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Abstract:
The three parameter Rayleigh damping (RD) model applied to time-harmonic Magnetic
Resonance Elastography (MRE) has potential to better characterise fluid-saturated tissue
systems. However, it is not uniquely identifiable at a single frequency. One solution to this
problem involves simultaneous inverse problem solution of multiple input frequencies over a
broad range. As data is often limited, an alternative elegant solution is a parametric RD
reconstruction, where one of the RD parameters (µI or ρI) is globally constrained allowing
accurate identification of the remaining two RD parameters. This research examines this
parametric inversion approach as applied to in vivo brain imaging.
Overall, success was achieved in reconstruction of the real shear modulus (µR) that showed
good correlation with brain anatomical structures. The mean and standard deviation shear
stiffness values of the white and gray matter were found to be 3± 0.11 kPa and 2.2± 0.11 kPa,
respectively. Parametric results with globally constrained µI indicate that selecting a reasonable
value for the µI distribution has a major effect on the reconstructed ρI image and concomitant
damping ratio (ξd). More specifically, the reconstructed ρI image using a realistic µI=333 Pa
value representative of a greater portion of the brain tissue showed more accurate differentiation
of the ventricles within the intracranial matter compared to µI=1000 Pa, and ξd reconstruction
with µI= 330 Pa accurately captured the higher damping levels expected within the vicinity of
the ventricles.
Parametric RD reconstruction shows potential for accurate recovery of the stiffness character-
istics and overall damping profile of the in vivo living brain despite its underlying limitations.

Keywords: Magnetic resonance elastography, inverse problem methods, Rayleigh damping,
parametrisation, in vivo brain, tissue characterisation, mechanical properties, medical imaging.

1. INTRODUCTION

Because of the diagnostic potential, assessment of the
brain tissue mechanical properties has been the subject
of several clinical studies (Chatelin et al., 2010). However,
the brain is naturally shielded, making it very difficult to
accurately investigate viscoelastic (VE) properties, which
may prove useful for characterising various brain diseases
(Murphy et al., 2011). Additionally, conventional imaging
techniques, such as magnetic resonance imaging (MRI),
computed tomography (CT) and ultrasonography (US),
are not capable of directly assessing mechanical properties
of the brain.

Magnetic Resonance Elastography (MRE) can directly
visualise and measure tissue elasticity in vivo (Lewa and
Certaines, 1995). MRE acquisition requires application of
mechanical waves to tissue within the MRI and sophis-
ticated inverse problem methods to identify an elastic
modulus map of the tissue. Integration of the elastographic
imaging with other conventional imaging modalities can
bring additional diagnostic potential and enhance under-
standing of disease mechanisms and progression.

To date, mechanical properties of the brain have been
investigated using traditional elastic models, although VE
(Kruse et al., 2007; Sack et al., 2007) and poroelastic
(PE) (Perriez et al., 2010) models have also been used
in different applications. Rayleigh damping (RD) is an
alternative model for soft tissue attenuation for elastic
materials. Compared to traditional VE models, it incor-
porates an additional damping parameter proportionally
related to the inertial effects (Liu and Gorman, 1995).
Thus, the RD model offers a more complex description of
energy dissipation using two different forms of damping.
Considering the highly-saturated, sponge-like nature of the
brain, the RD model may provide a more accurate match
to expected brain tissue response.

It has been demonstrated that the RD model is non-
identifiable given only single frequency data (Petrov et al.,
2013), which is the typical approach in a range of biomed-
ical elastographic inverse problems (Van Houten et al.,
2011). However, it should be noted that single frequency
data is very appealing venue for MRE as it is fast and
only subjects the patient to a single test. This approach
has the advantage that repeatability between tests is not
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required nor assumed, which could be problematic in
multi-frequency tests in vivo. Hence, a single frequency
approach with reasonable accuracy would offer benefits, if
only to obtain good initial estimates. This paper proposes
a parametric identification approach to find optimal values
in application to in vivo elastographic brain imaging with
data at a single frequency.

2. MATERIALS & METHODS

2.1 Time-harmonic RD elastography

A linear isotropic nearly-incompressible RD elastic model
was applied to in vivo sinusoidal brain response to account
for the nearly-incompressible behaviour expected in the
highly-saturated media like brain tissue. Motion amplitude
is calculated from the Navier’s equation, which in time-
domain is defined:

∇ · (µ(∇u +∇uT ))−∇(λ∇ · u)−∇P = −ρ∂
2u

∂t2
, (1)

where u is the displacement within the medium; λ is the
first Lamé’s parameter, µ is the second Lamé’s parameter,
also known as a shear stiffness; ρ is the density of the
material, ∇P is a pressure term, related to volumetric
changes through the bulk modulus,K, via the relationship:
∇P = K∇ · u.

