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Abstract: The stochastic logical control dynamical system with finite state is considered. After
giving two equivalent descriptions of stochastic logical dynamical system: in term of discrete-time
evolution equation and in term of Markov process, the infinite horizon optimization problem
is presented in an algebraic form. Based on semi-tensor product of matrix and the increasing
dimensional technique, we establish a succinct matrix expression of dynamic programming and
Bellman’s equation for the optimal control problem.
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1. INTRODUCTION

In dynamical systems theory so-called logical dynami-
cal system has been widely investigated for the last two
decades in which the state variable is defined in a logic
domain (or Boolean domain) Trumper [2004]. Usually,
the logic domain consist of a finite or an infinite logic
elements. For such kind of systems in which the state
of system might be represented as a logic variable, anal-
ysis and synthesis of the system in a logical dynamical
system framework usually leads to simple logical control
law. So, the logical-based control becomes a hot topic in
control community. Stability and stabilization of logical
dynamics can be found in Akutsu et al. [2007], Li &
Sun [2011]. Regarding the stochastic characteristic, logical
dynamical systems with stochastic properties have been
addressed in several literatures, Doberkat [2011], Zhang
et al. [2011]. Finite or infinite horizon optimal control
problems for stochastic logical (Boolean) systems have
been investigated in Karaman et al. [2008] and Oal &
Datta [2006]. The application of stochastic logical control
have enriched in various fields, including genetic regulatory
networks [Faryabi et al. , 2007] and internal combustion
engines control [Wu & Shen, 2013]. In this paper, the
infinite horizon optimal control problem for the stochastic
logical dynamical system with finite state is considered.
The purpose of this work is to give a succinct matrix
expression of infinite horizon optimal control algorithm for
the stochastic logical dynamical systems, via semi-tensor
product and the increasing dimensional technique.

The rest of this paper is organized as follows. Section
2 is the problem formulation, which introduces some
notations and concepts of infinite horizon optimal control
for stochastic logical dynamical system. In section 3,
after giving a brief survey on semi-tensor product, we
give the matrix expression of the optimization problem
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under Markov process description of the stochastic logical
dynamical system. We convert the dynamic programming
algorithm and Bellman’s equation for this infinite horizon
optimal control problem into simple algebraic form, in
section 4. Section 5 is a brief conclusion.

2. PROBLEM FORMULATION

Assume the logic state space consist of finite element,
denoted by S = {x!, 2% ... 2°}. We also assume the
control space U also consist of finite elements, U =
{ul u?, - u"}.

The most usage way to represent stochastic dynamics with
control is described by a stationary discrete-time evolution
equation

-rk+1:f(mkauk7wk)7 k207172a"' ) (1)
where wy is the external random disturbance at stage
k. The random disturbances wg,k = 0,1,2,---, have

identical statistics and are characterized by probabilities
Py (*|zk, up) defined on the disturbance space D, where
Py (wg|zg, ug) is the probability of occupance of wy, under
the current state xj and control ug. The probability of wy
may depend explicitly on z; and uj but not on values of
prior disturbances wy_1,- -+ ,wq.

We consider the class of policies (also called control laws)
that consist of a sequence of functions

W:{/Lo,ﬂl,"' 7}a
where pur : S — U,k = 0,1,--- maps states zj into
controls ur = pg(zg) and in such that pg(zx) € U for
all ; € S. Such policies will be called admissible. If a
admissible policy m = {po, pt1,- - - } is given, the stochastic
dynamical system (1) become a closed-loop dynamical
system as follows

Tr1 = @k, e (Th), i), (2)
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where the control input py(zy) at time k is implemented
by feedback of current state xy.

Given an initial state xp, and an admissible policy 7 =
{po, 11, - - } consider the total expected cost

N-1
= i k
J‘/r(QTO) NE)noo k_fé kZ_O & g(xkvuk)7 (3)

subject to the system equation constraint (2). Where
g: S xU — R is the per-step cost function and 0 < o < 1
is the discount factor.

We denote by II the set of all admissible policies 7, that
is, the set of all sequences of functions m = {ug, g1, }.
The purpose of the infinite horizon optimal control is to
minimize J,(xq) for a given xg over all 7 € II. The optimal
cost function J* is defined by

J*(x) = ;IelfHEJﬁ(x), x €S (4)

Now, we give a simple example of stochastic Boolean
logical dynamical system with two random disturbances.

