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Abstract: This paper focuses on the design of a stabilizing control law for an aerial vehicle
which is physically connected to a ground station by means of a tether cable. When the cable is
taut, the resulting dynamic model is shown to be characterized by a new set of equilibria which
untethered aircraft are unable to maintain in steady state. The control objective is to steer the
UAV to a desired set-point while maintaining the cable taut at all times. This leads to a nonlinear
control problem subject to constraints. A cascade control scheme is proposed and proven to
asymptotically stabilize the overall system by means of ISS arguments. Constraint satisfaction
is guaranteed using a modified thrust vector control coupled with a reference governor strategy.
The effectiveness of the proposed control strategy is shown via numerical simulations.

Keywords: Unmanned Aerial Vehicles, Stability of Nonlinear Systems, Constrained Control.

1. INTRODUCTION

Recent advancements in the field of Unmanned Aerial
Vehicles (UAVSs) have lead to the availability of inexpen-
sive aerial robots with a growing range of applications.
However, their full potential is often limited by key fac-
tors such as flight time, computing capabilities and safety
regulations. To overcome these limitations, the UAV can
be connected to a ground station by means of a tether
cable that transmits energy, data and/or forces.

The cable can either hang loosely between the UAV and
the ground station or remain taut. As discussed in Schmidt
and Swik (1974), the loose cable configuration requires the
stabilization of the tether cable oscillations. If the cable
is taut, it can be used to improve fight stability in the
presence of wind [Sandino et al. (2013)], guide landing
procedures [Oh et al. (2006)], measure the position of
the UAV [Lupashin and D’Andrea (2013)] or achieve full
actuation [Naldi et al. (2012)]. In all these examples, the
cable tension is controlled by an actuated winch and the
UAV position is controlled by the UAV itself.

This paper investigates the dual case: the actuated winch
controls the length of the cable whereas the UAV is
charged with maintaining the cable taut. This control
philosophy has the advantage of providing a guaranteed
safety boundary imposed directly by the ground station
winch. The proposed control law can also be applied to the
case of a fixed-length cable and no winch. To the author’s
best knowledge, this approach to the taut cable control of
an UAV has not been previously addressed.

The paper is organized as follows. Section 2 presents a
nonlinear model of the system where the cable tension
is treated as a mechanical constraint instead of a control
input. Section 3 defines the set of attainable equilibrium
configurations. Section 4 describes the general control ar-
chitecture in general which is then developed in Sections
5-7. Section 8 ends the paper with numerical simulations.

* This work is supported by a FRIA scholarship grant and the FP7
European project SHERPA.

Copyright © 2014 IFAC

Fig. 1. 2D model of a tethered UAV with a taut cable

The main contributions of this paper include: the charac-
terization of the set of attainable steady state attitudes of
the described system, the adaptation of the vector thrust
formalism [Hua et al. (2013)] to the case of a constrained
UAV and the introduction of a Reference Governor strat-
egy [see Kolmanovsky et al. (2014)] to ensure that the
closed-loop system satisfies the constraints.

2. PROBLEM STATEMENT

Consider the planar model of an UAV of mass m € Ryg
and moment of inertia J € Rsg physically connected
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to the origin of an inertial reference frame by means of
a cable of length L € R-(, as depicted in Figure 1.
Let the polar coordinates py = [r,a]” € Rsg x [0,7]
describe the position of the center of mass of the vehicle
and 0 € [0,27] be the angle between the horizon and the
UAV. Let T € R>¢ be the tension acting on the cable
and f; € Ryg, fo € Ryg be the forces generated by the
two propellers. To simplify the notation, define the thrust
u; := f1 + fo and the torque us := (f1 — f2)b, where
b € Ry is the lever-arm between the propellers and the
center of mass. Furthermore, let us € R be the radial
acceleration of the winch of radius p € Rsg.