The descritised Navier’s equation with damping can be
represented:

Mü + Cu̇ + Ku = f , (2)

where M, C and K are mass, damping and stiffness
matrices, u is the displacement vector and f represents
known sinusoidal input forcing. In time-harmonic (steady-
state) elastography, motion and forces can be defined:

u(x, t) = û(x)eiωt and f(x, t) = f̂(x)eiωt, yielding:

(−ω2M + iωC + K)û = f̂ . (3)

In the RD model, the damping is directly proportional to
the mass and stiffness, C = αM + βK, yielding:[

−ω2

(
1− iα

ω

)
M + (1 + iωβ) K

]
û = f̂ . (4)

By assuming stiffness and density to be complex valued,
e.g. µ∗ = µR+ iµI and ρ∗ = ρR+ iρI , Eq. 4 can be further
simplified: [

− ω2ρ∗M′ + µ∗K′
]
û = f̂ , (5)

where M′ = (1/ρ)M and K′ = (1/µ)K are the normalised
mass and stiffness matrices, respectively.

µR and ρR describe the real valued shear modulus and
density in the undamped system, while µI and ρI represent
two different damping components related to elastic and
inertial effects, respectively; and can be expressed in terms
of the RD parameters:

µI = ωβµR, ρI =
−αρR
ω

. (6)

Eq. 6 shows that the µI parameter contributes damping
linearly proportional to the input frequency and the ρI

parameter contributes damping inversely proportional to
the input frequency. The resulting damping ratio, ξd, is
defined:

ξd =
1

2

(
µI
µR
− ρI
ρR

)
(7)

Rheologically, µR and µI can be interpreted as the storage
and loss modulus, respectively, while ρI for a nearly-
incompressible material is hypothesised to indicate fluid
perfusion within the solid elastic matrix of the porous
media causing energy loss due to the mass transfer.

Thus, the RD model allows reconstruction of not only the
stiffness distribution (µR), but also energy attenuation
mechanisms proportionally related to both elastic (µI)
and inertial (ρI) effects. Accounting for two damping
mechanisms may allow better description of the microscale
interactions that cause motion attenuation in brain tissue,
compared to the more commonly used VE models, which
do not incorporate inertial damping effects.

2.2 Parametric-based identification

Full simultaneous three-parameter RD reconstruction is
not identifiable with single frequency input data (Petrov
et al., 2013). Collecting < and = terms from Eq. 5, yields:[

(µR − ω2ρR) + i(µI − ω2ρI)
]
û = f̂ . (8)

Assuming a known ρR value, Eq. 8 implies that µR is
uniquely identifiable as a direct function of the real dis-
placements: µR = f̂R/uR + ω2ρR. However, the model
behaviour dictated by the imaginary part of the û coef-
ficient is determined by two model parameters, ρI and
µI , which are both variables to be identified. Hence, both
parameters have a model role, but there cannot be unique
identification of those variables at one frequency without
further a-priori information.

In a parametric RD inverse problem approach either ρI
or µI is set to a constant value or dependant function.
This approach eliminates a variable, yielding a uniquely
identifiable system of one equation with one unknown for
uI in Eq. 8. However, it restricts the solutions generality.

2.3 Subspace-based nonlinear inversion (SNLI)

The 3D subspace-based nonlinear inversion (SNLI) algo-
rithm (Van Houten et al., 2001) calculates the final prop-
erty estimates through an iterative optimization frame-
work that minimises the objective function (Φ) defined:

Φ(θ) =

Nm∑
i=1

(umi − uci (θ))(umi − uci (θ))H , (9)

where umi represents the complex valued measured dis-
placement data at i ’th measurement point, uci (θ) is the co-
located displacement calculated by a forward simulation of
the model using a current estimate of the properties (θ),
Nm is the number of measurements and the superscript H

denotes the complex conjugate transpose. The conjugate-
gradient (CG) method is used to iteratively update the
material property distribution by improving the agreement
between finite element (FE) computed displacements and
the displacements captured by MRI.
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2.4 In vivo brain MRE experimental data

Parametric RD reconstructions were performed on a
healthy volunteer of a 24 years old. Ethics approval was
obtained from the Institutional Review Ethics Board of
the University of Illinois at Urbana-Champaign (Urbana,
Illinois, USA). Informed consent was obtained prior the
MRE examination.

