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w
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�

S
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m
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W
hatis

gain
scheduling

control?

�

O
riginally

a
control

schem
e

to
counteract

nonlinear
variations

in
the

steady-state
process

gain.

�

A
gain

scheduling
controlleris

a
param

eterized
setoflinear

controllers.
In

operation
the

param
eter

is
m

easured
(available)

and
the

controller
in

ac-
tion

is
scheduled

(determ
ined)

according
to

the
param

eter.

�

E
xam

ple:
Tim

e
varying

P
ID

control,
w

here��
(m

ay
also

include��

and

�� )
is

tabulated
as

a
function

ofoperating
conditions.
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G
ain

scheduling
control.

R1

R2

R3

R4

� �

� �

4



S
teps

in
the

design
ofa

gain
scheduling

controller.

1)
S

electa
setofstationary

operating
points.

2)
D

esign
the

controllers
for

each
operating

point.

3)
D

esign
the

scheduling
algorithm

.

4)
Im

plem
entthe

param
eter-scheduled

controller.

5



M
otivating

exam
ples

1)
G

ain
scheduling

controlofairplane.
S

cheduling
variables:

-
M

ach
num

ber
(static

air
pressure

and
velocity).

-
A

ltitude
(heightabove

sea
level).

2)
A

pplication
ofgain

scheduling
controlin

chem
icalprocess

control.
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A
daptive

controller?

	
linearly
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C
lassification

ofgain-scheduling
controltechniques

A
dam

Lagerberg
(1996):

�

Linear
P

aram
eter

V
arying

(LP
V

)
approach.

�

G
ain-scheduling

w
ith

Linear
F

ractionalTransform
ations

(LF
T

).

�

E
xtended

linearization
and

linearization
fam

ilies.

�

T
he

D
-m

ethod.

In
this

presentation
only

the
LF

T
and

the
LP

V
approaches

w
illbe

considered.
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T
hree

types
of“linear”

system
descriptions
�

Linear
Tim

e
Invariant(LT

I)
system

s


 ��� �

 �

�� ��
 ���

�

Linear
P

aram
eter

V
arying

(LP
V

)
system

s


 ��� �

 �� �� �� ��

�� �� �� �� �
 ���

�

Linear
Tim

e
V

arying
(LT

V
)

system
s


 ��� �

 ����� �����
����� ����� �
 ���

N
ote,a

LP
V

-system
becom

es
a:

1)
LT

I-system
for� �

const.and

2)
LT

V
-system

for� ������

(along
a

tim
e-varying

trajectory).
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P
aram

eter-D
ependentS

ystem
s

P
aram

eter-D
ependentlinear

plants:

�� ��	 �� �
�� �� �� ��� �� ��� ��

��� �� ���� �� ���� ��

��� �� ���� �� ���� �� �� �� �� ��

T
he

param
eter�

:

�

is
tim

e-varying,i.e.����� ,

�

takes
values

in
a

com
pactset!

,and

�

there
are

know
n

bounds
on ��

(w
hich

m
ay,or

m
ay

notbe
exploited)

F
or

control:

�

T
he

tim
e

variations
are

notknow
n

in
advance.

�

T
he

param
eter

values�����

are
m

easured
in

real-tim
e

w
ith

sensors.
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P
aram

eter-D
ependentC

ontrolofP
aram

eter-D
ependentS

ystem
s

"#
$

%

$'&

$( (*)
+

,(( -
+.

,
/0

1

�

P
aram

eter
dependentcontroller�2

w
hich

processes

�

b
and

-�

nonlinearly.

O
ptim

izing
closed-loop

perform
ance

w
ith

respectto
param

eter
variations.
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P
aram

eter-D
ependentS

ystem
s

C
onsider

tw
o

types
ofP

aram
eter-D

ependentsystem
s

�

Linear
P

aram
eter

V
arying

(LP
V

),and

�

Linear
F

ractionalTransform
ation

(LF
T

)
m

odels.

D
istinctions:

�

T
he

allow
able

dependence
thatthe

state-space
data

has
on

the
param

eters.

