (χT ) = ZT e
θ
2
{µ′

T Sa
T µT +sc

T }.

One can also prove the following dynamic programming
recursion.

Theorem 8. (dynamic programming recursion)

Vk(χ) = inf
uk∈Uk,k

Eu
[

Vk+1(χk+1(χk, uk, yk+1))
/

χk = χ
]

.

(14)

2

Let Vk+1(χk+1) =: Zk+1 e
θ
2
{(µk+1)

′Sa
k+1µk+1+sc

k+1}. This to-
gether with the recursion formulae for Zk+1, µk+1 implies
that

Vk(χ) = inf
uk

Jk(uk), (15)

where

Jk(uk) =

∫

Rp

Zk(
|∆k+1|
|Γk+1|

)−
1
2 |Gk |−

1
2 e−

1
2
{δk−q[Rk+1,bk]}×

e
θ
2
q[Sa

k+1,Bkuk−Rk+1bk ] e
θ
2
sc

k+1φk+1(yk+1) dyk+1.

(16)

Notation:

r[Π, Φ, Ψ, Θ, Ξ, Ω] := µ′
kΠµk + u′

kΦuk + y′
k+1Ψyk+1

+2u′
kΘyk+1 + 2u′

kΞµk + 2y′
k+1Ωkµk. 2

The equation (16) can now be written as

Jk(uk) = Zk(
|∆k+1|
|Γk+1|

)−
1
2 |Gk|−

1
2 Zφ e

θ
2
sc

k+1×
∫

Rp

e−
1
2
r[Πk,Φk ,Ψk,Θk,Ξk,Ωk ] dyk+1;

(17)

where

Φk := Φ̃k − θB
µ′

k Sa
k+1B

µ
k , Ψk := Ψ̃k − θC

µ′

k Sa
k+1C

µ
k ,

Θk := Θ̃k − θB
µ′

k Sa
k+1C

µ
k , Ξk := Ξ̃k − θB

µ′

k Sa
k+1A

µ
k ,

Ωk := Ω̃k − θC
µ′

k Sa
k+1A

µ
k , Πk := Π̃k − θA

µ′

k Sa
k+1A

µ
k .

Note that Φk < 0.

Hypothesis 9. Ψk > 0. 2

Now, using Lemma 13 in the appendix, we obtain the
optimal control in the form:

u∗
k = −(Φk − ΘkΨ−1

k Θ′
k)−1(Ξk − ΘkΨ−1

k Ωk)µk, (18)

and the optimal cost in the form

Vk(χ) = Zk|∆k+1|−
1
2 |Gk|−

1
2 e

θ
2
sc

k+1 |Ψk|−
1
2 e−

1
2
q[Qk ,µk],

(19)

where

Qk = Πk − Ω′
kΨ−1

k Ωk − (Ξk − ΘkΨ−1
k Ωk)′×

(Φk − ΘkΨ−1
k Θ′

k)−1(Ξk − ΘkΨ−1
k Ωk)

Thus

θSa
k = (Ξk − ΘkΨ−1

k Ωk)′(Φk − ΘkΨ−1
k Θ′

k)−1×
(Ξk − ΘkΨ−1

k Ωk) − (Πk − Ω′
kΨ−1

k Ωk),
(20)

and

e
θ
2
sc

k = |∆k+1|−
1
2 |Gk|−

1
2 |Ψk|−

1
2 e

θ
2

sc
k+1 . (21)

From (21), it follows that

sc
k = sc

k+1 −
1

θ
log(|∆k+1|.|Gk|.|Ψk|).

Therefore

θsc
k = − log

|R−1
T − θMT |
(2π)n

−
T−1
∑

j=k

log(|∆j+1|.|Gj |.|Ψj |) (22)

5.1 An explicit expression for sc
k

Note that

Gk = R−1
k − θMk + C ′

kΓ−1
k+1Ck

+Â′
k(Σk+1 − Υk+1Γ

−1
k+1Υ

′
k+1)

−1Âk ,

= K̃−1
k + Â′

k(Σk+1 − Υk+1Γ
−1
k+1Υ

′
k+1)

−1Âk.

Now

Ψk = (Γk+1 + CkR̃kC ′
k)−1 − θC

µ′

k Sa
k+1C

µ
k .
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Recall that

(Γk+1 + CkR̃kC ′
k)Cµ′

k = (Υk+1 + AkR̃kC ′
k)′.

