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Outline:
* General idea

* Reduction method for discrete distributed systems

Example 1: staged distillation column

Reduction method for continuous distributed systems

Example 2: fixed-bed reactor with heat recycle
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One-dimensional distributed systems:

» Staged/discrete (ODE/DAE systems)
* Continuous (PDE systems)

Examples of one-dimensional distributed systems in chemical engineering:
* Separation/purification columns (staged or continuous)

* Tubular reactors (continuous)
* Heat exchangers (continuous)
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One-dimensional distributed systems:

» Staged/discrete (ODE/DAE systems)
* Continuous (PDE systems)

Examples of one-dimensional distributed systems in chemical engineering:
* Separation/purification columns (staged or continuous)

* Tubular reactors (continuous)
* Heat exchangers (continuous)

Basic idea of model reduction method:

* Approximate spatial transport through system by infinitely fast steady-state
subsystems connected by slow dynamic elements

* Extends the concept of “Aggregated modeling” method of Levine & Rouchon (1991)
for simple distillation models
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Simple distillation example:

Original system: Step 1: Step 2:
j1’3”-{1 - VQQZ - (R + D)xl Hlﬂfl = ... Hlj\:[l — VQyQ - (R —|_ D).’El
My = Liza_1+ Vays — Loxza — Voyo 0 =
ﬂu{g = LQCCQ + V4’y4 — L31133 — ngg 0 =
y2 = y2(My, Ms)
ﬂﬂ = Lgxsz + Vsys — Lyxy — Vays 0o = .. I — 5 (jwla ]V[g)
Ms = Lyxg+ Veys — Lsas — Vsys 0 =
Mg = Lsxs+ Voyr — Lezs — Vi I — .
° o ke 6o 6Y6 HaMs HyMg = Lsxs + Vzyr — Lexs — Veys
Mr? = Lexe + Viys — Lrzr — Voyr 0 =
ﬂu[g = Ls;x7+ Vyyg — Lgxg — V3ysg 0o = .. yr. = y7(ﬂf6’ Allo)
L9 — Ifg(ﬁ’fﬁ, I'VILO)
Mg = Lgxg+ Vioyio — Loxg — Voyg 0 =
Mg = Loy — By — Vioyro HsMy, = ... HBJ\,;IIO = Loxg — Bx1o — Vioyio
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Jacobian structures
* Full and reduced models have same Jacobian structures

* Example: Distillation column with 94 stages and 5 variables per stage

full model (474 variables) reduced model (49 variables)
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Reduction method for discrete systems:

Original system:

aggregation point |

=4 1 H = = = H s = = = = H N [

] | I
- 1
T ’ L "

steady-state elements

aggregation element |

Reduction step 2: Elimination of steady-state elements

aggregation element |
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Example 1: Distillation column

* 94 stages

* binary mixture

* SRK thermodynamics

* nonlinear hydraulic equations
286 differential equations

* 188 algebraic equations

Test inputs:
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Example 1: Distillation column S S BN

* 94 stages i
* binary mixture

* SRK thermodynamics

* nonlinear hydraulic equations
286 differential equations

* 188 algebraic equations

Test inputs:
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Response of top concentration to step changes in inputs

1.02 -

full model
reduced model — optimal parameters
reduced model - simple parameters
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Feed flow rate 155 -> 170 -> 155 -> 140 -> 170

r full model
reduced model — optimal parameters
reduced model - simple parameters
0.95
g
x
09
0.85 | | | | |
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Feed concentration 0.34 -> 0.49 -> 0.34 -> 0.19 -> 0.34

full model
reduced model — optimal parameters
reduced model - simple parameters
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0.98
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X1op
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1.2 1.3
x10°
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Feed enthalpy -0.21 -> -0.16 -> -0.21 -> -0.26 -> -0.21

full model
reduced model — optimal parameters
reduced model - simple parameters

0.98
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Pressure controller setpoint 4.8 -> 4.85 -> 4.8 -> 4.75 -> 4.8

full model
[\ reduced model — optimal parameters
0.955 /’\ reduced model — simple parameters
0.95

0.945 \
0-94 — \/

=]
= 0.935

p

0.93-

0.925

0.92 -

0.915

2 2.1 2.2 2.3 2.4 2.5
t x10°
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Temperature controller setpoint 322.35 -> 323.35 -> 322.35 -> 321.35 -> 322.35

full model
reduced model — optimal parameters
0.98 reduced model — simple parameters

0.96

0.94
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p

Ke]
=< 0.92+
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Reflux flow rate 370 -> 400 -> 370 -> 340 -> 370

full model
reduced model — optimal parameters
reduced model - simple parameters
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For far: discrete Systems

aggregation point |
=4 1 H = = = H s = = = = H N

|
— 1
L

steady-state elements

agaregation element |

Now: continuous systems

aggregation point j

boundary conditions
dynamic distributed system |

steady state system

0=-Xe+ Xezt...

aggregation element |
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Derivation of dynamic equations for continuously distributed systems:

Ox(z,t)
ot

= D.x(z,t) + R(x(z,1), z,t) +boundary conditions

Idea:
Apply model reduction method to discretised system, and let discretisation step go to 0.