Assumption 1. The cable is inextensible, massless and is
attached to the center of mass of the UAV. O

Under this assumption, the total kinetic I and potential
P energy of the UAV are
K= %mi“z + %mrQO'zQ + %\792 P = mgrsina.
In the absence of dissipative forces, define the Lagrangian
function £ = KL — P. The dynamic model of the system can
then be obtained via the Euler-Lagrange theorem, using
d oL oL
e - =F,
dt0¢;  0q;
F.=usin(a+0)—T F,=ujrcos(a+0) Fy=us.
This leads to the following dynamic model
2

i=ra,0

mit = mré” —mgsina +sin (o + 0)u; — T
mr?& = —2mrid — mgrcosa +rcos(a+0)uy (1)
JH = Uus.

Since the cable tension T is a reactive force that is lost if
r < L, the following definition is given:

Definition 2. The cable is defined taut whenever pys be-
longs to the manifold r = L. O

For a weightless cable, the taut cable condition can be
verified by enforcing the following constraint:

T({)>0 Yt>0 (2)
where T (¢t) =T (r (t),a(t),0(t)) is
T = mré® —mgsina +sin (a + 0)ug —mi.  (3)

At steady-state, condition (2) leads to the following.
Definition 3. The set of attainable configurations S C R?
is defined as the set of equilibrium points [F,d,ﬂ € R?
such that T' (F, a, 5) > 0. O
If the taut cable constraint (2) is satisfied at all times, the
radial dynamics of the UAV can be reformulated as 7 = L
where I = pus. Therefore, the dynamic model of an UAV
connected to a taut cable can also be expressed as

7 = pus

1 0
d:—f(%d—i—gcosa)—i—mul (4)
4T mr
0= ?Ug

The objective of this paper is to stabilize the tethered UAV
while simultaneously satisfying the taut cable constraint.

Control Objectives: Let system (4) be initialized in
[r(0),a(0),0(0)] € S with limited velocities. Given a set-
point [F, Q, ﬂ € S, design a control law such that

(1) tliglo [7" (t) ) & (t) .0 (t)] = [’Fv a, ﬂ
(2) T(r(t),a(t),0(t) >0 Vvt>0
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3. ATTAINABLE EQUILIBRIUM POINTS
The goal of this section is to characterize the set S of
attainable configurations.

Proposition 4. Given system (4) subject to constraint (2),
the set S of attainable configurations is 7 > 0, & € [0, 7]
and

g e (o,g—a) ifae [O,g}
0 e (g—@o) ifae (gw}

Moreover, the cable tension at equilibrium is

(5)

any R

2
mg (tan (@ + 6) cosa —sina) if & € [0, 7] \ {g}

Proof. System (4) remains stationary for @z = 0, 43 = 0
and u, satisfying

T:

tiy cos (@ + 6) = mgcosa. (6)

Furthermore, following from equation (3), the taut cable
constraint is verified for @ satisfying

(7)

where T > 0 is the cable tension at equilibrium. If o = %,
equations (6) and (7) become

ﬂlcos<g+§> =0
ﬁ1sin<g—|—§) =mg+T

EN|

iy sin (a4 60) —mgsina =T

which can only be verified with § = 0 and @; = mg + T.
If a # %, condition (6) is satisfied choosing
Ccos ¢
_ 8
gcos (07 + 9) ®
which exists if @ 4+ 6 # Z. The definition u; = fi + fo
with f1, fo € Ryg implies @7 > 0. This is true only if

Uy =m

sign (cos (& + 6)) = sign (cos @),
thus leading to the following bounds
fe(-2-a2-a)ifaco, 7)
5 ~ & a) if a ' 5

e (5a-g-a)uac(ze]

As for condition (7), by substituting expression (8), the
cable tension at equilibrium becomes

T =mg (tan (07 + é) cos v — Sind)
which is strictly positive if tan (d + 67) cos & > sina. This
inequality can be reformulated as

tan(d—l—é) >tana if @ € [07 g)

tan(d+9_) <tana ifa e (g,ﬂ}
Expression (5) is then obtained after a few trigonometric
manipulations and taking into account (9). |

Proposition 5 can be interpreted by the fact that the set
of attainable equilibrium points are such that the thrust
vector uj belongs to the conic combination of vectors —
and —?. This interpretation is shown in Figure 1.

