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Abstract: The leader-following output consensus problem of multi-agent systems (MAS) is
studied in this paper. Each agent is modeled by a single-input single-output (SISO) system
which can be further described by a controllable and observable linear state space model. An
observer is constructed to estimate the agent’s state, and the estimated state is shared with
neighbor agents via the noisy communication channels. Similar to the previous work, in the
proposed protocol a time-varying gain is employed to attenuate the noise’s effect. However, in
this paper, each agent is allowed to have its own time-varying gain. Some sufficient conditions
on the time-varying gain are given for ensuring the consensus in the mean square sense. Finally,
a simulation example is presented to verify the theoretical results.

1. INTRODUCTION

The last decade has witnessed a rapid development of
studies on the consensus of multi-agent systems (MASSs).
Solving a consensus problem means to design a distributed
control protocol such that all agents’ states are convergent
to a same value. To this end, agents must share their
information through the communication network which
is unavoidably corrupted by noises. Recently, a growing
number of works have been reported to address the issue of
communication noises. To deal with the uncertainties such
as communication noises, Hou et al. [2009] and Cheng et al.
[2010] proposed some adaptive consensus protocols based
on neural networks. Another common way to attenuate
noises is to employ a time-varying gain a(t) in the con-
sensus protocol. This idea was first introduced in [Huang
et al., 2009] to solve the mean square/almost sure consen-
sus problem of first-order integral MASs. And the time-
varying gain should satisfy two conditions: fooo a(t)dt = oo

and [ a?(t)dt < oo, which are called the stochastic-
approximation type conditions. These conditions were also
proved to be necessary for the mean square consensus
in [Li and Zhang, 2009]. Extensions to the mean square
consensus of second-order integral MASs and generic linear
MASs were made in [Cheng et al., 2011b] and [Cheng
et al., 2013a], respectively. The aforementioned papers all
consider the consensus of leaderless MASs, while many
scholars also paid attention to the consensus of leader-
following MASs with communication noises, for exam-
ple [Ma and Zhang, 2010, Hu et al., 2010, Wang et al.,
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2013a]. In [Ma and Zhang, 2010], the leader-following mean
square consensus problem of first-order integral MASs
with communication noises can still be solved by the proto-
col including the stochastic-approximation type gain. Hu
et al. [2010] extended the results to the switching topology
case. However, the stochastic-approximation type condi-
tions can only be proved sufficient for ensuring the leader-
following consensus. To find the necessary and sufficient
conditions, Wang et al. [2013a] studied the continuous-
time first-order integral MAS. They proved that if a(t) is
a uniformly continuous function, then the necessary and
sufficient conditions for the leader-following mean square
consensus were: [~ a(t)dt = co and lim;_, a(t) = 0. The
counterpart results in the discrete-time domain were given
in [Wang et al., 2013b].

By reviewing the current literature, it can be found that:
(1) studies on the consensus with communication noises
mainly focus on the first-order integral agent or the second-
order integral agent; and (2) the time-varying gain is
assumed to be identical for all agents. There are very few
papers regarding the generic linear agent except [Cheng
et al., 2013a, Wang et al., 2013b], where the agent’s
full state is assumed to be available for the consensus
protocol design. However, the agent’s full state may not be
available in practical applications. Moreover, it is relatively
difficult to perfectly synchronize the time-varying gain
among agents in practice. These observations make the
motivation of the study in this paper.

The leader-following output consensus of MASs with com-
munication noises is considered in this paper. The dy-
namical behavior of each agent is modeled by a single-
input single-output (SISO) system. The control objective
is to design the distributed control protocol for MASs such
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that outputs of following agents can all be convergent to
the leader’s output in the mean square sense. In addition,
only the agent’s output information is available for the
protocol design. To this end, the agent’s SISO dynamics
is equivalently written as the controllable and observable
linear state space model. And inspired by the previous
work [Cheng et al., 2013b], an observer is constructed to
estimate each agent’s full state. Then agents exchange
their estimated states with their neighbor agents in the
noisy communication environment. To attenuate the noise
effect, the time-varying gain technique is employed in
the proposed consensus protocol. However, each agent is
allowed to have its own time-varying gain in this paper.
It is proved that under the proposed protocol, outputs
of following agents can reach a consensus on the leader’s
output in the mean square sense if the following conditions
hold: (1) the communication topology has a spanning tree;
(2) [, a(t)dt = oo where a;(t) is the time-varying gain of
agent 4 and a(t) = max;ey, {ai(t)}; (3) all the time-varying
gains {a1(t),-- ,an(t)} are infinitesimal of the same order
as time goes to infinity, and for V3 > 0, et = o(a(t));
and (4) all roots of a polynomial, whose coefficients are
the parameters in the proposed protocol, have negative
real parts.

