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1. INTRODUCTION

Dynamic optimization problems for integer (not frac-
tional) order systems have been widely considered in lit-
erature (see e.g. Bellman (1957); Kaczorek (1981); Lewis
and Syrmos (1995); Naidu (2002)). Mathematical funda-
mentals of the fractional calculus are given in the mono-
graphes Ostalczyk (2008); Podlubny (1999); Samko et al.
(1993) and the fractional differential equations and their
applications have been addressed in e.g. Kilbas et al.
(2006); F.Liu et al. (2010). The numerical simulation of
the fractional order control systems has been investigated
in Cai and F.Liu (2007). One of the fractional discretiza-
tion method has been presented in Meerschaerti and Tad-
jeran (2004). Some optimal control problems for frac-
tional order systems have been investigated in Frederico
and Torres (2008); Jelic and Petrovacki (2008); Agrawal
(2008, 2007, 2006, 2004, 2002); Sierociuk and Vinagre
(2010). Fractional Kalman filter and its application have
been addressed in Sierociuk et al. (2011); Sierociuk and
Dzielinski (2006). Some recent interesting results in frac-
tional systems theory and its applications for standard
and positive systems can be found in Kaczorek (2011).
In this paper dynamic programming problem for frac-
tional discrete-time systems with quadratic performance
index will be formulated and solved. A new method for
numerical computation of optimal dynamic programming
problem will be presented. The efficiency of the method
will be demonstrated on numerical example and illustrated
by graphs. Graphs also show the differences between the
fractional and classical (standard) systems theory. Results
for other cases of the coefficient a and not illustrated with
numerical examples will be obtained through a computer
algorithm written for this purpose. The paper is organized
as follows. In section II some preliminaries are recalled
and the problem will be formulated. The solutions of the
problem are presented in section III. In section IV a pro-
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cedure for computation of the optimal control is proposed
and illustrated by numerical example. A relarion with the
integer-order systems theory is demonstrated in section
V. Conclusions of the paper are given in section VI. The
following notation will be used: R - the set of real numbers,
R™ ™ - the set of n x n real matrices (in particular R" is
the set of real vectors), I, - the n x n identity matrix, O
- the null matrix of appropriate dimensions, W2, V.’ are
n X m or n X n matrices and « is the lower right index and
b is an upper right index. Power index is not used.

2. PROBLEM FORMULATION

Consider a fractional discrete-time system, obtained by
use of Grunwald-Letnikov’s (shifted) approximation, de-
scribed by equations

k
Tht1 = E djri_j + Bug
=0

k S Z+ y (13,)

where z € R", u € R™ are respectively the state and
control vectors, A € R"*" B € R™"*™ and

dy=A,=A+al, , 0<a<l, (1b)
[«

dj = (—1) L, j=1..k. (

= ([0 ) (10

Consider a performance index of the form
N—-1
Ji(u) = G(zn) + Z F(wk, ug)
k=i
N1 (2)
=ah Sy + Z (x;;Fka + u;‘gRuk) ,
k=i
where R € R™*™ Qe R"™*"™ S e R"™ ™ and S >0,Q >0
and R > 0.
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Optimal trajectory starting at the point xg and ending
at the point z; has been divided into N elementary
time intervals [0, N]. It is desired to find optimal control
sequence ug,u1,...,un—1, 4 € U, U-set of admissible
inputs, which minimizes the performance index (2) and
satisfies the differential equation (1). The solution of
this task by searching for a conditional minimum of the
performance index (2) requires the solution of N equations
with IV unknown variables of the form

8J (u)
8uk

=0, (k=0,...,.N—1),

where J(u) is the performance index (2) after substituting
(1) fork=1,2,...,N —1.

3. PROBLEM SOLUTION

We shall show that the task of determining the wg, u1, ...,
uny—1 can be reduced to N tasks minimizing functions of
one variable.

For i« = N the performance index has the form

In(u) = Gzn) = 25 Sz |
which in the general case is a function of final state.
Consider the last N-th section of the optimal trajectory.

