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Fault detection and isolation on a three tank system using differential
flatness

César Martinez Torres!2, Loic Lavignez, Franck Cazaurangz, Efrain Alcorta Garcia! and David Diaz Romero

Abstract— This paper addresses a fault detection and isola-
tion technique for differential flat systems. For such nonlinear
systems, it is possible to find a set of variables, named flat
outputs such that states and control inputs can be expressed
as functions of flat outputs and their derivatives. Flat systems
properties are used to detect and isolate faults and the non-
uniqueness property of the set of flat outputs is used for increase
the number of residues and improve the fault isolation, the
proposed approach will be applied on a classical three tank
system.

Index terms— Fault detection and isolation, Differential
flatness, Three tank system.

I. INTRODUCTION

In the past decade fault detection and isolation (FDI)
has experienced increasing attention because early detection
of faults, while the plant still operating in a controllable
region, can help to avoid abnormal event progression and
by consequence reduce productivity loss.

According with [1], the different fault detection and iso-
lation approaches can be organized in three main groups
of methods: quantitative model-based methods, qualitative
model-based methods (e.g.,causal models), and process his-
tory based methods (e.g.,neural networks).

This work is focused in quantitative model-based method
[2], specifically in analytical redundancy [3] and [4], mean-
ing that fault indicators (residues) are computed using the
actual and the expected (nominal, calculated based on the
fault free model) monitored signal. Fault identification is
performed by a decision algorithm.

Different methods have been used to compute this residual
signals, state estimation [5], parameter estimation [6] , and
parity space [7], among the many approaches reported in
the literature [8], only a few consider to take advantages
of the differential flatness [9]-[13], in most of the cases the
approach is applied to a linear system.

In [9] - [11] only fault detection is carried out, however in
[12] and [13] fault detection and identification is developed,
these approaches differ from ours in two principal points:

o In the proposed approach, at least two algebraically
independent flat vectors must be found in order to
increase the number of residues.
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« If the number of flat outputs is equal to the number of
algebraically independent flat vectors, faults affecting
flat outputs will always be isolated, regardless of the
plant.

By consequence of the first point, detection and isolation will
be more accurate and control reconfiguration will be faster
and easier.

This paper is organized as follows: differential flatness and
the trajectory generation method are presented in section two,
fault detection and isolation proposed approach is explained
in section three, section four presents the simulation results
in a classical three tank system obtained with our approach,
and, finally, the conclusion is presented in section five.

II. DIFFERENTIAL FLATNESS

Flatness concept initially introduced by Fliess et al. [14],
concern all linear controllable systems and a class of nonlin-
ear systems for whose dynamic behavior can be parametrized
by a set of variables, called flat outputs and a finite number
of its derivatives.

Let us consider the nonlinear system x = f(x,u), x € R”"
the state vector, u € R™ the control vector and f a ¢* function
of x and u. The system is differentially flat if, and only if, it
exists a flat output vector z € R such as:

« The flat output vector its expressed as function of the

state x and the control input u and a finite number of
its time derivatives.

Z = ¢Z(x,u,ll,...,u(7)) (1)

o The state x and the control input u are expressed as
functions of the vector z and a finite number of its time
derivatives.

¢x(Z,Z,...,Z(a)) (2)
= ¢M(Z7Z'a-'-7z(a+l)) (3)

Where z(9) denotes the @' time derivative of z.

A. Trajectory generation by flatness

Trajectory generation for nonlinear systems is simplified
by using differential flatness property, because, it exists
a one-to-one correspondence between trajectories of flat
outputs and full state space and input trajectories [15]. Initial
and final conditions and path planning constraints can be
easily translate in term of flat outputs requirements, and then
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plan only the flat output trajectories (z.y), in this way the
full state and control inputs path can be calculated using the
equations (2) and (3), in this work the reference flat output
vector is designed in a simple way by using a polynomial
interpolation approach.

Other efficient approaches can be found in [16] and [17].

ITI. FAULT DETECTION AND ISOLATION

The goal is to use differential flatness properties to develop
an FDI methodology, especially the non-uniqueness property
of the flat vector, in order to compute a larger number of
residues facilitating the fault detection and isolation task.

Our methodology is divided in two stages, first, n (n =state
dimension) residues are computed using one flat vector,
denoted zy. In a second stage another set of n residues is
computed by using a second flat vector, which at least one
element is not a simple algebraic combination of the previous
one, denoted 28

A. Residues set for a couple of flat output vectors

Let us consider a nonlinear flat model of dimension », and
m control inputs, with z4 as flat outputs, which corresponds
to m components of the state vector, also suppose that the
full state is measured, using the states and inputs calculated
from (2) and (3), it is always possible to compute n residues:

« n - m state residues, because the full state is supposed
to be measured.
« m control inputs residues.

The residual signals are computed by using

Fix = Xmi — Xci 4

Viw = Umi— Uci ©)

where x,,; and u,,; are the i;, measured state and control
input respectively and x.; and u,; are the i, state and control
input calculated using the differentially flat equations.