The following notations will be used throughout this
paper: 1, = (1,---,1) € R* 0, = (0,---,0) € R™; I,
denotes the n x n dimensional identity matrix; O, x, €
R™*™ denotes the m x n dimensional zero matrix (©,
denotes the n x n dimensional zero matrix); ® denotes the
Kronecker product. For a given matrix X, || X||2 denotes
its 2-norm. diag(-) denotes a block diagonal matrix formed
by its inputs. For the random variable , E{x} denotes its
mathematical expectation. For a complex number ¢, f(c)
denotes its real part.

2. PROBLEM FORMULATION & PRELIMINARIES

Consider a MAS composed of N agents which are sparsely
connected by the communication network. In the litera-
ture, this communication network is usually modeled by
a dlgraph g = {VgugguAg}v where Vg = {17 7N}7
E C Vg x Vg, and Ag = [a;] € RV*N are the node
set, edge set and adjacency matrix, respectively. Node i
denotes agent i. The directed edge e;; € £; denotes the
communication link from agent j to agent i. And e;; € &
if and only if there is a communication link from agent j
to . If e;; € &g, the agent j is called the parent of agent
i. It is assumed that e;; ¢ Eg. The neighbor set of agent
i is defined by N; £ {jlei; € Eg}. The element «;; of Ag
represents the communication quality of the communica-
tion channel e;;. It is assume that e;; € g < oy > 0 and
eij ¢ &g < a;; = 0. The Laplacian matrix of G is defined
by Lg = Dg — Ag where Dg = diag(deg,, -+ ,deg,) and
deg; = Zje_/\/i Qg -

A path from node mng to ni is a sequence of end-to-
end directed edge {en, n;|t = 0,---,k — 1} such that
enian; € €& (1 = 0,---,k —1). A node is called root,
if there is at least one path from this node to any other
nodes. A subgraph of the G is a digraph whose node set is
a subset of that of G, and whose edge set is a subset of that
of G. A subgraph G, of G is called a spanning subgraph, if
Gs has the same node set as G. A tree is a digraph which

has a root, and whose every node, except the root, has
exactly one parent node. If a spanning subgraph of G a
tree, then it is called a spanning tree.

An agent is called a “leader” if its neighbor set is null. An
agent is called a “follower” if it has at least one parent
agent. The MAS considered in this paper is assumed to
contain only one leader whose label is 1. Then it is easy
to see that e1; ¢ & and a1; = 0 (i € Vg). Therefore, the
Laplacian matrix of G has the following form

_[o oy,
Eg - |:L1 L2 :| . (1)

Lemma 1. (Wang et al. [2013a]). If G has a spanning tree,
then all eigenvalues of Lo have positive real parts and
Ly'Ly = —1n_1.

Lemma 2. For any diagonal matrix D = diag(dy,- - ,dn)
€ RV*N with positive diagonal elements, DLg is the
Laplacian matrix of a digraph G.IfG has a spanning tree,

then G also has a spanning tree, and all eigenvalues of
DsLy (Dy = diag(ds, - -+ ,dn)) have positive real parts.

The ¢th agent’s dynamics is described by the following
SISO system

0" (0 anayl" DO+ ari ) +aoy(t) = wilt), (2)
where u;(t) and y;(t) are input and output of agent 4,
respectively.

Since agents exchange information in the noisy communi-
cation network, the consensus can not be reached in the
deterministic sense. The following definition introduce the
concept of mean square leader-following output consensus
which is the control objective of this paper.

Definition 1. The control protocol {ui(t), - ,un(t)} is
said to solve the distributed mean square leader-following
output consensus problem of the MAS described by (2)
if limy oo E{(y:(t) — 11 (t))?} = 0, i = 2,---,N, and
each agent’s control u;(t) only uses the information of its
neighbor agents N;.