The corresponding performance index of that section has
the form

In_1(u) = JIn(u) + Fn_1(xn—1,un—1)

(3)
= x]TVS:rN + x]TV_leN,l + uJTv_lRuN,l ,

Denoting Sy_1(Zzn-1) = SN_l(Zj.V;Ol TN_1—j), S &
minimum of the performance index Jy_1(u) we can write
Sn_1(Szy_1) = min {JN,l(u)} . (4)

un_1€U

Substituting (1) for k = N —1 to (4) equation above takes
the form

Sny_1(ZzN_1) = min {I%,lQme1 +u71;,71RuN,1
upn_1€U
N—1 T N—1
+ Zdijflfj + Bun_1 S Zdijflfj + Bun_1
7=0 J=0

(5)
Calculating the first derivative of the equation (5) and
comparing it to zero we obtain

0Jn—1(u) T
O:T]\]_l = (R+R )UN*I
N-1
+BT (S+ST) Z dijflfj-i-BuN,l
=0
We determine uy_1 as a function of xny_1,..., g, i.e.
N-1
uy—1= Y Wy djzn-1-; (6)
=0

where
Wh_y=—[R+R"+B" (S+57)B] "' B" (5+57).
Substituting (6) to (5) we obtain

Sn_1(Zzn_1) =25 _1Qrn_1

- ST
N—1

+ Z Vﬁﬂlldj:rN,l,j R

i

Ro1 . .
Vn2idjzn-1-;

J=0 Jj=0
r 1T
N-1 N-1
E S1 . . 51 . .
+ VNfld]‘rN—l—] S VNfldng—l—g
Jj=0 Jj=0
(7)
where

Vi = Wiy, Vaty = (In+ BWy_4) .

Consider the N-th and N — 1-th sections of the optimal
trajectory. The corresponding performance index for those
sections has the form

In—a(u) = In-1(u) + Fn—2(TN—2,un—2) (®)
= JIn-1(u) + 2y QrN_2+uy oRuy 2 .

Denoting Sy—2(Xxn_2) = S’N,Q(z:;\ro2 TN—2-j) as min-

imum of the performance index Jy_2(u) we can write

{JN—2(UN—2)}

SN_Q(ELL'N_Q) = min
upn_1€U
upn _o€U

= min { min JN,l(uN,l)+FN,2(:17N,2,UN,2)}
un—2€U Luny_1€U

= min
upn_o€U

{Sn1(Sen-1) + Py a(an-suv-2)} . (9)

Substituting (1) for k = N — 2 to (9) and calculating the
first derivative of the equation and comparing it to zero
we obtain

0= 2220 (1 1) s+ 57 [0+ Q7]

N-2
[Z djxN_o_j + B?uvz] + [VﬁflldoB} T [R + RT}
§=0

N2 N-2
[V}?mldo <Z djzn_o_j; + B“N2> + Z V1<72011dj+1mN2j‘|

j=0 7=0

N—2
+ [ngildoB]T [S + ST] [Vglldo <Z dij,Q,j + BUN2>

j=0
N-2
S1
+ E Vatidj+1zn—2-; | -
=0
We determine uy_o as a function of xy_s,..., g, i.e.
N-2
2 : 1 2
UN—2 = [WN—2dj + WN—2dj+1] TN—-2—j (10)
j=0

Substituting (1) for k = N — 2 and (10) to (9) we obtain
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Sn_o(BrN_2) =28 _2QuN_2 N-3
N T X (Q + QT) l(VJ\C}zoédo + Vgﬁédﬂ (Z djzN_3-j + BUN3>

—2
j=0
+ > (Vzgflzdj + Vzgfzzdjﬂ) TN-2—j N-3
=0 + ) (VRO i1 + Vi %djs2) an—s
N-2 =0
Qo1 7. Qo2 7. .
xQ Z (VN72dJ + VNfszJrl) TN—2-; + [(vioydo + ViEoyd:) B]" (R + RT)
J=0 N-3
N_2 T x l(V,’jOgdo +ViRdn) (Y djans + Bun-s
R R —
+ (VNglzdj + VN322dj+1> TN-2—j =0
=0 N-3
R, R
Ly + (VNTzde + VNBédj+2) TN_3—j
7=0

xR | (szlfilgdj + VJ\}?222dj+l> TN-2-;

