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Optimizing Control Concepts
On-line Optimization - Conventional RTO

e Optimal operation achieved by using measurements to update
a process model at given sample times

e On-line optimization of the model, computed inputs are
implemented
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Optimizing Control Concepts
On-line Optimization - Conventional RTO
e Optimal operation achieved by using measurements to update

a process model at given sample times

e On-line optimization of the model, computed inputs are
implemented

Off-line Optimization - Explicit RTO How to stay here?? L‘/

e Precomputed solutions ~

e For each set of active constraints find optimally invariant
variable combinations

e These variables can be be controlled by simple PID controllers
¢ No need for expensive real-time computations
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Motivating example

General Process Optimal Operating Regions

dl s dZ f [u]
¢ )
Yi-.Y2 § m=1
E
S u=f(...)

U, U

disturbance 1
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Motivating example

e Process objective: min f(u, d) = min ui(uy — 2dz) + Us(U2 — 2d})
e Inputs: uq, U, Disturbances: di, d»
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Motivating example

e Process objective: min f(u, d) = min ui(uy — 2dz) + Us(U2 — 2d})
e Inputs: uq, U, Disturbances: di, d»
Invariant variable combinations:
o ¢/ =2(u —d)=0
e Ccy=2(—d;)=0
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Motivating example

e Process objective: min f(u, d) = min ui(uy — 2dz) + Us(U2 — 2d})
e Inputs: uq, U, Disturbances: di, d»
Invariant variable combinations:
o ¢/ =2(u —d)=0
e Ccy=2(—d;)=0

With measurements:

o yi=;5(ck—d?—1)and y, = (s — 1)

U d1
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Motivating example

e Process objective: min f(u, d) = min ui(uy — 2dz) + Us(U2 — 2d})
e Inputs: uq, U, Disturbances: di, d»
Invariant variable combinations:
o ¢/ =2(u —d)=0
e Ccy=2(—d;)=0

With measurements:
o y1=g5(db—d? —1)and yp = ;-(di — 1)
o cli= fu1y1y2+2u1y2 —uiyr +4uys +2u =0
e Cl,=-2u1y,+2u, —2=0
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Explicit RTO procedure

1. Formulate the optimization problem:
min f(u,x,d) s.t. g(u,x,d) <0 and h(u,x,d) =0

2. ldentify the regions of constant active constraints in the
disturbance space

3. For each region determine invariant variable combinations

4. Eliminate unknown variables in invariants by measurement
relations

5. In each region

— control the active constraints
— control invariant measurement combinations ¢} = f(y)

6. Implement a logic to change regions
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Modified Null-space method — Linear Case (based on [1])

Theorem (Quadratic objective, linear constraints)
Consider the optimization problem:

. J J z
min [27 dT] [ J:T J:: } { d ]
subject to:

Azz+Add:Z\[H:b

If the problem is feasible, J,; > 0, and G invertible, we can find ¢ = Hy
such that controlling ¢ to zero yields optimal operation.

[1] V. Alstad, S. Skogestad and E. Hori., Optimal measurement combinations as controlled variables. J. Proc. Contr., 2008
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Proof |
e First order optimality conditions (KKT-conditions):

A A § | ~b=0 (1)

VL = Jzzz + Jzqd + ATA
()

z
d

o A, c R™xM X e R"*1 and n, < n, equation (2) is linear and
overdetermined in \.

VL_J[ }+AI)\_O
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Proof |

e First order optimality conditions (KKT-conditions):
A A § | ~b=0 (1)

VL = Jzzz + Jzqd + ATA
()

z
d

o A, c R™xM X e R"*1 and n, < n, equation (2) is linear and
overdetermined in \.