Example: Advection — Diffusion — Reaction equation:

ox B 3$+832a¢+ R()
ot Yoz Pazz T
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Finite difference approximation:

dx; T; — Tj 1 Ti1 — 2T; + T
= —« + 3 R(zx
dt Az Az? TR (z:)
Apply reduction procedure:
* Multiply left-hand side of aggregation elements with constant H; = N/n:
dr,. Ts. — Tg._1 Tg, 1 — 2Tg. + Ty, 11
. J — g J 1 g3 J J 1 R(x.
T dt Az | Az? TR S"')
17=1,...,n.
* Set left-hand sides of steady-state systems to O:
Lg — L5—1 Li—1 23—*"«: + i1
0 = —« 3 + ~vR(x;
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Go back to continuous system:

* Rewrite dynamic equations with Az = 1/(N — 1):

1 :Csj—l—l_:csj L5 _msj—l
Az +1 d'TSj . awSJ‘ B 'TSJ_l 1+ 3 Az o Az
n dt Az ; Az
+vR(w,,),
1+ Az dxg,
@ @ mTe)
JrB s5+1 5533 - Lg. — 5583—1
’ Az Az
+yR(xs,; ) Az.
* Consider limit to continuous case Az — 0 :
1 dz; 3 or|t  ox|
ndt " \0z 0z
< j Zj
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* Obtain left and right derivatives from solution of steady-state systems:

dr 9%z z(zj-1) = Tj-1,
0 = —a—+ 8— + vR(x _
0z 0z>2 7R () r(zj) = Iy,
* Write solutions as functions of the dynamic variables:
or | -
5| = i@ %),
ox| o
3, = Yj11(Z5,Tj41),
Zj+1
17=2,....,n— 1.
* Insert in aggregation element equations to obtain reduced model:
1 dxj. o ~ ~
—— = B(9i(7,Tj+1) — ¥j+1(T5-1, 7))

7 =1
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boundary conditions . ,
aggregation point |

| dynamic distributed system |
! ) — -
.] ZJ -'Il\x"- Xi=-Xz+ Xz +... Z +1 I‘x_:\\
s o LN
o I I'I \

, kY ",
%

;;, | | ..1.
r & -I II b \
S/ Vi i ! kY %
F ra I { kY "
F £ i RN LY
) steady state system
X 1 X | y y X j+1
0 =-Xz+ Xzz+...

aggregation element |

Steady-state subsystems: Solutions at boundaries:

ox Ox | T
0 = —ae— »3 +’YR(5'-7) 92|
Or|

dz

= 0;(Tj,Tj41),

= Y 1(T5,T541),

Zj+1

Aggregation element equations: j3=2,...n—1.

;_ — ﬁ(@j(iﬁjgjjJrl) _T,bj+1(jj—1ai'j))
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Example 2: Adiabatic fixed-bed reactor with heat recycle
(Liu and Jacobsen, 2004)

—%——% — A->B
I

Boundary conditions:

da B 8oz+ 1 82@+D R(a, 0) a(0,1) — Pl 2_“ ’

Uat N dr  Pe,, 0x2 bt " :C:i 20
50 90 1 920 00.0) = fOLO)+ 5anl
— = —— DaR(a, 0 e
ot oz + Pe;, 02 + Dak(a,0) g_(y — 0,

30 ol _
R(c,0) = (1 —a) 7 oz, '
(@,0) = (1= ayeap (1725 )
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Limit cycle oscillations at right end for a change of Da from 0.05 to Da=0.1:

L L B B S e S S B S

0.9 reduced model with 30 aggregation points P Iﬂ |
orthogonal collocation on 300 finite elements || ||| |'l'I
0.8 finite difference approximation with 1000 grid points
0.7 reduced model w?th 15 aggregation points i ° The reduced model I’epI’OdUCeS
reduced model with 5 aggregation points . .
06 1 oscillations for more than
g osp 1 15 aggregation elements
0.4 - .
o3r 1 ¢ Transient behaviour before
2~ 1 oscillations is reproduced already
01r il with 5 aggregation elements
0 —+—+— } —+—+—t—+—+—+—+—t+—+—+—+—t+—+—+—+—F+—+—+—+—F—+—+—+—+—F—+—+—+—
3l
2.5
ol
” 1.5
1+
0.5F e | NTNU
L Norwegian University of
00 — é — 1|0 — 1|5 — 2ID — 2|5 — 3|0 — 3|5 — 40 Science and TEChIlDlOg_Y
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Example 3: Heat Exchanger

oT" , OT" Up .
- = _ Th _ e
ot Y 52 Ahphch ( )
oTe oT* Up .
— 0" — (T =T°), O [
ot Y "oz i Acpcc;( ) 0<z<d,
T"(t,0) = T},
Tc(ta l) - ins
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Reduced model:

* Equations for dynamic element j:

dTh ol

it E ) LT 1))
dT? V€
e N A X )

* Analytic solutions of steady-state subsystems:

PR Rt

ij—l 1 — Rca l—a a(l — RC) ch
mcct

@ = eap(~Niy (1 - RY), R = 2
m=cy
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Response of hot and cold outputs to step change in hot inflow temperature

346
9.3 344
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340
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T T T T T T T . | — c 400 — " -
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Response of hot and cold outputs to step change in hot inflow temperature

T T T T T T T . | — 400 — y y
L £ 5 T'n
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Response of hot and cold outputs to slow change in hot inflow temperature

T T T T T T T T T 400 y y
B LR "‘f—'E Ti”n
346 - n 380+ T?n i
3 344 360 '
340t
342
320
c|)_.E
340 300 . .
4.6 4.8
t x10*
338 - .
336 - .
4—
334 .
o3
332
330
1 1 1 1 1 1 1 1 1
4.5 4.55 4.6 4.65 4.7 4.75 4.8 4.85 4.9
x10*
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Response of hot and cold outputs to step change in hot inflow rate

342
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Conclusions:

* Very simple model reduction method for discrete and continuous one-dimensional
distributed systems

* Good dynamic accuracy and perfect steady-state agreement of reduced models

* In discrete case, applying only first step gives no computational advantage

* Suitable treatment of resulting algebraic equations can speed up simulations significantly

* Method is limited to system with a low number of distributed variables

* Method for continuous case is alternative to other discretisations (finite differences,

finite volumes, orthogonal collocation)

A. Linhart, S. Skogestad: Computational performance of aggregated distillation models.
Computers & Chemical Engineering 31, 296-308 (2009)
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Model stage equations for component mass and energy:

Full model: (stage i)

My = L{™zi1g,+ Vi v e — LI — Vi yin, k= {1,2}
U;Ot = LOUt hhql -+ Vznh:—illj L;}uthiiq Vzn h'vap

Reduced model: (aggregation stage 7 with index S5 )

) t t
HiMg, x = L3 xg 16+ Vi ys,orn — L2 2o, 1 = VI s, k)
k= {1,2)
rrtot out lzq tn L vap outq lig vap
HUl = Lout ple |y vinpttr  poutplia _yin pu

Reduced model: (steady-state stages)

0 = Laul'i”r‘?t—1 kT V'iny’iJrl,k‘ - L’?utx?::k _ V'lei,k? k= {15 2}
0 — Lout hl’éql 4 Vznhfigl) L,?Uih?q Vzn h’ua,p’

i=1.N,i#s; (j=1..n)
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Performance test:
* Fast implementation of full and reduced model with DAE solver DASPK

* Test input trajectories:

170
160
150

1400 | T e e e
osp —F 4t H—+— +—714+—/— +—"+——F—+—+—— =

Feed concentration o

Feed flow rate

| | | |

0.2 -
-0 15 ————+——+———————————

Feed enthalpy

—0.25 - -

4.85 - .

Pressure setpoint 4.8
3‘2‘37@::::::::::::::::::::::::::::::::::::::I

323
322.5

Temperature setpoint "z

321.5
400

380

Reflux flow rate 360

340

N N S T |

o
o
[¢)]
-
-
[¢)]
N
N
(6]
w
w
(6]
@]

x 10
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Reduced model in DAE-form:

* Most of dynamic equations of full model are converted into algebraic

* Gives reduced dynamics

* No gain in computation speed

* Can be used for analysis of reduced dynamics, parameter estimation etc.
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Elimination of steady-state tray equations:

* Equations for consecutive steady-state stages between two aggregation stages can
be solved off-line in dependence of states of neighbouring aggregation stages