R R T T
= 1) + [(Vathdo + Vit3di) B] (R+RT)
7 N-3
N-2 ( Riy Rig . )
X v do +V, dl) Zd TN_3—; + Bun_3
R R N-2 N—-2 J J
+ Z (VNBde + VNLQdeH) TN-2-j =0
Jj=0 N-3
N-2 + (V]\Ifilzdjﬂ + Vﬁizzdﬁz) TN_3—j
R R —
xR (VNilzdj + VNizzde) TN-2-; §=0 ;
=0 + [(VaLado + Va2 ,di) B (S +8T)
N_2 T N-3
Sl S2 . .
+1>) (Vzﬁl_zdj + V]§2_2dj+1) TN-2-j X | (VL ado + V2 o) Z djoN—3—j + Bun-3
=0 =0
N-3
N-2 S1 S
+ (V Lodit1 + V2 d'+2) TN—_-3—4| -
S S N—2%1 N—2%J J
xS |30 (VRLads + Va2 adian ) avag | par
=0
where We determine uy_3 as a function of xy_3,..., g, i.e.
Qo1 __ 1 Qo2 __ 2 _
V2o =In+BWy_y, VN2 =BWy_,, NZ?’ W ady W2 yd W adsea]
R 1 R 2 UN-3 = _3d; + _30j+1 + _30j42| TN-3—;j
VNTZ = WN—2 , VN222 = WN—2 , = N—-3%7 N-3%+ N-3%j+ J
R R R R R
VNl = VN311d0VJ?312 o WWih= VNglldOVJ?E + Vil . ; (14) (14)
S1 _ /8 Qo1 So  _ 1/8 Qo2 S ubstituting (1) for k = N — 3 and (14) to (13) we obtain
VLo = ValidoVi25 o V2o = Vylido V%o + Vil - L (13)
_ .7
In the same way for the last three sections of the optimal SNj3(ZxN’3) = TN—3@TN -3 .
trajectory we obtain the corresponding performance index N3 o o o
for those sections in the form + (VNflgdj +Vy2idit1 + VNE%de) Ty_3—j| Q
In-3(u) = In—2(u) + FNn—3(xN-3,un—3) L j=0 .
N_s :
= Jn-2(u) + oN_3QrN_3+uy_zRun 3 .
- - Q Q Q
(12) x (VNohd; + V2%4djn + Vie%djsa) an—s;
Lj=0 i
. N-3 .
Denoting Sn—3(Xzn-3) = Sn—3(>_;—g” Tn—3-;) as min- "N_3 4T
imum of the performance index Jy_3(u) we can write + (V]?ilgdj FVERdi 0+ Vﬁi‘édﬂz) N3 ;| Q
SN_g(E,TN_;g) = min {JN_g(u)} :j:O -
un—_1€U N-3
Zﬁ:ig% x (V]?ilgdj + Vgi%dj+1 + V]?i%djﬁ»Z) TN-3—j
Lj=0 i
= mineU { mineU In_2(u)+ Fy_3(zNn_3, UN—?,)} (13) rN—3 . . N AT
N N aeu + (Varohds + Vo%dsn + Viydje) an s | R
Lj=0 i
= min {SN72(233N72) +FN—3(517N73;UN73)} . (N—3 7
N3l ~ (VR(n d; + Vo2 g, 1+VR03d- 2) TN_3_;
Substituting (1) for k = N — 3 to (13) and calculating the / N=3% T IN =gt TN st Y
first derivative of the equation and comparing it to zero :3:0 T
we obtain N-3 . n n
o_ dIna) _ (Rt A7) un—a+ 57 (@ +Q7) + (Vahd; + V2 digy + Visdipe) an—s—; | R
oun_3 Lj=0 A
N-3 [N—3 ]
T
x| Y djen—a—j + Bun—s | + [(V§%do + VE%d1) B] D (Vathdy + Vit + Vildye) an—s-;
j=0 Lj=0 i
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[N-3 o7
+ (VAL + ViE3ds1 + ViPydje) anosj| R
Lj=0 |
[N—-3 .
R R R
x (Vahdy + ViPadin + Vi?%die) an s
Lj=0 |
[N-3 o7
S S. S
+ (VNLSdJ + VNzgdj+1 + VNigdji»Z) TN_3—j S
Lj=0 |
[N-3 .
S S S
x (VNI*3dj +VyZadjtr + VNigdj+2) xn_3—;|. (15)
Lj=0 |