�

To
w

hich
extent

inform
ation

about
the

param
eter’s

variation
are

exploited
in

the
analysis.

�

T
he

differenttechniques
used

to
analyze

the
system

s.

13



O
bvious

questions

N
aturalto

look
into:

�

S
tability.

�

S
tabilizability

and
D

etectability.

�

P
aram

eterization
ofallstabilizing

controllers.

�

C
hoosing�

to
optim

ize
perform

ance.
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P
aram

eter-D
ependentS

ystem
s:

S
tability

D
efinitions

Tw
o

facts:

�

S
tability

ofLT
V

-system
is

w
ellcharacterized.

�

W
hen

evaluating
along

a
allow

able
trajectory,the

P
-D

system
becom

es
an

LT
V

-system
.

LF
T

and
LP

V
system

s,tw
o

differentapproaches
to

stability
tests:

�

LF
T-system

s:
S

tructured
S

m
all-G

ain
theorem

s.

�

LP
V

-system
s:

P
aram

eter
dependentLyapunov

functions,

15



P
-D

S
ystem

s:
S

tabilizability
and

D
etectability

�

S
tabilizability

of� �� �� 3 �� ��� :
If

there
exists

a
P

-D
state-feedback ���� �

4� �� ����� ,such
that:�� ��� �� �����65 �� �� 4� �� �����

is
stable

for
allpossible

param
eters�87

!

�

D
etectability

of� �� �� 3 �� ��� :
Ifthere

exists
a

P
-D

outputto
state-feedback

9� �� ,such
that:

�� ��� �� ����� 5 9� �� �� �� �����
is

stable
for

allpossible
param

eters�87
!
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P
-D

S
ystem

s:
A

ll“stabilizing”
controllers

E
xtension

to
Youla

param
eterization

(W
eiM

in
Lu)

for

�

the
tw

o
types

ofP
-D

system
s

�

controlled
by

their
corresponding

P
-D

controllers

�

w
ith

their
corresponding

notations
on

P
-D

stability.

O
utputfeedback

stabilization:

�

G
iven

an
open-loop

P
-D

system

 ��	� �

 �� �� �� ��

�� �� �� �� �
 � �

�

T
here

exists
a

finite-dim
ensionalP

-D
controller

thatstabilizes
the

system
ifand

only
if

1)
T

he
pair� �� �� 3 �� ���

is
stabilizable.

2)
T

he
pair� �� �� 3 �� ���

is
detectable.

�

U
sualobserver

structure.

17



LF
T-system

s

G
iven:

�

R
eal-param

eters:� w
hich

m
ay

be
repeated,give

rise
to:

;=<>@?
ABCDE :�8FGH 3JIII3 :K FGL M N:� 7 OPRQ
O GS G3 T ?
��U�3 U�3JIII3 UK �

�

S
ystem

m
atrixV

,partitioned
according

to:

�� ��� ������W���� �� �
�� V�� V�� V��

V�� V�� V�X

VX � VX � VXX �� �� ����������Y���� �� 3Y���� �Z���� W����

T
he

LF
T-system[\

is
described

by[\ �]^� V3 Z� ��� ,w
ith

state-space
equations


 ���������� � �
_
 V�� V��
V�� V��� 5
 V�XV�X� Z����� Fa`
VXX Z�����cb�d VX � VX �ef

g

hi

j

kl


 ������� �� �

�

w
here

allow
able

piecew
ise

continues Z����

trajectories
satisfy:

Z���� �<>� :� ��� 3m :����� m n o3

how
ever,no

restrictions
on �: .
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LF
T-system