Ezxample 2.1. We consider in classical Boolean logical do-
main, that is the logical state space S and control space
U both consist of two elements S =U = {T =1, F = 0}.
Assume that the disturbance space also consists of two
elements W = {w! = T,w? = F}. A stochastic logical
dynamical system is described by the following stationary
evolution equation

Tpt1 = [Tk, Uk, i),
in which the logical function f: SxU xW — S is defined
by
flzyu,w) = (x AuAw)V[(z = u) A-w]. (5)

Here the standard logical operations —, A, V, — are nega-
tion, conjunction, disjunction and implication, respective-
ly. The truth table of these operations are as follows Rade
[1998]:

Table 1. Truth table for =z, z Au,xVu,x — u

x u i T AU rVu T —u
T T F T T T
T F F F T F
F T T F T T
F F T F F T

The conditional probabilities of occupance of disturbance
w given current state and control is given below

Py (w'lt =T, u=T)=0.9, Py (w?|z =T,u=T) = 0.1,
Py (w'lz =T,u=F) = 0.2, Py (w?|z =T,u=F) = 0.8,
Py (w'lx = F,u=T) =04, Py (w?|z = F,u=T) = 0.6,
Py (w'lz = Fu=F) = 0.3, Py (w?|x = F,u = F) = 0.7.
Define the per-step cost function g : S x U — R as follows

g(x:T,u:T):2,g(m:T,u:F):3, (6)
gla=Fu=T)=1,g9(x =F,u=F)=1.

Remark 2.1. Since the disturbance space just include two
element in above example, the logical function (5) and the
conditional probabilities of disturbance can be enumerated
in a truth table (see Table 2). But in the general case, it
is impossible to uniformly represent the value of logical

function and the conditional probabilities of disturbance
by enumeration.

Table 2. Truth table for logical function (5) and
conditional probabilities P,, for disturbance w.

T u w f Py
T T T T 0.9
F T T F 0.4
T F T F 0.2
F F T T 0.3
T T F T 0.1
F T F F 0.6
T F F F 0.8
F F F T 0.7

3. MATRIX EXPRESSION OF MODEL

For convenience of description, we first give some nota-
tions:

(i) The set of m x n real matrices is denoted by M, xn.

(ii) Let M be a matrix. Then Col;(M)(Row;(M)) denotes
the i—th column (row) of M.

(iii) 6° denote the i-column of the identity matrix I,. And
set
Ay = {0li=1,2,---,s)}.

(iv) A matrix L € My« is called a logical matrix if its
columns Col(L) C A,,. Then any logical matrix L has the
form L = [6%2,62,--- =], and briefly denoted as

m’m?
L = 6m[7;1;i27' o 77”ﬂ]

The set of m x n logical matrices is denoted by L., xn.

First, we identify the state space S with A, as follows:
1=1,2,--- 8. (7)
Then, each element x € S has its corresponding vector

form (still use x) x € A,. Similarly, we identify the control
space U with A, as follows:

w o~ 8 j=1,2, (8)

i osi
xt ~d,

3.1 Semi-tensor product of matriz

Semi-tensor product of matrices is a generalization of
conventional matrix product [Cheng et al., 2011]. It has
been successfully used for both continuous time dynamic
systems [Mei et al., 2010] and discrete time logical dynamic
system [Cheng et al., 2012]. We refer to the following books
Cheng et al. [2012] for details.

Definition 3.1. Let M € My,xn, N € Mpyxq. The semi-
tensor product of M and N, denoted as M x N, is defined
by

M x N := (M®Is/n)(N®Is/p)v (9)

where s = lem{n,p} is the least common multiple of n
and p; ® is the kronecker product.

Remark 3.1. (i) When n = p, the semi-tensor product and
the conventional matrix product coincide. Hence the semi-
tensor product is a generalization of conventional matrix
product to any two matrices.

(ii) All the properties of conventional matrix product
remain true for this generalization.
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Here, we give some special cases to illustrate the definition
of semi-tensor product.
Ezample 3.1. (1) Let © = [x1,22, -+ ,2m] € R™y =
[y1,92, -+ ,yn] € R™, Then, the semi-tensor product x X y
is

[T1y1, T2y1, - - s TmlYn] € R™™.

y TmY1, s T1Yn, -

(2) Let X be a row vector of dimension np , and Y be a
column vector of dimension p . Then we split into p equal-
size blocks as X!, -, X?, which are 1 x n rows. Then, the
semi-tensor product x X y is

D
xMy:ZXiyiER".