MRE experiments were performed using a 3T Allegra
head-only scanner (Siemens Medical Solutions, Erlangen,
Germany). 3D motion encoding was achieved by an in-
novative multi-shot spin-echo (SE) sequence with bi-polar
spiral motion encoding gradients (MEGs) (Johnson et al.,
2013). 20 coronal slices of 2 × 2 × 2 mm isotropic voxel
resolution were acquired using following parameters: 6 k-
space interleaves, time to repetition (TR) / time to echo
(TE) = 2000/55 ms, field of view (FOV) = 256 mm, 128×
128 matrix resolution. Wave acquisition was performed
by 8 equally spaced time harmonics over a single period.
Complex-valued subtraction was used to combine images
with positive and negative gradient polarisation. Fast
Fourier Transform (FFT) was applied to extract motion
at a first harmonic which resulted in 3D complex-valued
displacements. No further filtering was applied to the data
prior to reconstruction processing. Total MRE acquisition
time was less than 10 minutes. The quality of each MRE
data set was evaluated by calculating octahedral shear
strain SNR (OSS-SNR) (McGarry et al., 2011).

The actuation system comprised a long rod that was
mutually attached to a speaker membrane at one end and
a custom-made cradle on which the head was positioned
on the other end. A 50 Hz excitation frequency was applied
resulting strong deflection component of the head motion
parallel to the head-feet direction.

2.5 Reconstruction protocol

The SNLI algorithm was used to estimate material prop-
erties from measured MR displacement data. Reconstruc-
tion computations were carried out on High Performance
Computing (HPC) system Blue Fern P575. A total of
32 processors were employed in a parallel Message Pass-
ing Interface (MPI) environment using CG optimisation
method. The average runtime for the reconstruction pro-
cessing was 5 hours. Each parameter was interpolated at
different resolution levels.

Reconstruction of material properties using an isotropic
linearly elastic nearly-incompressible RD model was per-
formed using the following parameters: an isotropic sub-
zone size of 24× 24× 24 mm with the subzone overlap of
0.15×0.15×0.15 %. Initial and final total variation minimi-
sation (TVM) weighting was 10−15 and 10−14 with TVM
delta set to 10−19. The initial and final spatial filtering
(SF) weights were set to 0.25 % and 0.15 % respectively.
Displacements were approximated on the mesh with 1.8×
1.8×1.9 mm voxel resolution, providing approximately 16
nodes per wavelength for the FE forward problem. Initial
a-priori estimates were: µR = 3300 Pa and ρI = -100
kg/m

3
. To allow parametric RD reconstruction, µI was

globally constrained and excluded from the identification
with the values of 330 Pa and 1000 Pa. To account for
a nearly-incompressible behaviour expected in a highly

saturated media like brain tissue, the density (ρR) and the
bulk modulus (K) were constrained from inversion and set

to 1000 kg/m
3

and 107 Pa, respectively.

Convergence criteria was achieved for all material prop-
erties for brain reconstruction. Stabilisation of statistical
indicators (median and interquartile range (IQR)) of pa-
rameter behaviour across all the nodes within the finite
element mesh (FEM) was used to evaluate of the conver-
gence for a particular parameter.

3. RESULTS

Figure 1 shows parametric-based RD reconstruction re-
sults of the in vivo healthy brain with globally constrained
µI=333 Pa and with µI=1000 Pa. Figures 1 (a) and 1
(b) shows a T1-weighted MP-RAGE MR image of the
brain within corpus callosum for anatomical reference. The
structure of the ventricles, depicted by relatively low µR
values compared to the white / gray matter regions, can
be distinguished in the µR image (refer to Figures 1 (c)
and 1 (d)).

Reconstruction results indicate that selecting reasonable
value for µI distribution has a major effect on the re-
constructed ρI image and concomitant ξd image. More
specifically, the reconstructed ρI image with a more real-
istic µI=333 Pa value representative of a greater portion
of the brain tissue showed more accurate differentiation
of the fluid-filled ventricles within the intracranial matter
(refer to Figure 1 (f)) compared to the estimated ρI image
with µI=1000 Pa (refer to Figure 1 (e)). The location and
geometry of the ventricles on the ρI image with µI=333
Pa partially correlates with the location and geometry of
the ventricles on the MR image only in the lower slices.
However, the upper slices of the brain where the structure
of the ventricles is no longer present still captured areas
with increased ρI values indicating inaccurate reconstruc-
tion results.