Before closing this section, some definitions and results
of the Dini derivative are presented. For a continuous
function f(t,z(t)), its derivative may not exist at some
points. But we can always define its upper Dini derivative
as follows

DT f(t) = limsup f@+hzt+h)— f(t,z(t)) |
h—0+ h

Lemma 3. (Lin et al. [2007]). Let Zp = {1,2,--- ,n} and
suppose for Vi € Zy, fi(t,z(t)) : R x R™ — R is derivable

and its derivative f;(t,z(t)) is a continuous function; let
ft,z(t)) = maxjer, {fi(t,z(t))}; and let Z(t) = {i €
Io|fz(t,$) = f(ta I)} Thena

DY f(t,x(t) = ,maff){fi(tw(t))}-

1€Z(

3. PROTOCOL DESIGN

The SISO system defined by (2) can be further described
by the following controllable and observable linear state
space model
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(3)

is the state

where z;(t) = (yi(t), 5" (1), -,y ()"

vector;
0 1
A= | e R™*",
0
—ag —ap *-r —0an-1
B=(0,--- ,O,l)T € R" and C = (1,0,---,0) € RIx7,

Since only the agent’s output y;(t) is accessible to con-
troller design, inspired by the previous work in the noise-
free environment [Cheng et at., 2011a, Cheng et al., 2013b],
the following observer is constructed to estimate the agen-
t’s full state.

2i(t) = (A+ K3C)2(t) + Bui(t) — Ksyi(t),  (4)

where K3 € R™ is selected in such a way that A + K3C
is Hurwitz since (A, C') is observable. It is easy to see that
limy o0 (1) — Zi(t) = limy_y00 exp((A + K3C)t)(z;(0) —
%;(0)) = 0,. Then each agent sends its estimated state
Z;(t) to neighbor agents through the communication net-
work. However, the communication network is corrupted
by additive communication noises. And the real informa-
tion that agent i receives from its neighbor agent j is
assumed to be Vij (t) = j?j (t) + PijMij (t), where Mij (t) =

(i1 (), -+ ,mijn(t))T is the n-dimensional standard white
noise, p;; = diag(pij1, - ,pijn) and {pijx > 0| k =
1,---,n} are finite noise intensities. It is also assumed C1)

where X (t) = (2
(lN(t)), Y= di
ainpin), n(t) is
vector, and
A) £ X () - X(1) =
(In @ exp((A + K3C)t))(X(0) — X(0)).

Let fl(t) = Kgii(t) and E(f) = (gl(t), s ,SN(t))T,

we have the following auziliary system

1), ,irf(t))T, A(t) = diag(ai(t), -,
iag(Ry,--- ,Rn), Ri = BKZ(azlpzla"'u
an nN? dlmenswnal standard white noise

then

£(1) = ~A() L= (1) — (In ® (Ko KsC)A(D)
+A(t)En(t), (8)
where ¥ = diag(Ry,---,Ry) and R; = KoR;. By the

knowledge of stochastic process, this stochastic system
is equivalent to the following It6 stochastic differential
equation:

d=(t) = —A()LgE(t)dt — (I @ (K2K30))A(t)dt

+2A(H)SdW (t).  (9)

where W (t) is the nN2-dimensional standard Brownian
motion.

In the rest of this section, we first studies the convergence
of the auxiliary system (8). Then, based on the conver-
gence of (8), some sufficient conditions are given for en-
suring the mean square leader-following output consensus.

Before further discussion, the following four conditions are
presented.

. G has a spanning tree.

that {n;;x(t)|t,7 = 1--- ,N;k = 1,--- ,n} are mutuall 0o _ _
1m@ﬁ£8|3 } Y(C2). [ a(t)dt = co where a(t) = maxi—y ... y{a:(t)}.
) ) ) ) ) C3). All the time-varying gains {ai(t),--- ,an(t)} are in-
By the time-varying gain technique, the following protocol finitesimal of the same order as time goes to infin-
is proposed for agent i (i = 1,--- ,N) ity [Canuto and Tabacco , 2008]. And for V3 > 0,
e Pt = o(a(t)).
() = K i z 1 K 7, i ) 5 3
ui(t) 18i(t) +a: Z iy K2(vy (6) = 2:(1), - )(04). All roots of the parameter polynomial defined by (6)

JEN;

where a;(t) > 0 is a continuous function, K1 = (ag,a1 —
bi, - ,an—1 — bp—1) and Ky = (b1, ,by—1,1). And
{b1, -+ ,bp—1} are control parameters which are selected
in such a way that all roots of the following parameter
polynomial have negative real parts.