VL_J[ }+AI)\_0

¢ To be able solve for A\, we must have at the optimum:

cg—NIJ[;]—o (3)

¢ N; basis for the null space of constraint Jacobian A,
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Proof Il

e At optimal operation the invariant variable combination is

cgzuza[;]:o
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Proof Il

e At optimal operation the invariant variable combination is

cgzuza[;]:o

e Using the measurements: y = G¥ { :

} we get the
invariant measurement combination:

¢l =NIJ[G] Ty

cf = Hy
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Modified Null-Space Method — Nonlinear case

Theorem
Given a nonlinear optimization problem

mzin J(z,d)

s.t
ac,i(Z,d):O, I:1nc
with implicit measurements
py(y,z,d) =0.

If the Jacobian of the constraints AT = [Vpa,-] has constant rank
ne, there are npor = n; — n¢ independent invariant variable
combinations cy.
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Modified Null-space Method — Nonlinear case

Proof.

vZpC,1 (Z,d)
[ ] vZL:VzJ—FA}-)\ Az: :

vaC,nc(z7 d)
e For existence and uniqueness of A we must have:
[N(z,d)]" V.J(z,d) = [A,(z,d)]" A =0 (5)
e N;(z,d) chosen as a basis for the null space of A,(z,d)
¢ Invariant variable combinations:
c¥ = [N(z,d)]"v,J(z,d) =0

e |f unknowns can be eliminated, invariant is used for control
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Eliminating unknowns — polynomial case

e System equations:
N'VJ(u,x,d) =0
pC,i(ua X, d) =0
py,j(ya ua X, d) = 0

e Eliminating the unknowns:
cs = [NTVJ(U,X, d)]x = Zi,j hei Pci + 9yj Py + rk(y)
~~ ~~

e Existence of h. x and g, x is determined using Grobner bases
and polynomial division.
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Eliminating unknowns — polynomial case

e System equations:

N'VJ(u,x,d) =0
pC,i(uaxad) =0
py,j(ya ua X, d) = 0

e Eliminating the unknowns:
cs = [NTVJ(U,X, d)]x = Zi,j hei Pc,i + 9yj Py + rk(y)
=0 =0
e Existence of h. x and g, x is determined using Grobner bases
and polynomial division.
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Changing sets of active constraints

e Usually several sets of active constrains
e How to know when to change the active set?

u

(@\]

2

g u=1
E

© o(y) =0

disturbance 1
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Changing Regions

Theorem (Changing Regions)

Assume the system is operated optimally and the disturbance
moves the system gradually over the region boundary (no region

can be jumped over), the switching instants and the new regions
can be detected by monitoring

e the active constraints, and
e the invariant variable combinations
of the neighbouring regions.
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Proof |

e Define two types of transitions from region 1 to region 2:
— Type I: An active constraint is added or replaced
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Proof |

e Define two types of transitions from region 1 to region 2:

— Type I: An active constraint is added or replaced
— Type II: A constraint becomes inactive
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Proof |

e Define two types of transitions from region 1 to region 2:

— Type I: An active constraint is added or replaced
— Type II: A constraint becomes inactive

e Type |: Change when constraint is hit

Region 1 " Region2
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Proof Il
Type II: Change when invariant reaches zero and keep it at zero

Regionl Region2
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Proof Il
Type II: Change when invariant reaches zero and keep it at zero

Regionl Region2

Show ¢;» # 0 inside region 1:

Assume system in region 1, ¢; 1 = 0 and at zp,dy ¢s» = 0.

[N1 (20, do)]" V2J(2o. do) = [N2(20, do)]" V2J(20, do)

Null spaces of A{(zg,dg) and Ax(zp,dg) have same basis
Aq(29,dg) and Ax(zy,dp) are row equivalent

Impossible, because the constant rank condition on A and Az, and
fewer active constraints give rank(Az) < rank(A+).
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CSTR Example [2]

ki
Two reactions: * * B W
2B % D
max M(FA + FB)CC

Fa,Fp Faca,,

s.t.