s
graphically

Z����
$
p

$
%

$q

$srp$ &t
,

Z� �� u
$
%

$q

$ &t
,


 ���������� � �]^� V3 Z�����
 ����� ���� �

 �]^��v3 Z� �

w
here v��U�

is
the

2-input,2-outputtransfer
function

such
that


 W� �

 v����U� v��� U�

v����U� v��� U� �
 �Y�

v� U�

given
in

term
s

ofV

is

v� U� �
 V�� V�X
VX � VXX� 5
 V��VX �� � UFa`
V���cb�d V�� V�Xe

19



R
obuststability

condition
for

LF
T-system

s
w

ith
linear

tim
e

varyingw

Z����
$
p

$
%

$q

$srp$ &t
,

Z���� u
$
%

$q

$ &t
,

T
he

LF
T-system� V3 T�

is
stable

if

1) V��

is
H

urw
itz,and

2)
there

exists
a

constantm
atrixx �xzy{ |

ofthe
form

x �ABCDE x�3 x�3JIII3 xK M 3

w
ith x� 7 O G} S G}3

such
that xZ� �� �Z���� x

satisfying

~~~ x H�v�� x b H� ~~~�*�
o

Ifso,sm
all-gain

argum
entverify

exponentialstability
of

������ �E V�� 5 V�X Z����� Fa`
VXX Z������b�VX �M �����
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S
caled

bounded
reallem

m
a

(G
ahinetand

A
pkarian,1994)

W
ithv�� ��� UFa`���b��5 �

,then
the

follow
ing

tw
o

statem
ents

are
equivalent:

1)�

is
stable

and
there

exists
a

constantdiagonalm
atrixx �xzy{ |

x �ABCDE x�3 x�3JIII3 xK M 3
w

ith x� 7 O G}3

such
that xZ���� �Z� �� x

satisfying
~~~ x H�v�� x b H� ~~~�*�

o

2)
T

here
exist

solutions� �
� y{ |

andx �
x y{ |

(w
ith

the
structure

give
above)

such
that

�� � y�5 ��
��
� y

� y�
`
x
� y

�
� `
x b� �� � |

is
fulfilled.
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LF
T

closed-loop
system

D
efine

tim
e

invariantrationaltransfer
function

m
atrix�� U�

�� W	 �� �
�� ��� ��� ��X

��� ��� ��X

�X � �X � �XX �� �� Y� ��

Interconnection
of 

and	 ,i.e. ��>� :� 	

��� :� � <>� :�
$ q$

%
$1

t
$�&

.
, ,

�� U�c��
������� �
��
�� ��

�� ��� ��� ���

�� ��� ��� ���

�� ��� ��� ��� �������

T
he

tim
e

varying
param

eters:

enter
both

in <>� :�

and
in ��� :� !

22



LF
T

closed-loop
system

<�� :� � � <>� :�
$ q$

%
$

�q

t
$�&

�t
, ,

$

.1

$1. � � � � � � � � �� �
� �

����

� � <>� :�
<�� :�

$
,

�q

�t

q$
%

$

t
$�&

,
$

.1

$1. � � � � � � � � �� �
� �

����
23



LF
T

closed-loop
system

C
losed-loop

transfer
function

is:
�� �3 �3 <>� :� 3 <�� :�� �]^� ]�� �3 <>� :�� 3 ]^� �3 <�� :��

D
efine ��� U�

������� �tt&.�q ������� �

����� 

¡

¢£

¤

������� ¥
¥
¥
¥
¦§

¥
¨©© ¨©ª ¨©« ¥

¥
¨ª© ¨ªª ¨ª« ¥

¥
¨« © ¨« ª ¨«« ¥

¦§ ¥
¥
¥
¥ ������� ������� �qq%1�t �������

C
losed-loop

transfer
function

in
term

s
of��� U� :

�� ��3 �3 <>� :� 3 <�� :�� �]�¬ ]^� ��� U� 3 �� U�� 3
 <�� :�<>� :� �

�

T
he

LF
T

gain-scheduling
control

problem
can

be
treated

as
a

classicalrobust
perform

ance
controlproblem

w
ith

the
nom

inalplant�� ,
and

w
ith

repeated
real

block
uncertainty® ¯°±³²´¯µ± ²´ ¶

.
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Induced·�

perform
ance

in
LF

T-system
s

�
G

iven
a

tim
e

varying
vector���� ,then

the9� -norm
of����

is
defined

by

¸ ����¸� ?_ �¹ ¸ ��º�¸ ��ºf H��
»

�

Induced9�

perform
ance

m
etric

¼C½allow
able � ¼C½� ¸ [\ �¸�

¸ �¸�
i.e.

take
the

“w
orst-case”(overallparam

etertrajectories)induced 9�

gain
from �

to .