In the general case for g last sections of the optimal
trajectory the value which minimize performance index
(2) with constraints (1) is given by the relation

Sn—q(Ban—g) = Th_,QrN—q

q—2 N—q /q—1 r
Y (St o o

=0 7=0 p=0

N—q /q—1
Sp
+ ( VNZIdj+p> TN—g—j| S

o o ]
Sp+1
X > VN iy | TN —g-j
=0 \p=0

Control un_g4, which minimizes the performance index
Jn_q(u), in the general case is given by the relation

N— —1
_y WPt d; : 17
UN—q = Z Z N—q%+p | TN—g—j > (17)

=0 \p=0
4. PROCEDURE AND EXAMPLES

From the above considerations, the following procedure
followed for solving the dynamic optimization problem:

Procedure:

Step 1. Knowing the matrices A and B of the system
(1) and the coefficient o and the number of elementary
sections N of the optimal trajectory, we determine the
matrix A, and coefficients d; for j =0,1,..., V.

Step 2. Knowing the matrices R, @, S of the performance
index (2) and the coefficients d; for j = 0,1,..., N and
using known methods of minimization, we determine the
value of the control (6) which minimizes the performance
index (3), and its minimum value (7) for ¢ = 1. Knowing
(7) we determine the value of control (10) which minimizes
the performance index (8) and its minimum value (11)

for ¢ = 2. Continuing the procedure we determine the
equations (16) and (17) for ¢ = 3,4,..., N.

Step 3. Using the formula (17) for ¢ = N we determine uyg,
the control value in a discrete time k = 0 depending on the
initial conditions xg. Using (16) we determine minimum
of the performance index Sy(Xxp). Knowing ug and g
from the relation (1) for k£ = 0 we determine z;. Using the
formula (17) for ¢ = N —1 we determine u; as a function of
x1,xo. Using (16) we determine the minimum value of the
performance index S1(¥z1). Knowing vy and z1,zo from
the relation (1) for £k = 1 we can find the z5. Using the
formula (17) for ¢ = N — 2 we determine usy as a function
of x9, 21,20 and using (16) we can determine S3(Xx2).
Continuing this procedure we can determine the discrete
values of control sequence ug,u1,...,uny—1 € U, which
minimizes the performance index (2) and satisfies the
differential equation (1) for given initial conditions z¢ and
the subsequent minimum value Sy(Xxg),. .., Sn(ZzyN) of
the performance index (2).

Ezample 1. Consider the fractional discrete-time system
(1) with matrices

R O 1 P 3

and the performance index (2) with matrices

s=|11]. e=[33] m-n0

Using the above Procedure we obtain.
Step 1. Assuming o = 0.5 and N = 3, the matrix A, has
the form

(19)

1.5 2
Ay =A+al _{3 4'5], (20)
and the coefficients d; for j = 0,1,..., N are as follows
g — 1.5 2 d*0'063 0
0= 1 3 45" 2= 0 0.063|°
(21)

g _[0125 0 g [0.039 0
L=1 0 0125|° = | 0 0.039]"

Step 2. Taking into account the matrices (19) and the
coefficients (21) and for ¢ = 1 we determine a matrix

W, =[—0.2400 —0.3600], (22a)
and matrices
Vor = [—0.2400 —0.3600],
v _ [ 0.7600 —0.3600 (22b)
N-17 1 —0.4800 0.2800
for ¢ = 2 we determine matrices
W o =[—0.2677 —0.3575],
N (23a)
W32 o =[—0.0028 —0.0474],
and matrices
yQo _ [ 07323 —0.3575
N-27 | —0.5353 0.2850 |’
(23b)
yQox _ [ —0.0028 —0.0474
N-27 1 —0.0055 —0.0949 |’
Vo, = [—0.2677 —0.3575],
Va2, = [—0.0028 —0.0474], (230)
C
Vi, =[0.0696 —0.0836],
[