4. CONTROL ARCHITECTURE

Having defined the set S, the goal of this section is to
describe the proposed control strategy. The first step is
to adopt a hierarchical cascade approach [Marconi et al.
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Fig. 2. Proposed control architecture.

(2011)]: the inner loop uses uy as a control input to
obtain # =~ 6¢; the outer loop then uses u;, us and
O¢ as control inputs for the remaining system. Under the
assumption that the inner loop is ideal, the outer loop
is designed to asymptotically stabilize the UAV without
violating the taut cable constraint. The assumption on the
inner loop is then lifted. Stability of the inner/outer loop
interconnection is proven using the small gain theorem.
Constraint satisfaction is instead enforced by introducing a
reference governor which, whenever necessary, provides
intermediate way-points to the closed-loop so as to limit
the error dynamics of the inner loop.

5. OUTER LOOP CONTROL
To design the outer loop control law, consider the auxiliary
control variable ¢ as a virtual input for the subsystem

7= pus (10)

@ = —1(27'“d+gcosa)+wul (11)
r mr

subject to constraint (2). Since the radial dynamics are
independent from the rest of the system, they will be
controlled separately using a nested saturation control so

as to limit the unwinding acceleration of the cable.

Proposition 5. Given the radial dynamics (10) and the
control law

us = —%% (kpei + 0xy (ke (r— 7)), (12)

where o) (...) is a saturation function with saturation
limit A [see Liu et al. (1996)], then [F,0]" is a Globally
Asymptotically Stable (GAS) equilibrium point for any
A1 >0, Aoy > ,371, kpr, kpr > 0. Moreover, |[F| < Aj.

Proof. Define r1 = r — 7 and ro = 7. The controlled
system is

r =T
iy = —0x, (kprt* +ox, (kpr (r —T)))

The origin is GAS as proven by Marconi and Isidori (2000).
Additionally, due to the saturation, |¥| < A;. |

Having stabilized the radial position of the UAV, it is nec-
essary to define a control law that makes use of u; and ¢
to enforce tlir{é[a (t),0(t)] = [@,d] without violating the
taut cable constraint T (r,«, ) > 0. Although there are
apparently three control objectives and two control inputs,
the following lemma shows that the control objectives can
be reduced to two independent conditions.

Lemma 6. Let system (1) be under the assumption that

6 = O¢. Given a desired configuration [F, &, 0] € S, if
T =T + mrd?,
i fo (6 (1) = fa. 7
with B ~
T =mg (cosdtan (o_z +0) — sinéz) ,
then T'(t) > 0¥t > 0 and lim 0 (t) = 0.
— 00

(13)

Proof. Since reference [f,d,(ﬂ e S, it follows from
Proposition 5 that T > 0. Therefore T = T + mra? is
strictly positive. Furthermore, substituting the expression
of T and applying tlgglo [a(t),r (t)] = [@, 7], it follows that

lim

t—o0 2

mi = —mgsina + sin (o + 0c)uy — T
mr<d = —2mrid — mgr cos « + r cos (a + 0¢) ug
0= —-mgsina +sin(a+0c)u; —T (14)
~ 1 0= —mgFcosa+ 7cos(a+ bc)uy

From the second equation of (14) it follows that
cos v

. 15

cos(a+ 0¢) (15)

Substituting (13) and (15) into the first equation of (14),
tlim mg cos @ (tan (@ + fc) — tan (@ +0)) = 0,

Jim g (t) = mg

which, in terms, implies lim 6 (t) = lim 0¢ (t) = 6. [ |
t—o00 t—o00

Thanks to Lemma 6, the three initial control objectives are
reduced to two, making the control problem well-posed.
Proposition 7. Let system (10)-(11) be subject to the
constraint (2) and controlled through

up = yJur +u2 (16)
Oc = atan2 (ur , uq) — « (17)

with B
ur =T + mgsina + mpug (18)

Uo =m (27 + gcosa) — mr (kpo (0 — &) 4+ kpa) (19)
and where uz and T are as in (12) and (13). Given
kpa >0, kpo >0 and A\ < % the reference [F,o‘z,ﬂ is an
asymptotically stable equilibrium and 7' (t) > 0 V¢ > 0.