i=1
8.2 Markov process description of stochastic dynamics

Since the logical state space and control space are both
consist of finite logical elements, the stochastic logical
dynamical system with control often conveniently specified
in term of a finite-state Markov process with control. We
denote by p;;(6L) the transition probabilities from state d;
using control u = &L to the next state §;,

pij(él) = P(xgs1 = 6j\xk = 5i JUp = 5l) (10)

for all 62,67 € S, 8L € U. It was noticed that the transition
probablhtles Dij ((5?) satisfy

> opi(0l) =1, Vi=1,---s,

Jj=1

I=1.---

) )

Then, given a discrete-time evolution system in the form
(1) together with the probability distribution Py {w|zy,us}
of wy, we can provide an equivalent Markov process de-
scription. The corresponding transition probability is given

by
pij(87) = ()85, )
where W;;(6L) is the set
Wij(6;) = {w : f(05, 8, w) = 81}

For the fixed control 5{3 € U, we denote by Pk e Mgy
the transition probability matrix

Py (W, (11)

p11(5£) P1s(5£)
55) o pag(6h

pro | PO O L
psl(af) pss(5f)

For statement ease, we collect the all transition probability
matrices together, and define the matrix P € M,.¢)x, by

pl
P2
P= (13)
pr
Denoting
9(05,87) = gijy i=1,-- 557 =1,

we define a matrix, called the per-step cost matrix, as
G= (gij) € M
So, we have
g(z,u) = 27 Gu,

Ve As,u € A, (14)

and the objective function (4) becomes, for any z¢ € A

N-—-1
T(eo) = uh Jun B D oteiGulon).  (19)

Ezample 3.2. Now we give the matrix expression of Exam-
ple 2.1. To use matrix expression we identify logical values

TE&%:[(%}, FE(S%=|:?:|.

Then according to logical operation (5) and formula (11),
we get that the transition probability matrices correspond-
ing to the controls u = 63 and u = 63 are

P = ra) = (B ) = (o).
P? = P(63) = (ﬁ;ﬁ?g gzg;g) = (0(.)7 0%3) :

The corresponding state transition diagram is shown in
Fig. 1. Moreover, we have

10

P P\ 0604

“\pP2) {01

0.7 0.3

(16)

The matrix expression of the one-step cost function g : S x
U— Ris g(x,u) = 2T Gu with

o~ (23)
S0 @@
@@ o>—<»o

(a) When u = 63. b) When u = 62.

(17)

Fig. 1. State transition diagram for Example 3.2.

4. MATRIX EXPRESSION OF DYNAMIC
PROGRAMMING

We denote by U the set of all control law p : S — U, that
is

U=A{ulp:S—U}
Since the state space S and control space U are both finite,
it is obviously that the capacity of U is |U| = r*.

Under the logical vector setting, we can see the control
law as a logical operator form A, to A,. So the following
result is fundamental.

Proposition 4.1. For any u € U, there exists a unique
logical matrix ®, € L,xs, called the structure matrix of
i, such that in the vector form p is expressed as

plz) =o,(x), Ve,

The optimal cost functional for the one-stage problem that

has stage cost g and terminal cost of .J, denoted by TJ(z)

with
TJ(x)

(18)

= irgfg{g(o:,u) + J(f(z,u,w))}, =€ As (19)
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Similarly, for any function J on A, and any control
function p : Ay — A,., we denote

TuJ(@) = Blg(e,w) + J(f(@ u(e),w))}, v € A,

T,,J may be viewed as the cost function associated with
control law p : Ay — A, for the one stage problem that
has stage cost g and terminal cost J. Forall k =0,1,2,---,
we write

(20)

(T°0)(x) = J(x), = €A,
(T*J)(z) = (T(T* 1) (z), =€ A,.
Similarly, T/’fJ is defined by
(T°J,)(x) = J(x), =€ Ay,
(T ) (x) = (T(T; 7)) (@), @ € A,

Any function J on A;, as well as the functions 7'J and
T,,J may be represented by the s—dimensional vectors

J(8;) T, J(65)
J= : T, J = : (21)
J(63) T, J(5)
TJ(61) inf {T.J(5,)}
TJ = : = : (22)
TI(5) inf {T,.7(6%))

For a control law p, we denote by P, the transition
probability matrix

p11(p(d1)) -+ prs(u(d))
Py = : : : ,
Ps1(1(6n)) -+ Pss(p(dn))
by g, the cost vector

S S T
Gp = (g(éivﬂ(éi))’ T ’g(ésvu(ds))) .
Proposition 4.2. For any control law g : S — U, define
the matrix M, € M,y (o) as

(23)

337 (o <§§>>
v | O :<<s>> | o
(63)T  (u(63)"

Then the transition probability matrix P, associated with
stationary policy p can be calculated by

P, =M,P. (25)
Proof. It is enough to prove that, for any ¢ =1,--- s
Row; (M, P) = Row; (P,). (26)

We assume that p(8%) = §7. Then,

Row; (M, P) = (69)T x (u(6°))TP
— (67T x (61)TP
=(O)" ()" @ I,) P
_ 5591 )S+'LP = RO'IU(j—l)s-i-i (IP))
= Row; (Pj) .