Cn—l + bn—lCn_2 + o+ byl +b =0. (6)

Remark 1. Employing the time-varying gain is a common
way to attenuate the noises’ effect in the literature. Howev-
er, in most exist papers, all agents are assumed to have the
same time-varying gain. This is a restrictive assumption
because the perfect synchronization of the time-varying
gain is hard to be achieved especially in the distributed
computation fashion. The protocol defined by (5) allows
the agent-dependant gain a;(t), which is the main contri-
bution of this paper to the current literature.

4. MAIN RESULTS

Substituting (3) and (5) into (4) obtains that the following
stochastic system driven by the white noise

X(t) = (In @ (A+ BE1))X () — (A(t)Lg) ®

+ (A1) © In)En(t) — (In @ (K3C))A(),

(BE2)X(t)
(7)

have the negative real parts.

Lemma 4. If Condition (C3) holds, then for any i €
Vg, there exists a positive constant ¢ < oo such that
limy o0 a;(t)/a(t) =

Proof. By Condition (C3), we know that V 4,5 € Vg,
there exists a positive constant c;; < oo such that
im0 ai(t)/a;(t) = ¢i;. Therefore, Vi € Vg

tim 20— iy it {ZJ((?)}

= lim

(T

= min lim ai(t) = min{c;;} £
j€Vg t—oo | a;(t) j€Vg

c; > 0.

4.1 Convergence of the Auziliary System (8)
The main result in this subsection is based on the following
two Lemmas.

Lemma 5. If Condition (C1) and (C2) hold, and |Z(0)||2 is
bounded, then |E{& ()} (i = 1,---,N) and E{|2®)|3
are bounded.

Proof. See Appendix A.
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Lemma 6. (Wang et al. [2013a]). Consider the differential

equation
C(t) = —a(t) T (NS (1),

(
where ((t) = (Gi(t), - .G (1))7 € R, a(t) > 0, A € C,
R(A) > 0, and J.(A) € R"™" is a Jordan block with
diagonal element A. Its state transition matrix is

P(f\(tvtO) Pl)\(tvtO) PTX(tatO)

0 Py(t,to) -+ PXy(t,to)
Ot to) = : : - : ’
0 0 Py\(t,t0)
where P(;\(t to) = exp( )\ft 7)dr) and P}t tg) =
—ft VPN (t, T)P) | (T, to)dr, i = 1,2,--- ,r — 1. More-

over, 1f fo a(t)dt = 0, then lim;_,o, @) (t,t0) = O,..

Theorem 7. If Conditions (C1), (C2) and (C3) hold, there
exists a deterministic value £* such that lim;_, o & () = &*
and limy oo E{(&(t) —€*)?} =0,i=2,---,N.

Proof. By (1), the It stochastic differential equation (9)
can be rewritten as

dé1(t) = =Ko KsCAL(t)dt
d=a(t) =—Aa(t)L1&1(2)

(10a)
— Ao (t)LaZa(t) + Ao (t)SadWa(t)

—(In-1® (K2 K3C)) Az (t)dt, (10b)
where Ay (t) = z1(t) — 21(t), Za(t) = (&2(t), -+, En(1))",
Q[Q(t) = diag(az(t), e, AN ( )) 22 = dlag(Rg, ce ,RN )

A2(t) = (xg(t) - ‘%g(t)v e 7557]\}@) - x]}\“]( ))Tv and W2(t)
is the nIN (NN — 1)-dimensional standard Brownian motion.

By (10a), it follows that & (¢) is convergent to £* = &,(0)+
JoS K2K3C exp((A+ K3C)t)(21(0) — #1(0))dt. Since A +
K3C' is Hurwitz, it is easy to see that |£*| < oc.