Therefore

Ψ−1
k = (Γk+1 + CkR̃kC ′

k) − (Υk+1 + AkR̃kC ′
k)′ ×

(−
P̃−1

k+1

θ
+ AkR̃kA′

k)−1(Υk+1 + AkR̃kC ′
k)

= Γk+1 + θΥ′
k+1P̃k+1Υk+1

+(Ck + θΥ′
k+1P̃k+1A + k) ×

(R̃−1
k − θA′

kP̃k+1Ak)−1(Ck + θΥ′
k+1P̃k+1Ak)′.

Alternatively

Ψk = Γ−1
k+1 − Γ−1

k+1CkK̃kC ′
kΓ−1

k+1

−θΓ−1
k+1(Υk+1 + ÂkK̃kC ′

k)′Sa
k+1

×(Υk+1 + ÂkK̃kC ′
k)Γ−1

k+1

= Γ−1
k+1

−Γ−1
k+1

[

CkK̃kC ′
k + (Υk+1 + ÂkK̃kC ′

k)′(θSa
k+1)

×(Υk+1 + ÂkK̃kC ′
k)

]

Γ−1
k+1.

Therefore

Γk+1ΨkΓk+1 = Γk+1 − CkK̃kC ′
k

−(Υk+1 + ÂkK̃kC ′
k)′(θSa

k+1)(Υk+1 + ÂkK̃kC ′
k).

Applying Lemma 14, we obtain

Γk+1ΨkΓk+1 = Zc
k + 2Γk+1

−(Zc
k + Γk+1)(Z

c
k)−1(Zc

k + Γk+1)

=−Γk+1(Z
c
k)−1Γk+1,

where

−Zc
k = Γk+1 + θΥ′

k+1P̃k+1Υk+1

+(Ck + θΥ′
k+1P̃k+1Ak) ×

(R̃−1
k − θA′

kP̃k+1Ak)−1(Ck + θΥ′
k+1P̃k+1Ak)′

= Γk+1 + CkR̃kC ′
k + (Υk+1 + AkR̃kC ′

k)′ ×
( P̃−1

k+1

θ
− AkR̃kA′

k

)−1

(Υk+1 + AkR̃kC ′
k).

Therefore we have

(Γk+1 + CkR̃kC ′
k)Ψk(Γk+1 + CkR̃kC ′

k)

= Γk+1 + CkR̃kC ′
k

− (Υk+1 + AkR̃kC ′
k)′(

P−1
k+1

θ
− Rk+1)

−1 ×

(Υk+1 + AkR̃kC ′
k).

Thus

|Ψk| =
1

∣

∣

∣
Γk+1 + CkR̃kC ′

k

∣

∣

∣

2×

∣

∣

∣
Γk+1 + CkR̃kC ′

k − (Υk+1 + AkR̃kC ′
k)′×

(
P−1

k+1

θ
− Rk+1)

−1(Υk+1 + AkR̃kC ′
k)

∣

∣

∣
.

Hence

θsc
k = log

(

(2π)n|RT |
)

− log
(

|I − θRT MT |
)

−(T − k) log
(

|∆k+1|
)

−
T−1
∑

j=k

log
(

|R−1
j − θMj + C ′

jΓ
−1
j+1Cj

+Â′
j(Σj+1 − Υj+1Γ

−1
j+1Υ

′
j+1)

−1Âj |
)

−
T−1
∑

j=k

log
(∣

∣

∣
Γj+1 + CjR̃jC

′
j − (Υj+1 + AjR̃jC

′
j)

′ ×

(
P−1

j+1

θ
− Rj+1)

−1(Υj+1 + AjR̃jC
′
j)

∣

∣

∣

)

+

T−1
∑

j=k

log
(

|Γj+1 + CjR̃jC
′
j |2

)

. (23)

5.2 Further simplification of recursion (20):

Recall that

Π̃k = R−1
k − R−1

k K̃kR−1
k ,

Φ̃k = −θNk − θ2S′
kK̃kSk,

Ψ̃k = Γ−1
k+1 − Γ−1

k+1CkK̃kC ′
kΓ−1

k+1,

Θ̃k = −θS′
kK̃kC ′

kΓ−1
k+1,

Ξ̃k = −θS′
kK̃kR−1

k ,

Ω̃k = −Γ−1
k+1CkK̃kR−1

k ,

and

Πk = Π̃k − θA
µ′

k Sa
k+1A

µ
k , Φk = Φ̃k − θB

µ′

k Sa
k+1B

µ
k ,

Ψk = Ψ̃k − θC
µ′

k Sa
k+1C

µ
k , Θk = Θ̃k − θB

µ′

k Sa
k+1C

µ
k ,

Ξk = Ξ̃k − θB
µ′

k Sa
k+1A

µ
k , Ωk = Ω̃k − θC

µ′

k Sa
k+1A

µ
k .