On the other hand, if x(62) = &7, by definition of P, we
get, foralli=1,--- s

Row; (P,) =
Thus we prove that (26).

Row; (Pj) .

Definition 4.1. We define a hyperplane D**! of R**! as
[D)5+1 = {(m07x17 e 7xs) S RS+1 1Ty = 1}

We define an increasing dimension operator * : R® — R5*1,
as J = (1,JT)T, for all J € R*. And, for any function J
on A,, we define

s 5 (10
QJ = 12fQ#J, with Q, = <9M PM> . (27)
According to the definition of @), we immediately obtain
Proposition 4.3. For any function J on Ay, we have

T,J = QuJ and TJ = QJ (28)

Proof. For given policy p : S — U, according to the
definition of operator @), we get

A 1 0 1 1
Q”J(gu PM) (J> N (9#+PNJ>

1
7,7 (55) 1 —~
(M) ()-
T,J(63)

Similarly, one can prove that TJ = Qj .

Now we give the algebraic expression of QJ.

Theorem 4.1. For any function J on Ag, Qj can be
calculated by following formula

1
min {(5, DG+ (60T x (6)TPT}
]_
o T si T J\T
o | jmin (GH7G8 + @) % GBI} | oy
min {(5S)TG<SJ (5§)T x (61)"PJ}
]_
and the one-step optimal control policy p* : S — U for
QJ is
p*(x) = argmin {xG& + 27 x (67)TPJIY, (30)
j€{17..'7/r}
for any x € S.

Proof. According to definition of operator () and equa-
tion (20), we get

QF=TJ = (T1J>
1
inf £ {g(d;,u) + J(£(5;, u,w))}
_ | inf B{g(55,u) + J(£(57, u,w))}
Inf {g(d7,u) + J(£(d5,u, w))}
We also notice that, for any i =1,2,--- | s,
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inf B {g(03,w) + J(£(6%,u,w))}

= mf E{g 55,5ﬁ)+J(f(5276Z7w))}
sleUw

_ s 50

7j:111,1-f-, { (55,(5T +szk }

= mln {((51)TG(5]

j=1

(55) % (67) T},

by the definition of matrix P and semi-tensor product. So,

we finish the proof of Theorem 4.2.
Lemma 4.1. For any control law p : S — U, A = 1 is a

simple eigenvalue of Q.
Proof. See the Appendix.

Proposition 4.4. For any control law p : S — U, @, :
D5t — D! admits a unique fixed point, that is there
exists a unique point J, € R" such that

@(4)=(4)

Proof. See the Appendix.

(31)

Proposition 4.5. For any control law u : Ay — A, for any
vector J € R®, the operator Q, : D*1 — D*™! and the
corresponding cost vector J, € R® of i satisfy

lim Q

N—o0

(32)

Proof. We notice that
. (10 0 1_ 0
Q,u(JJu)<gM aPM){j—ju]{aPu(J

Hence, by iteration, for any NV,

A 0

J B N_1 [ J ] ]
W= ap 7 - J,)

B {aNPiV?f—J,»]

Since 0 < a0 < 1, we get

)

QN (J - J.)=QNQ.(J -

: N/ 7 7 . N _
Jim QY (J = T < Jim o[ P[| ]~ Tl = 0.

So, according to Proposition 4.4,
th J = th J —J

N —o00

(33)

Finally, we give the matrix expression of dynamic pro-
gramming for the stochastic logical optimal control prob-
lem.

Theorem 4.2. (Value iteration approximation) For any
function J : Ay — R, the optimal cost vector J* =

(J*(82), J*(62), -+, J*(52))T satisfies
J* = lim QVJ,

N—oc0

(34)

) o

= 1nax; j gij and M2 =

and

. A M
I = @Vl < ot (2

where QVJ = Q(QN-1J), M,
max(;ieAs J((Si)

Ezxample 4.1. Continue Example 3.2. If given a terminal
cost function J : Ay — R as

J(0) = [31)65,i = 1,2,
then, according to Theorem 4.2, we can calculate

(36)

inAf {65Gu+ (65) x u'PJ}
ASYAN}
_in J 02GO3 +(83)T < (63) TP
- 62G62 + (6T x (63)TPJ
= min {g11 + (1,0,0,0)PJ, g12 + (0,0,1,0)PJ }
= min {3.8,5.7} = 3.8,
that means
1o (03) = 85, J5(65) =
Similarly we also get

16(03) = 83, J5(02) = 3.16,

1
QJ = ( 3.8 ) .
3.16

Continuing this process, we obtain that

Hence

(37)

J3o(63) = 18.3112,
J4o(63) = 7.0125.
[00(63) = 02, Jiyo(8)) = 18.31127,
[0 (62) = 64, Jry0(61) = 17.0126.