Let Za(t) = Ea(t) — Iy—161(t) and ¢;(t) = a;(t)/a(t

) (i =
1,--+,N), it can be obtained by (10b) and Lemma 1 that
dZy = —a(t)C* LoBy () +a(t)(€* —Ca(t)) LaZa (t)+A(t)dt
+ Ao () X2dWa(t), (11)
where €3(t) = diag(ca(t), -+ , e (); € = diag(ch, -+ , k)
and A(t) = (INfl X KQKgC)AQ(t) — 1N71K2K30A1(t).

By It6 formula, the solution to stochastic differential
equation (11) is

Zo(t) = Ty (t) 4 Ma(t) + T3(t) + Ta(t).
where

H4(t): @(t,T)Q[g(T)igde(T);

and ®(-,-) is the state transition matrix of dX(¢t) =
—a(t)€5 Ly X (t)dt. In the rest of this proof, the convergence
of Iy (t), Ia(t), I5(¢), and I14(¢) are analyzed, respectively.

Firstly, the convergence of II; (¢) is studied. Let T be a
nonsingular matrix such that T-1¢3LyT = diag(J,, (A1),
<y Jr.(As)) where Jp,(A;) € R™*™ is Jordan block

whose diagonal element is A;, and {\1,--- ,\;} are the
eigenvalues of €5L;. By Lemma 2 and Condition (C1),
R(N;) >0 (i=1,---,5s). Therefore,

D(t, to) = Tdiag(Px ](t to) L0 ()T, (12)
where @y, (t,t9) (¢ = 1,---,s) are defined in Lemma 6
with a(t) = a(t), r = r;, and A = );. By Lemma 6

and Condition (C2), it is obtained that lim; o ®(¢,t0) =
©n—1 which indicates lim; oo 1 () = On—1.

Secondly, the convergence of IIy(t) is analyzed. By (12)
and Lemma 6, the elements of II5(¢) are linear combina-
tions of following terms:

Lya(t) = / a(t) P (£, 7)(ch, — ex(r))& ()dr

WhereO<i<N—1,1§j§s,2§k§N,1§l§N
andP '(t,t0) is defined in Lemma 6 with a(t) = a(t). By

L’ Hospltal rule and the knowledge of mean square integral,
it follows that

lim B2 {| L ()]} < cr(t),

M 1
ROy )T Ak -

(R(A

where M = max;ecy, Sup;> Ez{|&(t)|?}, which is bound-
ed by Lemma 5. Hence, lim;_,oo E{|L;jri(t)|*} = 0, which
implies that lim;_,o, E{||2(¢)||3} = 0.

Thirdly, the convergence of II5(¢) is studied. Since A +
K3C' is Hurwitz, there must exist two positive constants

L < oo and v such that ||A(t)|| < Le™*. Then, it can be
lim

proved that
t
/ D A(r)dr
t—o0 0 9

where ®o, = lim;,o P(¢,t9). By the analysis in the
first step, lim oo ®(t,t0) = On_1 which means that
limt‘)m Hg(t) = ON71.

-

:O,

Finally, the convergence of II4(t) is analyzed. It is easy
to see that the elements of E{Il4(t)II(¢)} are linear
combinations of the following terms:

t
Hijii(Ap, Ag, t) = / ai(T)a; (1) PY” (t,7) P (t, 7)dr,
0

where 2 <4, < N; 0< kI<N-1;1<p,q<s. Then
by L’Hoéspital rule and mathematical induction, it can be
proved that lim; oo Hijki(Ap, Aq,t) = 0 which indicates
that II4(¢) is convergent in mean square to On_1.

By the above analysis, it can be obtained that Zs(t)
is convergent in mean square to Oy_1. Because & (t) is

convergent to £* and ég(t) =59 — Iny-1&(t), it is proved
that lim; o E{(&(t) —&)%} =0, (i=2,---,N).

4.2 Mean Square Leader-Following Output Consensus

Lemma 8. Consider the following differential equation

) — o) + (e,

where R(a) < 0. If limy o0 ¢(t) = *, then lim;_, o ©(t) =
—*/a. If 4(t) is a mean square continuous random
process and convergent in mean square to ¢*, then (t) is
convergent in mean square to —y*/a.
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Proof. It can proved easily by the knowledge of stochastic
differential equation, which is omitted here due to the page
limit.