�

Induced9�

perform
ance

bound¾� 9� -gain�

y¹  y� º� ��º� �ºn¾ � y¹ � y��º� �� º� �º¿ �ÀÁ|
25



LF
T

synthesis
problem

G
iven:

1)
F

inite
dim

ensionallinear�

¨±³Â´ÄÃ� ������� Å
ÆÇ Æ© Æª

ÈÇ É
ÇÇ É
Ç© É
Çª

È© É
©Ç É
©© É
©ª

Èª ÉªÇ Éª© Éªª �������
2)

V
ector

of
integersT

describing
the

plant’s
param

eter
structure.

F
ind

(ifpossible):

1)
F

inite
dim

ensionallinear �

.

2)
V

ector
of

integersÊ

,
describing

the
controller’s

param
eter

structure.
<�� :� � � <>� :�

$ q$
%

$
�q

t
$�&

�t
, ,

$

.1

$1. � � � � � � � � �� �
� �

����
26



LF
T

synthesis
setup

�Z���� 7 <>� :� .

�

Let x\

denote
the

setofm
atrices

such
thatfor x7
x\

so
that xZ �Zx

�

LetËÌ

andËÍ
be

bases
for

the
nullspaces

of

d � y� � y�� � y�� |e
andd �� ��� ��� |e

�

Let�� 7 O G} S G},Î� 7 O G} S G}
and

define

Ï� �ABCDE ��3 ��3JIII3 �K M
and ÏÎ �ABCDE Î�3 Î�3JIII3 ÎK M

then Ï�3 ÏÎ7
x\

.

�

D
efine

Ï�� �d �� ��e 3
Ï�� �


 �����

and Ï��� �

 ��� ���
��� ����

27



LF
T

synthesis
solution

T
he

LF
T

gain-scheduling
controlproblem

is
solvable

w
ith

closed-loop
perform

ance
bound¾ ,ifthere

existm
atrices:

�¹ �� y¹ 7
OÑÐS Ð3 Î¹ �Î y¹ 7
OÑÐS Ð3
Ï� �
Ï� y7

x\

and ÏÎ �
ÏÎ y7

x\

such
that

ËÌ ������ ��¹ 5 �¹ � y
�¹ Ï� y�

Ï��

Ï�� �¹
`
¾
 ÏÎ||

F�
Ï���

Ï� y�

Ï� y��
`
¾
 Ï�||

F� ������ ËÍ � |

(1)

ËÍ ������ � yÎ¹ 5 Î¹ �
Î¹ Ï��

Ï� y�

Ï� y� Î¹ `
¾
 Ï�||

F�
Ï� y��

Ï��

Ï���
`
¾
 ÏÎ||

F� ������ ËÌ � |

(2)


 �¹ F
F
Î¹� ÀÁ|

and


 Ï�FF
ÏÎ� ÀÁ|

(3)

28



LF
T

synthesis
solution

sum
m

ary

S
ufficientcondition

for
existence

ofLF
T-controller

such
thatthe

closed
loop

system
has

perform
ance

level

�
¾ :

�

ifand
only

ifthere
are

m
atrices � �� y{ |

and Î �Î y{ |

w
ith

structure

� �ABCDE �¹3 ��3JIII3 �K M 3 Î �ABCDE Î¹3 Î�3JIII3 ÎK M 3

satisfying

A
M

I�� �3¾� � |3
A

M
I�� Î3¾� � |

and


 �� F
F
Î�� ÀÁ|

�¾ -suboptim
alcontroller

oforderÒ
if

ÓÔ� Fa`
�¹ Î¹� n Ò

S
om

e
com

m
ents:

�

T
he

linear
m

atrix
inequalities

are
finite

dim
ensional.

�

R
obustnum

ericalm
ethods

for
solving

the
affine

linear
m

atrix
inequalities

exist.