Fig. 2 shows the dynamical programming approximation
result with stage N from 1 to 100.

/u’99(5 ) - 657
M99(52> = 527

20

¥ 14f
S 0
7 =5,
S _2
= 101 X,=85
£
=3
o
(o)

6r .

5 . . . . . . . . .

0 10 20 30 40 50 60 70 80 920 100

Stage N

Fig. 2. Dynamical programming approximation result of
Example 4.1.

Theorem 4.3. 1. (Bellman’s Equation) The optimal cost
function J* satisfies
J=QJ* (38)
IT. (Necessary and Sufficient Condition for Optimality) A
stationary policy p is optimal if and only if
QJu = Qud, (39)
Ezample 4.2. Continue Example 3.2 and Example 4.1.
Since s = r = 2, there are 4 control laws 1, po, 3, ft4 in

U, and the corresponding structure matrix of these control
laws are denoted as

Py, = d2(1,1], Pu, = d2[1,2], Py = 622, 1], Pu, = d2(2,2],
respectively. Then, based on Proposition 4.4, we get
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[ 20 ~[20
T = [18.4375] s = {20] *
Jo_[wsaur] o [244785
na = | 17.013 |07k T | 23.865 |

It is clear that the optimal control law is u3, that is
113(83) = 82[2,1)05 = 63 and p3(83) = 82[2, )03 = 43,
and the corresponding optimal cost functions are
J*(63) = 18.3117, J*(43) = 17.013,
which is coincide with the dynamical programming ap-
proximation result given by Example 4.1.

5. CONCLUSION

This paper considered the infinite horizon optimal control
problem of stochastic logical control dynamical system
with finite state. The infinite horizon optimization prob-
lem was formulated in algebraic form, after giving two
equivalent descriptions of the stochastic logical control
dynamical system. Based on semi-tensor product of matri-
ces and increasing dimensional technique, we established
the matrix expression of dynamic programming for the
optimal control problem. Some examples were presented
to illustrate the theoretical results.

6. APPDEDIX

Proof of Lemma 4.1 Obvious A = 1 is an eigenvalue of
Q,., since
0

0
det( s+1 — Q#) = det <_gu Is _ OéPM> = 0. (40)

Moreover, we can prove that

dim (R(Is41 — Qu)) = (41)
Since a < 1 and ijl P,(n) =1, for all j=1,---,s, we
get the matrix
I, —aP, (42)
is inverse. So for any y € R®, we take
T = (Is —aPM)_l(y—l—gH)’ (43)
then
0 0
=00 (9)= (1) (44
that means, for all y € R®,
0
(y) € R(Is41 — Qu) (45)

Hence, dim (R(Is41 — Qp)) = n. Finally, according to the
rank-nullity (dimension) theorem, we get

dim(Ker(Ls41 — Qu)) = (s +1) —

=1.
Therefore, A = 1 is a simple eigenvalue of (), and the proof
of Lemma 4.1 is completed.

Qu))

dim( ( s+1 ™

Proof of Proposition 4.4 Let &, is the eigenvector of
matrix @), corresponding to the eigenvalue A = 1 with
Il = 1. Since A = 1 is a simple eigenvalue of @, by
Lemma 4.1, we know that £, is unique. Set

0
gu = (gu) with Nu = (é-im 7€Z)T7

um

where 53_1 is the n-th component of the eigenvector &,
respectively, n =1,2,--- s+ 1.

We claim that 52 # 0. By contradiction, suppose 52 = 0.

Then, by
0 0 0
0= (Ls41— Qu)éu= (-SJ(M) I, — ozFM) <77u)

B < (Is — 3Fu)m> ’

and the matrix I, — aF), is inverse, we obtain 1, = 0.
That means &, = (€))7, (n,)")" = 0, this is contrary
to ||€ull = 1, So 52 # 0. Finally, let J, 50, then J, is

unique and satisfies the equation (31). We ﬁnlsh the proof
of Proposition 4.4.
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