Furthermore

A
µ
k = ÂkK̃kR−1

k , B
µ
k = Bk + θÂkK̃kSk,

C
µ
k = ÂkK̃kC ′

kΓ−1
k+1 + Υk+1Γ

−1
k+1.

Note that the recursion (20) can also be expressed as

θSa
k = (Ωk − Θ′

kΦ−1
k Ξk)′(Ψk − Θ′

kΦ−1
k Θk)−1×

(Ωk − Θ′
kΦ−1

k Ξk) − (Πk − Ξ′
kΦ−1

k Ξk).

(24)

Now apply Lemma 14 to get

θSa
k = −X̃k + Ỹ ′

kZ̃−1
k Ỹk, (25)

where

17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

8005



X̃k =
(

Π̃k − Ω̃′
kΨ̃−1

k Ω̃k

)

− (Ξ̃k − Θ̃kΨ̃−1
k Ω̃k)′ ×

(Φ̃k − Θ̃kΨ̃−1
k Θ̃′

k)−1(Ξ̃k − Θ̃kΨ̃−1
k Ω̃k),

Ỹk =
√

θ
(

A
µ
k − C

µ
k Ψ̃−1

k Ω̃k

)

−
√

θ(Bµ′

k − Θ̃kΨ̃−1
k C

µ′

k )′ ×

(Φ̃k − Θ̃kΨ̃−1
k Θ̃′

k)−1(Ξ̃k − Θ̃kΨ̃−1
k Ω̃k),

Z̃k =
(

(Sa
k+1)

−1 − θC
µ
k Ψ̃−1

k C
µ′

k

)

− θ(Bµ′

k − Θ̃kΨ̃−1
k C

µ′

k )′

×(Φ̃k − Θ̃kΨ̃−1
k Θ̃′

k)−1(Bµ′

k − Θ̃kΨ̃−1
k C

µ′

k ).

The next lemma will be useful in simplifying the above
expressions for X̃k, Ỹk, Z̃k.

Lemma 10. We have

R̃k = K̃k + K̃kC ′
kΓ−1

k+1Ψ̃
−1
k Γ−1

k+1CkK̃k. (26)

proof: Let S̃k denote the R.H.S. of the above equality:

S̃−1
k = (K̃k + K̃kC ′

k(Γk+1 − CkK̃kΓk+1C
′
k)−1CkK̃k)−1

= K̃−1
k − C ′

kΓ−1
k+1Ck = R̃−1

k . 2

With the help of this lemma, we can show the following:

Π̃k − Ω̃′
kΨ̃−1

k Ω̃k = R−1
k − R−1

k R̃kR−1
k ,

Ξ̃k − Θ̃kΨ̃−1
k Ω̃k =−θS′

kR̃kR−1
k ,

Φ̃k − Θ̃kΨ̃−1
k Θ̃′

k =−θ(Nk + θS′
kR̃kSk),

A
µ
k − C

µ
k Ψ̃−1

k Ω̃k = AkR̃kR−1
k ,

B
µ
k − C

µ
k Ψ̃−1

k Θ̃′
k = Bk + θAkR̃kSk,

C
µ
k Ψ̃−1

k C
µ′

k = Υk+1Γ
−1
k+1Υ

′
k+1 + AkR̃kA′

k − ÂkK̃kÂ′
k

= Σk+1 − Rk+1 + AkR̃kA′
k.

Therefore

X̃k = R−1
k

−R−1
k

(

R̃k − θR̃kSk(Nk + θS′
kR̃kSk)−1S′

kR̃k

)

×R−1
k

= R−1
k − R−1

k

(

R̃−1
k + θSkN−1

k S′
k

)−1

R−1
k

=
(

Rk − (θM̆k)−1
)−1

= −θM̆k(I − θRkM̆k)−1

= −θM̄k;
1√
θ
Ỹk =

[

Ak

{

R̃k − θR̃kSk(Nk + θS′
kR̃kSk)S′

kR̃k

}

−Bk

{

N−1
k − N−1

k S′
k×

(R̃−1
k + θSkN−1

k S′
k)−1SkN−1

k

}

S′
kR̃k

]