ABCD

Faca,, — (Fa+ Fe)ca — kicacsV =0
Fscs, — (Fa+ Fa)cs — kicacsV — 2kgch =0
—(Fa+ Fe)cc + kicacsV =0

e Manipulated u:

Fa+Fe—F=0 Fa, Fs
kicacs V(*AH1) + 2kaCs V(*AH2) —q= 0 e Measured y:
G — Qmax <0 Fa, Fs, c8, q
F — Fnax <0 e Unknown d:

- ) ) ) rate constant k;
[2] B. Srinivasan, L.T. Biegler, and D. Bonvin. Tracking the necessary

conditions of optimality with changing set of active constraints using a
www.ntnu.no Johannes Jaschke, Nordic Process Control Workshop 2009




CSTR Example |
2 DOF, three regions of active constraints:

§ 1.0:
%’ 0.98f
é 04 EFlol/Fmax
: o
g 0883 0.4 0.6 I o.sl R 12 14 16
Disturbance Region Active constraints #unconstr DOF
ki < 0.65 Region 1 F = Frax 1 (c§1)
0.65 < k4 <0.8 Region2 F = Fpax, = Qmax 0 (-)
0.8 < Kk Region 3 g = Qmax 1(cls)
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CSTR Example Il

Region 3
q = Qmax
2 2
Cs,3 = —(Facg + cgfp +2cgko V — ¢p,inFp)

(*3F§Qmax05,incB + 8045Qmaxk22 v2
Reglon 1 + ngmaxcg,‘n + 2C§F§qmax + 2F§qmaxc§

+ 4C4E3":E3k§cE3Jn VZAHZ + SCgFBQmaxkz v

F = Finax + 263 F3kaCp,inVAH, — 62 FpamaxkaCa,inV

2 2
Cs,1 = —Fmax(Fmaxcg + 2cgkaV — FgCp, in) _ gcgl:gkzcg nVAHy — F,E[ImaXCB inCB

4,2,,2 3 2
4cghs V' 4Fmaxcghko V — 6kp VegFpe,
(4ephy V" + 4Fmaxcphe 278" B A, Jr4"_/4‘3%":Bclmax + FAFBCIrnangy,'n + 2F£CBQmaXCA,in

2 2
— 4ky VF, ko VEBF,
2 VFimax g, in3 + Bkz Vg Fmax Ca,in + 6F3kacp inVAHaCY + 12FakS cg jn VEAHo Cl

2 2 2 2
+ Frax€B — 2Fmax€B,inCB + 2€8F a5 €
max“B max“B,in“B B max “A,in 8FACgFBKZCB,mVAH2 SFAL‘%C[ axko V

2 2
— 2cgFmaxFpCa,in — FgCB,jn + 3FmaxFBCa,inCB,in _ 2FAC§Qmaxk208 nV — GFAchBkZCg VAH,
s »in
2 2 2
— FBCA,inCB,in + 2FmaxFpCp in — 2FaxCa,inCB,in) — 4FAF5QmaxCB.inCB + 2F§Cgk20,q inCB.inVAHs
2 2 3
— FadmaxCa,inC,in + 4FaCgkaca,inVAH,

+ 4FACE FakoCa in VAH, — 2FckFkaCa. inCa,inVAHR
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normal i zed constrained quantities

CSTR Example llI

Changing regions

| Region 1 Region 2 Region 3
DOF1 | F/Fmax =1 F/Fmax=1 ¢cL,=0
DOF2 | ¢/, =0 q/max =1 q/Qmax =1

0.98

0.96

Ftot/Fmax

0.94

0.92]

0.9




Conclusion

e An explicit approach to Real Time Optimization has been
presented
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e An explicit approach to Real Time Optimization has been
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e Optimally invariant variable combinations can be found for
non-linear systems
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Conclusion

e An explicit approach to Real Time Optimization has been
presented

e Optimally invariant variable combinations can be found for
non-linear systems

¢ If the measurements give information about internal states and
the disturbances we can obtain measurement invariants
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Conclusion

e An explicit approach to Real Time Optimization has been
presented

e Optimally invariant variable combinations can be found for
non-linear systems

¢ If the measurements give information about internal states and
the disturbances we can obtain measurement invariants

e It is possible to track regions by tracking the controlled
variables of the neighbouring region.

www.ntnu.no Johannes Jaschke, Nordic Process Control Workshop 2009



Thank you for your attention
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