Assuming that there is a second flat output vector zg which
corresponds to m components of the state vector which at
least one element is not just an algebraic combination of zy
components, by consequence the number of residual signals
will be increased in n. A new set of n —m state residues and m
control input residues can be calculated in the same manner
as in (4) and (5), as a result n+ n residues are available.

For instance for a nonlinear system composed by four
states [x; x2 x3 x4]7 € n and two control inputs [u; us]” €
m and by consequence two flat outputs, for example
[za1 za2]" = [x1 x2]T € m, four residuals can be obtained
by using the set of differentially flat equations @, and
Qqu, using these residues, faults affecting flat outputs can be
detected but cannot be isolated, faults appearing on input or
state sensors are or are not isolated depending on the specific
system.

Assuming that an algebraically independent flat vector
exists, for instance [zg) zgo]” = [x3 x4]” € m, then it is
possible to generate eight residues as depicted in Fig.1.

By this way the fault isolation procedure is simplified, the
residual signals are obtained as follows.
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Fig. 1. Fault detection scheme
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Where ¢; € R*, ¢, (i) =0, Vi £ ke (i) =1 < i=k and ¢ €
R?, c(j) =0, Vj#ker(j) =1 j=k

If all the elements of zy and zg are algebraically indepen-
dent every single sensor fault (input or state) can be detected
and isolated, if one or more flat output is not algebraically
independent, fault isolation depends on the system equations,
see section IV.

B. Derivatives estimation

Our approach needs fast and accurate time derivative
estimation in order to compute all the ¢ functions. In this
work a high-gain observer [18] is used to evaluate the time
derivative of noisy signals.

In order to improve the performance of the high-gain ob-
server, a low-pass filter is synthesized, the filter order is fixed
regarding the maximal derivative used in the differentially
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flat equations, hence a better noise filtering is obtained. Let
us define the equation of the high-gain observer

*=A%+Bu (7)
Where
—Cl/&‘ 1 ... 0
— /€2 0 1 .. 0
A= : Do ®
~Log/em 01
—Gu/€" 0
and

B:[ _Cl/e _CZ/SZ _Cn71/8n71 _Cn/gn ]T (9)

The polynomial 8"+ £ 8" ' 4-...+ &, 1S+ &, is Hurwitz and
€ << 0. The transfer function from u to £ when € = 0 is
T(s)=[1S..5"28" 1T the system acts as a differentiator
under the consideration that the input u is continuous and
derivable. In this case the n — 1 derivatives are obtained
directly from the state vector.

A possible selection of the coefficients ;(i =1,---n) is
in such a way that the frequency bandwidth of the signal
to be derivated is in the frequency bandwidth of the filter
1/(S"+ 68" 1 +---+ &, 1S+ ¢,) and the € small enough.

IV. EXAMPLE: THREE TANK SYSTEM

A. Nonlinear state space model

The detection and isolation technique is applied in a
classical three tank system, see Fig. 2 , the system equations
are expressed as follows:

Sx1 = —Qio(x1) — Quz(x1,x3) + Q01 (10)
St2 = —0x0(x2)+032(x2,x3) + 0 (11)
Sxz = Qu3(x1,x3) — O3(x2,x3) — Q30(x3)  (12)

Where S is the transverse section of the tanks, x;, i=1,2, 3,
Qi0, i =1,2,3 the outflow between each tank and the central
reservoir, Q13 and Q3 are the outflow between tank 1 and
tank 3 and the outflow between tanks 3 and 2 respectively,
Q1 and Q» are the incoming flows of each pump.

The valves connecting tanks one and three with the central
reservoir are considered closed, so Q1o and Q3 are always
equals to zero. The flows Q13, O3 and Qg can be expressed
as follows: [19]

Q13(x1,x3) = a;Sp\/28(x1 —x3) (13)
0x0(x2) = apSiv2g8(x2) (14)
032(x2,x3) = a:3S,\/28(x3—x2) (15)

where S, represents the transverse section of the pipes
connecting the tanks and a,;, j = 1,2,3 represents the flow
coefficients.

hq

T, hs ho
'V Ts V- V-
Ay 7\ T2 Ay
st ol !l
Central !eservoir
Sn
Sh
Fig. 2. Three Tank schema

B. Flat model

The flat model is computed by defining x; and x3 as flat
outputs, zq = [x; x3]7, so the differentially flat equations can
be writen as follows:

x‘lx = Zal (16)
2
1 a 1Sn\/ 2g(za1 _ZaZ) —SZaZ
a  _ _ | = 17
x2 Za2 2g ( QZ3S;1 ( )
x(31 = Za2 (18)
Of = Siza+a;uSiv28(za1 —za2) (19)
0F = Sx¥ —asSny/28(zar —x¥) +anSuy/28x§ (20)
T
(Pax(ZaIaZaZ) = [ x(lx x(ZX x(BX ] @D
o na 1T
¢au(Za1aZa2) = [ Q1 Qz } (22)

As mentioned above the flat vector for this system, it’s
not unique, so, it is possible to use zg =[x, x3]” in order to
compute another set of differentially flat equations.