R−1
k

=
[

Ak(R̃−1
k + θSkN−1

k S′
k)−1

−BkN−1
k S′

k

{

R̃k − θ(R̃−1
k + θSkN−1

k S′
k)−1×

SkN−1
k S′

kR̃k

}]

×R−1
k

= Ăk(R̃−1
k + θSkN−1

k S′
k)−1R−1

k

= Ăk(I − θRkM̆k)−1

=: Āk;

Z̃k = (Sa
k+1)

−1 − θ(Σk+1 − Rk+1 + AkR̃kA′
k)

+(Bk + θAkR̃kSk)(Nk + θS′
kR̃kSk)−1

×(Bk + θAkR̃kSk)

= (Sa
k+1)

−1 − θ(Σk+1 − Rk+1 + AkR̃kA′
k)

−
{−θAkR̃kA′

k − BkN−1
k B′

k

+θĂk(R̃−1
k + θSkN−1

k S′
k)−1Ă′

k

}

= (Sa
k+1)

−1 − θΣk+1 + θRk+1 + BkN−1
k B′

k ×
−θĂk (̆R−1

k − θM̆k)−1Ă′
k

where

M̆k := Mk − SkN−1
k S′

k;

M̄k := M̆k(I − θRkM̆k)−1;

Ăk := Ak − BkN−1
k S′

k.

Hence

Sa
k = M̄k + Ā′

k

(

(Sa
k+1)

−1 − θΣk+1 + θRk+1

+BkN−1
k B′

k − θĂk(R−1
k − θM̆k)−1Ă′

k

)−1

Āk

(27)

Now using the Matrix Inversion Lemma, we have

(Sa
k )−1 = M̄−1

k − M̄−1
k Ā′

k

(

(Sa
k+1)

−1 − θΣk+1 + θRk+1

+BkN−1
k B′

k − θĂkĂk(R−1
k − θM̆k)−1Ă′

k

+ĀkM̄−1
k Ā′

k

)−1

ĀkM̄−1
k .

Now note that

M̄−1
k = M̆−1

k − θRk, ĀkM̄−1
k = ĂkM̆−1

k ,

ĀkM̄−1
k Ā′

k = ĂkM̆−1
k (I − θM̆kRk)−1Ă′

k

= ĂkM̆−1
k R−1

k (R−1
k − θM̆k)−1Ă′

k

= θĂk(R−1
k − θM̆k)−1Ă′

k + ĂkM̆−1
k Ă′

k.

Therefore, we obtain

(Sa
k )−1 = M̄−1

k − M̄−1
k Ā′

k

(

(Sa
k+1)

−1 − θΣk+1 + θRk+1

+BkN−1
k B′ + ĂkM̆−1

k Ă′
k

)−1

ĀkM̄−1
k .

By letting Pk = ((Sa
k )−1 + θRk)−1, we obtain

P−1
k = M̆−1

k −

M̆−1
k Ă′

k

(

P−1
k+1 − θΣk+1 + BkN−1

k B′
k

+ĂkM̆−1
k Ă′

k

)−1

ĂkM̆−1
k .

Thus

Pk = M̆k + Ă′
k

(

P−1
k+1 − θΣk+1 + BkN−1

k B′
k

)−1

Ăk (28)

We can express Sa
k in terms of Pk as

Sa
k = Pk(I − θRkPk)−1 (29)
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5.3 Simplification of the expression (18) for the optimal
policy

Theorem 11. The optimal control policy is given by

u∗
k = Kk(I − θRkPk)−1µk; k = 0, 1, · · · , T − 1. (30)

where

Kk :=

−N−1
k

[

S′
k + B′

k(P−1
k+1 − θΣk+1 + BkN−1

k B′
k)−1Ăk

]

.

(31)

proof: In view of (18) and Lemma 15, it suffices to prove
that

N−1
k

[

S′
k + B′

k(P−1
k+1 + BkN−1

k B′
k)−1Ăk

]

(I − θRkPk)−1

= Z̄−1
k Ȳk (32)

where

Ȳk = Ξ̃k − Θ̃kΨ̃−1
k Ω̃k − θ(Bµ

k − C
µ
k Ψ̃−1

k Θ̃′
k)′ ×

((Sa
k+1)

−1 − θC
µ
k Ψ̃−1

k C
µ′

k )−1(Aµ
k − C

µ
k Ψ̃−1

k Ω̃k),

Z̄k = Φ̃k − Θ̃kΨ̃−1
k Θ̃′

k − θ(Bµ
k − C

µ
k Ψ̃−1

k Θ̃′
k)′ ×

((Sa
k+1)

−1 − θC
µ
k Ψ̃−1

k C
µ′

k )−1(Bµ
k − C

µ
k Ψ̃−1

k Θ̃′
k).