Proof. Following from Proposition 5, the radial dynamics
are GAS. As for the tangential dynamics (11) and the
constraint (2), by using ur := sin (o + 0¢)uy and wu, =
cos (o + 0¢) uq, it follows that

2

1 1
G =——(2ra+gcosa) + —uq
r mr

T =mra

— mgsina — mpus + ur.
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Furthermore, by substituting (18) and (19) the system

becomes
&= —kpg (a — 07) — kpa&

{ T =T + mra?
which satisfies the conditions given in Lemma 6 since « (¥)
is subject to a PD control law. As a result, the system
asymptotically tends to [F, a, ﬂ without violating the taut
cable condition. The control inputs u; and 6o can be
computed from up and u, by solving

{sin(a—i—ﬂc)} _ [uT]
U1 = .

cos (a+ 6¢) Ug (20)

Note that 0c is not defined if upr = uy 0. However,

this condition is never verified since uz < %Al < %%

substituted in (18) implies up > T > 0. [ |
6. INNER LOOP CONTROL

So far, the design of the outer loop has been done under the
assumption that c = 6. The goal of this section is to study
what happens in the presence of an attitude error § = 6 —
f¢c and show how the stability of the interconnected loops
can be achieved. As a first step, consider the dynamics of
a (4) and the taut cable constraint (2) when 6 = ¢ + 6,

1 1 ~
a=——(2ra+gcosa +—cos(a+0 +9)u
= geosa)+ ¢ Yo

2

T = mra® — mgsina + sin a—i—@c—l—é)ul—m?'“'.

After some trigonometric manipulations and taking into
account (18)-(20), expression (21) becomes

1 ~ 1 ~
a=k(a,a)— U (1 — cos 0) — ur sinf (22)

T =mré®>+T —up (1 —cosé) + Uy sinf (23)

where k(&,¢&) = —kpo (&) — kpo and @ = a — a.
Equations (22)-(23) clearly show that 6 # 0 could desta-
bilize the outer loop dynamics or lead to violations of the
taut cable constraint. The two problems will be addressed
separately: this section will use small-gain arguments to
guarantee the stability of the inner/outer loop intercon-
nection. The taut cable constraint will instead be enforced
in the next section.

The inner loop is controlled with a simple PD. The follow-
ing proposition discusses the properties of the inner loop
subject to a time-varying reference 6¢ (t).

Proposition 8. The system 6 = %ug subject to the control
law

uz = = (kpof + kpof) (24)
with kpy = 2¢Vkpe, kpe > 0 and ( € (0,1) is Input
to State Stable (ISS) with respect to c. Moreover, the
asymptotic gain between 6~ and 6 can be made arbitrarily
small given a sufficiently large kpyg.

Proof. Define #; = 6 and 6, = 6. The system may be
rewritten as

{g;] B {—lgpe —2}@9] [z;} + {(1)} bc  (25)

which is a GAS linear system. The remainder of the proof
follows from Sontag (2004). |

The following proposition guarantees the stability of the
interconnected inner/outer loops.

Proposition 9. Given system (4) subject to the control
laws (12), (17), (16) and (24) under the assumption that

HGH < 3, the set-point [F,o’mﬂ € § is Asymptotically
Stable (AS) for a sufficiently large kpo.

Proof. Consider the interconnection of the outer loop
dynamics (10), (22) and the inner loop dynamics 6 (¢)

f’l =T9
Fo = —ox, (kprra + ox, (Kprr1))
a1 = Qg (26)
&2 = —kpaon — kpacz + T'i(a, 7, ym)
Yout = Oo
61 = b2 + Your
0 = —kpgl1 — kpgl- (27)
Ym = 01
where ri =r -7, ro =7, 01 =a—Qq, ag =&
. d ’ual'LT — UT’[La
9(] = &&tan2 (UT7UQ) — Qg = W — Q9
1 .
i, rym) = o (ta (1 — cosym) + ursinym,) .