Theorem 9. If Conditions (C1), (C2), (C3) and (C4) hold,
then the mean square leader-following output consensus
problem can be solved by the proposed protocol defined

by (5).

Proof. Let {ry,--- ,r,—1} denote the roots of parameter
polynomial defined by (6), then by the definition of &;(¢),

it follows that [/} (D — r;)yi(t) = &(t) (i = 1,--- ,N),
where D is the differential operator, i.e., DFy;(t) = y (t).

By Theorem 7, if Conditions (C1), (C2), and (C3) hold,
then & (¢) is convergent to a deterministic value £*. This
together with Lemma 8 and Condition (C4) implies that
H;Z;(D —r;)y1(t) is convergent to —&*/ry. By repeating
this procedure n—1 times, we have that y; (¢) is convergent
to & /([T (=ra) = € /br.

By the similar procedure, it can be proved that y;(t) (i =
2,---,N) are convergent in mean square to £*/b;. There-
fore, lim; oo E{(yi(t)—v1(t))?} =0 (i = 2,--- , N), which
closes the proof.

5. SIMULATION

Consider a MAS composed of five agents whose communi-
cation network is shown in Fig. 1. From Fig. 1, we know
that the communication topology graph has a spanning
tree. And agent 1 is the leader and the others are followers.
The agent’s dynamics is modeled by the following SISO

system 4 (£) + 25 (1) — g™ (@) + v (t) = wi(2).

According to Section 3 and Theorem 9, the parameter
vectors K1, Ko, and K3 are set to be K1 = (1, -2, —4,-3),
Ky = (1,3,3,1), and K3 = (—17,-97, —196, —44)T. The
initial states of agents are set to be x1(0) = (10,0,0,0)7,
22(0) = (5,0,0,0)T, x3(0) = (12,0,0,0)%, 24(0) =
(16,0,0,0)* and x5(0) = (6,0,0,0). The initial estimat-
ed states are set to be #1(0) = (9,0,0,0)T, 22(0) =
(7,0,0,0)T, 23(0) = (10,0,0,0)T, 24(0) = (12,0,0,0)7
and Z4(0) = (8,0,0,0), The time-varying gain of each
agent is given in Table 5. It is easy to see that

1

3t5 o 0st<g

a(t) = ‘_nilax5{ai(t)} = 4+ 1 .
1=L1yy . t> =
t+1’ -7

Therefore, Conditions (C2) and (C3) hold. And it can
calculated that ¢f = 1/8, ¢5 =1, ¢§ = 5/12, ¢ = 1/2
and ¢f = 5/16 in Lemma 4.

The simulation result is shown in Fig. 2. We can see that
the leader’s output is convergent to y* = 6.7619 and all
followers’ outputs are convergent to y* in the mean square
sense. Therefore the proposed protocol defined by (5) is
capable of solving the mean square leader-following output
consensus of the MAS defined by (2).

6. CONCLUSION
This paper studies the leader-following output consensus

of linear MASs. The contribution of this paper can be sum-
marized as follows: (1) the agent’s dynamics is modeled by

Leader

Fig. 1. The communication topology of the MAS composed
of five agents.

Table 1. The time-varying gain a;(¢) used in
the protocol defined by (5).

ai(t)
0.5

t+1 t4+1

as (t) aq (t)
5 2

as(t)
_5 2 5
3t41 t+2

2
4t+1

107! 100 10! 102
Fig. 2. The trajectories of five agents’ outputs.

an SISO system and only the agent’s output information is
available for the controller design; (2) the communication
network among agents is assumed to be corrupted by the
additive noises; (3) the time-varying gain is employed to
attenuate the noise’s effect and each agent is allowed to
have its own gain; and (4) some sufficient conditions are
given to ensure the mean square leader-following output
consensus. Finally, the theoretical results are verified by
the illustrative example.
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Appendix A. THE PROOF OF LEMMA 5

Firstly, it is proved that |E{&(¢)}| (i = 1,---,N) are
bounded. Because A + K3C' is Hurwitz, there must exist
two positive numbers M, 8 < oo such that Vi =1,--- |

3

| Ko K3C (i (t) =2 ())| = | K2 KsCe AT (25(0)—:(0))|

S Mle_’gt. (Al)
By (1) and (9), it is obtained that d&; (t) = — K2 K3C(z1(t)—
Z1(t)dt, which together with (A.1) leads to that
¢
l&1(t)] < 160)] + Ml/ e Tdr < My < oo, (A2)
0
where My = |§1(0)| + M, fooo e Ptdy.