Therefore

−1

θ
Ȳk =

[

S′
k + (Bk + θAkR̃kSk)′ ×

(

(Sa
k+1)

−1 − θ

(

Σk+1 − Rk+1

+AkR̃kA′
k

)

)−1

Ak

]

R̃kR−1
k

=

[

S′
k + (Bk + θAkR̃kSk)′

×
(

P̃−1
k+1 − θAkR̃kA′

k

)−1

Ak

]

R̃kR−1
k ,

and

−1

θ
Z̄k = (Nk + θS′

kR̃kSk) + (Bk + θAkR̃kSk)′ ×
(

P̃−1
k+1 − θAkR̃kA′

k

)−1

(Bk + θAkR̃kSk).

This yields

Z̄−1
k Ȳk = WkR̃kR−1

k , (33)

where

Wk =
[

(Nk + θS′
kR̃kSk) + (Bk + θAkR̃kSk)′ ×

(

P̃−1
k+1 − θAkR̃kA′

k

)−1

(Bk + θAkR̃kSk)
]−1

×
[

S′
k + (Bk + θAkR̃kSk)′

(

P̃−1
k+1 − θAkR̃kA′

k

)−1

Ak

]

= (Nk + θS′
kR̃kSk)−1

[

S′
k + (Bk + θAkR̃kSk)′ ×

(

P̃−1
k+1 + BkN−1

k B′
k − θĂk(R−1

k − θM̆k)−1Ă′
k

)−1

×
(

Ak − (Bk + θAkR̃kSk)(Nk + θS′
kR̃kSk)−1S′

k

)]

= (Nk + θS′
kR̃kSk)−1

[

S′
k + (Bk + θAkR̃kSk)′ ×

(

P̃−1
k+1 + BkN−1

k B′
k − θĂk(R−1

k − θM̆k)−1Ă′
k

)−1

×

Ăk(R−1
k − θM̆k)−1R̃−1

k

]

.

Now note that

(

P̃−1
k+1 + BkN−1

k B′
k − θĂk(R−1

k − θM̆k)−1Ă′
k

)−1

Ăk

= (P̃−1
k+1 + BkN−1

k B′
k)−1 ×

[

I + θĂk(R−1
k − θPk)−1Ă′

k(P̃−1
k+1 + BkN−1

k B′
k)−1

]

Ăk

= (P̃−1
k+1 + BkN−1

k B′
k)−1Ăk ×

[

I + θ(R−1
k − θPk)−1Ă′

k(P̃−1
k+1 + BkN−1

k B′
k)−1Ăk

]

= (P̃−1
k+1 + BkN−1

k B′
k)−1Ăk(R−1

k − θPk)−1 ×
[

R−1
k − θPk + θĂ′

k(P̃−1
k+1 + BkN−1

k B′
k)−1Ăk

]

= (P̃−1
k+1 + BkN−1

k B′
k)−1Ăk(R−1

k − θPk)−1(R−1
k − θM̂k)

= (P̃−1
k+1 + BkN−1

k B′
k)−1Ăk(I − θRkPk)−1Rk

×(R−1
k − θM̂k).

This gives

Wk = (Nk + θS′
kR̃kSk)−1

[

S′
k + (Bk + θAkR̃kSk)′ ×

(P̃−1
k+1 + BkN−1

k B′
k)−1Ăk(I − θRkPk)−1RkR̃−1

k

]

= (Nk + θS′
kR̃kSk)−1W̃k(I − θRkPk)−1RkR̃−1

k ,

where

W̃k = S′
kR̃kR−1

k (I − θRkPk)

+(Bk + θAkR̃kSk)′(P̃−1
k+1 + BkN−1

k B′
k)−1Ăk

= S′
k(θR̃k)

[

(θRk)−1 − Pk+

A′
k(P̃−1

k+1 + BkN−1
k B′

k)−1Ăk

]

+B′
k(P̃−1

k+1 + BkN−1
k B′

k)−1Ăk

= S′
k(θR̃k)

[

(θRk)−1 − M̆k + SkN−1
k B′

k(P̃−1
k+1

+BkN−1
k B′

k)−1Ăk

]

+ B′
k(P̃−1

k+1 + BkN−1
k B′

k)−1Ăk.