Vahs, = [—0.2244 —0.0925],
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v _ [ 00975 —0.0499
N-—2 —0.0727 0.0426
(23d)
ys: _ [ 07604 —0.3534
N—2 7 | —(0.4820 0.2458 |-
Continuing the procedure for ¢ = 3 we obtain
Wh_ s =[—0.2689 —0.3566],
W32 _, =[—0.0187 —0.0403], (24a)
W3 _5 =1[0.0019 —0.0068],
Qo _ [ 0.7311 —0.3569
N=3 7 | —0.5378 0.2861
V' Qo _ [—0.0187 —0.0403
N=3 = | ~0.0373 —0.0806 | ’
y Qo _ [0.0019 —0.0068
N-3 7 10.0039 —0.0135 |’
- - (24b)
yen _ [ 00994 —0.0521
N=3= [ -0.0701 0.0389 |’
V@i _ [0.7375 —0.3465 |
N=3 = | ~0.5437 0.2668 |’
yQus [ —0.0033 —0.0456 |
N-3 —0.0047 —0.0979 | °
Vo, = [ —0.2689 —0.3569],
Vitor = [ ~0.0187 —0.0403],
Vs, = [0.0019 —0.0067],
Vit = [0.0785 —0.0889],
Vi = [-0.1599 —0.1249], (24c¢)
Vs = [—0.0141 —0.0085]
Vi1 —10.0062 —0.0089],
Vit = [0.0821 —0.0566],
Vi = [ —0.2257 —0.0879],
vs [ 0.1066 —0.0538 |
N-3= | ~0.0718 0.0369 |’
s, [ 0.0985 —0.0477]
YW= = | ~0.0748 0.0381 |° (24)
Vs [0.7603 —0.3529 |
N=37 | —0.4818 0.2451 |
Step 3. Using (17) for ¢ = N = 3 and (21), (24a) we
determine
ug = —2.2429 . (25)
Knowing ug and zo from (1) for k = 0 we determine
~ [—0.0929
T = { 0.1642 } (26)

Using (16) and (21), (24b)-(24d) we determine the mini-

mum value of the performance index as
Jo(Xzg) = 8.7699 . (27)

Continuing this procedure we can determine subsequent
discrete values of control as

up = —0.2662, wuy = —0.0386 . (28)
The values of state vector are given as
—0.0147 —0.0106
2 = [ 0.0152 ] 3= [ 0.0114 } (29)

*
P S S SIS

Fig. 2. Optimal trajectory for a = 0.5,0.7,0.9 and N = 10
(zoom).

P S G S S S

Fig. 3. The minimum values of the performance index for
a=0.5,0.7,0.9 and N = 10.

The minimum values of the performance index are given
as
Jl(le) =0.1193 5

Jo(Sas) = 0.0027,  (30)

and

J3(u) = G(x3) = 0.0007 . (31)
The figures Fig. 1-6 show the above considerations for
the system (1) with matrices (18) and the performance
index (2) with matrices (19) for three different values of
a = 0.5,0.7,0.9, and the number of elementary sections
of the optimal trajectory N = 10. Individual results
were obtained with the help of written for that purpose

computer algorithm implementing the above issues.

5. RELATION WITH INTEGER-ORDER SYSTEMS
THEORY

We shall show that the above considerations for fractional
discrete-time systems for @ = 1 are identical to the result
for classical discrete-time systems.
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Fig. 4. The minimum values of the performance index for
a =0.5,0.7,0.9 and N = 10 (zoom).

Fig. 6. Optimal control for « = 0.5,0.7,0.9 and N = 10
(zoom).

Equations describing fractional discrete-time system (1)
for a = 1 take the form of a classical discrete-time system,
ie.