Following from Proposition 5, r (t) asymptotically tends
to 7 regardless of all the other states. As for «(t), by
substituting (19) with # — 0 and [jym|, < 3, its
dynamics becomes

. P P ur .
Qo = _kPaal - kDaa2 - % S Ym — g (1 — COs yIn)

where kp, = kpa cos ||ym||,, and kpa = kpe cos 1y || o -

Since u7 and r are bounded, the system [, ag]T is clearly
ISS with respect to yr, < 5. Moreover, since yout is a
limited function of « (¢) and r (t), subsystem (26) has a
finite asymptotic gain v between yr, and you. As for
subsystem (27), Proposition 8 shows that it is ISS with
respect to yout with an arbitrarily small gain x given
a sufficiently large kpg. Since yr, = 61, the asymptotic
gain between yous and yr, is equal to x. Therefore, it is
possible to choose a sufficiently large kpg such that vy < 1.
The asymptotic stability of the origin follows from the
application of the small gain theorem Khalil (1996). H

Although Proposition 9 proves that the inner loop can be
designed so that system (4) asymptotically tends to the
set-point [F,&,ﬂ, the obtained results are regional and
give no guarantee that the cable will remain taut at all
times. Both problems will be addressed in the following
section by generating a suitable sequence of way-points so
as to limit the attitude error and recover the properties of
the outer loop.

7. REFERENCE GOVERNOR

The Reference Governor (RG) is a reference management
scheme that, whenever necessary, substitutes the desired
reference [F, a, ﬂ with a succession of applied way-points
[Fa, g, 9,1] . SO as to prevent the violation of constraints.
A survey on the subject is presented by Kolmanovsky
et al. (2014). This paper will focus on the RG strategy
for nonlinear systems proposed by Bemporad (1998). The
idea is as follows.

First of all, the set of attainable set-points is reduced so
as to obtain a safety margin T,y .
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Fig. 3. Tether angle and UAV attitude during Task 1.
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Fig. 4. Cable tension T (¢) during Task 1.

Definition 10. The set of attainable configurations St min
is defined as the set of equilibrium points [f,(lﬂ € R3

such that T’ (f, Q, @) > Timin > 0.

Given the desired set-point [f, a, ﬂ € ST min and assuming
that the currently applied reference [fa, Qgq, Oa] € ST min
does not lead to constraint violation if maintained con-
stant, the RG computes at regular time intervals a new
way-point
[Fa, a, Ta)

k+1 = (170) [faao_éa,Ta]k+C[F,O_é,T].

The parameter ¢ € [0,1] is maximized under the condition
that if the new way-point is maintained constant, the
system will not violate the constraints. The optimization
of ¢ is performed via online simulations over a sufficiently
long receding horizon.

Since the constraints are convex, the only thing left to
prove is that the RG will never get stuck in an intermediate
way-point. Proposition 11 will show that if the system
state is in proximity of the current way-point, it is always
possible to change the way-point in such a way that the

closed-loop system will not violate the constraints.
Proposition 11. Let system (4) be subject to the control

laws (16), (24), (12) and (17). Given the initial coordinates
[r(0),a(0),0(0)] € S and the initial velocities |7 (0)] <

Tmaxs | & (0)] < dumax, 0 0)] < 9max, there exists a region of
way-points [fa, g, éa] € ST min such that T (¢t) > 0Vt > 0
and Hé

™
<3

oo

ol . ‘
0 . ‘
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tle]
4 r
= .
Eat 1
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Fig. 5. System evolution during Task 2.
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Fig. 6. Cable tension during Task 2.
Proof. See Appendix.

By proceeding from one way-point to the next, the gov-
erned system is able to move freely between any two
references that belong to the set St min-

8. SIMULATIONS

Consider a planar UAV of mass m = 2 [kg] and moment of
inertia J = 0.015 [kgm?] attached to a winch of radius
p = 0.1[m]. The system is subject to the control law
(16), (24), (12) and (17) with kp, = kpo = 6, kps = 30
and ¢ = 0.9. To show the effectiveness of the proposed
control strategy, two different tasks are shown. In the first
task, the control law must steer the UAV from its current
configuration r (0) = 1[m], «(0) = § and 6(0) = f& to