2
5 1(%35“/28(%2ZB1)+521§2) o3
1

= Zﬁ2+£

azlsn
b=z 24
b= oz (25)
of = s rausi/2d — ) (26)
OF = Sipi—aSny/28(zp0 — ) + Sy 2055 @7)
g 88"
0px(2p1,2p2) = [ x| x5 x5 ] (28)
N
¢ﬁu(zﬁlazﬁ2): |: Ql Q2 jl (29)
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C. Simulation results

The reference trajectories of flat outputs were calculated
using a fifth order polynomial, this generation method facil-
itate the tuning of initial and final conditions, white noise is
added to the measured outputs with a relevant level to the
real process measure level.

Flow coefficients a;; and a, are equal to 0.75, a,; value
is 0.76, the transverse section of the tanks and the transverse
section of the connecting pipes are 15.4% 1073 and 5% 107>
respectively.

Five different multiplicative sensor faults are analyzed,
three state faults and two input sensor faults. Once the
failure occurs (at 250s), it is persistent until the end of
the simulation, for simplicity sake only one single fault is
presented at a time, actuators are considered fault-free at
any time.

The detection threshold was defined by changing the flow
parameters in the range of +/— 10%, then, the maximal
value for each residue (positive and negative) in addition
with an error margin is used as the final amplitude of the
detection threshold. This margin adds robustness and avoids
false alarms.

Once the threshold is passed the fault is considered de-
tected.

D. Fault detection and isolation

1) Case A: n residues: Using equations (21) and (22) n
residues are computed as follows:

Tlx hy ¢ax(Za17Za17Za27Za2)T[0 1 O]T
lu = 01 - ¢au(1a17zal7za27za2)T“ O]T (30)
"y (0)) ¢az¢(Za1>Zal:Za2>Za2)T[0 I]T

Faults non-affecting flat outputs are detected and isolated
by simply testing the amplitude of residues, (see Fig.3 to
5). If the fault appears in a flat output (x; or x3), the fault
is detected, but it is not possible to isolate it by a simple
comparison between the residual signal and the respective
threshold, because all the residues are triggered. Fig. 6 and
7.

2) Case B: n+n residues: Using a second set of differ-

entially flat equations n + n residues could be computed as
follows:

Ily hy ¢ax(2a172a1>2a272a2);[0 1 9]7-
Ty 01 Pau(zarsZals2a2:2a2)” [1 0]
u (0)) ¢au(1a17zal7za27za2)T[O 1]T

oy 3 Ppx(2p1:2p1:2p2,2p2)" [1 0 0]
"3u Q1 Ppu(zp1,21,2p2:2p2)" [1 07
Fdu Q2 ¢ﬁu(zﬁl7zﬁl>zﬁ2>zﬁ2)T[0 l]T
In this case every single fault is detected and isolated,

because each fault generates a different residual pattern, see
Fig. 8 to 12 and table L.

E. Results discussion

As expected, a fault appearing in water level sensor x, is
detected and isolated in both cases, this behavior is explained
by the dependence between residues exceeding the detection
threshold and the measure of /,. See (31).
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When the fault affects a flat output, Fig. 6, 7, 8 and
10, it is isolated only in the case B, this is explained by
the fact that in the case A, all the residues are constructed
using h; and h3 as flat outputs and by consequence if one
of the measures is defective it will be reflected in every
residual signal, nonetheless in the case B, two residues does
not depend of %, by consequence they are not affected by
this fault, if the fault is presented in h3 all residues will be
affected in both cases, however in the second case this is the
only framework where all residues are triggered.

Faults appearing on inputs Q1 and @O, have the same
comportment of /;, see table I

TABLE I
RESIDUES MATRIX

Fault | rix | rw | rou | x| 3w | rau
Fn 1 1 1 - - -
Fo [T 1010 -] -1-
Case A Fi3 1 1 1 - - -
For [0 1T ]0 B
Fo, [0 0 [ T [ -
Fn 1 1 1 1 0 0
Fo T 1 OO0 T ] 1T 1
CaseB [ Fz | T [ 1T [ T [ T [ 1T 1
For (O [ T [0 O[T 0
Fou (OO0 [ 1T [0 01

V. CONCLUSIONS

This work presents a new approach to detect and isolate
faults, by using differential flatness. The method was suc-
cessfully applied in a classical three tank system, since, even
in the presence of noise, every single fault is detected and
isolated.

This method was tested in the specific case where the flat
outputs are simply elements inside the state vector. Even
if this characteristic is shown by many systems, this is not
the only possibility, as explained in section two, flat outputs

could be functions of inputs and states, so future work will
be focus on extending our fault detection approach to a more
complex case.

Regarding control reconfiguration, redundant signals can
be used on reconfiguration purpose.
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