Tht1 = Agxi + Buy, , (32)
since the coefficients d; for a = 1 have the form
do=Aan=A+1,=4,,d; =0, j=1,...,k. (33)

In this case the relationship (16), for ¢ last sections of the
optimal trajectory, minimizing the performance index (2)
with constraints (32) is given as

SN—g(TN—g) = xﬁquxN—q

q—2 T
+° { [V]?ﬁ;doﬂﬁzv—q} Q [V]?i;deN—q] }
=

0

- (34)
+ 5 { [Vﬁf;dom,q} "R [vﬁz;doxN,q} }

r=0
+ v qdoxN_q}T S|Vt dozn o]

where

2008

V]?ilq =1, + BW]{]_q , V]?i; — VQlfl,l dOVJ?Tq 7

N—qg+1
(35a)
Vi, = Wiy Ve = VAl doVid,
(35b)
Vel =T, +BWA_y, Vi, =Vl 1doV% .
(35¢)

Substituting repeatedly (35), for the indexes N—q, ..., N—
1, we can write the equation (34) as

Sn_gln_g) = 2% _, {Q n (V]\}fﬂlqdo)T R (Vﬁglqdo)
() [ () 0 (120

- (Vj?ilqﬂdo)T [ ot (vjé?igdo)T [Q + (Vﬁzlldo)T R

x (Viondo) + (Vﬁglldo)TS (V]&lldo)} (V]?Tzdo)} }

X (foiquldo)} (V]@lqdo)}m,q .

Denoting as S = Sy we can write the above relationship
in the form

T
SN—q= IJTV—q {Q + (Vﬁﬂlqdo) R (Vﬁglqdo)
Q r R (36)
+ (V8o,do) Sn-ann (VNglqdo)}qu ,
which, after adoption of proper notation is the same as
shown in Naidu (2002); Lewis and Syrmos (1995).

The control sequence (17), which minimize Jy_4(u), in
this case is given as

UN—q = WJ{]_qu,TN_q N (37)
where
Wy_,=—{R+R"+B"[Q+Q"]B
q—3
+3° [(V]?”;]ﬂrldoB)T [Q+Q] (V]?”;IﬂrldoB)]
o ,
+ [(VNRi’;HdoB) [R+RT] (Vﬁj’qﬂrldoB)}
z=0
—1
+ (Vi q+1dOB)T [5+ 57 (var q+1d03)}
x {B" [Q@+ Q"]
q—3
+3° [(V]?”;]ﬂrldoB)T [Q+Q] (V]?”;Iﬂrldo)}
o ,
3 (g adas) e 1) (V)|

+ (Vi yaoB) " [5+57] (Vi) |

Substituting repeatedly (35), for the indexes N—q, ..., N—
1, we can write the above relationship as

Wa_,=—{R+R"+B"[(Q+Q")
T T
+ (VA ado) (R4 RT) (VA do) + (ViR 40do)

(@ @)+ (Vi o) (o4 ) (VA o)
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(V]?f’lq”do)T [ ot (V]?Egdo) {(Q +Q7) + (V]\Ifﬂlldo)
x (R+ RT) (Vo do) + (vfg?illdo)T (S+8T) (VQM do)}
< (V)] ] (V)] (V)] B)

x { { Q+Q") + (Vﬁzlqﬂdo) (R+ RT) (V32,4 1do)
(VQm

N—g+1 ) [ Q+QT (VNquJrde) (R+RT)

Car2 ) (VN q+2d0)T [+ (V]?EIQCZO)

(v
[ Q+Q") + Vﬁmldo) (R+ RT) (Vﬁglldo)
(

+

X

X

+ Vﬁogdo) (5 +57) (v do)}

< ()] | () | (50) | B

Denoting as S = Sy and taking into account (36) we can
write the above relationship in the form

Wi y=—{(R+R") +B" (Sn_qp1 + Sk_gs1) B}
X BT (Sn—qt1+ SN _g41) (38)

which, after adoption of proper notation is the same as
shown in Naidu (2002); Lewis and Syrmos (1995).

6. CONCLUSION

Dynamical programming problem for fractional discrete-
time systems with quadratic performance index has been
formulated and solved. A new method for numerical com-
putation of optimal dynamic programming problem has
been presented. The efficiency of the method has been
demonstrated on numerical example and illustrated by
graphs. A link to the classical theory has been demon-
strated. The differences between the fractional and classi-
cal (standard) systems theory have been shown. A com-
puter algorithm for solving dynamic programming prob-
lems with quadratic performance index for fractional
discrete-time systems has been tested for different cases
of coefficient alpha. Detailed description of a computer al-
gorithm can be found in Dzielinski and Czyronis (2013).
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