8

the desired reference 7 = 1[m], @ = % and § = — &

Figures 3 and 4 depict the cable tension T (¢) and the
angles « (t) and 6 (t), respectively. Three different control
schemes are compared: No Inner Loop, Inner Loop
without RG, Inner Loop with RG. The reference was
updated every 0.5 seconds. The simulations clearly show
that if the inner loop is not ideal, the RG is needed to
enforce the taut cable constraint. In the second task, the
control law is charged with steering the UAV from the
initial condition 7 (0) = 1[m], a (0) = g and 6 (0) = {j to
the set-point 7 = 10 [m], &@ = 37 and § = —%. In this case,
the RG is not required and, as shown in Figures 5 and 6,
the system asymptotically tends to the desired set-point
without violating the taut cable constraint.
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9. CONCLUSIONS

This paper provides a novel approach for the study of
tethered UAVs in the taut cable configuration. The cable
tension is modeled as a reaction force caused by a mechan-
ical constraint. The system dynamics are then obtained
under the hypothesis that the taut cable condition is
verified at all times. The attainable equilibrium points are
discussed and interpreted geometrically. An inner/outer
loop control strategy is developed with the dual objective
of controlling the UAV and guaranteeing the taut cable
condition. The outer loop is designed to automatically
satisfy the constraints given under the assumption of an
ideal inner loop. The inner loop error dynamics are then
accounted for using a reference governor to avoid con-
straint violation. Future work will aim at the extension
to the three-dimensional case as well as the investigation
of a more advanced reference governor strategy to improve
the system response.

APPENDIX

The proof of Proposition 11 requires the following Lemma:

Lemma 12. Let system (4) be controlled with (16), (24),
(12) and (17). For each applied set-point [fa,o?a,ea] €
ST min, there exists a maximum attitude error 0 < © < §
that ensures the control objectives, i.e.
HéH o tlimoz(t) =
< = —00 _

o0 T(t)>0Vt>0
Furthermore, © increases for decreasing norms of the
velocities |7 (0)[, |a (0)], 9(0)‘ and offsets |7, —r (0)],
|ae — a (0)], {G_Q — 9(0)|.

Proof. Considering expression (23), it is possible to guar-
cable tension if HéH < © where

©® = min (|@i|7%) and ©, O, are the solutions of
i=1,2

antee a positive

[ur|,, (1 —cos®;) + |Juall,, sin®; = T,. Since T >
Tmin > 0, then © > 0 is a decreasing function of ||ur||
and |[|uql|,,. Due to expressions (18)-(19), |ur|, and
lua|l o are bounded by ||7q — 7|l o, [|7]l o |0 *_O‘HOO and
lét|| - Following from Proposition 9, [fa,éza,éa] is AS,
therefore the infinity norms are bounded by the initial
conditions. As a result, given a decreasing norm of the
initial conditions, the acceptable error © increases. |

Proof of Proposition 11: Following from Proposition 9,
if H(‘}H < 3, the interconnection between the inner and
o0

outer loop verifies the small gain theorem. Under these
conditions, the following expression holds true

éH - n < n u
[61].. = Il < 5= B+ xB0u)

where pBr, is the free output response of the inner
[é (0) ,e’(o)}
free output response of the outer loop initialized in
[r (0) — 7a,7 (0), (0) — &g, & (0)]. Since HéH depends on
the initial conditions of the system, the of)?jective is to
show that there exists [Fa,@a,éa] such that || < 0O

oo
where 0 < © < 7 is the acceptable error discussed in

loop initialized in whereas fou is the

Lemma 12. Since the free system responses of (26)-(27) are
linear, there exists a finite forward invariant set of initial

conditions Qy, = {5, 9} such that

[é(o),e’(o)} €O = B (é(o),é(o)) <(1—~y)e.

Likewise, there exists a finite forward invariant set Qo =
{7, 7, &, &} such that
[ (0) = a7 (0), @ (0) — @a, & (0)] € Qous
4

I—9x
X
By imposing Omax € Qn,y Tmax € Qoue and d_max € Qout,
it is possible to choose a way-point [Fa,o_za,ﬁa € ST min
such that Qr, and Qoy contain [r (0), « (0), 6 (0)]. |
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