* Solutions depend on T, P and L of the upper aggregation stage, and T and P of the lower
aggregation stage

aggregation stage |

agtot . D rtot —
Lj(M;®, Ty, Pj) M;%, T;, P; + | Vi@, Py, Ly, Tjta, Pyia)
li —
z (1, P)) (15, Py, Lj, Tjta, Piy1)
i - —vap
hi,'q(Tj Pj) hj (TjﬂPijjﬂTj+1=Pj+1)

L;(T},Pj, Lj,Tji1, Pji1)
gj(TjanaL]’aTjJrlaleJrl)

— Kj(ijpj?LjaTj+1?1:’J'+l)
y ?Jj+1(Tj+1;Pj+1)

iq va
Qj (Tj,Pj,Lj,Tj+1,Pj+1) -~ hj_)_gi(Tj-l-l:Pj-l-l)

rtot . )
M;75, Tivr, Piga

aggregation stage j+1
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Representation of function values:

1) Tabulation and retrieval with suitable interpolation scheme
aggregation stage |
* Can handle the nonlinearities of the function Aot . p. R
* Gives rise to very large tables 7o

* Number of independent variables restricted —=

2) Polynomial approximation using linear regression

* Limited accuracy
* Number of independent variables restricted

* Gives rise to large terms M, Tjy1, P
3) Analytical solution aggregation stage j+1

* Available only for simple systems

NTNU
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Reduced model equations:

H;M;,» = L;z;+ Vj+1gj-|_1 — L?Ut$j,1 -V, 4y,
HiM;, = L;(1-T;)+V;1(1-7;,,) — L§"z;
_Kj—lyj,%
‘rtot l2 I Tvap outi It
HjUsj — ijj T+ j+1hj+1 - Lj h’j ‘-
Vi 1hg”

Solutions of steady-state trays:

Lj(Tj’ Pj’ Lj’Tj+1’ Pj+1) vj(Tja PjaLj:Tj+19Pj+1)
z;(Tj, Pj, Lj, Tjt1, Pjy1) 9;(T;, Pj, Lj, Tji1, Pjy1)

ZZ —va
hi'(Tj, Py, Lj, Tjs, Piv1) by (Ty, Py, Ly, Tjgn, Pisa)
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CPU time

Performance comparison

3
L A L B S S S i ]
PRSI e —— reduced model |
------------------------------------------ —&— full model
10° |
10'F -
tOl: 107 1 Ll
.......... J_'ir'F'lf{ . ) Fﬂ'fi-l:"t - ;oo
“average — ] (‘rl “J — -51{”]' dt
R T S tl:-;r',l_.;'f .....
: ]
m" 5 ii P ; ; ; ;
-3 1,:]_3 1D_4

www.nthu.no

Average error
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MAIN

Full model: call graph of DASPK simulation
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MAIN

Full model: call graph of DASPK simulation
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Full model: call graph of DASPK simulation
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Reduced model: call graph of DASPK simulation

913257

19.19%
916486

14.82%
295212

25.24%
295212

11.82%
913257

rem3jacrbob

o,

dgbfamod_

295212

4.26% 10.03% 1.18%
7332685 4582930916586 7332688

0.39%
2361606,

6.27% 2.18%
1476060 \ 2361696

0.97%
11808480

0.75%
12989328

10.88%
159912088 B1279873

12089328

trayAlgebraicPart G dATCtablelLU

dscal

1211788 f L 1476060

241191961

1211798

3635394

www.nthu.no A new method for deriving reduced models of one-dimensional distributed systems, NPCW 09




Related work:

* Compartment models (Benallou, Seborg, & Mellichamp,
1986):

- Definition of “compartments”

* Yields structurally different models

" Incorrect inverse responses

* Aggregated models (Levine & Rouchon, 1991)
- Definition of compartments

* Yields structurally identical models

* Notion of “compartments” is imprecise

* Application of aggregated models (Bian, Khowinij,
Henson, Belanger, & Megan, 2005)

* Application of aggregation method to distillation column
with simplified thermodynamics and hydraulics

Discussion:

Linhart, A., & Skogestad, S. Computational performance of

aggregated distillation models. Computers and Chemical

Engineering (2008),

doi:10.1016/j.compchemeng.2008.09.014 B NINL

Norwegian University of
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Discussion Distillation model:

* Simulation time proportional to number of stages
* Very good accuracy achievable
* Perfect steady-state agreement

* Bottleneck of procedure: functional approximation of steady-state stage solutions
-if look-up tables are used, interpolation time limits model performance (here ~15%)

* Large number of degrees of freedom for selection of reduced model parameters

NTNU
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