Consequently, the calculated ξd image with µI= 333 Pa
(refer to Figure 1 (h)) captured relatively higher expected
damping levels within the vicinity of the ventricles more
accurately compared with the ξd image with µI=1000
Pa (refer to Figure 1 (g)). The latter indicated scattered
distributions of the higher damping levels throughout the
intracranial tissue indicating inaccurate locally resolved
damping properties. In both images, regions of increased
ξd values generally correlate with the regions of increased
ρI values.

4. DISCUSSION

4.1 RD reconstruction results

This investigation assessed the efficacy of the parametric
RD model to accurately estimate elastic and damping
characteristics of an in vivo healthy brain by noting the
ability of the algorithm to capture the complex geometry
of the brain structure. The results present qualitative
evidence that parametric RD model applied to MRE is
able to resolve local variations in tissue stiffness, as well
as damping profile that correlate with brain anatomical
structures. The results also indicate limited applicability
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Fig. 1. Image results for parametric-based RD reconstruction of the same in vivo healthy brain at 50 Hz with globally
defined µI=1000 Pa (left column) and µI=333 Pa (right column): (a) and (b) T1-weighted MP-RAGE MRI image

of the brain; (c) and (d) storage modulus µR image (Pa); (e) and (f) imaginary density ρI image (kg/m
3
); and (g)

and (h) damping ratio ξd image (%).
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Table 1. Current mechanical property esti-
mates of brain tissue by MRE using nonlin-
ear inversion (NLI) algorithm, direct inversion
(DI) approach and local frequency estimation

(LFE) algorithm.

Brain MRE Inversion ω µR µI

(Hz) (kPa)

(kPa)

RD model NLI

White matter 50 3 0.46

Gray matter 50 2.1 0.3

Curtis et al (2012) NLI

White matter 50 2.66 0.3

Gray matter 50 2.02 1.04

Wuerfel et al (2009) DI

White / Gray Matter 50 1.6 0.65

Green et al (2008) DI

White matter 60 2.7 2.5

Gray matter 60 3.1 2.5

Kruse et al (2008) LFE

White matter 100 13.6 NA

Gray matter 100 5.22 NA

Sack et al (2009) PWI

White / Gray matter 50 1.5 0.6

White / Gray matter 62.5 2 0.8

Sack et al (2008) PWI

White / Gray matter 25 1.17 3.1 Pa

White / Gray matter 50 1.5 3.4 Pa

Vappou et al (2007) PWI

White / Gray matter 80 1.15 0.91

White / Gray matter 100 1.13 0.93

White / Gray matter 120 1.19 1.01

White / Gray matter 140 1.22 1.07

McCracken et al (2006)

White matter TP 12 NA

Gray matter TP 8 NA

Uffman et al (2004) DI

White matter 80 15.2 NA

Gray matter 80 12.9 NA

of the parametric RD model to accurately characterise vis-
coelastic properties of the brain tissue due to the obvious
limitations associated with parametric approach. Hence,
further studies using brain phantoms and multifrequency
RD elastography are required.

In the parametric RD model formulation, only µR can
be accurately recovered from the displacement data of
single frequency, as it is uniquely identifiable provided
the density of the brain tissue is the same of a water.
Qualitatively, the estimated µR distribution showed good
correlation with the white & gray matter and ventricles
located in the centre of the brain. The outer brain regions
in the vicinity of gray matter appear to be stiffer compared
to the inner brain parenchyma in vicinity of white matter,
which correlates well with the previously reported results
(Sack et al., 2007; Klatt et al., 2007; Vappou et al., 2007).
The mean and standard deviation (STD) µR values for
white and gray matter were found to be 3± 0.11 kPa and
2.2 ± 0.11 kPa, respectively. Table 1 provides comparison
between previously reported mechanical properties of the
in vivo brain estimated by MRE and current estimates
computed by SNLI based RD material model.

Lower shear modulus values within the ventricles confirm
rapid attenuation of the shear strain waves within the CSF.
The latter could be described as Newtonian viscous fluid,
with viscosity 0.7 - 1 mPa.s, which leads to a nearly zero

elasticity in µR values, as well as viscosity in µI values. Al-
though fluid-filled ventricles have not been reconstructed
with nearly zero µR values, they are still much lower than
the surrounding brain tissue, which is plausible. Generally,
µR decreases in the area of the ventricles, while the mag-
nitude of the ξd increases. The results justify the expected
identifiably of the µR parameter within the model formula-
tion and its independence from the imaginary components,
µI and ρI .