29



LF
T-controller

P
aram

eter
dependentcontroller:

�Ê �T
,i.e.

the
controller’s

param
eter

structure
is

the
sam

e
as

the
plant’s

param
eter

structure.

�

T
he

LT
Ipartofthe

LF
T

controller �

,is
reconstructed

from �

and Î

,i.e.
the

solutions
to

the
affine

m
atrix

inequalities.

�

Im
plem

entation:<�� :� Õ
$
.

$�q

$ 1�t
,

W
ith:

given
(m

easured):

��� :� �]^� �3 <�� :��

 ���� :� 	

�

T
he

controlaction  

is
linear

in	 ,nonlinear
in: .

30



LF
T

extensions
and

rem
arks

�
R

esults
on

LF
T

synthesis
derived

independently
by

(P
ackard,1997):

-
A

ndy
P

ackard,G
reg

B
ecker

and
F

en
W

u,and

-
P

ierre
A

pkarian
and

P
ascalG

ahinet.

B
utnote,sim

ilarideas
have

been
proposed

by
Lu

and
D

oyle
(1992,1995).

�

T
he

S
m

all-G
ain

LF
T

test
m

ay
be

conservative
due

to
the

realness
of

the
param

eters: .

�

H
elm

ersson
has

generalized
the

ideas
to

exploit
the

realness
of

the
pa-

ram
eters

(upper
bound

onÖ
for

repeated
realparam

eters).

-
T

he
synthesis

conditions
are

stillA
M

I’s
in

block
diagonalform

.

-
C

ontroller
structure

is
stilla

LF
T

ofa
fixed

LT
I-system

.

A
n

im
proved

upper
bound

onÖ

for
repeated

realparam
eters

is
also

given
by

B
raatz

and
M

orari(1997).

�

T
he

results
m

ay
also

be
conservative

since
they

do
nottake

into
account

the
rate

variations
in

the
param

eters: .31



LP
V

-system
s

P
aram

eter
set,!Q

O K,LP
V

-system[2

on
state-space

form
:

�� ��	 �� �
�� �� �� ��� �� ��� ��

��� �� ���� �� ���� ��

��� �� ���� �� |
�� �� �� ��

w
here

a
allow

able
trajectory��Ø×�

satisfy:

������ 7 !

,for
all�

and

�

for
each� � and

all �

, Ù�� ������ n �� �� �� n ÚÙ�� ������ ,i.e.
bounded

rate
ofvaria-

tion.
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LP
V

-system
s:

controlproblem
form

ulation

T
he

gain-scheduling
outputfeedback

controller�� ��

is
given

by:

 ��Û � �

 �Û� � 3 ��� �Û� � 3 ���

�Û� � 3 ��� �Û� � 3 ��� �
 �Û����	�

�

Induced9�

perform
ance

bound¾

y¹  y� º� ��º� �ºn¾ � y¹ � y��º� �� º� �º¿ �ÀÁ|

�

Lyapunov
functionÜ� �Ý^3 �� ��� ��Ý^ �� �� �Ý^
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LP
V

-system
s:

B
asic

characterization
(A

pkarian
and

A
dam

s,1998)

T
here

exists
a

gain-scheduling
output-feedback

controller
enforcing

internalstability
and

a
perform

ance
bound¾ ,

w
henever

there
exist

P
-D

m
atrices� �

� y{ |

and

Î �Î y{ |

and
a

P
-D

quadruple� Þ�Û3 Þ�Û3 Þ�Û3 �Û� ,such
that

���� ��5 ��5 Þ�Û �� 5��ß�

ß

ß

ß

Þ� yÛ 5 �5 �� �Û �� ` �Î5 �Î5 �� Þ�Û 5��ß�
ß

ß

� ��� 5 Þ�Û ���� y

� �� 5 �� �Û ���� y

`
¾ F

ß

�� 5 ��� �Û ��

�� Î5 ��� Þ�Û
��� 5 ��� �Û ��� `
¾ F ���� � |


 �FF
Î� { |

�

T
he

controller� �Û3 �Û3 �Û3 �Û�

can
be

reconstructed
from

:

�3 Î

and� Þ�Û3 Þ�Û3 Þ�Û3 �Û�
34



LP
V

-system
s:

P
rojected

solvability
conditions

(A
pkarian

and
A

dam
s,1998)

T
here

exists
a

gain-scheduling
output-feedback

controller
enforcing

internalstability
and

a
perform

ance
bound¾ ,

w
henever

there
exist

P
-D

m
atrices� �

� y{ |

and

Î �Î y{ |

,such
that

�� ËÌ |
|
F �� y���� ��5 ��5 � y�

��� � y�

� y� �
`
¾ F
� y��

��
��� `
¾ F ���� �� ËÌ |

|
F �� � |

�� ËÍ |
|
F �� y���� ` �Î5 Î� y5 �ÎÎ� y�

��

�� Î
`
¾ F
���

� y�

� y�� `
¾ F ���� �� ËÌ |

|
F �� � |


 �FF
Î� { |

w
hereËÌ

andËÍ

are
bases

for
the

nullspaces
ofd �� ���e andd � y� � y��e .
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LP
V

-system
s:

P
rojected

solvability
conditions

(A
pkarian

and
A

dam
s,1998)

�

E
xistence

conditions
becom

e
necessary

and
sufficient

if
quadratic

stability
is

im
-

posed
through

Lyapunov
function:

Ü� �Ý^3 �� ��� �� yÝ^ �� �� �Ý^3
w

ith �Ý^ �
 ��Û�

�

T
he

controller
can

be
constructed

from �
and Î

along
the

lines
of(G

ahinet,1994).
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LP
V

-system
s:

S
um

m
ary

and
rem

arks

�

Induced9�

perform
ance

can
be

tested
in

term
s

oftw
o

affine
linearm

atrix
inequal-

ities
(A

M
I).H

ow
ever,these

are
dependenton

the
param

eters�

.

�

T
his

yields
a

infinite
dim

ensionalconvex
optim

ization
problem

.

�

T
he

suggested
solution

is
to

grid
the

param
eter

set!

.

�

P
ick

a
basis

for
the

param
eter

dependentsolutions �� ��

and Î� ��

to
the

A
M

I’s.

�

S
olve

the
A

M
I’s

atthe
grid

points.

�

T
he

num
ber

ofinequalities
grow

exponentially
w

ith
the

num
ber

ofparam
eters.

�

T
he

num
ber

ofinequalities
grow

linearly
w

ith
num

ber
ofgrid

points.
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LP
V

-system
s:

S
um

m
ary

and
rem

arks

�

If
the

state-space
m

atrices� �� �� 3 �� �� 3 �� �� 3 �� ���

depend
in

affine
m

anner
on

the
param

eters�
,i.e.


 �� �� �� ��

�� �� �� �� � �

 �¹ �¹
�¹ �¹� 5

K� à� � �
 �� ��
�� ���

T
hen

itis
sufficientto

testthe
corner

points
(A

pkarian
etal.,1995).

T
hen

the
in-

finite
dim

ensionalA
M

I’s
becom

e
finite

dim
ensional.

�

T
he

controller
becom

es
dependenton ��

.
In

order
to

be
practically

valid,this
de-

pendence
m

ustbe
rem

oved,forfurtherdetails
see

(A
pkarian

and
A

dam
s,1998).
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S
um

m
ary

on
“recentw

ork”
in

gain-scheduling
control.

�

R
enew

ed
interestin

gain-scheduling
controland

LP
V

-system
s,due

to
new

pow
erfultechniques

and
com

putationalschem
es

(interior
pointm

ethods)
w

hich
can

be
applied

to
LM

I’s.

�

S
om

e
nonlinear

controlproblem
s

can
be

solved.

�

F
ocuses

on
analysis

and
theoreticaldevelopm

entratherthan
ad.

hoc.
ap-

proaches.

�

A
pplications

using
the

LF
T

and
LP

V
techniques

startto
em

erge.

�

N
um

ber
ofpapers

and
the

focus
from

academ
ia

is
increasing.

�

S
everal

parallels
betw

een
gain-scheduling

control
and

m
odel

predictive
control.
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