Let &max(t) = max;—1.. N{E{&(¢)}}, then it follows by
(9) and Lemma 3, that

D+§max(t) S _7I%1aXN(—K2K30({Ei(t) — j?l(t))) S Mleiﬁt.
This together with [Lakshmikantham and Leela , 1969]
implies that &max(t) < My [ e PTdr & M3 < oo.

gmax(t) < Ml/ eiﬁ‘rdT £ M3 < 0.
0

Similarly, it can be obtained that &min(t) > —Ms where
gmin(t) = minizl)...)N{E{Si(t)}}. Hence |E{§l(t)}| S
My, i=1,---,N.

Secondly, it is proved that E{||Z(t)||3} is bounded. This
part of the proof is motivated by the proof of Lemma 3
in [Wang et al., 2014]. Let V;(t) = E{&2(t)} and V(¢) =
E{||Z(#)||3}. By Ito formula, it is obtained that
dVi(t) = B{2(d&(1)& (1) + (d&i(1))*}
< ai(t) Y aij(Vi(t) = Vi(t))dt + My Mse™P'dt

JEN;
+ai(t) Y afKopl K3 dt + o(dt). (A.3)
JEN;
By (9) and (A.3), it can be proved that V() and V;(t)
(t=1,---,N) are continuous functions.

Assume that V() is unbounded. Then, for VG >
max;—1 ... N{Vi(0), M3}, there must exist ¢y, Aty > 0 and
po € Vg such that: for Vt < ¢y, V;(t) <G (i =1,--- ,N);
and for Vt € (to,to + Atg), Vp,(t) > G, Vi (t) > 0, and
Vpo(t) > Vi(t) (i = 1,--- ,N). If N,y = 0, then agent p
is the leader. However, by (A.2), Vi(t) < M3 < G which
causes a contradiction. The proof is closed. If N,,, # 0,
it follows by (A.3) that for V¢ € (to,to + Atp) and any
p1 € Npo

V;n (t) > ‘/;UO (t) — Qp, (t) Z azz)ojK2p12)0jK2T/O‘;D0P1

JENq
My Mze P
S S G- (A4)
ai(t)
where Cy = max;—;.. n{MiMse P*/a;(t)} < oo +

{ai(t) Zje./\/i O‘?jKZP?szT/OZik}-

Because GG can be arbitrarily large, we can assume that
G — Cy > max{V,, (0), M3}. There must exist t; € (0, %)
and Aty > 0 such that t1 + At < to; Vit < t1, ‘/;Dl(t) <G-
Co; and Vt € (tl,tl —I—Atl), Vp1 (t) > G—C)p and V;Dl (t) > 0.
If N, = 0, then agent p; is the leader. However, by (A.2),
Vi(t) < M3 < G — Cp which causes a contradiction. The
proof is closed. If N, # 0, it follows by (A.3) that for
Vt € (t1,t1 + Aty) and any ps € N,

Vo () >V, (t) — ap, (t) Zje/\fp aile2p;2)1jK§/0‘p1p2
1
- ZjENpl %P2 aplj(‘/}(t) - V;n (t))/(aplpz)

—MlMge_Bt/ai(t) 2 G — Cl,

where C7 = 2Cy+Cy max;=1,... )N;keNi{ZjeNi aij/aik} <
Q.

max
t>0;i=1,--- ,N;kEN;

Because Condition (C1) holds and there are finite agents
in the system, by repeating the above procedure at most
N —1 times, we can find the agent pn_1 is the leader (i.e.,
pn—1 = 1) and there exist t,,—o € (0,%9) and At,_2 > 0
such that ¢,_o + At,_o < to; and Vt € (tp_2,tn_2 +
Atn_g), \% (t) > G — Cp_s, where Cp,_g = Cpy + Cn_g(l +
ma,Xi:L.n,N;kGNi{EjeNi a;j /a5 }) < oo. Because of the
arbitrariness of G, we know V7 (t) can be arbitrarily large
which contradicts (A.2). Therefore, V(¢) is bounded.
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