The connection between the values for ρI and anatomical
structure is less obvious. However, some correlation is still
evident. It is important to recapitulate that rheologically
ρI maps show regions where the form of fluid damping
is dominant compared to elastic shear wave attenuation.
This hypothesised behaviour is confirmed by the relatively
high ρI values in the vicinity of the ventricle structures,
and implies increased attenuation due to the fluidic damp-
ing in these regions. No significant variations in ρI image
correlating with differentiation between white and gray
matter was noted. Further studies may elucidate a con-
nection between ρI and various decease state. However,
this preliminary study is only concerned with achieving
accurate reconstruction of RD parameters.

4.2 OSS-SNR

Quantification of the noise provides information about
the quality of measured motion data, where high SNR
improves reconstruction accuracy. Achieving high SNR
in the living in vivo brain is challenging due to the
natural shielding effects of the skull, meninges and CSF in
which the brain is submerged (Sack et al., 2007). Previous
studies of the OSS-SNR showed accurate shear stiffness
reconstructions of the tissue-simulating phantom materials
at strain SNR above threshold of 5. In feline brain studies,
the reconstructed shear stiffness values were stabilised at a
strain SNR above 3 (McGarry et al., 2011). These results
suggested a reliable threshold of 3 for the strain SNR to
achieve accurate elastographic reconstructions.

In this research, the particular actuation methodology as
well as correction for rigid body motion (RBM) induced
phase-errors resulted in high quality motion data with
average OSS-SNR value of∼ 4.5, which is above previously
established threshold value of ∼ 3.0 for accurate inversion.
High OSS-SNR value was observed even in the middle of
the brain where motion undergoes significant attenuation.
Therefore, the noise in the displacements fields is not
expected to influence accuracy of the elastographic results.

4.3 Limitations

Damping in biological tissues occurs due to the complex,
multiscale interactions, such as friction, scattering, and
dispersion between microstructural tissue elements. Any
biomechanical model approximates a material as a contin-
uum and therefore has limitations in its ability to com-
prehensively assess underlying attenuation mechanisms.
Since the RD model is able to differentiate between two
classes of attenuation originating from different structural
effects, it may be able to provide a more generalised de-
scription of the elastic energy dissipation within the brain.
It could thus improve the accuracy and performance of
elastographic reconstruction.
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Although able to account for an additional damping com-
ponent arising from inertial effects, compared to tradi-
tional VE models, the RD model is still expected to
produce artefacts in elastic property reconstruction of real
biological tissue. This loss of accuracy occurs because, in
general, overall damping forces include additional com-
ponents, among elastic and inertial ones, that are not
included in the RD model.

It is also important to emphasise that the ability of the
model to reproduce observed mechanical response can only
be as good the fundamental assumptions that underly
model formulation. In this research, the brain tissue is
assumed to be a linear isotropic nearly-incompressible RD
elastic continuum. However, the real in vivo brain is known
to be a highly heterogeneous, orthotropic, fluid-saturated
medium (Prange et al., 2000). Therefore, the reconstruc-
tion results may also be inaccurate due to fundamental
data-model discrepancy.

In parametric RD reconstruction of heterogeneous tissues,
such as the brain, constraining µI to a single global value
throughout the reconstruction domain presents obvious
limitation with regards to accurate a-priori information
for various tissue types characterised by different mechan-
ical properties. A more advanced parametric inversion
approach would include specification of multiple regions
of interest (ROIs) associated with a particular tissue type
where specific a-priori values for the material properties
can be defined for each individual region. Segmentation of
different tissues will allow more accurate local definition
of the material properties and thus improve parametric
based RD elastographic reconstruction.

5. CONCLUSIONS

This research presents parametric-based results for RD
model based brain MRE. Overall, RD MRE using a
parametric approach showed some benefit for qualitative
characterisation of the material property distributions,
as well as measurable limitations related to accurate
identification of the imaginary RD parameters at a single
frequency. Full identifiability of the model may be possible
via multiple excitation frequencies over a broad range.
Parametrisation examining results across a broad range
of assumed values, with or without ROIs can be also
performed. The success achieved here in elastic property
reconstruction indicates that the method is a potentially
valuable approach to medical imaging.
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