Therefore

(Nk + θS′
kR̃kSk)−1W̃k

= N−1
[

B′
k(P̃−1

k+1 + BkN−1
k B′

k)−1Ăk

+S′
k

(

(θR̃k)−1 + SkN−1
k S′

k

)−1(

(θRk)−1 − M̆k

)]

= N−1
k

[

B′
k(P̃−1

k+1 + BkN−1
k B′

k)−1Ăk + S′
k

]

.

This completes the proof. 2

6. CONCLUSIONS

For the discrete-time LEQG problem (1),(2), we have
obtained the explicit expression for the optimal cost as
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Vk(χk) = Zke
θ
2

(

µ′

kSa
k µk+sc

k

)

through the formulas (5),
(11), (23), (28) and (29). This is useful in constructing
controllers that lead to explicit guaranteed cost bounds
for discrete-time uncertain systems (e.g., see Shaiju and
Petersen (2007)).
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Appendix A. SOME BASIC RESULTS

Lemma 12. Let q[G, a, x], q[G, x] be defined as in (6). If
G > 0, then

q[G, a, x] = q[G, x + G−1a] − q[G−1, a],

and
∫

Rn

e−
1
2
q[G,a,x] dx = (2π)

n
2 |G|− 1

2 e
1
2

q[G−1,a]. 2

Lemma 13. Consider the quadratic functional

r[x, y, u]

= x′Πx + y′Ψy + u′Φu + 2u′Θy + 2u′Ξx + 2y′Ωx,

in the variables x ∈ R
n, y ∈ R

p, u ∈ R
m.

Assume that Φ < 0 and Ψ > 0. Then:
(i).

min
u

∫

e−
1
2

r[x,y,u] dy

= (2π)p/2|Ψ|−1/2 × e−
1
2

maxu miny r[x,y,u];

(ii).

x′(Π̆ − Ξ̆′Φ̆−1Ξ̆)x = max
u

min
y

r[x, y, u]

= min
y

max
u

r[x, y, u]

= x′(Π̂ − Ω̂′Ψ̂−1Ω̂)x,

where

Π̆ = Π − Ω′Ψ−1Ω, Ξ̆ = Ξ − ΘΨ−1Ω,

Φ̆ = Φ − ΘΨ−1Θ′, Π̂ = Π − Ξ′Φ−1Ξ,

Ω̂ = Ω − Θ′Φ−1Ξ, Ψ̂ = Ψ − Θ′Φ−1Θ.

(iii). The optimizing u is given by

u∗ = −Φ̆−1Ξ̆x.

Lemma 14. Let

Π = Π̃ − A′SA, Φ = Φ̃ − B′SB,

Ψ = Ψ̃ − C ′SC, Θ = Θ̃ − B′SC,

Ξ = Ξ̃ − B′SA, Ω = Ω̃ − C ′SA.

Then

Π − Ξ′Φ−1Ξ − (Ω − Θ′Φ−1Ξ)′(Ψ − Θ′Φ−1Θ)−1 ×
(Ω − Θ′Φ−1Ξ) = X − Y ′Z−1Y,

where

X = Π̃ − Ω̃′Ψ̃−1Ω̃ − (Ξ̃ − Θ̃Ψ̃−1Ω̃)′ ×
(Φ̃ − Θ̃Ψ̃−1Θ̃′)−1(Ξ̃ − Θ̃Ψ̃−1Ω̃),

Y = A − CΨ̃−1Ω̃ − (B′ − Θ̃Ψ̃−1C ′)′ ×
(Φ̃ − Θ̃Ψ̃−1Θ̃′)−1(Ξ̃ − Θ̃Ψ̃−1Ω̃),

Z = S−1 − CΨ̃−1C ′ − (B′ − Θ̃Ψ̃−1C ′)′ ×
(Φ̃ − Θ̃Ψ̃−1Θ̃′)−1(B′ − Θ̃Ψ̃−1C ′). 2

Lemma 15. With the same notation as in Lemma 14,

(Φk − ΘkΨ−1
k Θ′

k)−1(Ξk − ΘkΨ−1
k Ωk) = Z̄−1Ȳ ,

where

Ȳ = Ξ̃ − Θ̃Ψ̃−1Ω̃ − (B − CΨ̃−1Θ̃′)′ ×
(S−1 − CΨ̃−1C ′)−1(A − CΨ̃−1Ω̃),

Z̄ = Φ̃ − Θ̃Ψ̃−1Θ̃′ − (B − CΨ̃−1Θ̃′)′ ×
(S−1 − CΨ̃−1C ′)−1(B − CΨ̃−1Θ̃′). 2
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